Theorem 4.25: (Fundamental Theorem of Isomorphism) or
(First Isomorphism Group Theorem)

Let (G, *) and (G', .) be two groups. Let £: (G, *)—>(G’, .) be an onto
homomorphism, then (G / Ker (£), ®) = (G, .).

Proof: Let H = Ker (f).

Define a mapping ¢: G/ H — G’ by

o(a*H) = f(a), Va e G.

First we show that ¢ is well-defined, i.e.,

leta*H, b*H € G/ H.

we show that a*H = b*H = ¢(a*H) = @(b*H).

Let a*H =b*H = a'*b € H = Ker (f)

= £ (a''*b) =¢’, where ¢’ is theddentity element of G'.
= f(atl). f(b)=¢ (since\f is.homomorphism)
Since a€G, then f (a)eG'. Therefore, 3 (£(a))! € G’ such that
f(a).(f(a)y'=e.

Now, we have

f@h). rf(b)=e

= (a) . (f)'.f (b)=r (a).e’ [since f (al') = (£(a))', where £ is
homomorphism]

= ¢ £ (b)= 1 (a)

— £ (b)= £ (a)

= ¢(b*H) = ¢(a*H)
¢ is well-defined.
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Now, we show that ¢ is a homomorphism.
Leta, b €G.
We show that ¢ [(a*H) ® (b*H)] = ¢(a*H).p(b*H), ¥V a*H, b*H € G/ H.
Consider,
¢ [(a*H) ® (b*H)] = ¢ [(a*b)*H] = £ (a*b) = £ (a).f (b) [since £ is homo.]
¢ [(a*H) ® (b*H)] = @(a*H).o(b*H).
¢ is homomorphism.
To show that ¢ is 1-1, i.e.,
we show that V a*H, b*H € G/ H, ¢(a*H) = ¢(b*H) = a*H = b*H.
Now, ¢(a*H) = ¢(b*H) = £ (a) = £ (b).
= (f(a))". £ (a) = (f(a))".£ (b)
= ¢e'=f(a'). f(b)[since f (a')=(f(a))!, where f is homomorphism]
= ¢'=f(a'*b) [since f is homomorphism]
= a’l *b € H = Ker (f).
= a*H = b*H [why.?]
¢ 1s 1<1.
Since £ is onto, then ¢ is onto (By Corollary 4.23)
¢ 1s isomorphism.

G/Ker (f)=G'.
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Th. 4.26: (Second Isomorphism Group Theorem)
Let (G, *)beagroup, H Gand KV G, then
(H)HNKVH.

2)H*K G.

(3)H/HNnK=H*K /K.

Proof: (1) SinceH GandK G,thenee Handee K=¢eHn K=
H K #¢.

Also, leta,b € H N K.
Now, we show that HN K G, i.e.,
we show that a*b! € H N K.
Sincea,be HNnK =a,be Handa,b € K.
= a*b! e Hand a*b! e K (sinceH'. 'GandK G)
= a*ble HNK
HNnK G
Now, we want to show that H N K V H.
Letx € Handh' e Hn K.
We show that x*h*x ' e HN K, i.e.,
weshow that x*h*x ! € H and x*h*x ! € K.
Sincex e HcGandhe HNnK=heHandh € K.
Then, x € G, so x*h*x ! € K (since KV G)
Sincex e Handhe H=x*h e H(sinceH Q)

Since x € H, thenx ' e H(sinceH G)
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So, x*h*x ! € H
x*h*x 1 e HN K.

2) H.W.

(3) H.W.

Q 426" (H.W.): Let ( ,+) and ( ,, +,) be two groups, then.show that
/)= .

Q 4.26"" (H.W.): Let ( ,+) and ( ,+ ) be two'groups, then show that
/(n) =

Th. 4.27: (Third Isomorphism Group Theorem)

Let (G, *)be a group, HV G, K V Gand H V K, then

~

Proof: Let : G/ H — G/ K such that

o(a*H) =a*K, V.ae G.

First we show that ¢is well-defined.

Let a*H, b*H € G/ H.

We show that a*H = b*H = ¢(a*H) = @(b*H).

Since a*H=b*H = a'*b e Hc K = a'*b € K = a*K = b*K [why ?]
¢(a*H) = o(b*H).

So, ¢ is well-defined.
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Now, we show that ¢ is homomorphism.
Let a*H, b*H € G/ H.
We show that ¢((a*H)®(b*H)) = ¢(a*H)®(b*H).
Now, ¢((a*H)®(b*H)) = ¢(a*b*H) [by Definition of quotient group]
= a*b*K = (a*K)®(b*K) = ¢p(a*H)®(b*H).
So, ¢ is homomorphism.
Now, we show that ¢ is onto.
VvV x € G/K, Ja e G such that x = a*K = ¢(a*H).
So, x = @(a*H).
¢ 1s onto.

It remains to show that Ker (¢) =K//H (H.W.).

Direct Product For Groups

Def. 4.28: (Direct Product For Groups)

Let (G, *) and (H; 0).be two distinct groups, then define a binary operation
® on G x H=H(g,h): geG, heH} as follows:

For each (gi, 1), (g2, ho) € G x H,

(grhr) ® (g2, ho) = (g1%g2,hioho).

Q 4.29: Show that (G x H, ®) form a group.
Solution: (1) Let (g1, h1), (g2, h2) € G x H.
We show that (g1, hi) ® (g2, ho) € G x H.

NOW, (gla hl) ® (gZ, h2) = (gl*gQ,hlth) e G x H.
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G x H is closed under ®.
(2) Let (g1, hi), (g2, h2), (g3, h3) € G x H.
We show that
((g1, hi) ® (g2, ho)) ® (g3, hs) = (g1, hi) @ ((g2, h2) ® (g3, h3)) ... (1)
L.H.S. of (1) = ((g1, h1) ® (g2, h2)) ® (g3, h3)
= ((g1%22), (hioh2)) @ (g3, hs)
= ((g1"g2)*g3, (hioh2)o hs)
= (&1"(g2%23), hio(haohs)) [why ?]
= (g1, h1) ® ((g2, h2) ® (g3, h3)) [write.in.detail |
® is associative.
(3) (g1, h1) ® (eq, en) = (gi*eq, hioen) = (g1, hi).
Also, (ec, en) ® (g1, hi) = (ec*g1, enolt) = (g1, hi).
(eq, en) 1s the identity element.
(4) (H.W.)
Q.4.30 (H.W.): Givean example on Def. 4.28.

Q.4.31 (H.W.): State and prove some (three) properties of direct product of
two groups.
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