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Example Let Xy and X2 have the joint pdf

- v o 1[]3'13‘% 0= Ty c:_rz{]_
fxixq (@1, 22) = { 0 elsewhere.

Suppose Y} = X; /X, and Y5 = X5. Hence, the inverse transformation is r; = y,ys
and x2 = y2, which has the Jacobian

The inequalities defining the support & of (X, Xa) become
0 <wy2, 1y <y2, and y2 < 1.
These inequalities are equivalent to
D=y <1 and 0 < yy < 1,
which defines the support set T of (¥7,Y5). Hence, the joint pdf of (¥7.Y5) is
frive(n,u2) = 1001093 )ys| = 0urys . (y1,u2) €7,

The marginal pdfs are
1
fri(n) = f 10y1ys dyz = 21, 0 <y < 1,
0
zero elsewhere, and
_ 1
fya(y2) = / 10y 95 dyy =5y5, 0<y <1,
Jo

zero elsewhere.

Example: Let X; and X, have independent gamma distribution with parameters
a, 0 and B, 8 respectively.

Ifz, = and Z, = X; + X,, find the joint pdf Z; and Z,.

x1+x2

Solution: - X; ~ Gamma(a, 8)
X, ~ Gamma(p,0)

xy

) = e M Hee ., 0<x <
1 p-1 X2

f(x2)=wx2 eo,0<x, <o

Since X; and X, are independents, then:

fx1,x2) = f(xg) * fx2)
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— 1 a-1 ,p-1 ~Erx2)
fx1,x3) = RO X1 x, e ¢ O<x; <0 ,0<x, <00
and21 =x—1 yZy = Xq +x2 =

x1+x2
X, =2Z1Z, and x5, = z,(1 — z;)

dx; dx;
_|dzy dzy| | 22 Z1 | _
|]| B dxz dxz N —Z (1_Z1) -
dz, dz,

The joint pdf of z; and z, is f(zy,2,) = |J|. f(h1* (24, 2y), ..., Ky 1 (24, 25)

_Z2
- lZZl.F(a)F(,B) ga+p (212)* M (z,(1 = 2))F '™ , 0<2z,<0,0<2 <1
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2.2.2 Transformations for Several Random Variables:

Let(X;, X,, X3, ..., X;,) be n- dimensional continuous random variable with joint pdf
f (x4, %5, ..., x,) and suppose that Y; = h;(Xq, X5, X3, ..., X,,),i=1,2,...,n.

Consider an mtegral of the form

taken over a subset A of an n-dimensional space S. Let

yl = ul(xlz:rg‘, . ":‘r'ﬂ)‘, y'z = u2{3311$2-. ---vr'n)-. - --:yn = u-n(ﬂ:]_::r—g: " ':‘T"rl}-.

together with the inverse functions

1 =w1(y1,¥2, -y Yn), T2 =w2(Y1,¥2, -y Yn)sev oy Tn = Wn(Y1,Y2, - Yn)

define a one-to-one transformation that maps & onto 7 in the yy.y9,...,y, space
and, hence, maps the subset A of & onto a subset B of 7. Let the first partial

derivatives of the inverse functions be continuous and let the n by n determimant
(called the Jacobian)

Oz Oz . Bz
duyi Oya Oyn
Oz Oz |, Oz
é‘ i 6 2 8 T
J=| " .
Oyt dya Oyn

not be identically zero in 7. Then

[ / flxy, 22, ... ,2y) deidzs - - - day,
- JA

= / / flwi(yr, . coyn) w2 (Wi, ooy Un)s ooy wn(yn, ..oy yn)]|J | dyndyz - - - dyn.
. JB

The joint pdf of the random variables

Yy = hi(xq, Xy, o, Xg), and Yo = Ay (X4, Xg, ooy Xi), ooy Yo = Ry (X1, X3, on ) Xi)
Is given by

g(.Vlr Y2, "'lyn) = f(hl_l (yl' Y2, ""yn)l h'Z_1 (yl' Y2, ""yn) L] hr_ll(.)ﬁi Y2, J.Vn))I]I
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Example Let X1, X9, X3 have the joint pdf

A8r1a1omrs 0 < €T T 1
fa1. 20, 25) = 17273 <1 <o <13 <
0 elsewhere.

IftY: = X1 /X9, Yo = Xy /X3, and Y3 = X3, then the inverse transformation is given
by
1 = Y1y2y3, r2 = y2y3, and 23 = ys3.

The Jacobian is given by
Y2Yys Y3 Yiy2
J=| 0 ys y |=ul
0 0 1

Moreover, inequalities defining the support are equivalent to

0 < y1y2y3, Y1y2y3 < Yy2y3, y2y3 < y3. and y3 < 1,
which reduces to the support 7 of ¥7,Y5.Y3 of

T ={(y1,y2.y3): 0<y; < 1,i=123}.

Hence the joint pdf of Y1,Ys2, Y3 is

9(y1,y2,y3) = 48(y1y2y3)(Y2y3)ya|yay3|
481;11;21;5 O<y; <1,i=1,2,3
0 elsewhere.
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EXERCISES

- 1. Let Xy, X5, X3 be iid, each with the distribution having pdf f(z) =7, 0 <
r < oo, zero elsewhere. Show that
){1 - )(1 _|_ ){‘2

}/r:f. }/ - = = -, }f:)( +x¥ —l_JY

are mutually independent.

2. If f(z) = % —1 < 2 < 1, zero elsewhere, is the pdf of the random variable

X, find the pdf of Y = X2

3. If X has the pdf of f(z) = % —1 < x < 3, zero elsewhere, find the pdf of
Y = X2
Hint: Here 7T ={y:0 <y < 9} and the event Y € B is the union of two mutually
exclusive events if B={y:0 <y < 1}.

4. Let Xy, X9, X3 be iid with common pdf f(2) = e, 2 > 0, 0 elsewhere.
Find the joint pdf of Y7 = X1, Yo = X1 + X5, and Y3 = X1 + X9 + X3.
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2.3 Student t-distribution:
Let W be a random variable having pdf. W~N(0,1) and V a random variable with pdf

V~x(2r) and both Wand V are independent random variable. Then the PDF. of T =

<=

is known as t — distribution with r degree freedom (df) and given by

F(%) 2 =(r+1)

; —o<t<oo,r>0.

Proof:- We have

W~N(0,1)
VX
2
f1(W)—%€_7 ; —o<w< oo,
vg_l e_TV
fo(v) = —,v>0

2@’
Since v and w are independent, then

fw,v) =f(W)-f(v)r

-V

w 1

fw,v) === e 7 222
) - == . T
21 I—v(g) Z(E)
1 T, -ty
fw,v) =—— vz " e 2 —o<w<o ,v>0
V21 rgz 2

Space of w and v:
A={w,v);—c0 <w < oo;v> 0}

t=2 let v = u, then

I
?
tzﬂzwzt\/i
u T
E
t?u

Veus wt = ¢2(Y) = £

T
Space of t and u:
B ={(tu);—o <t<o;u>0}
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