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Example: Let 𝑋  and 𝑋  have independent gamma distribution with parameters 
𝛼, 𝜃 𝑎𝑛𝑑 𝛽, 𝜃 respectively.  
If 𝑍   and  𝑍   𝑋   𝑋 , find the joint pdf 𝑍  𝑎𝑛𝑑 𝑍 . 

 
Solution: - 𝑋  ~ 𝐺𝑎𝑚𝑚𝑎 𝛼, 𝜃       
   𝑋  ~ 𝐺𝑎𝑚𝑚𝑎 𝛽, 𝜃  

𝑓 𝑥    𝑥  𝑒 , 0 𝑥 ∞ 

𝑓 𝑥  𝑥  𝑒 , 0 𝑥 ∞ 

Since 𝑋  and 𝑋  are independents, then:  
𝑓 𝑥 , 𝑥 𝑓 𝑥 ∗ 𝑓 𝑥     
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𝑓 𝑥 , 𝑥    𝑥   𝑥  𝑒      ,0 𝑥 ∞  , 0 𝑥 ∞   

and 𝑧  , 𝑧 𝑥 𝑥 ⇒ 

𝑥 𝑧 𝑧  𝑎𝑛𝑑 𝑥 𝑧 1 𝑧  
 

|𝐽|

𝑑𝑥
𝑑𝑧

    
𝑑𝑥
𝑑𝑧

𝑑𝑥
𝑑𝑧

    
𝑑𝑥
𝑑𝑧

𝑧                𝑧
𝑧     1 𝑧 𝑧  

 
The joint pdf of 𝑧  𝑎𝑛𝑑 𝑧  𝑖𝑠 𝑓 𝑧 , 𝑧 |𝐽|. 𝑓 ℎ 𝑧 , 𝑧 , … , ℎ 𝑧 , 𝑧  
 

|𝑧 |.
1

𝛤 𝛼 𝛤 𝛽  𝜃
𝑧 𝑧 𝑧 1 𝑧 𝑒     ,   0 𝑧 ∞ , 0 𝑧 1 
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2.2.2 Transformations for Several Random Variables: 
 

Let 𝑋 , 𝑋 , 𝑋 , … , 𝑋  be n- dimensional continuous random variable with joint pdf 
𝑓 𝑥 , 𝑥 , … , 𝑥  and suppose that Y   h 𝑋 , 𝑋 , 𝑋 , … , 𝑋 , i 1, 2, … , n.  

 

 
 
The joint pdf of the random variables 
Y ℎ 𝑥 , 𝑥 , … , 𝑥 , and Y ℎ 𝑥 , 𝑥 , … , 𝑥 , … , 𝑌 ℎ 𝑥 , 𝑥 , … , 𝑥  
Is given by  
g 𝑦 , 𝑦 , … , 𝑦 𝑓 ℎ  𝑦 , 𝑦 , … , 𝑦 , ℎ  𝑦 , 𝑦 , … , 𝑦 … , ℎ 𝑦 , 𝑦 , … , 𝑦 |𝐽| 
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2.3 Student t-distribution: 
Let W be a random variable having pdf. W~𝑁 0,1  and V a random variable with pdf 

V~𝑥  and both Wand V are independent random variable. Then the PDF. of  𝑇  

is known as 𝒕  distribution with r degree freedom (df) and given by  

𝑔 𝑡
  √

  1       ;   ∞ 𝑡 ∞ , 𝑟 0. 

 
Proof:- We have  
W~𝑁 0,1  
V~𝛘 𝒓

𝟐  
 

𝑓 𝑤
√

 𝑒               ;   ∞ 𝑤 ∞   ,   

 

𝑓 𝑣
  

  
 , 𝑣 0 

Since 𝑣 and 𝑤 are independent, then  
𝑓 𝑤, 𝑣 𝑓 𝑤 . 𝑓 𝑣   

𝑓 𝑤, 𝑣
√

 𝑒  .
  

  
  

𝑓 𝑤, 𝑣
√      

   𝑣   𝑒     ∞ 𝑤 ∞   ,  𝑣 0 

Space of 𝑤 𝑎𝑛𝑑 𝑣: 
𝐴 𝑤, 𝑣 ; ∞ 𝑤 ∞; 𝑣 0   
 

𝑡       𝑙𝑒𝑡 𝑣 𝑢 , then  

𝑡  ⇒ 𝑤 𝑡   

V=u ⇒  𝑤  𝑡
 

 

Space of 𝑡 𝑎𝑛𝑑 𝑢: 
𝐵 𝑡, 𝑢 ; ∞ 𝑡 ∞; 𝑢 0   
 


