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Chapter One

Laplace Transforms

Contents of Chapter One

* Laplace Transform of basic functions using the
definition

e Transform of derivatives and integrals
* Properties of Laplace Transform
* Inverse Laplace Transform

* Solution of linear differential equations using
Laplace Transform

* Circuit Applications




Laplace Transforms

If f(t) 1s a function defined for all t = 0, its
Laplace transform is the integral of f (t) times e
from t = 0 to oo. It is a function of s, say, F(s), and

is denoted by L{f} ; thus

—St

F(s) = L{f} = f F(Oestdt
0

The operation L{ } transforms f(t), which is in the
time domain, into F(s), which is in the complex
frequency domain, or simply (s-domain) where s 1s
the complex variable (o + jw)

Laplace Transforms

Evaluating Laplace transform using the definition

1. f(t) =k

F(s) = L{f(t)} = foof(t)e‘“dt = jooke‘“dt
0 0

k

k k
— _ _[p—Stlt=0 _ _ _[p,—S© _ ,—S071 — _
F(s) = =< [e™ 1=y = —<le™> —e™] = -

k

For f(t) =5

.I'."FD _ *DD _ _q _ oo
F(s) = [ fine™dr = [ se”'dr = =™
0 0 §




Laplace Transforms

2.f(t) =t
F(s) = L{f(t)} = foof(t)e‘“dt = f te Stdt
0 0

fudv=uv—jvdu

By letting u = t and dv = e~5¢dt we find

1 1 1 1
j te™stdt = ——te ' + —j e Stdt = ——te™! — e
S S S S
1 1 =
F(s) = [——te'“ — —Ze'“] ==
S S t=0 S
1
L{t} = S_Z
I 1 :
n general, nl —
L™ =

Laplace Transforms

3.f(t) = e

F(s) = L{f(t)} = foof(t)e_“dt = j e AteStdt
0 0

_e—(a+s)t]t=°°
a-+s t=0

F(s) = f e~(a+s)tge = [
0

—e—(a+s)o e—(a+s)0] 1

-+ =
a-+s a-+s a-+s

F(s) =[

1
s+a

L{e"%} =




Laplace Transforms
4. f(t) = et

F(s) = L{f(t)} = joof(t)e"“dt = Joooe“te"“dt
0

oo p—(s—a)t t=o0
F(s) = j e~ (s—atge = [— ]
0 0

s—a |._
—p—(s—a)x —(s—a)o 1
F(s) =[ - 42 ]=
s—a s—a s—a
L{eat} —
s—a
Laplace Transforms
5. f(t) = coswt
00 o [,jwt + —jowt
[,{f(t)}=f cos wt e Stdt = f [e c ]e‘“dt
0 Jo 2
1/ 1% . e
= — j elWte=Stdt + e"f‘”te_“dt]
21Jo Jo
1. . .
=5 L{e/@t} + L{e‘f“’t}]
it 1) s
C2ls—jw st+jw| s?+ w?
S

Licos wt} =
t J s2 + w?




Laplace Transforms

6. f(t) = e *sinwt

73 Wt _ E—}'wt
je‘“rr sin(wt) £~ « dt = j gTaty > 2 g5 4 gt
0 0

oz

B Zijf [E _Ef']'jﬂ'l'e—j‘t i E._ﬂr—j'“'fe—l-_ﬂ-] & d[‘
1]

- 1 [ 1 1 ]
2 ls+a)—jw (s+a)+jw

w

L{e " sin wt} =
t J (s + a)? + w?

Laplace Transforms

ar(t)
7'L{ dt }
df () _ (Cdf () _g
L{ I }_jo TR dt
By using f udv = uv — j vdu
u=e st = du=-—se Stdt
df(t) _
dv = Tt = v=f(t)

Lw—dj;g)e‘“dt [e=StF(t) 1E25 +sf f()e Stdt
=0-f(0)+ sj f(t)e stdt
0

df(t)| _
L{T} = sF(s) — f(0)




Laplace Transforms

We can extend the previous to show

d*f (t)
'C{ dt?

} = s%F(s) —sf(0) — f'(0)

d*f (1)
L{ dt3

} = s°F(s) = s*f(0) — sf"(0) — f"(0)
In general

d"f ()
e

} = s"F(s) —s" 1 f(0) —s™72f"(0) —
..— =D (0)

Laplace Transforms

8. L{[ f(t)dt}

\

L{ff(t)dt —ls)+— jf(t)dt

S S
/ : It

F(s)
{ j f (t)dt} p

~"

Il
o




Laplace Transform Table

Function, f{f)  Laplace transform, Fis) | Function, fir) Laplace transform. F(s)
l gy s4+a
: ; ¢ co8 08 {r+ a)"’ + b
| . b
! 5—2 sinh bt :i—-_—;s
b 2 b 3
It — cosh bt 3, DY )
53 5= = B=
n! . b
n —_— = sinh br =
' s+l R (s +a)> - b
o : e~ cosh br £+
c s—a (s +a)> —b2
ar | esindi 2bs
2 sin
¢ r+a (5% + b2
P n! bt 52 - B
= _m A 2
S (s +a)t! el (5% +b4)"
b 2 () unit ste :
i —_— uft) um -
i 2+ be P 3
5 ¢4
b —g—— uit —d)
G 5° + b2 5
3 b
C'-‘" sin bt S———— 8“) 1
(s +a)*+ b~ P
a(r —d) et

Laplace Transforms

Example:

A

1)

b(t—1y) 4

Find the Laplace transform of following impulse function

L{g(t — to)} = foog(t — to)e_Stdt — e—sto
0

Iy

>
r




Laplace Transforms

Other Examples

ftty  F(s) i) F(s) f) F(s)

i 2 2 Y () rsindt i

— S1

@ i 54 &) T s240.25 (52 + 16)?
b) ¢/ L (f) sinh3t : @) e'sin2t — -
o) 1 §8 ¥ §2 -9 (s4 1) +4

4 4 , ) ] 3 [ §—3
(c) sindt 7216 (g) cosh5t T (j) e cos ST
@ et —

. s+2

Properties of Laplace Transforms

- Linearity
L{af (t) £ bg(t)} = aLl{f (t)} £ bL{g(t)}
- First shift theorem (Frequency shift theorem)
L{eFf()} = F(s T a)

* Second shift theorem (Time shift theorem)

Lif(t —a)u(t —a); = e"F(s)




Properties of Laplace Transforms

* Time scaling
clfa) = F ()

* Multiplication by time

d"F
Lenf(e) = (-n

Properties of Laplace Transforms

Examples:

Determine the Laplace transform of
a) f(t) =t3—3e ™ +sin 2t

4
by f(B) =1 —e 3 cost —tz

o) f(t) = e >3
d f(t) = —2)*u(t—2)
o) f(t) =tg'(t)




Properties of Laplace Transforms

a)

L{t3 — 3e % +sin 2t} = L{t3} — 3L{e"**} + L{sin 2t}

_6_ 3 2
st s4+4 s244

b) y
LD} = £ {Cos b o3t cost— Z}

1
= L{cost} — L{e 3t cost} — ZL{t‘*}

S s+ 3 6

=52+1_(s+3)2+1_s5

Properties of Laplace Transforms

c) Letg(t) =t3thenG(s) = S%

Therefor
F(s) = L{e™'t%} = L{e >t g(t)}

=G(s+5) =

(s +5)%

d) Let g(t) = t? then G(s) = 5

and also g(t — 2) = (t — 2)?
Therefor
F(s) = L{(t — 2)*u(t — 2)} = L{g(t — 2)u(t — 2)}

Ze—ZS
= e *G(s) = —
S




Properties of Laplace Transforms

)
d
L{tg' (1)} = — Eﬁ{g’(t)}

d
——-[5G(s) — g(0)]

= —[G(s) +sG'(s) — 0]

= —G(s) —sG'(s)

Properties of Laplace Transforms

Examples:

[1 1=r=3
]_D elsewhere

i) =

fir)

[ I -1

I ! I

— -3}

f(O)=nu(t—1)—u(r—3)

F(s)= 1'5——*:’3’— —{f, ]
s




Properties of Laplace Transforms

Examples:

Let u(t) be the unite step function. Find the Laplace transform of the ramp
function

r(t) = tu(t)

Solution: |
ity U(s)=-
§

! dil}
gy —y—\ =
n’l"l-. ¥ ] S
: dil 4
Fair) s ——| i l _
ash 5 ) 5
By successive application of the property, one can show that

n!
Sn+l

t" (u(r)) <

This result, plus linearity, allows computation of the transform of any polynomial

Properties of Laplace Transforms

Examples: Find the Laplace transform of
fFO) =te " Put-1)—e " Pu(r-1)
Solution:

One can apply the time shifting property if the time variable always appears as it appears
in the argument of the step. In this caseas t — 1

Fi = -1+De " uir——e*"Vuir -1
fi=(t-De " Mult -1+ u(t -1—e" ult - 1)

=(r=1e ¥ Mu(r-1)

FEr(F) « —1-.—
£

Fe il «— -
(s+1)

et

S(r=De (-1« T,




Laplace Transforms

Laplace Transform of a Periodic Function f(t)

The Laplace Transform of the periodic function, f(t) with period p, equals the
Laplace Transform of one cycle of the function, divided by (1 — e™5P).

L
cifo) = 2

Example: Full-wave rectifier of sin ¢ is

121

11

087

&1

Solution: We have
fi(t) = sint X [u(t) — u(t —m)]
And the period p = .
L{f1(0)} = L{sint X [u(t) —u(t — n)]}
L{fi(O)} = L{sint x u(t)} — L{sin(t) X u(t —m)}
But since sint = —sin(t — m)

L{fi()} = L{sint x u(t)} + L{sin(t — ) X u(t — m)}

1 e—TES

= +
s24+1 s?241

So the Laplace Transform of the periodic function is given by:

1+e™
(s2+1)(1 —e™™)

Lif ()} =




Inverse Laplace Transform

The inverse Laplace transform of F(s) is f(t), i.e.

L7YF()] =) = Lfﬁij(s)etsds
- - 277:] o—joo

Where £71 is inverse Laplace transform operator.

Examples: Find the inverse Laplace transform of

2 2 1
a) & b) & °) S2125
55—6 S+1 S
) S2+9 ) (s+1)2+4 f) (s+1)%+4

Inverse Laplace Transform

Solutions:
From the table of Laplace Transform

!

[~ | i
@) L1 S4=L I{EJ}Z’*
5 ;

(2] 2 %Y 15
(b) L —,=— =—fl{—4f=5f

- 5 1 .
L T 1}=Tser

@ LY — }=




Inverse Laplace Transform

d) Write 2=8_5 5 5 3
+9 543" ¢+ 3
N ‘3& ﬁul ,J' 5 . 3
-':}J 1~1 e } ¢ +3 ]
= 5cos 3t —2sm3f
e g s+t 1

Inverse Laplace Transform

(f) Since the ILT of the terms cannot be found directly from
the table, we need to rewrite it as the following

S _ (+Dh-1  s+1 1
(s+1)*+4 (s+D*+4 (s+D’+4 (s+1)°+4
s+1 1. 2

T A 427 2 (54142

(s+D)7+4 (s+1)"+2°] 2 (s+1)"+2°

| .
—¢ " COoS2t — Ee" sin 21




Inverse Laplace Transform

Most of the Laplace transforms that we encounter are
proper rational functions of the form

P(s)  ams™+am_1s™ "+t a5 +ag

Fs) = Q(s)  bps™+ bp_1s™ L+ -+ bys + by

Zeros: roots of numerator
Poles: roots of denominator

Partial Fraction Expansion:
If m < n and the poles are distinct
P(s) K, K, K, K,

= + + + o
Q(s) s—p1 S—p2 S—Dp3 S — Pn

F(s) =

Inverse Laplace Transform

If m < n and the poles are duplicated

P(s K K K K
()r= : r+ 2r—1+ 3r—2+m+ -
(s —p1) (s —p1) (s —p1) (s —p1) S—P

The Coefficients K, K5,...K,- can be found as follow

1 dn—l

Kn = (n—1)! % dsn—1

[(s —p)"F(s)]
S=p1
Wheren = 1,2,3, ..., r




Inverse Laplace Transform

Examples: Find the inverse Laplace transform of

s—8
(a) — (b) 2
s(s=2) 25" +7s—4
(C) ﬂ 45 +ﬁ1 (d) 7s—20
sT+2s"+s s(s* —4s+20)
2
(e) : f oo Je+3
sS+5s5+6 0 Fe) (s+1)

Inverse Laplace Transform

Solutions: We use the partial fraction technique

s—38 A B 4 3

@) F(S)=5(5—2)=§+S—2=§_s—2
LYF(s)] = £ E_sle = 4 3e2t
9 2 1 1

1

(b) F(s) =

1 1
s—1/2 s+4

L7YF(s)] = L1 [ ] = et/2 — =4

22 +75s—4 25—1 s+4 s—-1/2 s+4




Inverse Laplace Transform

© paf 4s+l ;}=£_% 4s+1 |

_5{s+1}: f

e l+ 3 __ 1
s (s+D)” s+l

=1+3e t—¢e"’

where, if we let F(s) = Siz, then f(t) = t. Hence,

L .|

| (s +1)°

} =r " FGs+D)=¢'f(=e"t

Inverse Laplace Transform

o g et
-1 _:']l___!;Jr (s —;’i 16 }
S
gl @2 .

| —— + 1
s G-27+16 (5-2°+16)

~1+e” cosdr+2e” sindr




Inverse Laplace Transform

(e) r ]J 5 |~=.L 1|]_ S55+6 |
1.5".+5.‘|'+EIJ l s +55+6)

gl 55+6 |

— 1_ s

l [5+E}[.5-+3}J

=1"‘-[1+ 4 9 }
1 £+2 43

= d () +de™ —9&”

() s2 42543 K, K, K
F(s) = - + +
(s+1)3 (s+1)3 (s+1)2 s+1
s?+2s+3 K, K, K;
+1)3 =(s+1)° + +
(s+1) (s+1)3 (s+1) (s+1)2 (s+1)? s+1

s?+2s+3 =K, +(s+ DK, + (s + 1)K,

[s2+25+3]gec; = [K1 + (s + DK, + (s + 1)%K3]s=; > K =2
[25 + 2]5=—1 = [K; + 2(s + DK3]s=—1 = K;=0

[2]S=—1 = [2K3]s=—1 = K3 =1

) o 2 1
LEFE] =L 1[(s+1)3+s+1

f(t) =t?e t+et




Inverse Laplace Transform

Matlab command for partial fraction Expansion:

num = [2 5 3 6] 253 +552+35+6
=l s3+6s2+11s+6

The command

[r,p,k] = residue(num,den)
Gives the following result

[r,p,k] = residue(num,den)

-6.0000
-4.0000
3.0000
—6 —4 3
p =] 2 +

+ +
-3.0000 s+ 3 s+ 2 s+ 1

-2.0000
-1.0000

2

Inverse Laplace Transform

The Convolution Theorem:
f (t) » g(t) is called as the convolution of f(t) and g(t),
And it is defined by

t
F© 90 = [ £ -vgidv
0
Convolution property: f (t) * g(t) = g(t) * f (t)

Therefore,

t t

F@ 90 = [ fe=gwiv = [ f@glt-v)dv=g(©)+f ©
0 (0]

Sometime, f (t) * g(t) is denoted as (f * g)(t) or simply f * g.

In Laplace transform

L7HF(s)G(s)} = f(£) * g(t)




Inverse Laplace Transform

Examples: Use the convolution theorem to find the inverse
Laplace transforms of the following:

]
(s—1s+2)

a)

(b) 12
s(s° +9)

(c) ’

s*(5+9)

Inverse Laplace Transform

Solution

b 1 1 e ¥ sl 3]
g {{3‘—1]{3+1]J & { s | 54




Inverse Laplace Transform

Solution

b) 1) 12
[}LI‘I{F +9}}

1_31
a.-r+"~3'

1

| -
i.+9f

40 '{
1
U

l |
gt *_If_l
LY

,_-'H_
o

P
= 4| 1sm3vdu
o

f
—cos 3 4 .
=4 = —(1—cos 31)
3 g o

Inverse Laplace Transform




Solution of LDEs Using Laplace Transform

Example: Solve the following Linear DE
y"+5y"+6y =0, y(0) =2, y'(0)=3

Solution: taking the Laplace transform of Linear DE

L{y" + 5y’ + 6y} = L{y"} + S5L{y'} + 6L{y} = L{0} = 0
Now find the Laplace transform of derivatives

[s°Y(s) —sy(0) —y"(0)] + 5[sY(s) —y(0)] + 6Y(s) =0
Rearranging the equation

(s2+55+6)Y(s)—(s+5)y(0)—y'(0) =0
Substituting in the initial conditions, we obtain
(s?+55+6)Y(s)—2(s+5)—3=0

2s + 13

YO =G 39672

Solution of LDEs Using Laplace Transform

Using partial fraction decomposition, Y (s) can be rewritten:
25+13 _ A i B
ls+430s+2) (s+3) (s+2)
25+13=Als+2)+ Bls +3)
25+13=(A+B)s+(24+38)
A+B=2, 24+38=13
A==T. =9

Thus
7 9

YO =-G33 672

Now we can find the inverse Laplace transform of Y (s) to get y(t)

y()=-Te +9¢




Solution of LDEs Using Laplace Transform

Example: Solve the following Linear DE
y"+y=sin2t, y(0) =2, y'(0)=1

Solution: taking the Laplace transform of Linear DE
LEy" +y} = L{y"} + L{y} = L{sin 2t}

Now find the Laplace transform of derivatives
[s°Y(s) —sy(0) =y (0] +Y(s) =

, , s?+4
Rearranging the equation
(s* + DY (s) = sy(0) = y'(0) = 5—
Substituting in the initial conditions, we obtain
2+ 1D)Y(s)—2s—1=
(s + 1DY(s) — 2s )

253 4+s%24+8s+6
(s2+1)(s%2+4)

Y(s) =

Solution of LDEs Using Laplace Transform

Using partial fraction, Y (s) can be rewritten:

i 25°+5 +85+6 As+B Cs+D
}{5}= = - = - 1 |
(2 +1(s2+4) s+l st+4
Then
25' +57 +8s5+6=(ds + B)(s? + 4)+(Cs + D)s* +1)

=(A+ )5 +(B+ D)5 +{4A4+ s +{4B + D)

Solving, we obtain A =2, B =5/3,C =0,and D = —2/3. Thus

. 2s  5/3 2/3
He)=ra =t ==

Fal €] ¥ 44

Now we can find the inverse Laplace transform of Y (s) to get y(t)

5 = :
¥(t) = 2cos r+;su1 r—;sm 2t




Solution of LDEs Using Laplace Transform

Example: Solve the following Linear DE
y'+2y"+5y=3,y(0)=0, y'(0)=0

L{y"}+ 2L{y"'} + 5L{y} = L{3}

[5°Y(5) — 5y(0) — ¥/ (0)] + 2[s¥ () ~ y(0)] + 5Y(s) =

3
[s2 + 25 + 5]Y(s) = B
3 A B, B,

V) = evi-2pGeri+r2) s Gri-2)  Gritz)

y(t) = A+ Bye~ (172Dt 4 B e=(1+2))t

Where A = 0.6, B; = —0.3 + 0.15j = 0.33e%%77%/ B, = —0.3 — 0.15j = 0.33e 726779

Initial and Final Value theorem

INITIAL VALUE THEOREM
Assume that f(t) has Laplace transform.
Then,

lim f(t) = lim sF(s)
t—0 S—00

FINAL VALUE THEOREM

Assume that f(t) has Laplace transform and that lim f(t) exist.
n—>00

Then,

lim f(t) = lim sF(s)
t—oo s—0

Note: lim f(t) will exist if F(s) has poles with negative real part
n—->0o
and at most a single pole at s = 0.




Initial and Final Value theorem

Example: Given 10(s + 1)
F(s) = s(s2+2s+2)

Determine the initial and final values for f(t).

10(s +1
hmf(t) = 11m sF(s) = sh—>r2352 -EZS +)2 -

F (s) has one pole at s=0 and the others have negative real part. The
final value theorem can be applied.

10(s + 1)
1 t) =limsF(s) = lim
1mf() lim s (s) = 1052_|_25_|_2
Note: Computing the inverse one can get
3
f(t) =5+ 5vV2e~tcos <t — %)

Initial and Final Value theorem

Example: Investigate the application of initial and final value theorem to the

Laplace transform function .

(s+2)(s—3)

F(s) =
Solution:

For the initial value theorem:

lim sF(s) = lim e G =3 =

F) = (% — &)

1
. T - 0_ ,0 —
Iy (0 = iy (e = e%) =0
For the final value theorem:

S
lim sF(s) = li
lim sF(s) = lim (s +2)G-3)

th_{gf(t) =tlgg§(e —e ) =o0

=~ the system is not stable (is not steady-state gain)




Circuit Application

1. RLC circuit with 1nitial condition
2. Transfer functions

3. Block Diagram

RLC circuit
1(s)
< ] dij (t
g v (t) =1L ()
sL dt
V(s) Taking the Laplace transform
Li(0) V,(s) = (sL)I,(s) — Li; (0)
I(s) . .
2 iL(t) = _-[ UL(t)dt + lL(O)
+ L 0
] Taking the Laplace transform
V(s) L @ O .
3 @ ACIAO
I,(s) = +
= sL S




RLC circuit

I(s)

1 t
ve(®) = ¢ [ ie®de + v 0)
0

Taking the Laplace transform

1 v.(0)
Ve(s) = == 1e(s) + =
Hx'!i') dv (t)
. (t) = C—
+
| o) Taking the Laplace transform
Vi(s) P oy Crlo V.(s
- I.(s) = 15 — Cv.(0)
> 1/sC
o
RLC circuit
Example:
In the RL-Series circuit given that i(0) = 5 Amp, find i(¢t)
L
2H
———
C_D 3u(t) % B
Using KVL di
l
L E + Ri = Bu(t) Taking Laplace transform

L[sI(s) —i(0)] + RI(s) = g




RLC circuit

2[sI(s) — 5]+ 4I(s) =§

1(s)[2s + 4] =§+ 10

1.5 5s +3/2
I(s)[s+2]=T+5= S /

5s+3/2 A B A(s+2) +Bs
I(s) = = =

=—+ =
s(s+2) s s+2 s(s+2)

Equating coefficients

3 3
5=24 = A=7
17
5=A+B = BZT
5s+3/2 3 17 _ .3 17

1(s) = SGT D _4s+4(s+2) = L 1{1(5)}—l(t)—4u(t)+ 7 ¢ 2tu(t)
RLC circuit
Example:

The switch in the following circuit moves from position a
to position b at t = 0 second. Compute i,(t) fort > 0.

50 a b

| 7.0

—0.1F 10




RLC circuit

Solution:

The i.c. (initial condition) are not given directly. Hence, at first we
need to find the i.c. by analyzing the circuit when t < 0:

50
—\VVV 24
J lL(O) — ? = 4.8A
14V Eﬁ [, (0)| v.(0)
1 : v, (0) = 0V
RLC circuit
Then, we can analyze the circuit for t > 0 by considering the i.c.
; 1L
0.625s 1 L
0L < ]
I 1 [ S o
Li, (0)=3 () l
I = 3 _ 3 _ —3 _ —3
- 10 N 10 N 10\  0.625s2 + 6.255 + 10
—+1
S

L —3(s + 10)
"~ 0.62552 + 6.255 + 10




RLC circuit

Using current divider rule, we find that

s 10 —3(s + 10) B -30
710, (10+5)0.62552 + 6255+ 10  0.62552 + 6.255 + 10
S
-30 -30 —48

Iy

Using partial fraction, we have

—48 8 8
(s+8)(s+2) s+8 s+2

Iy(s) =

io(t) =8(e 8 —e 2Hu(t) A

T 0.62552 + 6,255 + 10 0.625(s2 + 10s + 16) s + 10s + 16

Transfer Function

x(t)

Network

System
In time domain, y(t) = h(t) * x(t)
In s-domain, Y(s) = H(s)X(s)

Y(s)

~Transfer Function, H(S) =
unction, H(S) =¥ )

y(t)




Transfer Function

Example:

For the following circuit, find H(s) = V,(s)/V;(s). Assume zero
initial conditions.

2Q 1 H

v, @ 4Q % 0.1F ==,

Transfer Function

Solution:

Transform the circuit into s-domain with zero 1.c.:

& )
% (s)@) San el
N | T S




Transfer Function

40
10 5 40 20
2o =TT T 10" 45+10 2545
4—+?
Using voltage divider
_20 20
25+ 5
0 20 Lo 20+ (2s+5)(s+2)°
2s+5
Vy = 20 |74
07 282495430 "
/A& 20
sy = o6 _
V.(s) 25%2+9s+30

Transfer Function

Example:

Obtain the transfer function H(s) = V,(s)/V;(s), for the following
circuit.

i O5F 1 H
— -
| A

||
s, @ 2.-: 3Q 2 o,




Transfer Function

Solution:

Transform the circuit into s-domain (We can assume zero i.c. unless
stated in the question)

2

il |
1

-

0 2I(s) 3Q SV (s)

Transfer Function

We found that

V=3I +21)=9]

2 2 "
V' ==T+(s+3)3/=|—+35+9 |
& 5 /




Block Diagram

A block diagram 1s a graphical tool that can help us to
visualize the model of a system and evaluate the

mathematical relationships between their elements, using
their transfer functions.

The Transfer Function Block

[npam &- Cris) i.. Owrpat Gls) = Cs)

Syster R{ﬂ

The transfer function Gis) is
o defined only for a linear time-invariant system and not
for nonlinear systams.
= |5 a property of the system and is independent of the
input lo the system

= Commutatve GG, =,0,

* Associative G +G,=G,+0,

Block Diagram Elements

The Summing Point

Sigmed ipuiy Lo

y_ tge i XN+F-Z

= el

Z

= Any number of mputs. Only one owlput

EBlacks in seras of cascaded blocks

A . - X 74
B ';Jl L f.T_. " - — [:1'5[-_1: o

« When blocks are connecled in sesies, there must be no
|oading affect




Blocks In parallel

N \/

3:‘&.:‘;.—4_';'.:":. o ':-_'-_1"‘:_"-_"2-"‘: |

¥ oy — —= G+ (5

i | ZeGX+GY

Block Diagram

Closed-loop Feedback System

H —

is called the reference input
is the output or controlled variable

1s the feedback

is the error

is called the feed-forward transfer function

is called the open-loop transfer function




Block Diagram

Overall transfer function of closed-loop feedback system

E(s) = R(s) — B(s)

C(s)
@ = R(S) —B(S)

C(s)
m = R(s) — C(s)H(s)

C(s)

m + C(s)H(s) = R(s)

C(s) [ !

G(s)
1+ G(s)H(s)l — R(s)

+ H(s)] = R(s)

C(s) [ 0]

cs) [ G
R(s) [1 + G(s)H(s)

Block Diagram

* Eliminating a negative feedback loop

The overall transfer function for a negative feedback
loop 1s given by

C(s) G(s)
R(s) ~ [1 + G(s)H(s)

* Eliminating a positive feedback loop

The overall transfer function for a positive feedback loop
1s given by

C(s) G(s)
R(s) [1 — G(s)H(s)




Block Diagram

D
R i B _ A 4+ l“' : €
—= " G [ W {r? -
B
H
G, is the controller transfer function
Gp is the plant transfer function
M is the manipulated variable
D is the external disturbance
C . :
GGy = A is the feed-forward transfer function
B
GeGpH = z is the open-loop transfer function

Block Diagram

Assuming D = 0, we can re-draw

E +—~ L : - S &
— — G G G G.G

. RO1+GH 1+G.G,H
‘ B
H

D

: c_ G G
D 1-GH 1+G,G.H
GH




Block Diagram

Example: Determine C(s)/R(s)

Ca
il g
P gloF =000
H |-

2 | When manipulating blocks,

must ensure C(s) does not
change, so that C(s)/R(s)
remains same,

Block Diagram

Da — [DF)a Al Eb
e i
T | 3 b
et 0 —*E‘l—}\ G 0 minl O TF G0
s AL c B=30
. H
1 L
L Ly ll\ d 1]
A B [T
Assume names of H'a
signals s shown \
—

b=Fa-FctDa




Block Diagram

Block Diagram

Eb

LF EG
R am |— :]: TG | 1

_ =] S .58 Ko *HHGH’
H
T [H | — | H |
A (1}
I = |




Block Diagram

- ir
1+ GH
—————y ol
R—'—Té‘-*-z'[H G j—II-E e N S S oy S £ g«
e {
(1] 1]
| (2B | c
(-2l 3!
Block Diagram
Inverting operational amplifier circuit:
A TR G
I 2 2

T ST 220kQ O.luF:/

! I I I

- oseur L — AN

I | / : Lo - I

vanl NS v
_|_I | \ V()(t)

| |

EdvAVAYS: .

C R

| 360kQ !

—— - =




Block Diagram

l

311:-'] = ! —

L_L3+L 560 s+ ;3
I I60*F10

~360*10°
2.0165+1

10’ 220« 103s + 107

Za ) =R, +L —220%10° +
= = R

2 7 S
220 % 103s + 107
‘/O(S)=_ZZ(S)=_ S
Vi(s) Z1(s) 360 * 103
2.016s + 1

V,(s) (220 % 10%s + 107)(2.016s + 1) _ L 232 s% +45.95s + 22.55
V;(s) 360 * 103s - s




