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Chapter 1

Definition 1.0.1 (Partial Differential Equation) : A partial differential equa-

tion (PDE) is a relationship between an unknown function u(x1, x2, ...., xn) and

its derivatives with respect to the variables x1, x2, ...., xn.

Here is an example of a PDE

∂u(x, y)

∂x
+ x

∂u(x, y)

∂y
= sinx (1.0.1)

The order of a PDE is the order of the highest derivative that occurs in the

equation. The previous equation (1.0.1) is a first-order PDE.

The degree of a PDE is determined by the power of the hight derivation in

the equation.

Example 1.0.1

∂u

∂x
+ ϵ

∂u

∂y
= 0 first− orderPDE

∂u

∂t
+ u

∂u

∂x
= 0 first− orderPDE

∂2u

∂x2
= κ

∂u

∂t
second− orderPDE

∂2u

∂x2
= c2

∂2u

∂t2
second− orderPDE

We also define linear PDE’s as equations for which the dependent variable

(and its derivative) appear in terms with degree at most one. Anything else is

called nonlinear PDE.

Definition 1.0.2 (Quasilinear PDE) : A PDE is said to be quasilinear if it
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is linear with respect to all the highest order derivatives of the unknown function.

A(x, y, u)p+B(x, y, u)q = C(x, y, u),

is quasilinear PDE of the first order.

A(x, y, u, p, q)r +B(x, y, u, p, q)s+ C(x, y, u, p, q)t+D(x, y, u, p, q) = 0,

is quasilinear PDE of the second-order.

Example 1.0.2 :

3p− yq2 = u nonlinear

xyr − 5eyrt = 0 nonlinear

xp+ yq = 3u linear

x2p+ yq = t3 nonlinear

Formulation Of Partial Differential Equation

1.0.1 PDE By The Elimination Of Arbitrary Constant

Our aim is to see how PDEs arise mathematically. We show that such PDEs

can be formed by the elimination of arbitrary constants. So in this lesson we give

examples showing it is possible to associate a PDEFO with a given of functions

of two variables.

Consider the relation

f(x, y, u, a, b) = 0, (1.0.2)

where a and b are constants. Differentiating (1.0.2) partially with respect to x

and y separately, we get

∂f

∂x
+ p

∂f

∂u
= 0, (1.0.3)
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∂f

∂y
+ q

∂f

∂u
= 0 (1.0.4)

The set of Eqs. (1.0.2), (1.0.3) and (1.0.4) constitute three equations involving

two arbitrary constants a and b. In general, it is possible to eliminate a and b

from these equations and the resulting equation is a PDEFO of the type

f(x, y, u, p, q) = 0

Example 1.0.3 : Form the PDE by eliminating a and b from

u = ax+ by (1.0.5)

Solution :

∂u

∂x
= a ⇒ p = a,

∂u

∂y
= b ⇒ q = b,

substitute a and b in Eq.(1.0.5), we get

u = px+ qy is a PDE.

Example 1.0.4 : Find the PDE by eliminating a and b from

u = ax2 + by2 (1.0.6)

Solution :

∂u

∂x
= 2ax ⇒ a =

1

2x
p

∂u

∂y
= 2by ⇒ b =

1

2y
q
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by substituting a and b in Eq. (1.0.6), we obtain

u =
1

2x
px2 +

1

2y
qy2 ⇒

u =
1

2
px+

1

2
yq

∴ 2u = px+ qy is a PDE.

Example 1.0.5 : Find the PDE by eliminating constants from

u = axy (1.0.7)

Solution :

∂u

∂x
= ay a =

1

y
p, (1.0.8)

∂u

∂y
= ax a =

1

x
q, (1.0.9)

substitute Eq.(1.0.8) in (1.0.7), we get

u =
1

y
pxy ⇒ u = px

substitute Eq.(1.0.9) in (1.0.7), we obtain

u =
1

x
qxy ⇒ u = qy

so the PDE is u = px or u = qy.

Remark : If there are less arbitrary constants than the number of independent

variables, the above procedure of elimination will give more than one PDE.

Example 1.0.6 : Eliminate a, b and c from

ax+ by + cu = 0
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Solution :

a+ c
∂u

∂x
= 0 ⇒ c

∂2u

∂x2
= 0 ⇒ ∂2u

∂x2
= 0

b+ c
∂u

∂y
= 0 ⇒ c

∂2u

∂y2
= 0 ⇒ ∂2u

∂y2
= 0

So the PDE is r = 0 or t = 0 or s = 0.

Remark : If the number of independent variables are less than the number of

arbitrary constants , then the order of PDE is greater than the first order.

Example 1.0.7 : Find the PDE from the following equations

1) u = (x+ a)(y + b)

2) 2u = (ax+ y)2 + b

3) u = axey +
1

2
a2ey

Solution 1) :

∂u

∂x
= 0 + (y + b)(1) = y + b

⇒ p = y + b ⇒ b = p− y

∂u

∂y
= x+ a ⇒ q = x+ a ⇒ a = q − x

Then

u = (x+ q − x)(y + p− y)

⇒ u = pq is a PDE

Solution 2) :

2
∂u

∂x
= 2a(ax+ y) ⇒ p = a(ax+ y)

2
∂u

∂y
= 2(ax+ y) ⇒ q = (ax+ y)

xp+ yq = ax(ax+ y) + y(ax+ y)

= (ax+ y)(ax+ y) = (ax+ y)2 = q2

∴ xp+ qy = q2 is a PDE
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Solution 3) :

∂u

∂x
= aey ⇒ p = aey ⇒ a =

p

ey

∂u

∂y
= axey + a2e2y ⇒ q = axey + a2e2y (1.0.10)

substitute a in Eq.(1.0.10)

∴ q =
p

ey
xey + (

p

ey
)e2y

⇒ q = px+ p2 is a PDE

Exercises :

1) ax2 + by2 + z2 = 1

2) z = (x− a)2 + (y − b)2

3) z = xy + y
√
x2 + a2 + b

1.0.2 PDE By The Elimination Of An arbitrary Function

If we have an equation

f(v, w) = 0, (1.0.11)

where f is an arbitrary function, v and w are known functions of x, y and u.

Differentiating Eq.(1.0.11) partially with respect to x and y separately, we get

∂f

∂v

∂v

∂x
+

∂f

∂v

∂v

∂u

∂u

∂x
+

∂f

∂w

∂w

∂x
+

∂f

∂w

∂w

∂u

∂u

∂x
= 0

⇒ ∂f

∂v
(vx + pvu) +

∂f

∂w
(wx + pwu) = 0 (1.0.12)

∂f

∂v

∂v

∂y
+

∂f

∂v

∂v

∂u

∂u

∂y
+

∂f

∂w

∂w

∂y
+

∂f

∂w

∂w

∂u

∂u

∂y
= 0
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⇒ ∂f

∂v
(vy + qvu) +

∂f

∂w
(wy + qwu) (1.0.13)

By eliminating
∂f

∂v
and

∂f

∂w
from Eqs. (1.0.12) and (1.0.13), we obtain

∣∣∣∣∣vx + pvu wx + pwu

vy + qvu wy + qwu

∣∣∣∣∣= 0

(vx + pvu)(wy + qwu)− (wx + pwu)(vy + qvu) = 0

vxwy + qvxwu + pvuwy + pqvuwu − wxvy − qwxvu − pwuvy − pqwuvu = 0

⇒ p(vywu − vuwy) + q(vuwx − vxwu) = vxwy − wxvy

⇒ p
∂(v, w)

∂(y, u)
+ q

∂(v, w)

∂(u, x)
=

∂(v, w)

∂(x, y)
is a PDE of the first order

where

∂(v, w)

∂(y, u)
=

∣∣∣∣∣vy vu

wy wu

∣∣∣∣∣ ,

∂(v, w)

∂(u, x)
=

∣∣∣∣∣vu vx

wu wx

∣∣∣∣∣ ,
and

∂(v, w)

∂(x, y)
=

∣∣∣∣∣vx vy

wx wy

∣∣∣∣∣
Example 1.0.8 : Find the PDE by eliminating the arbitrary function from

f(
u

x
,
x

y2
) = 0

Solution:

v =
u

x
and w =

x

y2
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vx =
−u

x2
wx =

1

y2

vy = 0 wy =
−2x

y3

vu =
1

x
wu = 0

∂(v, w)

∂(y, u)
=

∣∣∣∣∣vy vu

wy wu

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

0
1

x

−2x

y3
0

∣∣∣∣∣∣∣∣∣ =
2

y3

∂(v, w)

∂(u, x)
=

∣∣∣∣∣vu vx

wu wx

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
1

x

−u

x2

0
1

y2

∣∣∣∣∣∣∣∣∣ =
1

xy2

∂(v, w)

∂(x, y)
=

∣∣∣∣∣vx vy

wx wy

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
−u

x2
0

1

y2
−2x

y3

∣∣∣∣∣∣∣∣∣ =
2u

xy3

p(
2

y3
) + q(

1

xy2
) =

2u

xy3
⇒ 2xp+ yq = 2u is a PDE.

Example 1.0.9 : Form the PDE by eliminating the arbitrary functions in the

following equations

1) u = xy + f(x2 + y2)

2) u = f (
xy

u
)

3) f(x2 + y2 + u2, u2 − 2xy) = 0
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Solution :

∂u

∂x
= y + 2xf ′(x2 + y2)

⇒ p = y + 2xf ′(x2 + y2)

∂u

∂y
= x+ 2yf ′(x2 + y2)

⇒ q = x+ 2yf ′(x2 + y2)

yp− xq = y2 + 2xyf ′(x2 + y2)− x2 − 2xyf ′(x2 + y2)

∴ yp− xq = y2 − x2 is a PDE.

Also we can solve it by another way

u− xy = f(x2 + y2)

g(u− xy, x2 + y2) = 0

Solution 2 :

∂u

∂x
= f ′(

xy

u
)
uy − xyp

u2
⇒ p = f ′(

xy

u
)
uy − xyp

u2

∂u

∂y
= f ′(

xy

u
)
ux− xyq

u2
⇒ p = f ′(

xy

u
)
ux− xyq

u2

p

q
=

uy − xyp

ux− xyq
⇒ pux− xypq = uyq − xypq

⇒ pux− uqy = 0 is a PDE.

Solution 3 :

v = x2 + y2 + u2, w = u2 − 2xy
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vx = 2x wx = 2y

vy = 2y wy = 2x

vu = 2u wu = 2u

∂(v, w)

∂(y, u)
=

∣∣∣∣∣vy vu

wy wu

∣∣∣∣∣ =
∣∣∣∣∣∣∣
2y 2u

−2x 2u

∣∣∣∣∣∣∣ = 4yu+ 4xu = 4u(x+ y)

∂(v, w)

∂(u, x)
=

∣∣∣∣∣vu vx

wu wx

∣∣∣∣∣ =
∣∣∣∣∣∣∣
2u 2x

2u −2y

∣∣∣∣∣∣∣ = −4uy − 4xu = −4u(x+ y)

∂(v, w)

∂(x, y)
=

∣∣∣∣∣vx vy

wx wy

∣∣∣∣∣ =
∣∣∣∣∣∣∣
2x 2y

−2y −2x

∣∣∣∣∣∣∣ = −4x2 + 4y2 = −4(x2 − y2)

∴ 4x(x+ y)p− 4u(x+ y)q = −4(x2 − y2)

⇒ up− uq = (y − x) is a PDE.

1.0.3 Formulation Of PDESO By Eliminating Arbitrary

Functions and Constants

Example 1.0.10 : Eliminate the arbitrary functions f and g from the relation

u− f(x− aiy) + g(x+ aiy),
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where a is constants. Solution :

∂u

∂x
= f ′(x− aiy) + g′(x+ aiy)

∂u

∂y
= −aif ′(x− aiy) + aig′(x+ aiy)

∂2u

∂x2
= f ′′(x− aiy) + g′′(x+ aiy)

∂2u

∂x∂y
= −aif ′′(x− aiy) + aig′′(x+ aiy)

∂2u

∂y2
= −a2f ′′(x− aiy)− a2g′′(x+ aiy)

p− f ′ − g′ = 0

q + aif ′ − aig′ = 0

r − f ′′ − g′′ = 0

s+ aif ′′ − aig′′ = 0

t+ a2f ′′ + a2g′′ = 0

The result is a PDE of the second order

t = −a2(f ′′ + g′′) = −a2r

∴ t+ a2r = 0 is a PDE of the second order.

Example 1.0.11 : Eliminate the arbitrary functions f and g, where f and g

arbitrary functions.

u = xf(y + 2x) + g(y + 2x)
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∂u

∂x
= 2xf ′(y + 2x) + f(y + 2x) + 2g′(y + 2x)

∂u

∂y
= xf ′(y + 2x) + g′(y + 2x)

∂2u

∂x2
= 4xf ′′(y + 2x) + 2f ′(y + 2x) + 2f ′(y + 2x) + 4g′′(y + 2x)

∂2u

∂x∂y
= 2xf ′′(y + 2x) + f ′(y + 2x) + 2g′′(y + 2x)

∂2u

∂y2
= xf ′′(y + 2x) + g′′(y + 2x)

uxx − 4uxy + 4uyy = 0 is a PDE.

Exercises :

1) u = f(x+ y). g(x− y)

2) u = (
1

x
)f(y − x) + g(y − x)

3) u = f(xy) + g(x+ y)

4) x = f(u) + g(y)

Total Differential Equation

(Pfaffian Equation )

In general if

U(x, y, z) = C,

is a given functional relation involving x, y, z and an arbitrary constant C, then

the total differential dU of the function is zero. But dU = Uxdx + Uydy + Uzdz.

Therefore, dU = 0 implies dU = Uxdx+ Uydy + Uzdz = 0 that is

Pdx+Qdy +Rdz = 0,



13

where P,R and Q are the functions of x, y and z. An equation of this form in

three variables is said to be total differential equation (pfaffian equation) in the

variables x, y and z. The problem of finding all possible solutions of a pfaffian

equation is called pfaff’s problem.

Definition 1.0.3 A pfaffian differential form (in three variables) is said to be

exact if we can find a continuously differentiable function U(x, y, z) such that

Pdx+Qdy +Rdz = dU

To show that a pfaffian differential is exact, we need to show that

∂2U

∂y∂x
=

∂

∂y
(
∂U

∂x
) =

∂P

∂y

∂2U

∂x∂y
=

∂

∂x
(
∂U

∂y
) =

∂Q

∂x

since
∂2U

∂y∂x
=

∂2U

∂x∂y
, so

∂P

∂y
=

∂Q

∂x

in the same way

since
∂2U

∂z∂x
=

∂2U

∂x∂z
, so

∂P

∂z
=

∂R

∂x

also,

since
∂2U

∂y∂z
=

∂2U

∂z∂y
, so

∂R

∂y
=

∂Q

∂z

Example 1.0.12 : Show that

yzdx+ 2xzdy − 3xydz

is exact or not?



14

Solution :

P = yz, Q = 2xz, R = −3xy

∂P

∂y
= z

∂Q

∂x
= 2z

∂R

∂x
= −3y

∂P

∂z
= y

∂Q

∂z
= 2x

∂R

∂y
= −3x

∵
∂P

∂y
̸= ∂Q

∂x

∴ this equation is not exact.

Definition 1.0.4 A pfaffian DE is said to be integrable if there exists a nonzero

differentiable function v = v(x, y, z) such that the differential form

v(x, y, z)[P (x, y, z) +Q(x, y, z) +R(x, y, z)]

is an exact differential Eq. and the function v is called an integrating factor, i.e

∃U such that Ux = vP, Uy = vQ, Uz = vR. If there is no such a family, we say

that the pfaffian is not integrable.

Definition 1.0.5 If we have v = (P,Q,R) = Pi + Qj + Rk, then the curlv is

defined by

curlv =

∣∣∣∣∣∣∣∣∣∣∣

i j k

∂

∂x

∂

∂y

∂

∂z

P Q R

∣∣∣∣∣∣∣∣∣∣∣
= = (

∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y
).

Example 1.0.13 : Find the curl for the DE

(y2 + yz)dx+ (xz + z2)dy + (y2 − xy)dz = 0
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Solution :

P = y2 + yz, Q = xz + z2, R = y2 − xy

∂P

∂y
= 2y + z

∂Q

∂x
= z

∂R

∂x
= −y

∂P

∂z
= y

∂Q

∂z
= x+ 2z

∂R

∂y
= 2y − x

curlv =

∣∣∣∣∣∣∣∣∣∣∣

i j k

∂

∂x

∂

∂y

∂

∂z

P Q R

∣∣∣∣∣∣∣∣∣∣∣
= (2y − x− (x+ 2z), y − (−y), z − (2y + z))

= (2y − 2x− 2z, y + y, z − 2y − z)

= (2y − 2x− 2z, 2y,−2y).

Remark : If curlv = (0, 0, 0) = 0, then

∂R

∂y
− ∂Q

∂z
= 0 ⇒ ∂R

∂y
=

∂Q

∂z

∂P

∂z
− ∂R

∂x
= 0 ⇒ ∂P

∂z
− ∂R

∂x

∂Q

∂x
− ∂P

∂y
= 0 ⇒ ∂Q

∂x
− ∂P

∂y

this means that the pfaffian DE Pdx+Qdy +Rdz = 0, is exact.

Theorem 1.0.1 : If v is a vector such that v. curlv = 0, and u is an arbitrary

function of x, y and z, then

u.v.Curl(u, v) = 0
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proof :

u.v = u(P,Q,R) = (uP, uQ, uR)

curl(uv) = (
∂

∂y
(uR)− ∂

∂z
(uQ),

∂

∂z
(uP )− ∂

∂x
(uR),

∂

∂x
(uQ)− ∂

∂y
(uP ))

= (uRy +Ruy − uQz −Quz, uPz + Puz − uRx −Rux, uQx +Qux − uPy − Puy)

= u(Ry −Qz, Pz −Rx, Qx − Py) + (Ruy −Quz, Puz −Rux, Qux − Puy)

= ucurlv + (Ruy −Quz, Puz −Rux, Qux − Puy)

uvcurluv = u(P,Q,R).(ucurlv + (Ruy −Quz, Puz −Rux, Qux − Puy))

= u2v.curlv + u(PRuy − PQuz +QPuz −QRux +RQux −RPuy)

= u2(0) + u(0) = 0

∴ uv.curluv = 0

Exercise : Is the converse of of this theorem true or not?explain?

Theorem 1.0.2 : A necessary and sufficient condition for f(u, v) = 0, where

f is a relation between two functions u(x, y) and v(x, y), not involving x or y

explicitly is that
∂(u, v)

∂(x, y)
= 0.

proof : The first condition is necessary i.e. f(u, v) = 0, we differentiate f

with respect to x and y, obtain :

∂f

∂u
.
∂u

∂x
+

∂f

∂v
.
∂v

∂x
= 0 (1.0.14)

∂f

∂u
.
∂u

∂y
+

∂f

∂v
.
∂v

∂y
= 0 (1.0.15)

Eliminate
∂f

∂v
from these two equations.
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from (1.0.15) ⇒

∂f

∂v
=

−∂f

∂u
.
∂u

∂y
∂v

∂y

, then (1.0.14) becomes :

∂f

∂u
.
∂u

∂x
+

−∂f

∂u
.
∂u

∂y
∂v

∂y

.
∂v

∂x
= 0

∂f

∂u
(
∂u

∂x
.
∂v

∂y
− ∂u

∂y
.
∂v

∂x
) = 0 ⇒ ∂f

∂u
(
∂(u, v)

∂(x, y)
) = 0

since f(u, v) involves u and v, it means that
∂f

∂u
̸= 0, then

∂(u, v)

∂(x, y)
= 0

conversely : The second condition is sufficient, i.e we have
∂(u, v)

∂(x, y)
= 0, we have

to prove that the relation f(u, v) = 0, where f is not involving x or y explicitly.

Now, we may eliminate y in the equations u(x, y) and v(x, y) to get a new relation

f(u, v, x) = 0 and we differentiate the new relation with respect to x and y, we

get

∂f

∂x
+

∂f

∂u
.
∂u

∂x
+

∂f

∂v
.
∂v

∂x
= 0 (1.0.16)

∂f

∂u
.
∂u

∂y
+

∂f

∂v
.
∂v

∂y
= 0 (1.0.17)
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Eliminate
∂f

∂v
from these two equations: from(2.0.11) ⇒

∂f

∂v
=

−∂f

∂u
.
∂u

∂y
∂v

∂y

, then (1.0.16) becomes

∂f

∂x
+

∂f

∂u
.
∂u

∂x
+

−∂f

∂u
.
∂u

∂y
∂v

∂y

.
∂v

∂x
= 0

∂f

∂x
.
∂v

∂y
+

∂f

∂u
(
∂u

∂x
.
∂v

∂y
− ∂u

∂y
.
∂v

∂x
) = 0

∂f

∂x
.
∂v

∂y
+

∂f

∂u
(
∂(u, v)

∂(x, y)
) = 0 ⇒ ∂f

∂x
.
∂v

∂y
= 0

since v depends on x and y, then
∂v

∂y
̸= 0 therefore

∂f

∂x
= 0, which means that the

function f does not contain the variable x explicitly.

Definition 1.0.6 : If f(x, y, z) is a function, then

gradf = ▽f = (
∂f

∂x
,
∂f

∂y
,
∂f

∂z
)

Remark : curl(grad f ) = 0

proof:

curlv =

∣∣∣∣∣∣∣∣∣∣∣∣

i j k

∂

∂x

∂

∂y

∂

∂z

∂f

∂x

∂f

∂y

∂f

∂z

∣∣∣∣∣∣∣∣∣∣∣∣
= (

∂2f

∂y∂z
− ∂2f

∂z∂y
,
∂2f

∂x∂z
− ∂2f

∂z∂x
,
∂2f

∂x∂y
− ∂2f

∂y∂x
)

= (0, 0, 0) = 0

Theorem 1.0.3 : A pfaffian differential equation in two variables always has
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an integrating factor.

Theorem 1.0.4 : A necessary and sufficient condition for the integrable pfaffian

differential equation Pdx + Qdy + Rdz = 0 is that v.curlv = 0, where v =

(P,Q,R).

Example 1.0.14 : Are the following equations integrable?, find the solution for

the integrable equations?

1) (y2 + xz)dx+ (x2 + yz)dy + 3z2dz = 0

2) 2xzdx+ zdy − dz = 0

Solution :

P = y2 + xz ,Q = x2 + yz ,R = 3z2

∂P

∂y
= 2y

∂Q

∂x
= 2x

∂R

∂x
= 0

∂P

∂z
= x

∂Q

∂z
= y

∂R

∂y
= 0

curlv = (0− y, x− 0, 2x− 2y) = (−y, x, 2x− 2y) ̸= 0

∴ the DE is not exact.

v.curlv = (y2 + xz, x2 + yz, 3z2)(−y, x, 2x− 2y) = −y3 − xyz + x3 + xyz + 6xz2 − 6yz2 ̸= 0

∴ the DE is not integrable.

2)

P = 2xz ,Q = z , R = −1

∂P

∂y
= 0

∂Q

∂x
= 0

∂R

∂x
= 0

∂P

∂z
= 2x

∂Q

∂z
= 1

∂R

∂y
= 0
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curlv = (0− 1, 2x− 0, 0− 0) = (−1, 2x, 0) ̸= 0

∴ the DE is not exact.

v.curlv = (2xz, z,−1)(−1, 2x, 0) = −2xz + 2xz + 0 = 0

∴ the DE is integrable. ∫
2xdx+

∫
dy −

∫
dz

z
= 0

x2 + y − ln z = c is a Gs.

Working Rules For Solution Of Pfaffian DE

We suppose that the equation

Pdx+Qdy +Rdz = 0 (1.0.18)

is integrable (i.e. v curlv=0).

Case 1 :

If the (1.0.18) is integrable, it may be possible in many cases that by rearranging

the terms the (1.0.18) becomes exact and the solution is found easily.

Example 1.0.15 : Solve

1) (y + z)dx+ (z + x)dy + (x+ y)dz = 0

2) (x2z − y3)dx+ 3xy2dy + x3dz = 0

Solution 1):

P = y + z ,Q = z + x ,R = x+ y

we first check if the PDE is exact

∂P

∂y
= 1

∂Q

∂x
= 1

∂R

∂x
= 1

∂P

∂z
= 1

∂Q

∂z
= 1

∂R

∂y
= 1
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curlv = (1− 1, 1− 1, 1− 1) = (0, 0, 0) = 0

∴ the PDE is exact.

ydx+ zdx+ zdy + xdy + xdz + ydz = 0

d(xy) + d(xz) + d(yz) = 0∫
d(xy) +

∫
d(xz) +

∫
d(yz) = c

xy + xz + yz = c is a Gs.

2)

P = x2z − y3 , Q = 3xy2 , R = x3

∂P

∂y
= −3y2

∂Q

∂x
= 3y2

∂R

∂x
= 3x2

∂P

∂z
= x2 ∂Q

∂z
= 0

∂R

∂y
= 0

curlv = (0− 0, x2 − 3x2, 3y2 + 3y2) = (0,−2x2, 6y2) ̸= 0

∴ the PDE is not exact.

vcurlv = (x2z − y3, 3xy2, x3)(0,−2x2, 6y2)

= 0− 6x3y + 6x3 = 0

∴ the equation is integrable.

x2zdx+−y3dx+ 3xy2dy + x3dz = 0 (divide by x2)

zdx+
−y3dx+ 3xy2dy

x2
+ xdz = 0

zdx+ xdz +
3xy2dy − y3dx

x2

d(xz) + d(
y3

x
) = 0
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∫
d(xz) +

∫
d(
y3

x
) = c

xz +
y3

x
= c is a Gs.

Case 2: Variable Separable

If (1.0.18) can be written of the form

P (x)dx+Q(y)dy +R(z)dz = 0

so the Eq. is exact and we can find the solution directly.

Example 1.0.16 : Find the solution for the following equations

1) a2y2z2dx+ b2z2x2dy + c2x2y2dz = 0

2) 2xzdx+ zdy − dz = 0

Solution 1):

a2y2z2dx+ b2z2x2dy + c2x2y2 = 0 (1.0.19)

Multiplying (1.0.19) by
1

x2y2z2
, the (1.0.19) becomes

a2
dx

x2
+ b2

dy

y2
+ c2

dz

z2
= 0 (1.0.20)

∴ the (1.0.20) is variable separable and it also exact, so we can integrate the last

Eq. ∫
a2

dx

x2
+

∫
b2
dy

y2
+

∫
c2
dz

z2
= c1

−a2
dx

x
− b2

dy

y
− c2

dz

z
= c1 is a Gs.

2)

2xzdx++zdy − dz = 0 (1.0.21)
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Multiplying (1.0.21) by
1

z
, it becomes

2xdx+ dy − dz

z
= 0∫

2xdx+

∫
dy −

∫
dz

z
= c

x2 + y − ln z = c is a Gs.

Case 3) One Variable Separable If (1.0.18) can be written of the form

a) P (x, y)dx+Q(x, y)dy +R(z)dz = 0

b) P (x, z)dx+Q(y)dy +R(x, z)dz = 0

c) P (x)dx+Q(y, z)dy +R(y, z)dz = 0

If a) is integrable, then
∂P

∂y
=

∂Q

∂x
, and Pdx+Qdy becomes exact.

If b) is integrable, then
∂P

∂z
=

∂R

∂x
, and Pdx+Rdz becomes exact.

If c) is integrable, then
∂Q

∂z
=

∂R

∂y
, and Qdy +Rdz becomes exact.

Example 1.0.17 : Solve

1) y(1 + z2)dx− x(1 + z2)dy + (x2 + y2)dz = 0

2) x(y2 − a2)dx+ y(x2 − z2)dy − z(y2 − a2)dz = 0

Solution 1)

y(1 + z2)dx− x(1 + z2)dy + (x2 + y2)dz = 0 since this Eq. is integrable

y

x2 + y2
dx− x

x2 + y2
dy +

dz

1 + z2
= 0 is one variable separable in z.

P =
y

x2+y2
Q = − x

x2 + y2

∂P

∂y
=

(x2 + y2)(1)− y(2y)

(x2 + y2)2
=

x2 − y2

(x2 + y2)2

∂Q

∂x
=

(x2 + y2)(−1) + x(2x)

(x2 + y2)2
=

x2 − y2

(x2 + y2)2
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∴
∂P

∂y
=

∂Q

∂x
, then Pdx+Qdy is exact.

∂U

∂x
= P =

y

x2 + y2
⇒ U(x, y) =

∫
y

x2 + y2
dx ⇒

U(x, y) =

∫ 1

y

(
x

y
)2 + 1

dx = tan−1(
x

y
) +G(y), where G(y) is an arbitrary function of y.

U(x, y) = tan−1(
x

y
) +G(y)

∂U

∂y
=

−x

y2

1 + (
x

y
)2

+
dG(y)

dy
=

−x

y2 + x2
+

dG(y)

dy

∴
−x

y2 + x2
=

−x

y2 + x2
+

dG(y)

dy
⇒ dG(y)

dy
= 0 ⇒ G(y) = c

U(x, y) = tan−1(
x

y
)

tan−1(
x

y
) +

∫
1

1 + z2
dz = c ⇒ tan−1(

x

y
) + tan−1(z) = c is a Gs.

2)

x(y2 − a2)dx+ y(x2 − z2)dy − z(y2 − a2)dz = 0

Since curlv ̸= 0, then the Eq. is not exact, but the Eq. is integrable because

vcurlv = 0.

multiply Eq. by
1

(y2 − a2)(x2 − z2)
, we get

dx

x2 − z2
+

y

y2 − a2
dy − z

x2 − z2
dz = 0, so the Eq. is one variable separable in y.

P =
x

x2 − z2
, R =

−z

x2 − z2
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∂P

∂z
=

−x(−2z)

(x2 − z2)2
=

2xz

(x2 − z2)2

∂R

∂x
=

z(2x)

(x2 − z2)2
=

2xz

(x2 − z2)2

∴
∂P

∂z
=

∂R

∂x

∴ ∃ a function U(x, y) s.t

∂U

∂x
=

x

x2 − z2
and

∂U

∂z
=

−z

x2 − z2

∂U

∂z
=

−z

x2 − z2
⇒ U(x, y) =

1

2
ln (x2 − z2) +G(x)

to find G(x)

∂U

∂x
=

2x

2(x2 − z2)
+

dG(x)

dx

x

(x2 − z2)
=

x

(x2 − z2)
=

dG(x)

dx
⇒ dG(x)

dx
= 0 ⇒ G(x) = c

U(x, y) =
1

2
lnx2 − z2

1

2
lnx2 − z2 +

∫
y

y2 − a2
dy = c

1

2
lnx2 − z2 +

1

2
ln y2 − a2 = c

ln (x2 − z2)(y2 − a2) = c1, where c1 = 2c

(x2 − z2)(y2 − a2) = c2, where c2 = ec1 is a Gs.
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Case 4: Homogeneous Equations

In this case P,Q and R are homogeneous then the equation

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz = 0 (1.0.22)

is homogeneous, then one variable, say x may be separated from the other two

variables by replacing

y = ux ⇒ dy = udx+ xdu (1.0.23)

(1.0.24)

z = vx ⇒ dz = vdx+ xdv (1.0.25)

Now, we substitute Eq.(1.0.23) in (1.0.22), we get

P (x, xu, xv)dx+Q(x, xu, xv)(udx+ xdu) +R(x, xu, xv)(vdx+ xdv) = 0 (divide by x)

(P (1, u, v) + uQ(1, u, v) + vR(1, u, v))dx+ xQ(1, u, v)du+ xR(1, u, v)dv = 0

dx

x
+

Q(1, u, v)du

(P (1, u, v) + uQ(1, u, v) + vR(1, u, v))
+

R(1, u, v)dv

(P (1, u, v) + uQ(1, u, v) + vR(1, u, v))
= 0

so the last equation is one variable separable in x and

Q(1, u, v)du

(P (1, u, v) + uQ(1, u, v) + vR(1, u, v))
=

R(1, u, v)dv

(P (1, u, v) + uQ(1, u, v) + vR(1, u, v))
is exact.

Example 1.0.18 : Solve the following Eqs.

1) (y2 + z2)dx+ xydy + xzdz = 0

2) yz(y + z)dx+ xz(x+ z)dy + xy(x+ y)dz = 0

Solution 1)

P = y2+z2 Q = xy R = xz

∴ P,Q and R are homogeneous of degree 2.

∴ the Eq. is homogeneous.
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Now let

y = ux ⇒ dy = udx+ xdu

z = vx ⇒ dz = vdx+ xdv

substitute y, z, dy and z in the main Eq., we obtain

(x2u2 + x2v2)dx+ x2u(udx+ xdu) + x2v(vdx+ xdv) = 0

(x2u2 + x2v2 + x2u2 + x2v2)dx+ x3udu+ x3vdv = 0

2(u2 + v2)dx+ xudu+ xvdv = 0

2

x
dx+

u

u2 + v2
du+

v

u2 + v2
dv = 0, is one variable separable in x.

Q =
u

u2 + v2
R =

v

u2 + v2

Qdu+Rdv = 0 is exact

∫
2

x
dx+

1

2

∫
2udu+ 2vdv

u2 + v2
= c1

2 lnx+
1

2
lnu2 + v2 = c1

lnx4 + lnu2 + v2 = c2

lnx4(u2 + v2) = c2 ⇒ x4(
y2

x2
+

z2

x2
) = c

y2x2 + z2x2 = c is a Gs.

2)

yz(y + z)dx+ xz(x+ z)dy + xy(x+ y)dy = 0

P = yz(y + z) Q = xz(x+ z) R = xy(x+ y)

∴ P,Q and R are homogeneous of degree 3.
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∴ the main Eq. is homogeneous.

Now, let

x = yu ⇒ x = udy + ydu (1.0.26)

z = yv ⇒ z = vdy + ydv (1.0.27)

substitute Eq. (1.0.26) in the main Eq., we obtain

y2v(y + vy)(udy + ydu) + y2uv(yu+ yv)dy + y2u(yu+ y)(vdy + ydv) = 0

(y3vu(1 + v) + y3uv(u+ v) + y3uv(1 + u))dy + y4v(1 + v)du+ y4u(1 + u)dv = 0

dy

y
+

v(1 + v)

2uv(1 + u+ v)
du+

u(u+ 1)

2uv(1 + u+ v)
dv = 0 is one variable separable in y.

dy

y
+

(1 + v)

2u(1 + u+ v)
du+

(1 + u)

2v(1 + u+ v)
dv = 0

Q =
1 + v

2u(1 + u+ v)
⇒ ∂Q

∂v
=

2u(1 + u+ v)− (1 + v)(2u)

4u2(1 + u+ v)2

R =
1 + u

2u(1 + u+ v)
⇒ ∂R

∂u
=

2v(1 + u+ v)− (1 + u)(2v)

4v2(1 + u+ v)2

∴
(1 + v)

2u(1 + u+ v)
du+

(1 + u)

2v(1 + u+ v)
dv is exact.

∃ a function U(x, y) s.t

∂U

∂u
=

1 + v

2u(1 + u+ v)

∂U

∂v
=

1 + u

2v(1 + u+ v)

∴
∂U

∂u
=

1 + v

2u(1 + u+ v)
⇒ U(x, y) =

∫
1 + v

2u(1 + u+ v)
du
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1 + v

2u(1 + u+ v)
=

A

2u
+

B

1 + u+ v
=

A+ uA+ vA+ 2Bu

2u(1 + u+ v)

1 + v = A+ Av ⇒ A(1 + v) = 1 + v ⇒ A = 1

A+ 2B = 0 ⇒ B =
−1

2

U(u, v) =
1

2
lnu− 1

2
ln (1 + u+ v) +G(v)

to find G(v)

∂U

∂v
=

−1

2(1 + u+ v)
+

dG(v)

dv

dG(v)

dv
=

(1 + u+ v)

2v(1 + u+ v)
=

1

2v
⇒ G(v) =

1

2
ln v

U(u, v) =
1

2
ln

u

1 + u+ v
+

1

2
ln v

∴
∫

dy

y
+

1

2
ln

u

1 + u+ v
+

1

2
ln v = c

ln y +
1

2
ln

u

1 + u+ v
+

1

2
ln v = c ⇒ y2v(

u

1 + u+ v
) = c1, where c1 = ec

y2.
z

y
(

x

y

1 +
x

y
+

z

y

) = c1 ⇒ yz(
x

y + x+ z
) = c1

2 lnx+
1

2
lnu2 + v2 = c1
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lnx4 + lnu2 + v2 = c2

lnx4(u2 + v2) = c2 ⇒ x4(u2 + v2) = c

x4(
y2

x2
+

z2

x2
) = c ⇒ x2y2 + x2z2 = c is a Gs.

Case 5 : One Variable is Regarded as Constant (Natani’s Method)

In this case , we take one of the variables, say z, as constant, so that dz = 0,

and we solve two terms Pdx + Qdy = 0. Let ϕ(x, y, z) = c1 be the solution of

Pdx+Qdy . . . (∗, where c1 is constant, so the solution of (1.0.18), it will be of the

form U(ϕ, z) = c2, where c2 is constant, and we can write the solution of (1.0.18)

of the form U(z) = ϕ(x, y, z) . . . (3, where U is a function only of z.

After that, to determine U(z), we let x = n, where n is a fix number, then

ϕ(n, y, z) = U(z) is a solution to the DE, substitute x in Eq. ∗) Q(n, y, z)dy +

R(n, y, z)dz = 0 . . . (4 and find the solution k(y, z) = c . . . 5), where c is constant.

Since Eq.3) and Eq.5) are the general solution to the same DE, so Eq.3) and

Eq.5) are equivalent, and U(z), and substitute U(z) in 3) we get the solution of

1.0.18.

Example 1.0.19 : Solve

1) (y + z)dx+ (z + x)dy + (x+ y)dz = 0

2) z(z + y2)dx+ z(z + x2)dy − xy(x+ y)dz = 0

Solution 1)

(y + z)dx+ (z + x)dy + (x+ y)dz = 0

P = y + z Q = z + x R = x+ y

curlv = 0 , so the Eq. is exact.

vcurlv = 0 , so the Eq. is integrable.
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let z be a constant, so that dz = 0 and 1.0.18 becomes:

(y + z)dx+ (z + x)dy = 0 (
1

(y + z)(z + x)
)

dx

z + x
+

dy

y + z
= 0

∫
dx

z + x
+

∫
dy

y + z
= f1(z)

ln (z + x) + ln (y + z) = f1(z) ⇒ ln ((z + x)(z + y))f1(z)

⇒ (z + x)(z + y) = f(z)

To find f(z): let x = 0 then z(z + y) = f(z) . . . (3

substitute x in the main Eq., we obtain

zdy + ydz = 0 ⇒ d(zy) = 0

zy = c . . . (5)

Eliminate y in (3 and (5

in Eq.(5 y =
c

z
, substitute y in (3, we get

z(z +
c

z
) = f(z) ⇒ f(z) = z2 + c

(z + x)(z + y) = z2 + c ⇒ z2 + yz + xz + xy = z2 + c

∴ yz + xz + xy = c is a Gs.
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2)

z(z + y2)dx+ z(z + x2)dy − xy(x+ y)dz = 0

P = z(z + y2) Q = z(z + x2) R = −xy(x+ y)

curlv ̸= 0 , then the Eq. is not exact.

vcurlv = 0 , then the Eq. is integrable.

let y be a constant, then the Eq. becomes:

z(z + y2)dx− xy(x+ y)dz = 0

dx

xy(x+ y)
− dz

z(z + y2)
= 0

1

xy(x+ y)
=

A

xy
+

B

x+ y
=

Ax+ Ay +Bxy

xy(x+ y)
=

(A+B)x+ Ay

xy(x+ y)

A+By = 0 . . . (i

Ay = 1 ⇒ A =
1

y
. . . (ii
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substitute Eq.(ii in (i, we obtain

1

y
+By = 0 ⇒ B =

−1

y2

∴
1

xy(x+ y)
=

1

y

xy
+

−1

y2

(x+ y)
=

1

xy2
− 1

y2(x+ y)

1

z(z + y2)
=

A

z
+

B

z + y2
=

Az + Ay2 +Bz

z(z + y2)
=

(A+B)z + Ay2

z(z + y2)

∴ A+B = 0 ⇒ B = −A

Ay2 = 1 ⇒ A =
1

y2
, then B =

−1

y2

∴
1

z(z + y2)
=

1

y2

z
+

−1

y2

z + y2
=

1

zy2
− 1

y2(z + y2)

∴
[ 1

xy2
− 1

y2(x+ y)

]
dx−

[ 1

y2z
− 1

y2(z + y2)

]
dz = 0

[1
x
− 1

x+ y

]
dx−

[1
z
− 1

z + y2
]
dz = 0

lnx− ln (x+ y)− ln z + ln (z + y2) = f1(y)

ln
x(z + y2)

z(x+ y)
= f1(y) ⇒

x(z + y2)

z(x+ y)
= f(y)

To find f(y): Let z = 1

then
x(1 + y2)

x+ y
= f(y) . . . (3
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substitute z = 1 in the main Eq.

(1 + y2)dx+ (1 + x2)dy = 0

dx

1 + x2
+

dy

1 + y2
= 0 ⇒ tan−1(x) + tan−1(y) = constant

tan−1
( x+ y

1− xy

)
= tan−1(

1

c
), constant = tan−1(

1

c
)

x+ y

1− xy
=

1

c
. . . (5

Eliminate x in Eqs. 5) and 3)

from Eq.5):

cx+ cy = 1− xy ⇒ cx+ xy = 1− cy

x =
1− cy

c+ y

1− cy

c+ y
.
(1 + y2)
1− cy

c+ y
+ y

= f(y)

1− cy

c+ y
.

(1 + y2)

1− cy + cy + y2

c+ y

= f(y) ⇒ f(y) = 1− cy

∴
x(z + y2)

z(x+ y)
= 1− cy is Gs.

Exercise: Solve the following Pfaff differential equations?

1) yz(1 + 4xz)dx− xz(1 + 2xz)dy − xydz = 0

2) yzdx+ xzdy + xydz = 0
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3) (1 + yz)dx+ x(z − x)dy − (1 + xy)dz = 0

4) (y2 − z2)dx+ (x2 − z2)dy + (x+ y)(x+ y + 2z)dz = 0



Chapter 2

First Order Partial Differential

Equation

A partial differential equation of order one in its most general form is an equation

of the form

A(x, y)p+B(x, y)q + C(x, y)z = D(x, y) (2.0.1)

Here, we will not consider problems of such generality but will focus instead on a

smaller class of problems. For example, the equation 2.0.1 is said to be quasilinear

equation in two variables if it is of the form

A(x, y, z)p+B(x, y, z)q = D(x, y, z)

Theorem 2.0.1 : The general solution of quasilinear PDE of the first order

A(x, y, z)p+B(x, y, z)q = C(x, y, z) (2.0.2)

is f(u, v) = 0, where f is an arbitrary function, u(x, y, z) = c1 and v(x, y, z) = c2

are two linearly independent first integrals of ODE

dx

A
=

dy

B
=

dz

C

proof : Since u(x, y, z) = c1 ⇒ du = 0

uxdx+ uydy + uzdz = 0 (2.0.3)

36
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and v(x, y, z) = c2

vxdx+ vydy + vzdz = 0 (2.0.4)

from Eqs. 2.0.3 and 2.0.10, we get:

dx =
uydy + uzdz

−ux

, dx =
vydy + vzdz

−vx
⇒

uydy + uzdz

−ux

=
vydy + vzdz

−vx
⇒ uyvxdy + uzvxdz = vyuxdy + vzuxdz ⇒

(uyvx − vyux)dy = (vzux − uzvx)dz

dy

vzux − uzvx
=

dz

uyvx − vyux

(2.0.5)

from Eqs. 2.0.3 and 2.0.10, also we can get

dy =
uxdx+ uzdz

−uy

, dy =
vxdx+ vzdz

−vy
⇒

uxdx+ uzdz

−uy

=
vxdx+ vzdz

−vy
⇒ uxvydx+ uzvydz = vxuydx+ vzuydz ⇒

− (uxvy − vxuy)dx = −(vzuy − uzvy)dz

dx

−vzuy + uzvy
=

dz

−uxvy + vxuy

(2.0.6)

from Eqs. 2.0.5 and 2.0.6, we obtain

dx

uzvy − vzuy

=
dy

vzux − uzvx
=

dz

vxuy − uxvy
(2.0.7)
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By comparing 2.0.8 with
dx

A
=

dy

B
=

dz

C
, we get

A(x, y, z) = uzvy − vzuy

B(x, y, z) = vzux − uzvx

C(x, y, z) = vxuy − uxvy

substitute in Eq. 2.0.2

(uzvy − vzuy)p+ (vzux − uzvx)q = vxuy − uxvy (multiplied by -1)

⇒ ∂(u, v)

∂(y, z)
p+

∂(u, v)

∂(z, x)
=

∂(u, v)

∂(x, y)

By eliminating of arbitrary function f(u, v) = 0 is a Gs.

Example 2.0.1 : Find the general solution(integral) of the following equations:

1) 3p− 2yq = −1

2) y2z
∂z

∂x
− x2z

∂z

∂y
− x2y = 0

Solution 1)

A = 3 B = −2y C = −1

The auxiliary equations are
dx

3
=

dy

−2y
=

dz

−1

since
dx

3
=

dy

−2y
⇒ 2dx+ 3

dy

y
= 0

⇒ 2x+ 3 ln y = c1 ⇒ ∴ v(x, y, z) = 2x+ 3 ln y

since
dx

3
=

dz

−1
⇒ dx+ 3dz = 0

⇒ x+ 3z = c2 ⇒ ∴ v(x, y, z) = x+ 3z

∴ f(u, v) = 0 ⇒ f(2x+ 3 ln y, x+ 3z) = 0 is Gs.
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2)

y2z
∂z

∂x
− x2z

∂z

∂y
= x2y A = y2z B = −x2z C = x2y

The auxiliary equations are
dx

y2z
=

dy

−x2z
=

dz

x2y

since
dx

y2z
=

dy

−x2z
⇒ x2dx+ y2dy = 0

⇒ x3 + y3 = c1 ⇒ ∴ x3 + y3 = u(x, y, z)

since
dy

−x2z
=

dz

x2y
⇒ ydy + zdz = 0

y2 + z2 = c2 ⇒ ∴ y2 + z2 = v(x, y, z)

∴ f(u, v) = 0 ⇒ f(x3 + y3, y2 + z2) = 0 is Gs.

Methods for solving
dx

A(x, y, z)
=

dy

B(x, y, z)
=

dz

C(x, y, z)
(2.0.8)

Case 1) If one of the variables x, y and z is not appear in one of the functions

A,B and C, so we solve Eq. 2.0.8 by the following way

suppose
dy

B
=

dz

C
is not contain x. (2.0.9)

Then we rearrange Eq. 2.0.9 to get
dy

dz
= f(y, z), and solve the last equation for

z and substitute z in A and B, so we obtain

dx

A
=

dy

B
or we rearrange to get



40

dy

dx
= g(x, y, c1) and we find the solution.

Example 2.0.2 : Find the integral curves of the following equation

dx

x+ z
=

dy

y
=

dz

z + y2

Solution : First we find

dy

y
=

dz

z + y2
⇒ dz

dy
=

z + y2

y
⇒ dz

dy
=

z

y
+ y

⇒ dz

dy
− 1

y
z = y is first order LDE.

z =

∫
e

∫ −1

y
dy

ydy + c1

e

∫ −1

y
dy

=

∫
e− ln yydy + c1

e− ln y
=

∫ 1

y
ydy + c1

1

y

z = y[

∫
dy + c1] = y2 + c1y (2.0.10)
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substitute z in
dx

x+ z
=

dy

y

dx

x+ y2 + c1y
=

dy

y
⇒ dx

dy
=

x+ y2 + c1y

y

⇒ dx

dy
=

x

y
+ y + c1 ⇒

dx

dy
− 1

y
x = y + c1 is first order LDE

x =

∫
e

∫
−
1

y
dy

(y + c1)dy + c2

e

∫
−
1

y
dy

=

∫
e− ln y(y + c1) + c2

e− ln y

= y[

∫
(1 +

c1
y
) + c2] = y[y + c1 ln y + c2]

x = y2 + c1y ln y + c2y (2.0.11)

Then the solution of the equation is determined by Eqs. 2.0.10 and 2.0.11.

Case 2) If v(x, y, z) = c is a solution of Eq. (2.0.8), vxdx+ vydy + vzdz = 0 ⇒
vxA+ vyB + vzC = 0, after that we try to find the functions A1, B1 and C1 s.t

AA1 +BB1 + CC1 = 0, and s.t ∃ a function v with properties

vx = A1, vy = B1 and vz = C1,

and

A1dx+B1dy + C1dz = 0 is an exact Eq.

Example 2.0.3 : Find the integral curves of the following Eq.

1)
dx

x(y − z)
=

dy

y(z − x)
=

dz

z(x− y)

2)
dx

y − z
=

dy

x− y
=

dz

z − x
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Solution 1)

A = x(y − z) B = y(z − x) C = z(x− y)

1.A+ 1.B + 1.C = xy − zx+ yz − yx+ zx− zy = 0

∴ dx+ dy + dz = 0 ⇒ x+ y + z = c1

∴ u(x, y, z) = x+ y + z

1

x
A+

1

y
B +

1

z
C =

1

x
x(y − z) +

1

y
y(z − x) +

1

z
z(x− y)

y − z + z − x+ x− y = 0

1

x
dx+

1

y
dy +

1

z
dz = 0 ⇒ lnx+ ln y + ln z = c

⇒ lnxyz = c ⇒ xyz = c2, where c2 = ec

v(x, y, z) = xyz
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2)

A = y − z B = x− y C = z − x

The auxiliary Eqs.
dx

y − z
=

dy

x− y
=

dz

z − x

since A+B + C = y − z + x− y + z − x = 0

⇒ ∴ dx+ dy + dz = 0 ⇒ x+ y + z = c1

∴ u(x, y, z) = x+ y + z

xA+ zB + yC = x(y − z) + z(x− y) + y(z − x) = xy − xz + zx− zy + yz − yx = 0

∴ xdx+ zdy + ydz = 0 ⇒ xdx+ d(zy) = 0 ⇒ 1

2
x2 + yz = c2

∴ v(x, y, z) =
1

2
x2 + yz

f(u, v) = 0 ⇒ f(x+ y + z,
1

2
x2 + yz) = 0 is a Gs.

Example 2.0.4 : Solve the following pffaf equations?

1) (y(x+ y) + αz)p+ (x(x+ y)− αz)q = u(x, y)

2) (xz − y)p+ (yz − x)q = (1− z2)

3) x2(y3 − z3)p+ y2(z3 − x3)q − z2(x3 − y3) = 0

4) x2p+ y2q = (x+ y)z

5) (y + z)p+ (z + x)q = x+ y
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Solution 2) The auxiliary equations are
dx

xz − y
=

dy

yz − x
=

dz

1− z2

A = xz − y, B = yz − x, C = 1− z2

A+B = xz − y + yz − x = z(x+ y)− (x+ y)

∴
dx+ dy

(x+ y)(z − 1)
=

dz

1− z2
⇒ dx+ dy

x+ y
=

−dz

z + 1

⇒ ln (x+ y) = − ln (z + 1) + c ⇒ ln (x+ y) + ln (z + 1) = c

⇒ ln (x+ y)(z + 1) = c ⇒ (x+ y)(z + 1) = c1

∴ u(x, y, z) = (x+ y)(z + 1)

A−B = xz − y − yz + x = z(x− y) + (x− y) = (x− y)(z + 1)

dx− dy

(x− y)(z + 1)
=

dz

1− z2
⇒ dx− dy

x− y
=

dz

1− z

ln (x− y) = − ln (z − 1) + c ⇒ ln (x− y) + ln (z − 1) = c

⇒ ln (x− y)(z − 1) = c ⇒ (x− y)(z − 1) = c2

∴ v(x, y, z) = (x− y)(1− z)

Integral Surface Passing Through A given Curve

Suppose we are given a quasilinear PDE of the form

A(x, y, z)p+B(x, y, z)q = C(x, y, z) (2.0.12)

We try to determine the integral surfaces passing through a given curve of Eq.

2.0.12
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Assume the given curve has a parameter equations

x = x(t), y = y(t), z = z(t) (2.0.13)

where t is a real parameter.

Now, we find the Gs. to the Eq. 2.0.12, so

let u(x, y, z) = c1 and v(x, y, z) = c2

are two solution to the auxiliary DE.

dx

A
=

dy

B
=

dz

C

then the Gs. is f(u, v) = 0.

To find the integral surfaces passing through the given curve which has a pa-

rameter Eq. 2.0.13.

u(x(t), y(t), z(t)) = c1 (2.0.14)

v(x(t), y(t), z(t)) = c2 (2.0.15)

and we eliminate parameter t from Eq. 2.0.14 to get a relation.

Example 2.0.5 : Find the integral surface of the equation y
∂z

∂x
− x

∂z

∂y
= 0,

passing through the circle z = 1, x2 + y2 = 4

Solution :

A = y, B = −x, C = 0

The auxiliary Eqs.
dx

y
=

dy

−x
=

dz

0

since
dx

y
=

dy

−x
⇒ x2 + y2 = c1

dz = 0 ⇒ z = c2
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The parameter equations : z = 1, x = t

y2 = 4− t2

∴ c1 = 4

c2 = 1

c1 + c2 = 5

x2 + y2 = 5 is Gs.

Example 2.0.6 : Find the integral surface of the Eq.

x(y2 + z)p− y(x2 + z)q = (x2 − y2)z

which contain the straight line x+ y = 0, z = 1

Solution :

A = x(y2 + z), B = −y(x2 + z), C = (x2 − y2)z

The auxiliary equations are

dx

x(y2 + z)
=

dy

−y(x2 + z)
=

dz

z(x2 − y2)

since xA+ yB − C = x2y2 + x2z − y2x2 − y2z − x2z + y2z = 0

∴ xdx+ ydy − dz = 0 ⇒ x2 + y2 − 2z = c1

since
1

x
A+

1

y
B +

1

z
C = y2 + z − x2 − z + x2 − y2 = 0

∴
1

x
dx+

1

y
dy +

1

z
dz = 0 ⇒ xyz = c2

∴ f(x2 + y2 − 2z, xyz) = 0 is Gs.
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The parameter Eqs. are z = 1, x = t, y = −t

since xyz = c2 ⇒ t(−t).1 = c2 ⇒ c2 = −t2

x2 + y2 − 2z = c1 ⇒ t2 + (−t)2 − 2(1) = c1

⇒ t2 + t2 − 2 = c1 ⇒ c1 = 2t2 − 2

c1 + 2c2 = 2t2 − 2− 2t2 = −2 ⇒ c1 + 2c2 = −2

∴ x2 + y2 − 2z + 2xyz = −2 is integral surface.

Exercise : Find the integral surface passing through a given curves:

1) 2y(z − 3)p+ (2x− z)q = y(2x− 3) for z = 0, x2 + y2 = 2x

2) yzp+ q = 0 for x = 0, u = y2

Simultaneous equations of first order PDE

In this section we suppose two general PDE of the form

f(x, y, z, p, q) = 0

g(x, y, z, p, q) = 0

Assume the last system can be solved with respect to p and q

i.e.
∂z

∂x
= A(x, y, z)

∂z

∂y
= B(x, y, z)
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since
∂p

∂y
=

∂2z

∂y∂x
=

∂A

∂y
+

∂A

∂z

∂z

∂y
⇒ ∂2z

∂y∂x
= Ay +BAz

∂q

∂x
=

∂2z

∂x∂y
=

∂B

∂x
+

∂B

∂z

∂z

∂x
⇒ ∂2z

∂x∂y
= Bx + ABz

Consider A,B,Ay, Az, Bx and Bz are contain in the region

Then
∂2z

∂y∂x
=

∂2z

∂x∂y
⇒ Ay +BAz = Bx + ABz

∴ The system is integrable if satisfies last equation.

Example 2.0.7 : Find the Gs. for the following systems

1)
∂z

∂x
= 3y2,

∂z

∂y
=

2

y2
+

2z

y
− 3y2

2)
∂z

∂x
= 2y2,

∂z

∂y

b

2y2
+

2z

y
− ay2

Solution 1):

A = 3y2, B =
2

y2
+

2z

y
− 3y2

Ay = 6y Bx = 0

Az = 0 Bz =
2

y

Ay +BAz = 6y + 0 = 6y

Bx + ABz = 0 + 3y2.
2

y
= 6y

∴ Ay +BAz = Bx + ABz, so the system is integrable

∂z

∂x
= 3y2 ⇒ z =

∫
3y2dx = 3y2x+G(y), where G(y) is a function of y only
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To find G(y) :
∂z

∂y
= 6yx+

dG(y)

dy
⇒ 2

y2
+

2z

y
− 3y2 = 6yx+

dG(y)

dy

dG(y)

dy
− 2z

y
+ 6yx =

2

y2
− 3y2

dG(y)

dy
− 2

y
(z − 3y2x) =

2

y2
− 3y2

dG(y)

dy
− 2

y
G(y) =

2

y2
− 3y2

G(y) =

∫
e

∫ −2

y (
2

y2
− 3y2)dy

e

∫ −2

y

= y2[

∫
1

y2
(
2

y2
− 3y2)dy + c]

= y2[

∫
(
2

y4
− 3)dy + c]

= y2[
−2

3y3
− 3y + c]

⇒ G(y) =
−2

3y
− 3y3 + cy2

z = 3xy2x+
−2

3y
− 3y3 + cy2
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2)

A = ay2, B =
b

2y2
+

2z

y
+ ay2

Ay = 2ay Bx = 0

Az = 0 Bz =
2

y

Ay +BAz = 2ay + 0 = 2ay

Bx + ABz = 0 + ay2(
2

y
) = 2ay

∴ Ay +BAz = Bx + ABz, so the system is integrable.

∂z

∂x
= ay2 ⇒ z =

∫
ay2dx ⇒ z = ay2x+G(y), where G(y) is a function of y only.

∂z

∂y
= 2ayx+

dG(y)

dy

b

2y2
+

2z

y
+ ay2 = 2ayx+

dG(y)

dy

dG(y)

dy
=

b

2y2
+

2

y
(z − axy2)− ay2

dG(y)

dy
=

b

2y2
+

2

y
G(y)− ay2

dG(y)

dy
− 2

y
G(y) =

b

2y2
− ay2 is first order LDE.
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Nonlinear First Order Equations(Charpit’s Method)

The most general PDE of order one can be written by

f(x, y, z, p, q) = 0 (2.0.16)

The fundamental idea in this method is the introduction of a second PDE of order

one

g(x, y, z, p, q) = a (2.0.17)

where a is a constant. Now, solving Eqs. (2.0.16) and (2.0.17) with respect to p

and q.

i.e.
∂z

∂x
= p = A(x, y, z)

∂z

∂y
= q = B(x, y, z)

and the system is integrable iff

Ay +BAz = Bx + ABz ⇒
∂p

∂y
+ q

∂p

∂z
− ∂q

∂x
− p

∂q

∂z
= 0 (2.0.18)

we differentiate Eqs. (2.0.16) and (2.0.17) with respect to z

fz + fp
∂p

∂z
+ fq

∂q

∂z
= 0

gz + gp
∂p

∂z
+ gq

∂q

∂z
= 0

fp fq

gp gq



∂p

∂z

∂q

∂z

 = −

fz

gz
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by using Gramer’s rule we get

∂p

∂z
=

−

∣∣∣∣∣fz fq

gz gq

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
and

∂q

∂z
=

−

∣∣∣∣∣fp fz

gp gz

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
we also differentiate Eqs. (2.0.16) and (2.0.17) with respect to x and y

fx + fp
∂p

∂x
+ fq

∂q

∂x
= 0

gx + gp
∂p

∂x
+ gq

∂q

∂x
= 0

fp fq

gp gq




∂p

∂x

∂q

∂x

 = −

fx

gx



∂p

∂x
=

−

∣∣∣∣∣fx fq

gx gq

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
and

∂q

∂x
=

−

∣∣∣∣∣fp fx

gp gx

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
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and

fy + fp
∂p

∂y
+ fq

∂q

∂y
= 0

gy + gp
∂p

∂y
+ gq

∂q

∂y
= 0

fp fq

gp gq



∂p

∂y

∂q

∂y

 = −

fy

gy



∂p

∂y
=

−

∣∣∣∣∣fy fq

gy gq

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
and

∂q

∂y
=

−

∣∣∣∣∣fp fy

gp gy

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
substitute

∂p

∂y
,
∂p

∂z
,
∂q

∂x
and

∂q

∂z
in Eq. (2.0.18)

−

∣∣∣∣∣fy fq

gy gq

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
+ q

−

∣∣∣∣∣fz fq

gz gq

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
−

−

∣∣∣∣∣fp fx

gp gx

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
− p

−

∣∣∣∣∣fp fz

gp gz

∣∣∣∣∣∣∣∣∣∣fp fq

gp gq

∣∣∣∣∣
= 0

fp
∂g

∂x
+ fq

∂g

∂y
+ (pfp + qfq)

∂g

∂z
− (fx + pfz)

∂g

∂p
− (fy + qfz)

∂g

∂q
= 0 (2.0.19)

Now, we can solve Eq. (2.0.19) auxiliary system:

dx

fp
=

dy

fq
=

dz

pfp + qfq
=

−dp

fx + pfz
=

−dq

fy + qfz
(2.0.20)

by using Eq. (2.0.20) we can find p and q, say p, let p = ϕ1(x, y, z, a), substituting

p in Eq. (2.0.16) we obtain q = ϕ2(x, y, z, a), where ϕ1 and ϕ2 are arbitrary

functions.
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since z is a function of x, y

dz =
∂z

∂x
dx+

∂z

∂y
dy ⇒ dz = pdx+ qdy

dz = ϕ1dx+ ϕ2dy (2.0.21)

The solution of (2.0.21) is called a complete integral of (2.0.16).

Remark : To find the singular solution if it exists, let ϕ(x, y, z, a, b) = 0 be a

complete integral of (2.0.16) and we differentiate ϕ1 and ϕ2 with respect to a and

b respectively, i.e.

∂ϕ1

∂a
= 0 and

∂ϕ2

∂b
= 0

from the last two equations we eliminate constants a and b and we get a singular

solution.

Example 2.0.8 : Find a complete integral of the following equation.

p = (z + qy)2 (2.0.22)

Solution

f = p− (z + qy)2 = 0

fp = 1 , fq = −2(z + qy) y , fx = 0

fy = −2q(z + qy) , fz = −2(z + qy)

dx

1
=

dy

−2y(z + qy)
=

dz

p− 2yq(z + qy)
=

−dp

0− 2p(z + qy)
=

−dq

−2q(z + qy)− 2q(z + qy)

dy

−2y(z + qy)
=

−dq

−4q(z + qy)
⇒ −dy

y
=

dq

2q
⇒
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− 2
dy

y
=

dq

q
⇒ ln q = −2 ln y + c ⇒ q =

a

y2
(2.0.23)

dz = pdx+ qdy

dz = (z +
a

y
)2dx+

a

y2
dy = 0

(z +
a

y
)2dx+

a

y2
dy − dz = 0 is pfaffian Eq. in one variable separable.

ϕ(x, y, z, a, b) = x+
1

z +
a

y

+ b = 0 is complete integral.

∂ϕ

∂b
= 1 ̸= 0, so the Eq. has no singular solution.

Example 2.0.9 : Solve

q = −xp+ p2 (2.0.24)

Solution :

f(x, y, z, p, q) = q + xp− p2

fx = p , fy = 0 , fz = 0 , fp = x− 2p , fq = 1

dx

x− 2p
=

dy

1
=

dz

p(x− 2p)
=

−dp

p
=

−dq

0

dy

1
=

−dp

p
⇒ y + ln p = c ⇒ ln p = c− y

p = ec−y = ae−y
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Substitute p in Eq. (2.0.24), we get

q = x(ae−y) + a2e−2y

Since dz = pdx+ qdy

= ae−ydx+ (−axe−y + a2e−2y)dy

ae−ydx+ (−axe−y + a2e−2y)dy − dz = 0 is one variable separable pfaffian Eq.

ae−ydx+ (−axe−y + a2e−2y)dy is exact ∃ a function U(x, y) s.t.

∂U

∂x
= ae−y ⇒ U =

∫
ae−ydx ⇒ U = axe−y +G(y)

∂U

∂y
= −axe−y +

dG(y)

dy
⇒ −axe−y + a2e−2y = −axe−y +

dG(y)

dy

dG(y)

dy
= a2e−2y ⇒ G(y) =

−a2

2
e−2y

U = axe−y − a2

2
e−2y

Substitute U in pfaffian Eq.

axe−y − a2

2
e−2y −

∫
dz = c

axe−y − a2

2
e−2y − z = c is Gs.

Exercise :

1) p2x+ q2y = z

2) 2(z + xp+ yq) = yp2
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3) z + xp− x2yq2 − x3pq = 0

Special Types Of The Nonlinear PDEFO

Case 1) Equations belonging to this form involving only p and q,

f(p, q) = 0 since fx, fy and fz are all equal to zero. Then the charpit’s Eqs. are

dx

fp
=

dy

fq
=

dz

pfp + qfq
=

−dp

0
=

−dq

0

Therefore dp = 0 ⇒ p = a, where a is a constant, substitute p in f(p, q) = 0

get f(a, q) = 0 or q = h(a). Since dz = pdx + qdy ⇒ dz = adx + h(a)dy is

separable. ∴ u = ax + h(a)y + c, is the complete integral and has no singular

solution.

Example 2.0.10 : Solve

1) pq = 1

2) (
∂z

∂x
)2

∂z

∂y
+

∂z

∂x
=

∂z

∂y

Solution 1) Since the equation involving p and q only.

let p = a, where a is a constant, substitute p in the main equation.

aq = 1 ⇒ q =
1

a
, a ̸= 0

dz = pdx+ qdy ⇒ dz = adx+
1

a
dy is separable.

z = ax+
1

a
y + c is the complete integral.

2) p2q + p = q , since the equation just involving p and q, let p = a, substitute

p in the Eq.

a2q + a = q ⇒ q(a2 − 1) = −a ⇒ q =
−a

(a2 − 1)

∴ z = ax− a

a2 − 1
y + c, is the complete integral.



58

Case 2) Equations Not involving the independent variables

Let PDE be of the form f(p, q, z) = 0 . . . 1), then fx = fy = 0, the charpit’s

equations are

dx

fp
=

dy

fq
=

dz

pfp + qfq
=

−dp

pfz
=

−dq

qfz

since
−dp

pfz
=

−dq

qfz
⇒ dp

p
=

dq

q
⇒ ln p = ln q + c

ln
p

q
= c ⇒ p

q
= a ⇒ p = aq, a is constant.

substituting in Eq. 1) obtain f(aq, q, z) = 0, and we can find q, i.e. q = h(a, z) ⇒
p = ah(a, z), since dz = pdx + qdy = ah(a, z)dx + h(a, z)dy ⇒ dz

h(a, z)
=

adx+ dy is separable Eq. and has no singular solution.

Example 2.0.11 : Solve the PDEs

1) zpq = p+ q

2) pq = z

Solution 1) Since the Eq. not involving independent variables.

Let p = aq, and substitute in the Eq.

azq2 = (a+ 1)q ⇒ azq = a+ 1 ⇒ q =
a+ 1

az

∴ p = a
a+ 1

az
=

a+ 1

z

dz = pdx+ qdy ⇒ dz =
a+ 1

z
dx+

a+ 1

az
dy ⇒

azdz = a(a+ 1)dx+ (a+ 1)dy, is separable Eq.

a

2
z2 = a(a+ 1)x+ (a+ 1)y + c is the complete integral.
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2) Since the Eq. is just involving p, q and z.

Let p = a2q, substitute in the Eq.

a2q2 = z ⇒ q2 =
z

a2
⇒ q =

1

a

√
z

∴ p = a2
1

a

√
z ⇒ p = a

√
z

dz = pdx+ qdy ⇒ dz = a
√
zdx+

1

a

√
zdy

adz√
z
= a2dx+ dy, is separable Eq.

2a
√
z = a2x+ y + c is the complete integral.

Case 3) Separable Equations

If the PDE can be written of the form

g(x, p) = h(y, q) (2.0.25)

Let f = g − h

fx = gx − 0 = gx

fy = 0− hy = −hy

fz = 0

fp = gp − 0 = gp

fq = 0− hq = −hq

dx

gp
=

dy

−hq

=
dz

pgp + qhq

=
−dp

gx
=

−dq

−hq
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from
dx

gp
=

−dp

gx
⇒ gxdx+ gpdp = 0 ⇒

d(g(x, p)) = 0 . . . 2) ⇒ g(x, p) = a, where a is a constant.

from
dy

−hq

=
−dq

−hy

⇒ hy dy + hq dq = 0

d(h(y, q)) = 0 ⇒ h(y, q) = a . . . 3)

Eqs. 2) and 3) may be solved to get

p = g1(x, a)

q = h1(y, a)

then dz = g1(x, a)dx+ h1(y, a)dy, is separable Eq. and has no singular solution.

Example 2.0.12 : Find the complete integral for the following Eqs.

1) p2y(1 + x2) = qx2

2) p2 − q + y2 − x2 = 0

Solution :

p2y(1 + x2) = qx2

p2(1 + x2)

x2
=

q

y
is separable equation.

Let
q

y
= a2, where a is a constant.

q = a2y

p2
(1 + x2)

x2
= a2 ⇒ p2 =

a2x2

1 + x2
⇒ p =

ax√
1 + x2
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dz = pdx+ qdy

dz =
ax√
1 + x2

dx+ a2ydy is separable Eq.

∫
dz =

∫
(1 + x2)

−1

2 xdx+ a2
∫

ydy

z = 2a
√
1 + x2 +

a2

2
y2 + c is the complete integral.

2)p2 − q + y2 − x2 = 0

p2 − x2 = q − y2 is separable Eq.

Let q − y2 = a2, where a is a constant.

q = a2 + y2

p2 − x2 = a2 ⇒ p2 = a2 + x2 ⇒ p =
√
a2 + x2

dz = pdx+ qdy

dz =
√
a2 + x2dx+ (a2 + y2)dy is separable Eq.

∫
dz =

∫ √
a2 + x2dx+

∫
(a2 + y2)dy + c

∫ √
a2 + x2dx let x = atanθ ⇒ dx = asec2θ ⇒ ∴ a2 + x2 = a2 + a2tan2θ

∫
a secθ a sec2θdθ
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a2
∫

sec3θ dθ u = secθ ⇒ du = secθ tanθ dθ

dv = sec2θ dθ ⇒ v = tanθ

= a2(secθ tanθ −
∫

tanθ (secθ tanθ))

= a2(secθ tanθ −
∫

secθ tan2θ dθ)

= a2(secθ tanθ −
∫

secθ (sec2θ − 1) dθ)

= a2(secθ tanθ −
∫

sec3θdθ +

∫
secθdθ)

=
a2

2
(secθ tanθ +

∫
secθ

secθ + tanθ

secθ + tanθ
dθ)

=
a2

2
(secθ tanθ + ln(secθ + tanθ))

z =
a2

2
(secθ tanθ + ln(secθ + tanθ)) + a2y +

y3

3
+ c

Case 4 A PDE of the first order is said to be of the Clairaut’s type, if it can be

written of the form

z = px+ qy + g(p, q) (2.0.26)

let f = px+ qy − z + g(p, q)

fx = p fp = x+ gp
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fy = q fq = y + gq

fz = −1

dx

x+ gp
=

dy

y + gq
=

dz

xp+ pgp + qy + qgq
=

−dp

0
=

−dq

0

since dp = 0 ⇒ p = a

dq = 0 ⇒ q = b

where a and b are constants.

substitute these two Eqs. in (2.0.26) obtain the complete integral.

example : Find a complete integral of the following equations:

1) (p+ q)(z − xp− yq) = 1

2) pqz = p2(xq + p2) + q2(yp+ q2)

3) (p2 − q2)(z − qy − px) = 2

Solution 1)

z − xp− yq =
1

p+ q
⇒ z = xp+ yq +

1

p+ q
is Clairaut’s equation.

let p = a and q = b, where a and b are constants.

∴ z = ax+ by +
1

a+ b
is the complete integral.

2)

z =
p2

qp
(xq + p2) +

q2

pq
(yp+ q2)

= xp+
p3

q
+ qy +

q3

p
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z = xp+ qy ++
p3

q
+

q3

p

let p = a, q = b, where a and b are constants.

∴ z = ax+ by +
a3

b
+

b3

a

3)

z − qy − px =
2

p2 − q2
⇒ z = xp+ yq +

2

p2 − q2
is Clairaut’s equation.

suppose a and b are constants.

z = ax+ by +
2

a2 + b2
is the complete integral.

Example 2.0.13 : Find the integral surface of the equation

(z + 3y)p+ 3(z − x)q + (x+ 3y) = 0

passing through the curves x = z, y = 1.

Solution :

(z + 3y)p+ 3(z − x)q = −(x+ 3y)
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The auxiliary equations are

dx

z + 3y
=

dy

3(z − x)
=

dz

−(x+ 3y)

A = z + 3y B = 3(z − x) C = −(x+ 3y)

since A− 1

3
B + C = z + 3y − 1

3
3(z − x)− (x+ 3y)

= z + 3y − z + x− x− 3y = 0

∴ dx− 1

3
dy + dz = 0 ⇒ x− 1

3
y + z = c ⇒

3x− y + 3z = c1 . . . (1, where c1 is a constant.

xA+ yB + zC = x(z + 3y) + 3y(z − x)− z(x+ 3y) = xz + 3yx+ 3yz − 3yx− xz − 3yz = 0

∴ xdx+ ydy + zdz = 0 ⇒ x2 + y2 + z2 = c2,where c2 is a constant.

The parameter equations are y = 1, x = z, z = t and substitute in Eq. 1) and 2).

3t− 1 + 3t = c1 ⇒ 6t− 1 = c1 ⇒ t =
1

6
(c1 + 1)

t2 + 1 + t2 = c2 ⇒ 2t2 + 1 = c2 ⇒ 2
1

36
(c1 + 1)2 + 1 = c2

1

18
(c1 + 1)2 + 1 = c2 ⇒ 1

18
(3x− y + 3z + 1)2 + 1 = x2 + y2 + z2

is a solution passing through the curves x = z, y = 1.

Example 2.0.14 : Find the complete integral of the equation

2(z + xp+ yq) = yp2
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Let f = 2(z + xp+ yq)− yp2

fx = 2p fy = 2q − p2 fp = 2x− 2yp

fq = 2y fz = 2

dx

fp
=

dy

fq
=

dz

pfp + qfq
=

−dp

fx + pfz
=

dq

fy + pfz

dx

2x− 2yp
=

dy

2y
=

dz

2xp− 2yp2 + 2yq
=

−dp

2p+ 2p
=

−dq

2q − p2 + 2q

since
dy

2y
=

−dp

4p
⇒ dp

p
+ 2

dy

y
= 0 ⇒

ln p+ ln y2 = c1 ⇒ py2 = c ⇒ p =
c

y2
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Substitute in the main equation

2(z +
cx

y2
+ yq) = y

c2

y4
⇒ 2yq =

c2

y3
− 2cx

y2
− 2z

q =
c2

2y4
− 2cx

y3
− z

y

dz = pdx+ qdy ⇒ dz =
c

y2
dx+ (

c2

2y4
− 2cx

y3
− z

y
)dy

c

y2
dx+

c2

2y4
dy − 2cx

y3
dy − z

y
dy − dz = 0

c

y
dx+

c2

2y3
dy − cx

y2
dy − zdy − ydz = 0

cydx− cxdy

y2
+

c2

2y3
dy − (zdy + ydz) = 0

d(
cx

y
) + d(

−c2

4y2
)− d(zy) = 0

cx

y
− c2

4y2
− zy = c1 is the complete integral.



Chapter 3

In this chapter, we consider linear partial differential equation of the second order.

A PDE, which is linear with respect to the dependent variable and its partial

differential coefficients, and in which the coefficients are constants; called LPDE

with constant coefficients.

The general coefficients can be written as

A
∂2z

∂x2
+B

∂2z

∂y2
+ C

∂2z

∂x∂y
+D

∂z

∂x
+ E

∂z

∂y
+ Fz = G(x, y) (3.0.1)

where A,B,C,D,E and F are constants.

The Eq. (3.0.1) is called homogeneous if G(x, y) = 0 and nonhomogeneous oth-

erwise.

Example 3.0.1 :

1)
∂2z

∂x2
+

∂2z

∂x∂y
+ 12z = 0 is homo. LPDE with constant coefficients.

2) 25x
∂2z

∂y2
− 2e(x+y) ∂2z

∂x∂y
− 3z = 0 is homo. LPDE with variable coeffi-

cients.

3)
∂2z

∂x2
−2xy

∂2z

∂y2
+y2

∂z

∂x
= 5 cos (x+ y) is nonhomo. LPDE with variable

coefficients.

4)
∂2z

∂x2
− 2

∂2z

∂x∂y
+

∂2z

∂y2
= 13 is nonhomo. LPDE with constants coeffi-

cients.

The Eq.(3.0.1) can also be written as

f(Dx, Dy)z = G(x, y)

68
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where f(Dx, Dy) is some polynomial function of Dx and Dy and can be written

as

f(Dx, Dy)z =
∑
n=0

∑
m=0

CnmD
n
xD

m
y z = G(x, y)

where Cnm is a constant.

The general solution of the homogeneous LPDE with constant coefficients is called

complementary function (zc). And any other solution of the nonhomogeneous

LPDE is called particular integral (zp).

Theorem 3.0.1 : If zc the complementary function and zp a particular integral

of a linear partial differential equation, then z = zc + zp is a general solution of

the equation.

Proof : Since zc is the complementary function and zp is a particular integral of

f(Dx, Dy)z = G(x, y).

∴ f(Dx, Dy)zc = 0 and f(Dx, Dy)zp = G(x, y)

f(Dx, Dy)(zc + zp) = f(Dx, Dy)zc + f(Dx, Dy)zp

= 0 + G(x, y)

⇒ f(Dx, Dy)(zc + zp) = G(x, y)

∴ zc + zp is a general solution of f(Dx, Dy)z = G(x, y).

Theorem 3.0.2 : If z1, z2, z3, . . . , zn are solutions of the homogeneous linear

PDE: f(Dx, Dy)z = 0, then u =
∑n

i=1Cizi, where Ci’s are arbitrary constants, is

also a solution.
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Proof : Since zi is a solution of f(Dx, Dy)z = 0

∴ f(Dx, Dy)zi = 0 , for i = 1, 2, 3, . . . , n

f(Dx, Dy)u =
n∑

i=1

f(Dx, Dy)Cizi =
n∑

i=1

Cif(Dx, Dy)zi

=
n∑

i=1

Ci(0) ⇒ f(Dx, Dy)u = 0

∴
n∑

i=1

Cizi is also a solution of f(Dx, Dy)z = 0

We classify the operator f(Dx, Dy) into two types :

1) Reducible : The operator f(Dx, Dy) is said to be reducible if it can be fac-

torized into the factors of the type aiDx + biDy + ci.

i.e.

f(Dx, Dy) = (a1Dx + b1Dy + c1)(a2Dx + b2Dy + c2) . . . (anDx + bnDy + cn)

= Πn
i=1(aiDx + biDy + ci)

where ai, bi and ci are constants.

Irreducible : The operator f(Dx, Dy) is said to be irreducible if it is not re-

ducible.

Example 3.0.2 :

1) (D2
x − 3DxDy + 2D2

y)z = 0

2) (DxDy +D3
y)z = 0

Solution :

1) (Dx − 2Dy)(Dx −Dy)z = 0

a1 = 1, b1 = −2, c1 = 0 a2 = 1, b2 = −1, c2 = 0
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is reducible.

2) Dy(Dx +D2
y)z = 0

is irreducible.

1) Reducible Equations :

Theorem 3.0.3 : If the operator f(Dx, Dy) is reducible, then the order in which

the linear factor occur is not important.

Proof : We must show that

(aiDx + biDy + ci)(ajDx + bjDy + cj) = (ajDx + bjDy + cj)(aiDx + biDy + ci)

LHS = (aiDx + biDy + ci)(ajDx + bjDy + cj)

= aiajD
2
x + (aibj + bi)DxDy + (0 + ciaj)Dx + bibjD

2
y + (0 + cibj)Dy + cicj

RHS = (ajDx + bjDy + cj)(aiDx + biDy + ci)

= ajaiD
2
x + (ajbi + bjai)DxDy + (0 + ajci)Dx + bjbiD

2
y + (0 + bjci)Dy + cjci

= aiajD
2
x + (aibj + biaj)DxDy + (0 + ciaj)Dx + bibjD

2
y + (0 + cibj)Dy + cicj

therefore the order is not important.

Example 3.0.3 : Is

(3xDx − 3y2xDxDy + 3)(Dx + 2xDy + 1) = (Dx + 2xDy + 1)(3xDx − 3y2xDxDy + 3)?

Theorem 3.0.4 If (aiDx+ biDy+ ci) is a factor of f(Dx, Dy) and if ai ̸= 0 then

zi = e

−ci
ai

x

ϕ(bix− aiy)

is a solution of f(Dx, Dy)z = 0, where ϕ is an arbitrary function.
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Proof : We start by solving (aiDx + biDy + ci)zi = 0 by auxiliary equations

dx

ai
=

dy

bi
=

dzi
−cizi

since
dx

ai
=

dy

bi
⇒ bidx− aidy = 0 ⇒

bix− aiy = k, where k is a constant.

since
dx

ai
=

dzi
−cizi

⇒ dzi
zi

=
−ci
ai

dx

⇒ ln zi =
−ci
ai

x+ A, where A is a constant.

zi = ke

−ci
ai

x

∴ zi = e

−ci
ai

x

ϕ(bix− aiy)

since f(Dx, Dy)z = Πn
j=1, j ̸=i(ajDx + bjDy + cj)(aiDx + biDy + ci)z

∴ f(Dx, Dy)zi = Πn
j=1, j ̸=i(ajDx + bjDy + cj)(aiDx + biDy + ci)zi

and Dxzi = bie

−ci
ai

x

ϕ′(bix− aiy)−
ci
ai
e

−ci
ai

x

ϕ(bix− aiy)

= bie

−ci
ai

x

ϕ′(bix− aiy)−
ci
ai
zi
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Dyzi = −aie

−ci
ai

x

ϕ′(bix− aiy)

∴ (aiDx + biDy + ci)zi = ai(bie

−ci
ai

x

ϕ′(bix− aiy)−
ci
ai
zi) + bi(−ai

e

−ci
ai

x

ϕ′(bix− aiy)) + cizi = 0

f(Dx, Dy)zi = Πn
j=1, j ̸=i(ajDx + bjDy + cj)(0) = 0

f(Dx, Dy)zi = 0

∴ zi = e

−ci
ai

x

ϕ(bix− aiy) is the solution of f(Dx, Dy)z = 0

Theorem 3.0.5 If (biDy + ci) is a factor of f(Dx, Dy) and if bi ̸= 0 then zi =

e

−ci
bi

y

ϕ(bix) is the solution of f(Dx, Dy)z = 0, where ϕ is an arbitrary function.

Proof :

Dyzi =
−ci
bi

e

−ci
bi

y

ϕ(bix) =
−ci
bi

zi, so that

(biDy + ci)zi = bi(
−ci
bi

zi) + cizi = 0

since f(Dx, Dy)z = Πn
j=1, j ̸=i(0 + bjDx + cj)(0 + biDx + ci)z

then f(Dx, Dy)zi = Πn
j=0, j ̸=i(0 + bjDx + cj)(0 + biDx + ci)zi
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= Πn
j=0, j ̸=i(0 + bjDx + cj)(0) = 0

∴ zi = e

−ci
bi ϕ(bix) is the solution f(Dx, Dy)z = 0

Theorem 3.0.6 If (aiDx + biDy + ci)
2 is a factor of f(Dx, Dy). Then zi =

e

−ci
ai (ϕ1(bix − aiy) + xϕ2(bix − aiy) is the solution of f(Dx, Dy)z = 0 where

ai ̸= 0 and ϕ1 and ϕ2 are arbitrary functions.

Proof : We start by solving

(aiDx + biDy + ci)
2zi = 0 . . . 1)

let (aiDx + biDy + ci)zi = z . . . 2) then Eq.1) becomes

(aiDx + biDy + ci)z = 0

since ai ̸= 0 and by theorem(3.0.4) ⇒

z = e

−ci
ai ϕ(bix− aiy) substitute in Eq. 2)

(aiDx + biDy + ci)zi = e

−ci
ai ϕ(bix− aiy)

aiDxzi + biDyzi = e

−ci
ai ϕ(bix− aiy)− cizi

can be solved by auxiliary Eqs.

dx

ai
=

dy

bi
=

dzi

e

−ci
ai ϕ(bix− aiy)− cizi



75

dzi
dx

=
1

ai
(e

−ci
ai ϕ(k)− cizi)

dzi
dx

+
ci
ai
zi =

1

ai
e

−ci
ai ϕ(k) is first order LDE.

zi =

∫
e

∫ ci
ai

dx

(
1

ai
e

−ci
ai ϕ(k))dx+ k1

e

∫ ci
ai

dx

=

1

ai

∫
e

ci
ai

x

e

−ci
ai

x

ϕ(k)dx+ k1

e

ci
ai

x

zi =
1

ai
e

−ci
ai

x
∫

ϕ(k)dx+ k1e

−ci
ai

x

zi = e

−ci
ai

x

(
1

ai
ϕ(k)x+ k1)

then

zi = e

−ci
ai

x

(ϕ1(bix− aiy) + xϕ2(bix− aiy) is the solution of (aiDx + biDy + ci)
2z = 0

since f(Dx, Dy)z = Πn
j=1, j ̸=i(ajDx + bjDy + cj)(aiDx + biDy + ci)

2z

f(Dx, Dy)zi = Πn
j=1, j ̸=i(ajDx + bjDy + cj)(aiDx + biDy + ci)

2zi = 0

∴ zi = e

−ci
ai

x

(ϕ1(bix− aiy) + xϕ2(bix− aiy) is the solution of f(Dx, Dy)z = 0
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Theorem 3.0.7 : If (biDy+ci)
2 is a factor of f(Dx, Dy), then zi = e

−ci
bi

y

(ϕ1(bix)+

y ϕ2(bix) is the solution of f(Dx, Dy)z = 0, where ϕ1 and ϕ2 are arbitrary func-

tion and bi ̸= 0.

Proof : We start by solving

(biDy + ci)
2zi = 0 . . . 1)

let (biDy + ci)zi = z . . . 2), then the Eq. 1) becomes

(biDy + ci)z = 0

since bi ̸= 0 then by theorem (3.0.5) ⇒ z = e

−ci
bi

y

ϕ(bix)

substitute in Eq. 2) obtains:

(biDy + ci)zi = e

−ci
bi

y

ϕ(bix) ⇒ biDyzi = e

−ci
bi

y

ϕ(bix)− cizi

Can be solved by auxiliary Eqs.

dy

bi
=

dzi

e

−ci
bi

y

ϕ(bix)− cizi

dzi
dy

+
ci
bi
zi =

1

bi
e

−ci
bi

y

ϕ(bix) is first order LDE.
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zi =

∫
e

∫ ci
bi

dy

(
1

bi
e

−ci
bi

y

ϕ(bix))dy + k

e

∫ ci
bi

dy

=

1

bi

∫
e

ci
bi

y

e

−ci
bi

y

ϕ(bix)dy + k

e

ci
bi

y

= e

−ci
bi

y

(yϕ(bix) + k)

zi = e

−ci
bi

y

(ϕ1(bix) + y ϕ2(bix)) is the solution of (biDy + ci)
2z = 0

since f(Dx, Dy)z = Πn
j=1, j ̸=i(bjDy + cj)(biDy + ci)

2z, then

f(Dx, Dy)zi = Πn
j=1, j ̸=i(bjDy + cj)(biDy + ci)

2zi = 0

∴ zi = e

−ci
bi

y

(ϕ1(bix) + y ϕ2(bix)) is the solution of f(Dx, Dy)z = 0.

Theorem 3.0.8 : If (aiDx + biDy + ci)
n is a factor of f(Dx, Dy) and if ai ̸= 0

then zi = e

−ci
ai

x

(
∑n

j=1 x
j−1ϕj(bix−aiy)) is the solution of f(Dx, Dy)z = 0, where

ϕj is an arbitrary function for n ∈ z+.

Proof : By using mathematical induction, we try to solve this theorem.

By theorems (3.0.5) and (3.0.6) the result is true for n = 1, 2.

Suppose the theorem is true for n = k − 1

i.e.
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if ((aiDx + biDy + ci)
k−1) is a factor of f(Dx, Dy), then

zi = e

−ci
ai

x

(
∑k−1

j=1 x
j−1ϕj(bix− aiy)) is solution of f(Dx, Dy)z = 0

Now, to solve (aiDx + biDy + ci)
kz = 0 . . . 1) let (aiDx + biDy + ci)z = u · · · ∗)

Then, the Eq. 1) becomes

(aiDx + biDy + ci)
k−1u = 0

By hypothesis

u = e

−ci
ai

x

(
∑k−1

j=1 x
j−1ϕj(bix− aiy))

substitute in Eq.∗) obtain

((aiDx + biDy + ci)z = e

−ci
ai

x

(
k−1∑
j=1

xj−1ϕj(bix− aiy))

aiDxz + biDyz = e

−ci
ai

x

(
k−1∑
j=1

xj−1ϕj(bix− aiy))− ciz
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then the last equation can be solved by auxiliary equations

dx

ai
=

dy

bi
=

dz

e

−ci
ai

x

(
∑k−1

j=1 x
j−1ϕj(bix− aiy))− ciz

Since
dx

ai
=

dz

e

−ci
ai

x

(
∑k−1

j=1 x
j−1ϕj(bix− aiy))− ciz

dz

dx
=

1

ai
e

−ci
ai

x k−1∑
j=1

xj−1ϕj(A)−
ci
ai
z

dz

dx
+

ci
ai
z =

1

ai
e

−ci
ai

x k−1∑
j=1

xj−1ϕj(A) is first order LDE.

z =

∫
e

∫ ci
ai

dx

(
1

ai
e

−ci
ai

x ∑k−1
j=1 x

j−1ϕj(A))dx+ A1

e

∫ ci
ai

dx

z =

1

ai

∫
e

ci
ai

x∑k−1
j=1 e

−ci
ai

x

xj−1ϕj(A)dx+ A1

e

ci
ai

x

z =

1

ai

∫ ∑k−1
j=1 x

j−1ϕj(A)dx+ A1

e

ci
ai

x

z = e

−ci
ai

x

(
1

ai

k−1∑
j=1

ϕj(A)

∫
xj−1dx+ A1)

z = e

−ci
ai

x

(
1

ai

k−1∑
j=1

ϕj(A)
xj

j
+ A1)
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z = e

−ci
ai

x

(
k−1∑
j=1

ϕj(bix− aiy)x
j + ϕ1(bix− aiy)x

0)

z = e

−ci
ai

x

(
k−1∑
j=1

ϕj(bix− aiy)x
j−1)

∴ zi = e

−ci
ai

x

(
k∑

j=1

ϕj(bix− aiy)x
j−1) is the solution of Eq. 1)

since f(Dx, Dy)z = Πm
j=1, j ̸=i(ajx+ bjy + cj)(aix+ biy + ci)

nz

∴ the theorem is true for n = k.

and

f(Dx, Dy)zi = Πm
j=1, j ̸=i(ajx+ bjy + cj)(aix+ biy + ci)

kzi = 0

∴ zi = e

−ci
ai

x

(
n∑

j=1

ϕj(bix− aiy)x
j−1) is the solution of f(Dx, Dy)z = 0.

Theorem 3.0.9 : If (biDy + ci)
n is a factor of f(Dx, Dy), and if bi ̸= 0, then

zi = e

−ci
bi

y

(
n∑

j=1

ϕj(bix)y
j−1)

is the solution of f(Dx, Dy)z = 0, where ϕj is an arbitrary functions for n = z+.

Proof: We use mathematical induction to prove this theorem. By theorem

(3.0.5) and (3.0.7) the theorem is true for n = 1, 2. Suppose the theorem is true



81

for n = k − 1 i.e. if (biDy + ci)
k−1 is a factor of f(Dx, Dy), then

zi = e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix))

is a solution of f(Dx, Dy)z = 0.

Now, to solve (biDy + ci)
kz = 0 . . . (1, let (biDy + ci)z = u . . . (2, then Eq.(1

becomes:

(biDy + ci)
k−1u = 0

By hypothesis u = e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix))

Substitute in Eq.(2 obtain

(biDy + ci)
kz = e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix))

biDyz = e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix))− ciz

Can be solved by auxiliary equations:

dy

bi
=

dz

e

−ci
bi

y

(
∑k−1

j=1 y
j−1ϕj(bix))− ciz

dz

dy
=

1

bi
e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix))−
ci
bi
z

dz

dy
+

ci
bi
z =

1

bi
e

−ci
bi

y

(
k−1∑
j=1

yj−1ϕj(bix)) is first order LDE.
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z =

∫
e

∫ ci
bi

dy 1

bi
e

−ci
bi

y ∑k−1
j=1 y

j−1ϕj(bix)dy + k

e

∫ ci
bi

dy

z =

1

bi

∑k
j=1 ϕj(bix)

∫
yj−1dy + k

e

ci
bi

y

z =
1

bi
e

−ci
bi

y k∑
j=1

ϕj(bix)
yj

j
+ k e

−ci
bi

y

z = e

−ci
bi

y

(
k∑

j=1

ϕj(bix) y
j + ϕj(bix) y

0)

z = e

−ci
bi

y

(
k∑

j=1

ϕj(bix) y
j−1)

∴ zi = e

−ci
bi

y

(
k∑

j=1

ϕj(bix) y
j−1) is a solution of Eq.(1

∴ the theorem is true for n = k.

since f(Dx, Dy)z = Πm
j=1(bjx+ cj)(bix+ ci)z

∴ f(Dx, Dy)zi = Πm
j=1(bjx+ cj)(bix+ ci)zi

∴ zi = e

−ci
bi

y n∑
j=1

yj−1ϕj(bix) is a solution of f(Dx, Dy)z = 0.

Example 3.0.4 : Solve
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1) 3
∂2z

∂x2
− 2

∂2z

∂x∂y
− ∂2z

∂y2
= 0

2)
∂3z

∂x∂y2
− ∂3z

∂y3
+

∂2z

∂y2
= 0

3)
∂4z

∂x4
+

∂4z

∂y4
− 2

∂4z

∂x2∂y2
= 0

4)
∂5z

∂x2∂y3
− ∂5z

∂x3∂y2
= 0

5)
∂2z

∂x2
− 4

∂2z

∂y2
+

∂z

∂x
+ 2

∂z

∂y
= 0

6)
∂2z

∂x2
− ∂2z

∂y2
= 0

Solution 1): (3D2
x − 2DxDy −D2

y)z = 0

(Dx −Dy)(3Dx +Dy)z = 0 is reducible

then

z = e

0

1
x
ϕ1(−x− y) + e

0

1
x
ϕ2(x− 3y)

z = ϕ1(−x− y) + ϕ2(x− 3y) is Gs.

where ϕ1 and ϕ2 are arbitrary functions.

2): DxD
2
y −D3

y +D2
y)z = 0

D2
y(Dx −Dy + 1)z = 0

then

z = ϕ1(x) + yϕ2(x) + e−xϕ3(−x− y) is Gs.

where ϕ1, ϕ2 and ϕ3 are arbitrary functions.
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3): (D4
x +D4

y − 2D2
x D

2
y)z = 0

(D4
x − 2D2

xD
2
y +D4

y)z = 0

(D2
x −D2

y)(D
2
x −D2

y)z = 0 ⇒ (D2
x −D2

y)
2z = 0

(Dx −Dy)(Dx +Dy)z = 0 is reducible

then

z = ϕ1(−x− y) + xϕ2(−x− y) + ϕ3(x− y) + xϕ4(x− y)

or z = ϕ1(x+ y) + xϕ2(x+ y) + ϕ3(x− y) + xϕ4(x− y) is Gs.

where ϕ1, ϕ2, ϕ3 and ϕ4 are arbitrary functions.

4): (D2
xD

3
y −D2

xD
2
y)z = 0

D2
xD

2
y(Dy −Dx)z = 0

then

z = ϕ1(−y) + xϕ2(−y) + ϕ3(x) + yϕ4(x) + ϕ5(x+ y)

or z = ϕ1(y) + xϕ2(y) + ϕ3(x) + yϕ4(x) + ϕ5(x+ y) is Gs.

where ϕ1, ϕ2, ϕ3, ϕ4 and ϕ5 are arbitrary functions.

5): (D2
x − 4D2

y +Dx + 2Dy)z = 0

((Dx − 2Dy)(Dx + 2Dy)) +Dx + 2Dy)z = 0

(Dx + 2Dy))(Dx − 2Dy + 1)z = 0 is reducible

then

z = ϕ1(2x− y) + e−xϕ2(−2x− y)

then z = ϕ1(2x− y) + e−xϕ2(2x− y) is Gs.

where ϕ1 and ϕ2 are arbitrary functions.
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6): (D2
x −D2

y)z = 0

(Dx −Dy)(Dx +Dy)z = 0

then

z = ϕ1(−x− y) + ϕ2(x− y)

or z = ϕ1(x+ y) + ϕ2(x− y) is Gs.

where ϕ1 and ϕ2 are arbitrary functions.

b) Irreducible Equations:

When the operator f(Dx, Dy) is irreducible (in other words f(Dx, Dy) cannot be

factorized into linear factors). To solve f(Dx, Dy)z = 0 . . . (1 we put z = cie
aix+biy

is a solution of Eq.1).

Since Dx(e
aix) = aie

aix, . . . , Dn
x(e

aix) = ani e
aix

Dy(e
biy) = bie

biy, . . . , Dm
y (e

biy) = bmi e
biy

⇒ Dn
xD

m
y (e

aix+biy) = ani b
m
i e

aix+biy

f(Dx, Dy)(e
aix+biy) = f(ai, bi)e

aix+biy

then f(Dx, Dy)(cie
aix+biy) = 0 ⇒ cif(Dx, Dy)(e

aix+biy) = 0 ⇒ f(ai, bi) = 0

then z =
∞∑
i=1

cie
aix+biy is a solution of Eq.1) where f(ai, bi) = 0

Example 3.0.5 : Solve

1)
∂z

∂x
− 3

∂2z

∂y2
= 0

2)
∂2z

∂y2
− ∂3z

∂x3
+

∂2z

∂x∂y
− ∂3z

∂x2∂y
= 0

Solution 1): (Dx − 3D2
y)z = 0 is irreducible f(ai, bi) = ai − 3b2i

then f(ai, bi) = 0 iff ai = 3b2i

then

z =
∞∑
i=1

cie
3b2i x+biy =

∞∑
i=1

cie
bi(3bix+y)

is Gs., where bi and ci are constants.
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2)

(D2
y −D3

x +DxDy −D2
xDy)z = 0

(Dy(Dy +Dx)−D2
x(Dy +Dx))z = 0

(Dy +Dx)(Dy −D2
x)z = 0

a1 = 1, b1 = 1, c1 = 0 bi + a2i = 0 ⇒ bi = a2i

then y = ϕ(x+ y) +
∞∑
i=1

cie
aix+a2i y is Gs.

where ϕ is an arbitrary function and ai and ci are constants.

Finding Particular Integral For Nonhomogeneous PDE With Con-

stant Coefficients

1) Suppose f(Dx, Dy)z = g(x, y) . . . (1

then the P.I. is

P.I. =
1

f(Dx, Dy)
g(x, y)

Case a) If g(x, y) = eαx+βy

Theorem 3.0.10 : f(Dx, Dy)(e
αx+βy) = f(α, β)eαx+βy

Proof :

since Dn
x(e

αx+βy) = αneαx+βy

Dm
y (e

αx+βy) = βmeαx+βy

so that (cnmD
n
xD

m
y )(e

αx+βy) = cnmα
nβmeαx+βy

∴ f(Dx, Dy)(e
αx+βy) = f(α, β)eαx+βy
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i) If f(α, β) ̸= 0 then by the last theorem

z =
1

f(Dx, Dy)
{eαx+βy} =

eαx+βy

f(α, β)

Example 3.0.6 : Solve

∂2z

∂x2
− ∂2z

∂y2
= 3 e2x+y

Solution : (D2
x − D2

y)z = 3 e2x+y ⇒ (Dx − Dy)(Dx + Dy)z = 3 e2x+y is

reducible

then

zc = ϕ1(x+ y) + ϕ2(x− y) is a complementary function.

To find P.I.

zp =
1

(Dx −Dy)(Dx +Dy)
{3 e2x+y} =

3 e2x+y

(2− 1)(2 + 1)
=

3

3
e2x+y = e2x+y

∴ z = zc + zp = ϕ1(x+ y) + ϕ2(x− y) + ex+2y is Gs.

Theorem 3.0.11 f(Dx, Dy)(e
αx+βyϕ(x, y)) = eαx+βyf(Dx+α,Dy+β){ϕ(x+y)}

Proof: Since

Dn
x(e

αx+βyϕ(x, y)) =
n∑

r=0

Cn
r D

r
x(e

αx+βy)(Dn−r
x ϕ)

= eαx+βy

n∑
r=0

Cn
r α

rDn−r
x ϕ

[by Leibnitz’s theorem][Dn
x(y1.y2) =

n∑
r=0

Cn
r D

r
x[y1]D

n−r
x [y2]]

= eαx+βy(Dx + α)nϕ
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[by Binomial rule]

and Dm
y (e

αx+βyϕ(x, y)) =
m∑
r=0

Cm
r Dr

y(e
αx+βy)(Dm−r

y ϕ)

= eαx+βy

m∑
r=0

Cm
r βr(Dm−r

y ϕ)

= eαx+βy(Dy + β)mϕ

∴ f(Dx, Dy)(e
αx+βyϕ(x, y)) = eαx+βyf(Dx + α,Dy + β){ϕ(x+ y)}

ii) If f(α, β) = 0 and f(Dx, Dy) is reducible then f(Dx, Dy) = (Dx−
α

β
Dy)

nh(Dx, Dy)

where h(α, β) ̸= 0. To find particular integral of f(Dx, Dy)z = eαx+βy

z =
1

f(Dx, Dy)
{eαx+βy} =

1

(Dx −
α

β
Dy)nh(Dx, Dy)

{eαx+βy}

z =
eαx,βy

(Dx + α− α

β
(Dy + β))nh(Dx + α,Dy + β)

{1}

by theorem (3.0.11)

z =
eαx+βy

(Dx −
α

β
Dy)nh(α, β)

{1}

[since
1

h(Dx + α,Dy + β)
{1} =

1

h(α, β)
]

=
1

h(α, β)
.

1

(Dx −
α

β
Dy)n

{1} =
eαx+βy

h(α, β)
.
xn

n!

[since (Dx −
α

β
Dy)

n{xn} = (Dn
x + n

α

β
Dn−1

x Dy + · · ·+ (
−α

β
)nDn

y ){xn} = n!]

Example 3.0.7 : Solve
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1)
∂2z

∂x2
− ∂2z

∂y2
= ex+y

2)
∂3z

∂x3
− ∂3z

∂y∂x2
− ∂2z

∂x2
= ey

3)
∂3z

∂x3
− ∂3z

∂y∂x2
− ∂2z

∂x2
= −ex

Solution 1):

(D2
x −D2

y)z = ex+y ⇒ (Dx −Dy)(Dx +Dy)z = ex+y

then

zc = ϕ1(−x− y) + ϕ2(x− y) or

zc = ϕ1(x+ y) + ϕ2(x− y)

To find zp : zp =
1

(Dx −Dy)(Dx +Dy)
{ex+y}; α = 1 = β

=
ex+y

(Dx + 1−Dy − 1)(Dx +Dy + 2)
{1} =

ex+y

1 + 1
.
x1

1!
= x

ex+y

2

∴ zp = x
ex+y

2

∴ z = zc + zp = ϕ1(x+ y) + ϕ2(x− y) + x
ex+y

2
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2)

(D3
x −DyD

2
x −D2

x)z = ey

D2
x(Dx −Dy − 1)z = ey is reducible

zc = ϕ1(y) + xϕ2(y) + exϕ3(x+ y)

To find zp : zp =
ey

D2
x(Dx −Dy − 1)

{1} =
ey

−2
.
x2

2!
=

−x2

4
ey

∴ z = zc + zp = ϕ1(y) + xϕ2(y) + exϕ3(x+ y)− x2

4
ey is Gs.

3)

D2
x(Dx −Dy − 1)z = −ex is reducible

zc = ϕ1(y) + xϕ2(y) + exϕ3(x+ y)

To find zp : zp =
1

D2
x(Dx −Dy − 1)

{−ex}

=
−ex

12
.
x1

1!
⇒ zp = −xex

∴ z = zc + zp = ϕ1(y) + xϕ2(y) + exϕ3(x+ y)− xex is Gs.

Case iii) If f(α, β) = 0 and fDx, Dy) is irreducible, let z = w(x, y)eαx+βy is

particular integral of f(Dx, Dy)z = eαx+βy
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by theorem (3.0.11):

f(Dx, Dy)(w(x, y)e
αx+βy) = eαx+βyf(Dx + α,Dy + β){w(x, y)}

∴ eαx+βyf(Dx + α,Dy + β){w(x, y)}

⇒ w(x, y) =
1

f(Dx + α,Dy + β)
{1}

Example 3.0.8 : Find Gs. of the following Eqs.?

1) (
∂z

∂x
− ∂2z

∂y2
) = ex+y

2) (Dx −D2
y)(D

2
x −D2

y)z = e−x+y

Solution 1):

(Dx −D2
y)z = ex+y

(Dx −D2
y)z = 0 is irreducible

f(ai, bi) = ai − b2i = 0 ⇒ ai = b2i

∴ zc =
∞∑
i=1

cie
b2i x+biy

To find zp : α = 1, β = 1

f(α, β) = f(1, 1) = 1− 12 = 0 and f(Dx, Dy) irreducible

let zp = w(x, y)ex+y is particular integarl.
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(Dx −D2
y)(w(x, y)e

x+y) = ex+y

Dx(w(x, y)e
x+y)−Dy(Dy(w(x, y)e

x+y)) = ex+y

w(x, y).ex+y + ex+yDx(w(x, y))−Dy(w(x, y))e
x+y + ex+yDy(w(x, y)) = ex+y

w(x, y)ex+y + ex+yDx(w(x, y))− w(x, y)ex+y + ex+yDy(w(x, y))−

ex+yD2
y(w(x, y))−Dy(w(x, y))e

x+y = ex+y

w(x, y) +Dx(w(x, y))− w(x, y)−Dy(w(x, y))−D2
y(w(x, y)−Dy(w(x, y)) = 1

(1 +Dx − 1− 2Dy −D2
y)w(x, y) = 1

(1 +Dx − (D2
y + 2Dy + 1))w(x, y) = 1

((1 +Dx)− (Dy+1)
2)w(x, y) = 1

w(x, y) =
1

(1 +Dx)− (Dy+1)2
{1}

=
1

Dx −D2
y − 2Dy

{1}

=
1

Dx(1− (
D2

y

Dx

+
2Dy

Dx

))

{1}
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=
1

Dx

[1 + (
D2

y

Dx

+
2Dy

Dx

) + . . . ]{1}

=
1

Dx

[1 + 0] = x ⇒ w(x, y) = x

∴ zp = xex+y

z = zc + zp =
∞∑
i=1

cie
b2i x+biy + xex+y is Gs.
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2)

(Dx −D2
y)(D

2
x −D2

y)z = e−x+y

To find zc :

(Dx −D2
y)(D

2
x −D2

y)z = 0 is irreducible

(Dx −D2
y)(Dx −Dy)(Dx +Dy)z = 0

zc =
∞∑
i=1

cie
aix+biy + e

−0

1 ϕ1(−x− y) + e

−0

1 ϕ2(x− y)

ai − b2i = 0 ⇒ ai = b2i

=
∞∑
i=1

cie
b2i+biy + ϕ1(−x− y) + ϕ2(x− y) is complementary function

To find zp : α = −1, β = 1

f(α, β) = f(−1, 1) = (−1− 12)((−1)2 − 12)

f(Dx, Dy) irreducible

∴ letzp = w(x, y)e−x+y

w(x, y) =
1

f(Dx − 1, Dy + 1)
{1}

=
1

(Dx − 1− (Dy + 1)2(Dx − 1 +Dy + 1)(Dx − 1−Dy − 1))
{1}

=
1

(Dx − (D2
y + 2Dy + 1))(Dx +Dy)(Dx −Dy − 2)

{1}

...
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or zp =
1

(Dx −D2
y)(Dx −Dy)(Dx +Dy)

{e−x+y}

=
e−x+y

(−1− 12)(−1− 1)
.
x1

1!
⇒ zp =

−1

4
xe−x+y

z = zc + zp is Gs.

Example 3.0.9 : Find a Gs. for the following Eqs.?

1)
∂2z

∂x2
− 2

∂2z

∂x∂y
+ 3z = ex−y

2)
∂2z

∂x2
− 2

∂2z

∂x∂y
− 3z = ex−y

3)
∂2z

∂x2
− 2

∂2z

∂x∂y
− 3z = 1

4)
∂3z

∂x2∂y
− ∂4z

∂x4
= ey−x

Remark : since Dx(cos (ax+ by)) = −a sin (ax+ by)

D2
x(cos (ax+ by)) = −a2 cos (ax+ by)

...

D2n
x (cos (ax+ by)) = (−a2)n cos (ax+ by)

Dy(cos (ax+ by)) = −b sin (ax+ by)

D2
y(cos (ax+ by)) = −b2 cos (ax+ by)

...

D2m
y (cos (ax+ by)) = (−b2)m cos (ax+ by)

DxDy(cos (ax+ by)) = −ab cos (ax+ by)

D2
xD

2
y(cos (ax+ by)) = (−a2)(−b2) cos (ax+ by)

...

D2n
x D2m

y (cos (ax+ by)) = (−a2)n(−b2)m cos (ax+ by)
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Then by mathematical induction we can prove the following theorem:

Theorem 3.0.12 : If a and b are constants, then

1) f(D2
x, D

2
y){cos (ax+ by)} = f(−a2,−b2) cos (ax+ by)

2) f(D2
x, D

2
y){sin (ax+ by)} = f(−a2,−b2) sin (ax+ by)

Case b) If g(x, y) is of the form sin(ax+ by) or cos(ax+ by) where a and b are

constants. Then

z =
1

f(Dx, Dy)
{sin(ax+ by)} or z =

1

f(Dx, Dy)
{cos(ax+ by)}

is obtained by putting D2
x = −a2, DxDy − ab,D2

y = −b2, proved the denominator

is not zero.

Example 3.0.10 : Find the particular solution for the following equations?

1) (D2
x − 3DxDy +D2

y)z = sin (x− y)

2)
∂2z

∂x2
− ∂3z

∂y3
= 2 cos (y − 2x)

Solution 1):

zp =
1

D2
x − 3DxDy +D2

y

{sin (x− y)}; a = 1, b = −1

=
1

−12 − 3DxDy + (−(−1)2)
{sin(x− y)}

=
1

−2− 3DxDy

{sin(x− y)} =
−2 + 3DxDy

−4− 9D2
xD

2
y

{sin(x− y)}

=
1

−5
(−2 sin (x− y) + 3 sin (x− y)) =

1

−5
(sin (x− y))

∴ zp =
−1

5
sin (x− y) is particular integral.



97

2)

(D2
x −D3

y)z = 2 cos (y − 2x)

zp =
1

D2
x −D3

y

{2 cos (y − 2x)}; a = −2, b = 1

=
1

D2
x −D2

yDy

{2 cos (y − 2x)}

=
1

−4 +Dy

{2 cos (y − 2x)} =
1

Dy − 4
{2 cos (y − 2x)}

Dy + 4

D2
y − 16

{2 cos (y − 2x)}

zp =
1

−17
(−2 sin (y − 2x) + 8 cos (y − 2x)) is particular integral.

Remark : If f(−a2,−b2) = 0, then to find particular integral of f(Dx, Dy)z =

cos (ax+ by) . . . 1)

we find the particular integral of f(Dx, Dy)z = ei(ax+by)

since ei(ax+by) = cos (ax+ by) + i sin (ax+ by) . . . 2)

then the real part of the particular integral of Eq. 2) is P.I. of Eq. 1) and the imag-

inary part of the P.I. of Eq. 2) is P.I. of the equation f(Dx, Dy)z = sin (ax+ by)

Example 3.0.11 : Find Gs. of the Eq.
∂2z

∂x2
− ∂2z

∂y2
= sin (x+ y)?

Solution :

(D2
x −D2

y)z = sin (x+ y)

(Dx −Dy)(Dx +Dy)z = sin (x+ y)
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To find zc : (Dx −Dy)(Dx +Dy)z = 0

zc = ϕ1(x+ y) + ϕ2(x− y) is complementary function.

To find zp : zp =
1

(D2
x −D2

y)
{sin (x+ y)}; a = 1, b = 1

f(−a2,−b2) = f(−12,−12) = −12 − (−12) = −1 + 1 = 0

so we find zp of

zp =
1

(D2
x −D2

y)
{ei(x+y)} =

1

(Dx −Dy)(Dx +Dy)
{ei(x+y)}

= ei(x+y) x

2i.1!

zp =
−i

2
x(cos (x+ y) + i sin (x+ y)) =

−i

2
x cos (x+ y) +

1

2
x sin (x+ y)

∴ zp =
−1

2
cos (x+ y) is particular integral of the main Eq.

z = zc + zp is Gs.

Case c) If g(x, y) is of the form xnym where m and n are positive integers. Then

the P.I. is

P.I. =
1

f(Dx, Dy)
{xnym}

After that, we expand
1

f(Dx, Dy)
as a power series of Dx and Dy.

Example 3.0.12 : Find the particular integral for each of the following equa-

tions?

1) (D2
x − 2DxDy)z = x3y
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2) (D2
x − 3D3

y)z = xy5

3 (D2
x − 3D3

y)z = x3y2

4) (D2
x −DxDy +Dx)z = x2 + y2

Solution 1):

zp =
1

D2
x − 2DxDy

{x3y} =
1

D2
x(1−

2Dy

Dx

)
{x3y}

=
1

D2
x

[1 +
2Dy

Dx

+ (
2Dy

Dx

)2 + . . . ]{x3y}

=
1

D2
x

[x3y +
2x3

Dx

+
0

Dx

+ . . . ]

=
1

D2
x

[x3y ++
1

2
x4] =

1

Dx

[
1

4
x4y +

1

10
x5]

zp =
1

20
x5y +

1

60
x6 is particular integral.

2):

zp =
1

D2
x − 3D3

y

{xy5} =
1

D2
x(1− 3

D3
y

D2
x

)

{xy5}

=
1

D2
x

[1 + 3
D3

y

D2
x

+ (3
D3

y

D2
x

)2 + . . . ]{xy5}

=
1

D2
x

[xy5 +
3(60xy2)

D2
x

+
9(0)

D2
x

+ . . . ]

=
1

D2
x

[xy5 + 30x3y2 + 0]
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=
1

Dx

[
1

2
x2y5 +

15

2
x4y2]

zp =
1

6
x3y5 +

3

2
x5y3 is particular integral.

Case d: If g(x, y) of the form eax+byG(x, y), where G(x, y) is one of the cases

that we have studied. Then

P.I. =
1

f(Dx, Dy)
{eax+byG(x, y)}

= eax+by 1

f(Dx + a,Dy + b)
{G(x, y)}

Example 3.0.13 : Solve the following equations?

1) (
∂2z

∂x2
− 2

∂z

∂y
) = e−y sinx

2)
∂z

∂x
− 3

∂2z

∂y2
= exy2

Solution 1):

(D2
x − 2Dy)z = e−y sinx

zp =
1

D2
x − 2Dy

{e−y sinx} =
e−y

D2
x − 2(Dy + (−1))

sinx

= e−y 1

D2
x − 2Dy + 2

{sinx} = e−y 1

−1− 2Dy + 2
{sinx}

= e−y 1

1− 2Dy

{sinx} = e−y 1 + 2Dy

1− 4D2
y

{sinx}

= e−y 1 + 2Dy

1
{sinx} = e−y(sinx+ 0)

zp = e−y sinx is particular integral
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2):

(Dx − 3D2
y)z = exy2

zp =
1

Dx − 3D2
y

{exy2} =
ex

(Dx + 1)− 3(Dy + 0)2
{y2}

= ex
1

Dx − 3D2
y + 1

{y2} = ex
1

1− (3D2
y −Dx)

{y2}

ex[1 + (3D2
y −Dx) + (3D2

y −Dx)
2 + . . . [{y2}

= ex[y2 + 3(2) + 0 + . . . ]

zp = ex(y2 + 6) is particular integral.

Case e) If g(x, y) is of the form cos (ax+ by)p(x, y) or sin (ax+ by)p(x, y),

where p(x, y) is polynomial

zp =
1

f(Dx, Dy)
{sin (ax+ by)p(x, y)}

=
1

f(Dx, Dy)
{ei(ax+by)p(x, y)}

=
ei(ax+by)

f(Dx + ai,Dy + bi)
{p(x, y)}

Example 3.0.14 : Find the particular integral of

(D2
x −DxDy + 5)z = y2 sin (x− y)
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Solution :

zp =
1

D2
x −DxDy + 5

{y2 sin (x− y)}

=
1

D2
x −DxDy + 5

{y2ei(x−y)}

= ei(x−y) 1

(Dx + i)2 − (Dx + i)(Dy − i) + 5
{y2}

= ei(x−y) 1

D2
x + 2iDx − 1−DxDy + iDx − iDy − 1 + 5

{y2}

= ei(x−y) 1

D2
x + 3iDx −DxDy − iDy + 3

{y2}

= ei(x−y) 1

3(1− 1

3
(−D2

x − 3iDx +DxDy + iDy))
{y2}

=
ei(x−y)

3
[1 +

1

3
(−D2

x − 3iDx +DxDy + iDy) +
1

9
(−D2

x − 3iDx +DxDy + iDy)
2 + . . . ]{y2}

=
1

3
ei(x−y)[y2 +

1

3
(−0− 0 + 0 + i2y) +

1

9
(−2) + 0]

=
1

3
ei(x−y)[y2 +

2i

3
y +

−2

9
]

=
1

3
ei(x−y)[(y2 − 2

9
) +

2i

3
y]

=
1

3
[(y2 − 2

9
) cos (x− y)− 2

3
y sin (x− y) + i((y2 − 2

9
) sin (x− y)) +

2

9
y cos (x− y)]

∴ zp =
1

3
((y2 − 2

9
) sin (x− y) +

2

3
y cos (x− y)) is P.I.
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2) Reduction of order

If f(Dx, Dy)z = g(x, y) is reducible equation, then it can be written by the form

(a1Dx + b1Dy + c1)(a2Dx + b2Dy + c2) . . . (anDx + bnDy + cn)z = g(x, y) . . . (1

where ai, bi and ci are constants.

Suppose

(a2Dx + b2Dy + c2) . . . (anDx + bnDy + cn)z = u1

then Eq.1) becomes

(a1Dx + b1Dy + c1)u1 = g(x, y) ⇒ a1Dxu1 + b1Dyu1 = g(x, y)− c1u1

and by using the auxiliary equation we can solve the last equation:

dx

a1
=

dy

b1
=

du1

g(x, y)− c1u1

since
dx

a1
=

dy

b1
⇒ b1dx− a1dy = 0 ⇒

b1x− a1y = k1,where k1 is constant ⇒ y =
b1x+ k1

a1

dx

a1
=

du1

g(x, y)− c1u1

⇒ du1

dx
=

1

a1
(g(x, y)− c1u1)

du1

dx
+

c1
a1

u1 =
1

a1
g(x,

b1x+ k1
a1

) is first order LDE.

After that we substitute u1 in Eq.2), we get

(a2Dx + b2Dy + c2) . . . (anDx + bnDy + cn)z = u1(x, y) . . . (3

let (a3Dx + b3Dy + c3) . . . (anDx + bnDy + cn)z = u2



104

then equation (3) becomes

(a2Dx + b2Dy + c2)u2 = u1(x, y)

continuing in this way until we find particular integral.

Example 3.0.15 : Find the particular integral of the following equations?

1) (Dx − 3Dy)(Dx + 2Dy − 1)z =
√
x+ y

2) Dy(Dx −Dy)
2z =

1

x2

3) (D2
x + 2DxDy − 3D2

y)z =
√
2x+ 3y

Solution 1):

(Dx − 3Dy)(Dx + 2Dy − 1)z =
√
x+ y . . . (1

let (Dx + 2Dy − 1)z = u1 . . . (2

substitute Eq.2) in Eq.1), we get

(Dx − 3Dy)u1 =
√
x+ y

Dxu1 − 3Dyu1 =
√
x+ y

dx

1
=

dy

−3
=

du1√
x+ y

dx

1
=

dy

−3
⇒ 3dx+ dy = 0 ⇒ 3x+ y = k1,where k1 is constant

dx

1
=

du1√
x+ y

⇒ dx =
du1√

x+ k1 − 3x
⇒ dx =

du1√
k − 2x
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∫ √
k − 2xdx =

∫
du1 ⇒

−1

2

∫
(k − 2x)

1

2 (−2dx) =

∫
du1

−1

2

(k − 2x)
3

2
3

2

+ k2 = u1 ⇒ u1 =
−1

3
(k − 2x)

3

2 + k2

since we are just finding P.I., we take k2 = 0

substitute u1 =
−1

3
(k − 2x)

3

2 in Eq. 2)

(Dx + 2Dy − 1)z =
−1

3
(k − 2x)

3

2

Dxz + 2Dyz =
−1

3
(k − 2x)

3

2 + z

dx

1
=

dy

2
=

dz

z − 1

3
(x+ y)

2

3 + z

since
dx

1
=

dy

2
⇒ 2dx− dy = 0 ⇒

2x− y = k,where k is constant

dx

1
=

dz

z − 1

3
(x+ y)

2

3 + z

⇒ dz

dx
= z − 1

3
(3x− k)

2

3

dz

dx
= z − 1

3
(3x− k)

2

3 is first order LDE.
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z =

∫
e
∫
−dx(−1

3
(3x− k)

2

3 )dx

e
∫
−dx

=

∫
e−x(−1

3
(3x− k)

2

3 )dx

e−x
⇒ zp = ex[

−1

3

∫
e−x(3x− k)

2

3dx]

Example 3.0.16 : Find P.I. for each of the following equations?

1) (D2
x −Dy)z = 1− ex−y + y2

2) (D2
x −Dy)z = 1− sin (x− y)

Solution 1):

zp =
1

(D2
x −Dy)

{1− ex−y + y2}

=
1

(D2
x −Dy)

{1− y2} − 1

(D2
x −Dy)

{ex−y}

=
1

−Dy(1−
D2

x

Dy

)

{1− y2} − ex−y

12 − (−1)

=
−1

Dy

[1 +
D2

x

Dy

+ . . . ]{1 + y2} − 1

2
ex−y

=
−1

Dy

[1 + y2 + 0]− 1

2
ex−y = −y − 1

3
y3 − 1

2
ex−y

∴ zp = −y − 1

3
y3 − 1

2
ex−y

1) r + s− 2t = ex+y

2) r − s = 2q − z = x2y2

3) r + s− 2t− p− 2q = 0
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4)
∂3z

∂x3
− 2

∂3z

∂x2∂y
− ∂3z

∂x∂y2
+ 2

∂3z

∂y3
= ex+y

5)
∂2z

∂x2
− ∂2z

∂y2
= x− y

Linear PDE with variable coefficients

Consider the second order LPDE wit variable coefficient of the form:

A(x, y)
∂2z

∂x2
+B(x, y)

∂2z

∂x∂y
+ C(x, y)

∂2z

∂y2
+D(x, y)

∂z

∂x
+ E(x, y)

∂z

∂y
+ F (x, y)z = g(x, y) . . . (1

There exists some cases, we can solve Eq.1) directly:

Case 1:Cauchy Euler equation:

The PDE of the form

ax2 ∂
2z

∂x2
+ bxy

∂2z

∂x∂y
+ cy2

∂2z

∂y2
+ d x

∂z

∂x
+ e y

∂z

∂y
+ fz = g(x, y) . . . (2

is called Cauchy Euler equation, where a, b, c, d, e and f are constants.

We use the transformation x = eu and y = ev, i.e. u = lnx and v = ln y

Now,

∂z

∂x
=

∂z

∂u

∂u

∂x
=

1

x

∂z

∂u
⇒

x
∂z

∂x
=

∂z

∂u
⇒ xDx = Du

∂z

∂y
=

∂z

∂v

∂v

∂y
=

1

y

∂z

∂v
⇒

yDy = Dv

∂2z

∂x2
=

∂

∂x
(
∂z

∂x
) =

∂

∂x
(
1

x

∂z

∂u
) =

1

x

∂

∂x
(
∂z

∂u
) +

∂z

∂u
.
−1

x2

=
1

x2

∂2z

∂u2
− 1

x2

∂z

∂u
⇒ x2D2

x = D2
u −Du = Du(Du − 1)
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∂2z

∂y2
=

∂

∂y
(
∂z

∂y
) =

∂

∂y
(
1

y

∂z

∂v
) =

1

y

∂

∂y
(
∂z

∂v
) +

∂z

∂v
.
−1

y2

=
1

y2
∂2z

∂v2
− 1

y2
∂z

∂v
⇒ y2D2

y = D2
v −Dv = Dv(Dv − 1)

∂2z

∂x∂y
=

∂

∂x
(
∂z

∂y
) =

∂

∂x
(
1

y

∂z

∂v
) =

1

y

∂

∂x
(
∂z

∂v
)

=
1

y

∂

∂u

∂z

∂v
.
∂u

∂x
=

1

xy

∂2z

∂u∂v
⇒ xyDxDy = DuDv

substitute in Eq. 2), we obtain:

(aDu(Du − 1) + bDuDv + cDv(Dv − 1) + dDu + eDv + f)z = g(eu, ev)

is LPDE with constant coefficients.

Example 3.0.17 : Solve

x2 ∂
2z

∂x2
− y2

∂2z

∂y2
+ x

∂z

∂x
− y

∂z

∂y
= cos(ln y)

Solution :

(x2D2
x − y2D2

y + xDx − yDy)z = cos ln y

is Cauchy Euler equation.

let x = eu, y = ev

x2D2
x = Du(Du − 1), y2D2

y = Dv(Dv − 1)

xDx = Du, yDy = Dv



109

substitute in the main equation, we get

(Du(D
u − 1)−Dv(Dv − 1) +Du −Dv)z = cos (v)

(D2
u −Du −D2

v +Dv = Du −Dv)z = cos (v)

(D2
u −D2

v)z = cos (v) is nonhomo. LPDE with constant coefficients.

To find zc : (D
2
u −D2

v)z = 0

(Du −Dv)(Du +Dv)z = 0

zc = ϕ1(−u− v) + ϕ2(u− v)

zc = ϕ1(lnx+ ln y) + ϕ2(lnx− ln y) is complementary function.

To find zp : zp =
1

D2
u −D2

v

{cos v} =
cos v

0− (−12)
= cos v ⇒

zp = cos v = cos ln y is particular integral.

∴ z = zc + zp is Gs.

Remark : To reduce Cauchy Euler equations of order n to LPDE with constant

coefficients, we can use

xnDn
x = Du(Du − 1)(Du − 2) . . . (Du − n+ 1)

ymDm
y = Dv(Dv − 1)(Dv − 2) . . . (Dv −m+ 1)

xnymDn
xD

m
y = Du(Du − 1)(Du − 2) . . . (Du − n+ 1)Dv(Dv − 1)(Dv − 2) . . . (Dv −m+ 1)

Example 3.0.18 : Solve the following equations?
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1) y
∂3z

∂x∂y2
− x

∂3z

∂x2∂y
= 1

2) x2 ∂
2z

∂x2
− 4y2

∂2z

∂y2
− 4y

∂z

∂y
− z =

y2

x
lnx

Solution 1):

(yDxD
2
y − xD2

xDy)z = 1

(xy2DxD
2
y − x2yD2

xDy)z = xy is Cauchy Euler equation.

let x = eu and y = ev

then

xy2DxD
2
y = DuDv(Dv−1)

x2yD2
xDy = Du(Du−1)Dv

substitute the last to equations in the main Eq.

(DuDv(Dv−1)−Du(Du−1)Dv)z = eu+v

is nonhomo. LPDE with constant coefficient.

To find zc : DuDv(Dv −Du)z = 0

zc = ϕ1(v) + ϕ2(u) + ϕ3(u+ v)

zc = ϕ1(ln y) + ϕ2(lnx) + ϕ3(lnx+ ln y) is complementary function.

To find zp : zp =
1

DuDv(Dv −Du)
eu+v; a = 1, b = 1

=
eu+v

1.1

u

1!
⇒ zp = ln (x)elnx+ln y

= xy ln (x) ⇒ zp = xy ln (x) is P.I.

z = zc + zp is Gs.
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Case 2: Equations belonging to this type are of the form

∂2z

∂x2
=

g

A

∂2z

∂x∂y
=

g

B
(1

∂2z

∂y2
=

g

C

Equation (1) is reducible to equations with constant coefficient.

Example 3.0.19 : Solve

1) xy2
∂2z

∂y∂x
= x3 − y3

2)
∂2z

∂x2
= x2e−y

3) xy2
∂2z

∂x∂y
= 1− 4x2y

Solution 1):

∂2z

∂y∂x
=

x2

y2
− y

x

∂z

∂y
=

∫
(
x2

y2
− y

x
)dx =

1

3

x3

y2
− y lnx+ ϕ1(y)

z =
−1

3

x3

y
− 1

2
y2 lnx+

∫
ϕ1(y)dy + ϕ2(x)

z =
−1

3

x3

y
− 1

2
y2 lnx+ ϕ3(y) + ϕ2(x); where ϕ3(y) =

∫
ϕ1dy
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Case 3: Equations belonging to this type are of the form

A(x, y)
∂2z

∂x2
+D(x, y)

∂z

∂x
= g(x, y) ⇒ A

∂p

∂x
+D p = g

B(x, y)
∂2z

∂x∂y
+D(x, y)

∂z

∂x
= g(x, y) ⇒ B

∂p

∂y
+D p = g

B(x, y)
∂2z

∂x∂y
+ E(x, y)

∂z

∂y
= g(x, y) ⇒ B

∂q

∂x
+ E q = g

C(x, y)
∂2z

∂y2
+ E(x, y)

∂z

∂y
= g(x, y) ⇒ C

∂q

∂y
+ E q = g

which are linear ODEs of order one in which p(or q) is the dependent variable.

Example 3.0.20 : Solve

1) y
∂2z

∂y2
+ 2

∂z

∂y
= 3ye2x

2) x
∂2z

∂x2
− 2xy

∂z

∂x
= xex+y

3) x
∂2z

∂y2
− x

∂z

∂y
= − sin y − x cos y

Solution 1):

let
∂z

∂y
= q

y
∂q

∂y
+ 2q = 3e2xy ⇒ ∂q

∂y
+

2

y
q = 3e2x

is first order LDE.

q =

∫
e

∫ 2
y
dy

3e2xdy + ϕ1(x)

e

∫ 2
y
dy

=

∫
e2 ln y 3e2xdy + ϕ1(x)

e2 ln y

=

∫
3y2e2xdy + ϕ1(x)

y2
= y−2[e2xy3 + ϕ1(x)]
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q = ye2x + y−2ϕ1(x) ⇒
∂z

∂y
= ye2x + y−2ϕ1(x)

z =
1

2
y2e2x − ϕ1(x)

y
+ ϕ2(x) is Gs.

2)

let p =
∂z

∂x

x
∂p

∂x
− 2xy p = xex+y is first order LDE.

p =

∫
e
∫
−2ydx ex+y dx+ ϕ1(y)

e
∫
−2ydx

Case 4: Equations belonging to this type are of the form

A(x, y)
∂2z

∂x2
+B(x, y)

∂2z

∂x∂y
+D(x, y)

∂z

∂x
= g(x, y) ⇒

A
∂p

∂x
+B

∂p

∂y
= g −D p

B(x, y)
∂2z

∂x∂y
+ C(x, y)

∂2z

∂y2
+ E(x, y)

∂z

∂y
= g(x, y) ⇒

B
∂q

∂x
+ C

∂q

∂y
= g − Eq

These equations are linear with p( or q ) as dependent variable and x and y as

independent variables.

Example 3.0.21 : Solve each of the following PDEs?

1) x
∂2z

∂x∂y
− 2x2∂

2z

∂y2
− ∂z

∂y
= 1

2) y
∂2z

∂x∂y
− 2x

∂2z

∂x2
− 2

∂z

∂x
= 6xy
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Solution 1):

let
∂z

∂y
= q

x
∂q

∂x
− 2x2 ∂q

∂y
− q = 1 ⇒ x

∂q

∂x
− 2x2 ∂q

∂y
= 1 + q is quasi linear PDE.

dx

x
=

dy

−2x2
=

dq

1 + q

dx

x
=

dy

−2x2
⇒ 2xdx+ dy = 0 ⇒ x2 + y = c1

dx

x
=

dq

1 + q
⇒ ln (1 + q) = ln x+ c2 ⇒ 1 + q = cx; c = ec1

q = cx− 1 ⇒ z =

∫
(cx− 1)dy ⇒ z = cxy − y + ϕ2(x)

z = ϕ1(x
2 + y)xy − y + ϕ2(x) is Gs.

2)

let
∂z

∂x
= p ⇒ y

∂p

∂y
− 2x

∂p

∂x
= 6xy + 2p

dx

−2x
=

dy

y
=

dp

6xy + 2p

Case 5: Equations belonging to this type are of the form

A(x, y)
∂2z

∂x2
+D(x, y)

∂z

∂x
+ fz = g(x, y) (consider y is constant.)

C(x, y)
∂2z

∂y2
+ E(x, y)

∂z

∂y
+ fz = g(x, y) (consider x is constant.)
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The equations are linear ODE with x ( or y) as independent variable and z as

dependent variable.

Example 3.0.22 : Solve

1)
∂2z

∂x2
− y

∂z

∂x
− 2y2z = yex−2y

2) t− 2xq + x2z = (x− 2)e3x+2y

Solution 1):

let y be a constant.

(D2
x − yDx − 2y2)z = yex−2y

zc = e2xyϕ1(y) + e−yxϕ2(y) is complementary function.

zp =
1

(Dx − 2y)(Dx + y)
{yex−2y} =

yex−2y

(1− 2y)(1 + 2y)

z = zc + zp is Gs.

2)

∂2z

∂y2
− 2x

∂z

∂y
+ x2z = (x− 2)e3x+2y

let x be a constant.

(D2
y − 2xDy + x2)z = (x− 2)e3x+2y

Example 3.0.23 : Solve the following equations?

1) x
∂2z

∂x2
− 2xy

∂z

∂x
= xex−y

2) y
∂2z

∂y2
+ 2

∂z

∂y
= xy2
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3)
∂2z

∂x2
= 6xy z(0, y) = y,

∂z

∂x
(1, y) = 0

4)
∂2z

∂x2
= a2

∂2z

∂y2
; z(0, y) = 0,

∂z

∂x
(0, y) =

1

1 + y2
; a ∈ R

5) xy
∂2z

∂x∂y
− x

∂z

∂x
− y

∂z

∂y
+ z = 0

Solution 1):

let
∂z

∂x
= p,

∂2z

∂x2
=

∂p

∂x

x
∂p

∂x
− 2xyp = xex−y

∂p

∂x
− 2yp = ex−y is first order LDE

p =

∫
e
∫
−2ydxex−ydx+ ϕ1(y)

e
∫
−2ydx

=

∫
e−2yxex−ydx+ ϕ1(y)

e−2yx

= e2xy[e(1−2y)xe−ydx+ ϕ1(y)] = e2xy[
e−y

1− 2y
e(1−2y)x + ϕ1(y)]

p =
1

1− 2y
ex−y + e2xyϕ1(y)

∂z

∂x
=

1

1− 2y
ex−y + e2xyϕ1(y)

z =
1

1− 2y
ex−y +

1

2y
e2xyϕ1(y) + ϕ2(y)
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3)

∂2z

∂x2
= 6xy ⇒ ∂z

∂x
=

∫
6xydx+ ϕ1(y)

= 3x2y + ϕ1(y)

z =

∫
(3x2y + ϕ1(y))dx+ ϕ2(y) = x3y + xϕ1(y) + ϕ2(y)

since z(0, y) = y ⇒ ϕ2 = y . . . (1

∂z

∂x
= 3x2y + ϕ1(y)

since
∂z

∂x
(0, y) = 0 ⇒ 3y + ϕ1(y) = 0

ϕ1(y) = −3y . . . (2

z = x3y − 3yx+ y is Gs. of BVP
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4)

(D2
x − a2D2

y)z = 0 is homo. LPDE with constant coifficients.

(Dx − aDy)(Dx + aDy)z = 0

zc = ϕ1(ax+ y) + ϕ2(ax− y)

since z(0, y) = 0

0 = ϕ1(y) + ϕ2(−y) ⇒ ϕ1(y) + ϕ2(−y) = 0 . . . (1

∂z

∂x
= aϕ′

1(ax+ y) + aϕ′
2(ax− y)

since
∂z

∂x
(0, y) =

1

1 + y2

a(ϕ′
1(y) + ϕ′

2(−y)) =
1

1 + y2

ϕ′
1(y) + ϕ′

2(−y) =
1

a

1

1 + y2

ϕ1(y)− ϕ2(−y) =
1

a
tan−1 (y) . . . (2

ϕ1(y) + ϕ2(−y) = 0 . . . (1

2ϕ1(y) =
1

a
tan−1 (y) ⇒ ϕ1(y) =

1

2a
tan−1 (y)
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by substituting ϕ1(y) in Eq.1), we get

ϕ2(−y) =
−1

2a
tan−1 (y)

ϕ1(y) =
1

2a
tan−1 (y)

ϕ1(ax+ y) =
1

2a
tan−1 (ax+ y)

ϕ2(ax− y) = ϕ2(−(y − ax)) =
−1

2a
tan−−1(y − ax)

z =
1

2a
tan−1(ax+ y) +

−1

2a
tan−1(y − ax)

Classification Of A linear PDE Of The Second Order With Vari-

able coefficients

A linear PDE of the second order in two independent variables is given by

A(x, y)
∂2z

∂x2
+B(x, y)

∂2z

∂x∂y
+ C(x, y)

∂2z

∂y2
+D(x, y)

∂z

∂x
+ E(x, y)

∂z

∂y
+ F (x, y)z = g(x, y) . . . (1

where A,B,C,D,E, F and g are functions of x and y then Eq. 1) can be classified

into three cases:

Case 1: If B2 − 4AC > 0, then Eq.(1 is called hyperbolic equation.

Case 2: If B2 − 4AC = 0, then Eq.(1 is called parabolic equation.

Case 3: If B2 − 4AC < 0, then Eq.(1 is called elliptic equation.

Example 3.0.24 : For what values of x and y are the following PDEs hyper-

bolic, parabolic or elliptic?

1) x
∂2z

∂x2
+

∂2z

∂y2
= x2

2) ex
∂2z

∂x2
+ ey

∂2z

∂y2
= 0

3) x2 ∂
2z

∂x2
− 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
= ex
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Solution 1):

A = x,B = 0, C = 1

B2 − 4AC = 0− 4x = −4x

If x > 0, then B2 − 4AC < 0, therefore the equation is elliptic.

If x = 0 , then B2 − 4AC = 0, therefore the equation is parabolic.

If x < 0 , then B2 − 4AC > 0, therefore the equation is hyperbolic.

2)

A = ex, B = 0, C = ey

B2 − 4AC = 0− 4exey = −4ex+y < 0 ∀(x, y) ∈ R

∴ the main Eq. is elliptic.

3)

A = x2, B = −2xy, C = y2

B2 − 4AC = 4x2y2 − 4x2y2 = 0 ∀(x, y) ∈ R

∴ the main Eq. is parabolic.

Canonical Forms Of Second Order Linear Equations

By using a suitable change in the independent variables all second order LPDEs

of the form Eq.1) can be reduced to one of the three canonical forms:
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We use the transformation u = u(x, y) and v = v(x, y) to reduce Eq.1):

∂z

∂x
=

∂z

∂u
.
∂u

∂x
+

∂z

∂v
.
∂v

∂x

∂z

∂y
=

∂z

∂u
.
∂u

∂y
+

∂z

∂v
.
∂v

∂y

∂2z

∂x2
=

∂

∂x
(
∂z

∂u
.
∂u

∂x
+

∂z

∂v
.
∂v

∂x
)

=
∂

∂u
(
∂z

∂u
.
∂u

∂x
+

∂z

∂v
.
∂v

∂x
)
∂u

∂x
+

∂

∂v
(
∂z

∂u
.
∂u

∂x
+

∂z

∂v
.
∂v

∂x
)
∂v

∂x

= (
∂z

∂u
.
∂

∂u
(
∂u

∂x
) +

∂u

∂x
.
∂2z

∂u2
+

∂z

∂v

∂

∂u
(
∂v

∂x
) +

∂v

∂x

∂2z

∂u∂v
)
∂u

∂x
+ (

∂z

∂u
.
∂

∂v
(
∂u

∂x
)

+
∂u

∂x
.

∂2z

∂u∂v
+

∂z

∂v

∂

∂v
(
∂v

∂x
) +

∂v

∂x

∂2z

∂v2
)
∂v

∂x

=
∂z

∂u

∂2u

∂x2
+ (

∂u

∂x
)2
∂2z

∂u2
+

∂z

∂v

∂u

∂x

∂2v

∂u∂x
+

∂v

∂x

∂u

∂x

∂2z

∂u∂v

+
∂z

∂u

∂v

∂x

∂2u

∂v∂x
+

∂u

∂x

∂v

∂x

∂2z

∂u∂v
+

∂z

∂v

∂2v

∂x2
+ (

∂v

∂x
)2
∂2z

∂v2

∴
∂2z

∂x2
= u2

x

∂2z

∂u2
+ 2uxvx

∂2z

∂u∂v
+ v2x

∂2z

∂v2
+ uxx

∂z

∂u
+ vxx

∂z

∂v

∂2z

∂x∂y
= uxuy

∂2z

∂u2
+ (uxuy + uyvx)

∂2z

∂u∂v
+ vxvy

∂2z

∂v2
+ uxy

∂z

∂u
+ vxy

∂z

∂v

∂2z

∂y2
= u2

y

∂2z

∂u2
+ 2uyvy

∂2z

∂u∂v
+ v2y

∂2z

∂v2
+ uyy

∂z

∂u
+ vyy

∂z

∂v
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substitute in Eq.1), we get:

A∗ ∂
2z

∂u2
+B∗ ∂2z

∂u∂v
+ C∗∂

2z

∂v2
+D∗ ∂z

∂u
+ E∗∂z

∂v
+ F ∗z = g∗ . . . (2

where

A∗ = Au2
x +Buxuy + Cu2

y

B∗ = 2Auxvx +B(uxvy + vxuy) + 2Cuyvy

C∗ = Av2x +Bvxvy + Cv2y

D∗ = Auxx +Buyx + Cuyy +Dux + Euy

E∗ = Avxx +Bvyx + Cvyy +Dvx + Evy

but F ∗ = F and g∗ = g. Now, the problem is to determine u and v.

Case I) Hyperbolic Equation

The equation for which B2 − 4AC > 0 are called hyperbolic equation. The roots

of Aλ2 +Bλ+ C = 0 are real and given by

λ =
1

2A
(B ∓

√
B2 − 4AC), textwhere A ̸= 0

let f1(x, y) = c1 and f2(x, y) = c2 be a solution of ODE
dy

dx
+ λ1 = 0 and

dy

dx
+ λ2 = 0 respectively.

Moreover, let u = f1(x, y) and v = f1(x, y). Since A∗ = C∗ = 0 and B∗ ̸= 0 and

Eq.1) reduces to canonical form

∂2z

∂u∂v
= H(u, v, z,

∂z

∂u
,
∂z

∂v
)

Example 3.0.25 : Rewrite the equation y
∂2z

∂x2
+(x+y)

∂2z

∂x∂y
+x

∂2z

∂y2
in canonical

form and then solve it?



123

Solution :

A = y,B = x+ y, C = x,D = E = F = g = 0

B2 − 4AC = (x+ y)2 − 4xy = x2 + 2xy + y2 − 4xy = x2 − 2xy + y2 = (x− y)2

B2 − 4AC > 0 . . . (1if x ̸= y, then Eq.(1 is hyperbolic

Aλ2 +Bλ+ C = 0 ⇒ yλ2 + (x+ y)λ+ x = 0 ⇒

λ =
−(x+ y)∓

√
(x− y)2

2y
=

−(x+ y)∓ (x− y

2y

λ =
−x− y + x− y

2y
= −1

λ =
−x− y − x+ y

2y
=

−x

y

Then we solve

dy

dx
− 1 = 0 ⇒ dy − dx = 0 ⇒ y − x = c1

and

dy

dx
− x

y
= 0 ⇒ ydy − xdx = 0 ⇒ y2 − x2 = c2

let u = y − x and v = y2 − x2

ux = −1 vx = −2x

uy = 1 vy = 2y

uxx = uyy = uxy = 0 vxx = −2
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vyy = 2, vxy = 0

A∗ = y(−1)2 + (x+ y)(−1) + x(1) = y − x− y + x = 0

B∗ = 2y(−1)(−2x) + (x+ y)(−2y − 2x) + 2x(2y)

= 4xy − 2(x+ y)2 + 4xy = 4xy − 2x2 − 4xy − 2y2 + 4xy

= −2(x2 − 2xy + y2) = −2(x− y)2 = −2u2

C∗ = y(4x2) + (x+ y)(−4xy) + x(4y2) = 4x2y − 4x2y − 4xy2 + 4xy2 = 0

D∗ = y(0) + (x+ y)(0) + x(0) + 0 + 0 = 0

E∗ = y(−2) + (x+ y)(0) + x(2) + 0 + 0 = 2(x− y) = −2u

F ∗ = F = 0

g∗ = g = 0

substitute in Eq.(2:

− 2u2 ∂2z

∂u∂v
− 2u

∂z

∂v
= 0 is canonical form.

u
∂2z

∂u∂v
+

∂z

∂v
= 0

∂

∂u
(u

∂z

∂v
) = 0 ⇒ u

∂z

∂v
= ϕ1(v)

∂z

∂v
=

1

u
ϕ1(v) ⇒ z =

1

u

∫
ϕ1(v)dvv + ϕ2(u)
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∴ z =
1

u
ϕ3(v) + ϕ2(u);where ϕ3(v) =

∫
ϕ1(v)dv

z =
1

y − x
ϕ3(y

2 − x2) + ϕ2(y − x) is Gs. if x ̸= y

If y = x then B2 − 4AC = 0, then Eq.(1 is parabolic

x
∂2z

∂x2
+ 2x

∂2z

∂x∂y
+ x

∂2z

∂y2
= 0

⇒ (D2
x + 2DxDy +D2

y)z = 0, if x ̸= 0

(Dx +Dy)(Dx +Dy)z = 0 ⇒ (Dx +Dy)
2z = 0

z = ϕ1(x− y) + xϕ2(x− y) is Gs.

Example 3.0.26 : Rewrite the equation

4
∂2z

∂x2
+ 5

∂2z

∂x∂y
+

∂2z

∂y2
+

∂z

∂x
+

∂z

∂y
= 2

in canonical form, and then solve it? Solution :

A = 4, B = 5, C = 1, D = 1, E = 1, g = 2

since B2 − 4AC = 25− 16 = 9 > 0

∴ the equation is hyperbolic.

Aλ2 +Bλ+ C = 0 ⇒ 4λ2 + 5λ+ 1 = 0

λ =
−5∓

√
9

8
=

−5∓ 3

8
λ1 =

−1

4
λ2 = −1
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Then, we solve

dy

dx
− 1

4
= 0 ⇒ 4dy − dx = 0 ⇒ 4y − x = c1 = u

dy

dx
− 1 = 0 ⇒ dy − dx = 0 ⇒ y − x = c2 = v

ux = −1 vx = −1

uy = 4 vy = 1

uxx = uxy = uyy = 0 vxx = vxy = vyy = 0

A∗ = C∗ = 0

B∗ = 2(4)(−1)(−1) + 5(−1− 4) + 2(4) = 8− 25 + 8 = −9

D∗ = 4(0) + 5(0) + 1(0) + 1(−1) + 1(4) = 3

E∗ = 4(0) + 5(0) + 1(0) + 1(−1) + 1(1) = 0

F ∗ = 0, g∗ = g = 2

Then Eq.(1 reduce to canonical form

− 13
∂2z

∂u∂v
+ 3

∂z

∂u
= 2 is nonhomo. LPDE

(−13DuDv + 3Du)z = 2

To find zc:Du(−13Dv + 3)z = 0
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zc = ϕ1(v) + e

3

13
v
ϕ2(13u)

zc = ϕ1(y − x) + e

3

13
(y−x)

ϕ2(13(4y − x)) is complementary function

zp =
1

3Du(1−
13

3
Dv

{2} =
1

3Du

[1 +
13

3
Dv + (

13

3
Dv)

2 + . . . ]{2}

zp =
1

3Du

{2} =
2

3
u

zp =
2

3
(4y − x) is particular integral

z = zc + zp is Gs.

Case II) Parabolic Equation

If B2−4AC = 0, then the equation is parabolic and Aλ2+Bλ+C = 0 has one

real root λ =
−B

2A
. Let f(x, y) = c be a solution of ODE

dy

dx
+λ = 0. Furthermore,

we suppose that f(x, y) = u and we will also define another function, say v =

v(x, y) to be any function of x and y and independent of u. Moreover, in this

case A∗ = B∗ = 0, but C∗ ̸= 0 and Eq. (1 reduce to canonical form:

∂2z

∂v2
+ p(u, v, z,

∂z

∂u
,
∂z

∂v
)

Example 3.0.27 : Rewrite the equation

x2 ∂
2z

∂x2
+ 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
+ xy

∂z

∂x
+ y2

∂z

∂y
= 0

in the canonical form and solve it?
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Solution :

A = x2, B = 2xy, C = y2, D = xy,E = y2, F = g = 0

B2 − 4AC = (2xy)2 − 4x2y2 = 4x2y2 − 4x2y2 = 0

∴ the equation is parabolic

Aλ2 +Bλ+ C = 0 ⇒ x2λ2 + 2xyλ+ y2 = 0

λ =
−B

2A
=

−2xy

2x2
=

−y

x

Now, we will solve
dy

dx
+ λ = 0

dy

dx
− y

x
= 0 ⇒ dy

y
− dx

x
= 0 ⇒ ln y − lnx = c

ln
y

x
= c ⇒ y

x
= c1 = u

For arbitrary values of v(x, y) which are functionally independent of u; For in-

stance if v = x, the Jacobian does not vanish in the domain of parabolicity.

u =
y

x
v = x

ux =
−y

x2
vx = 1

uy =
1

x
vy = vxx = vyy = vxy = 0

uxx =
2y

x3
uyy = 0 uxy =

−1

x2
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A∗ = x2(
−y

x2
)2 + 2xy(

−y

x2
)(
1

x
) + y2(

1

x
)2

=
y2

x2
− 2

y2

x2
+

y2

x2
= 0

B∗ = 2(x2)(
−y

x2
)(1) + 2xy(0 +

1

x
) + 2y2(0) = −2y + 2y = 0

C∗ = x2(1)2 + 2xy(0) + y2(0) = x2 = v2

D∗ = x22y

x2
+ 2xy(

−1

x2
) + y2(0) + xy(

−y

x2
) + y2(

1

x
)

=
2y

x
+

−2y

x
− y2

x
+

y2

x
= 0

E∗ = x2 + 2xy(0) + y2(0) + xy(1) + y2(0) = xy = x2 y

x
= uv2

F ∗ = F = 0 g∗ = g

Then

v2
∂2z

∂v2
+ uv2

∂z

∂v
= 0

∂2z

∂v2
+ u

∂z

∂v
= 0

Let L =
∂z

∂v
⇒ ∂L

∂v
+ uL = 0 is first order LDE.

L =

∫
e
∫
udv(0)dv + ϕ1(u)

e
∫
udv

= e−uvϕ1(u)
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∴
∂z

∂v
= e−uvϕ1(u) ⇒ z =

∫
e−uvϕ1(u)dv

z =
−ϕ1(u)

u
e−uv + ϕ2(u)

z =
−x

y
e−yϕ1(

y

x
) + ϕ2(

y

x
) is Gs.

Example 3.0.28 : Rewrite the equation

x2 ∂
2z

∂x2
− 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
− ex = 0

in canonical form and solve it?

A = x2, B = −2xy, C = y2, F = D = E = 0 and g = ex

B2 − 4AC = 4x2y2 − 4x2y2 = 0

∴ the equation is parabolic

Aλ2 +Bλ+ C = 0 ⇒ x2λ2 +Bλ+ y2 = 0

λ =
2xy

2x2
=

y

x

and solve
dy

dx
+

y

x
= 0 ⇒ dy

y
+

dx

x
= 0

lnx+ ln y = c ⇒ lnxy = c ⇒ xy = c1 = u
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xy = u v = x

ux = y vx = 1

uy = x vy = 0

uxx = uyy, uxy = 1 vxx = vyy = vxy = 0

then A∗ = B∗ = 0

C∗ = x2(1)2 + (−2xy)(0) + y2(0) = x2 = v2

D∗ = −2xy = −2u

E∗ = F ∗ = 0

g∗ = g = ex = ev

∴ the canonical form is

v2
∂2z

∂v2
− 2u

∂z

∂u
= ev is Cauchy Euler equation

Case III) Elliptic Equation

If B2−4AC < 0, then the equation is elliptic and the roots of Aλ2+Bλ+C = 0

are complex conjugate functions of x and y, i.e. λ1 = a + ib and λ2 = a − ib,

where a and b are functions of x and y.Let f1(x, y) = c1 and f2(x, y) = c2 be

solutions of ODE
dy

dx
+ λ1 = 0 and

dy

dx
+ λ2 = 0 respectively. Now, we assume

that f1(x, y) = u and f2(x, y) = v.

since u = v̄ if u = α + iβ ⇒ v = α− iβ.
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since α =real part of u, α =
u+ v

2

since β =imaginary part of v β =
u− v

2i

∂2z

∂u∂v
=

1

4
(
∂2z

∂α2
+

∂2z

∂β2
)

and Eq.(1 reduces to canonical form

∂2z

∂α2
+

∂2z

∂β2
= F (α, β, z,

∂z

∂α
,
∂z

∂β
)

Example 3.0.29 : Rewrite the equation

∂2z

∂x2
+ x2∂

2z

∂y2
= 0

in canonical form? Solution :

A = 1, C = x2, B = D = E = F = g = 0

B2 − 4AC = 0− 4x2 = −4x2 < 0 if x ̸= 0

∴ the equation elliptic.

Aλ2 +Bλ+ C = 0 ⇒ λ2 + 0 + x2 = 0 ⇒ λ2 + x2 = 0 ⇒ λ2 = −x2

λ = ∓ix

dy

dx
+ ix = 0 ⇒ y +

1

2
ix2 = c ⇒ 2y + ix2 = c1 = u

dy

dx
− ix = 0 ⇒ dy − ixdx = 0 ⇒ y − i

2
x2 = c ⇒ 2y − ix2 = c2 = v

ux = 2ix vx = −2i

uy = 2 vy = 2
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uxx = 2i vxx = −2i

uyy = uxy = 0 vyy = vxy = 0

A∗ = 1(2ix)2 + 0() + x2(2)2 = −4x2 + 4x2 = 0

B∗ = 2(2ix)(−2ix) + 2(0) + 2x2(2)(2) = 8x2 + 8x2 = 16x2 = 16β

C∗ = 1(−2ix)2 + 0() + x2(2)2 = −4x2 + 4x2 = 0

D∗ = 1(2i) + 0() + x2(0) + 0 + 0 = 2i

E∗ = 1(−2i) + 0() + x2(0) + 0 + 0 = −2i

Then the Eq. becomes

16β
∂2z

∂u∂v
+ 2i

∂z

∂u
− 2i

∂z

∂v
= 0

since α =
u+ v

2
β =

u− v

2i

∂α

∂u
=

1

2
,

∂α

∂v
=

1

2
,

∂β

∂u
=

1

2i
=

−i

2
,

∂β

∂v
=

−1

2i
=

i

2

∂z

∂u
=

∂z

∂α

∂α

∂u
+

∂z

∂β

∂β

∂u

=
1

2

∂z

∂α
− i

2

∂z

∂β
⇒ ∂z

∂u
=

1

2
(
∂z

∂α
− i

∂z

∂β)

∂z

∂v
=

∂z

∂α

∂α

∂v
+

∂z

∂β

∂β

∂v
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=
1

2

∂z

∂α
+

i

2

∂z

∂β
=

1

2
(
∂z

∂α
+ i

∂z

∂β
)

∂2z

∂u∂v
=

∂

∂u
(
∂z

∂v
) =

∂

∂u
(
1

2
(
∂z

∂α
+ i

∂z

∂β
)

=
∂

∂u
(
1

2

∂z

∂α
) +

∂

∂u
(
i

2

∂z

∂β
)

=
∂

∂α
(
1

2

∂z

∂α
)
∂α

∂u
+

∂

∂β
(
i

2

∂z

∂β
)
∂β

∂u

=
1

4

∂2z

∂α2
+

1

4

∂2z

∂β2
=

1

4
(
∂2z

∂α2
+

∂2z

∂β2
)

substitute in Eq.(1

16 β (
1

4
(
∂2z

∂α2
+

∂2z

∂β2
)) + 2i(

1

2
(
∂z

∂α
− i

∂z

∂β
)− 2i(

1

2
(
∂z

∂α
+ i

∂z

∂β
) = 0

= 4 β (
∂2z

∂α2
+

∂2z

∂β2
) + i

∂z

∂α
+

∂z

∂β
− i

∂z

∂α
+

∂z

∂β
= 0

∴
∂2z

∂α2
+

∂2z

∂β2
=

−1

2β

∂z

∂β

Example 3.0.30 : Rewrite the following equations in canonical forms?

1) One dimensional wave equation

∂2z

∂x2
=

∂2z

∂y2

2) Two dimensional diffusion equation

∂2z

∂x2
=

∂z

∂y
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3) Two dimensional harmonic equation

∂2z

∂x2
+

∂2z

∂y2
= 0

Solution 1):

∂2z

∂x2
− ∂2z

∂y2
= 0

A = 1, B = 0, C = −1, D = E = F = g = 0

B2 − 4AC = 0− 4(1)(−1) = 4 > 0

∴ hyperbolic

Aλ2 +Bλ+ C = 0 ⇒ (1)λ2 + (0)λ+ (−1) = 0

λ2 − 1 = 0 ⇒ λ = ∓1 ⇒ λ1 = 1, λ2 = −1

dy

dx
+ λ1 = 0 ⇒ dy

dx
+ 1 = 0 ⇒ dy + dx = 0

y + x = c1 = u

dy

dx
+ λ2 = 0 ⇒ dy

dx
− 1 = 0 ⇒ dy − dx = 0

y − x = c2 = v

ux = 1 vx = −1
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uy = 1 vy = 1

uxx = uyy = uxy = 0 vxx = vyy = vxy = 0

A∗ = (1)(1)2 + 0 + (−1)(1)2 = 0

B∗ = 2(1)(1)(−1) + 0 + 2(−1)(1)(1) = −4

C∗ = (1)(−1)2 + 0 + (−1)(1)2 = 0

D∗ = (1)(0) + 0 + (−1)(0) + 0 + 0 = 0

E∗ = (1)(0) + 0 + (−1)(0) + 0 + 0 = 0

g∗ = g = 0, F ∗ = F = 0

∴ The canonical equation is

− 4
∂2z

∂u∂v
= 0 ⇒ ∂2z

∂u∂v
= 0 ⇒ ∂z

∂u
= ϕ(u)

z =

∫
ϕ(u)du+ ϕ2(v) ⇒ z = ϕ1(u) + ϕ2(v)

z = ϕ1(y + x) + ϕ2(y − x) is Gs.

2)

∂2z

∂x2
− ∂z

∂y
= 0 A = 1, B = C = D = F = g = 0, E = −1

B2 − 4AC = 0− 4(1)(0) = 0
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∴ The equation is parabolic

Aλ2 +Bλ+ C = 0 ⇒ λ2 = 0 ⇒ λ1 = 0, λ2 = 0

dy

dx
+ 0 = 0 ⇒ y = c1 = u

let v = x

ux = uxx = uyy = uxy = 0 vxx = vyy = vy = vxy = 0

uy = 0 vx = 1

A∗ = (1)(0) + 0 + 0(1)2 = 0

B∗ = 0 + 0 + 0 = 0

C∗ = 1 + 0 + 0 = 1

D∗ = 0 + (−1) = −1

E∗ = F ∗ = g∗ = 0

∴ The canonical equation is

∂2z

∂v2
− ∂z

∂u
= 0

(D2
v −Du)z = 0 irreducible equation

z =
∞∑
i=1

cie
aix+biy; f(ai, bi) = b2i − ai = 0



138

z =
∞∑
i=1

cie
b2i u+biv

3)

∂2z

∂x2
+

∂2z

∂y2
= 0

A = 1, B = 0, C = 1, D = E = F = g = 0

B2 − 4AC = 0− 4(1)(1) = −4 < 0

∴ The equation is elliptic

Aλ2 +Bλ+ C = 0 ⇒ λ2 + 0 + 1 = 0 ⇒ λ2 + 1 = 0 ⇒

λ2 = −1 ⇒ λ = ∓i ⇒ λ1 = i, λ2 = −i

dy

dx
+ i = 0 ⇒ dy + idx = 0 ⇒ y + ix = c1 = u

dy

dx
− i = 0 ⇒ dy − idx = 0 ⇒ y − ix = c2 = v

ux = i vx = −i

uy = 1 vy = 1

uxx = uyy = uxy = 0 vxx = vyy = vxy = 0

A∗ = (i)2 + 0 + 1 = 0

B∗ = 2(i)(−i) + 0 + 2(1)(1) = 4
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C∗ = (−i)2 + 0 + (1) = 0

D∗ = 0 + 0 + 0 + 0 = 0

E∗ = F ∗ = g∗ = 0

4
∂2z

∂u∂v
= 0 ⇒ ∂2z

∂u∂v
=

1

4
(
∂2z

∂α2
+

∂2z

∂β2
)

4.
1

4
(
∂2z

∂α2
+

∂2z

∂β2
) = 0 ⇒ ∂2z

∂α2
+

∂2z

∂β2
= 0

(D2
α +D2

β)z = 0 ⇒ (Dα + iDβ)(Dα − iDβ)z = 0

z = ϕ1(iα− β) + ϕ2(iα + β)

Separation Of Variables Method

In this lesson we deal with elementary and generally useful method known as

separation of variables, which sometimes also called method of Fourier.

The first basic idea of this method is to seek an elementary solution of PDE in

several variables as a product of functions of one variable. If we are seeking a

solution z(x, y) to some PDE, we write

z(x, y) = X(x) Y (y)

In this way the original PDE in several independent variables is broken up or

separated into a set of ODEs, each involving just one independent variable.

At present, we use the separation method for finding solution of a second order

PDE in two variables by reducing the original into a set of a second order ODEs.

After that, we assume that the separated equation is equal to a constant, say k.

Example 3.0.31 : Find the separated solutions of the equation

∂2z

∂x2
=

1

a

∂z

∂y
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where a > 0 is a constant. such that z(x, y) → 0 as y → ∞.

Solution : Let z(x, y) = X(x) Y (y)

∂z

∂x
= X ′(x) Y (y)

∂2z

∂x2
= X ′′(x) Y (y)

∂z

∂y
= X(x) Y ′(y)

and substitute in the main equation, we get

X ′′(x) Y (y) =
1

a
X(x) Y ′(y) ⇒ X ′′(x)

X(x)
=

1

a

Y ′(y)

Y (y)

is separated. Now, let

X ′′(x)

X(x)
= k ⇒ X ′′ − k X(x) = 0

1

a

Y ′(y)

Y (y)
= k ⇒ Y ′(y)− ak Y (y) = 0

where k is constant.

Y ′(y)

Y (y)
= a k ⇒ lnY (y) = a ky + c1 ⇒

Y (y) = c eak y, where c = ec1

since Y (y) → 0 as y → ∞ when k < 0,

and X ′′ − k X(x) = 0 ⇒ (D2
x − k)X = 0, let k = −α2, 0 ̸= α ∈ R.
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λ2 − k = 0 ⇒ λ2 = k ⇒ λ2 = −α2 ⇒ λ = ∓ αi

X(x) = A cos (α x) + iB sin (α x), where Aand Bare constants

∴ z(x, y) = X(x) Y (y) = (A cos (α x) + iB sin (α x))c1e
aky, ∀ y

∴ z(x, y) =
∞∑
n=0

cn(A cos (α x) + iB sin (α x))e−aα2y is the solution.

Example 3.0.32 : Find the separated solutions of the PDE

∂2z

∂x2
− 1

c2
∂2z

∂y2
= 0

where c is a constant. Which satisfy the BCs z(0, y) = 0 and z(a, y) = 0, ∀y
Solution : Let z(x, y) = X(x) Y (y)

∂z

∂x
= X ′(x) Y (y)

∂2z

∂x2
= X ′′(x) Y (y)

∂z

∂y
= X(x) Y ′(y)

∂2z

∂y2
= X(x) Y ′′(y)

and substitute in the main equation, we get

X ′′(x)

X(x)
=

1

c2
Y ′′(y)

Y (y)

X ′′(x)

X(x)
= k ⇒ X ′′(x)− k X(x) = 0

1

c2
Y ′′(y)

Y (y)
= k ⇒ Y ′′(y)− c2k Y (y) = 0

where k is a constant.

since z(0, y) = 0 ⇒ X(0) Y (y) = 0 ⇒ X(0) = 0 or Y (y) = 0
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If Y (y) = 0 ⇒ z(x, y) = 0, the solution is trivial.

If Y (y) ̸= 0 ⇒ X(0) = 0

since z(a, y) = 0 ⇒ X(a) Y (y) = 0 ⇒ X(a) = 0 or Y (y) = 0

If Y (y) = 0 ⇒ z(x, y) = 0 ⇒ the solution is trivial.

If Y (y) ̸= 0 ⇒ X(a) = 0

To solve X ′′ − kX = 0 with BCs X(a) = 0 and X(0) = 0

Case I) If k = 0 ⇒ X ′′(x) = 0 ⇒ X ′(x) = c1 ⇒ X(x) = c1x+ c2

since X(0) = 0 ⇒ c1(0) + c2 = 0 ⇒ c2 = 0

X(a) = 0 ⇒ c1(a) + c2 = 0 ⇒ ac1 = 0 ⇒ c1 = 0, since a > 0.

∴ X(x) = 0 ⇒ z(x, y) = 0 is trivial.

Case II) If k > 0, let k = α2, 0 ̸= α ∈ R

X ′′ − α2 X = 0 ⇒ (D2
x − α2)X = 0 ⇒

λ2 − α2 = 0 ⇒ λ2 = α2 ⇒ λ = ∓ α

∴ X(x) = c1e
αx + c2e

−αx

since X(0) = 0 ⇒ c1 + c2 = 0 ⇒ c1 = −c2

X(a) = 0 ⇒ c1e
−aα + c2e

−aα ⇒ c1e
aα − c1e

−aα = 0
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⇒ c1(e
aα − e−aα) = 0 ⇒ c1 = 0, since eaα − e−aα ̸= 0

∴ c2 = 0

∴ X(x) = 0 ⇒ z(x, y) = 0 is trivial.

Case III) If k < 0, let k = −α2, 0 ̸= α ∈ R

X ′′ − (−α2)X = 0 ⇒ (D2
x + α2)X = 0 ⇒

λ2 + α2 = 0 ⇒ λ = ∓ iα

X(x) = c1 cos (αx) + i c2 sin (αx)

since X(0) = 0 ⇒ c1 cos 0 + ic2 sin 0 = 0 ⇒ c1 = 0

since X(a) = 0 ⇒ c1 cos (aα) + ic2 sin (aα) = 0 ⇒ c2 sin (aα) = 0

then the solution is intrivial if c2 ̸= 0

i.e. sin aα = 0 ⇒ aα = nπ ⇒ α =
n

a
π; n = ∓1,∓2, . . .

∴ X(x) = c2 sin(
nπ

a
)x, n = ∓1,∓2, . . .

To solve Y ′′(y)− c2kY = 0,where k < 0

k = −α2, 0 ̸= α ∈ R α =
nπ

a
, n = ∓1,∓2, . . .

(D2
y − kc2)y = 0 ⇒ (D2

y + c2α2)y = 0 ⇒ λ2 + c2α2 = 0 ⇒ λ = ∓i c α
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Y (y) = A1 cos (cαy) + iA2 sin (cαy) = A1 cos (c
nπ

a
y) + iA2 sin (c

nπ

a
y)

⇒ z(x, y) = X(x) Y (y) = ic2 sin (
nπ

a
x)(A1 cos (c

nπ

a
y) + iA2 sin (c

nπ

a
y))

z(x, y) =
∞∑
n=0

(an cos (c
nπ

a
y) + ibn sin (c

nπ

a
y))i sin(

nπ

a
x))

Example 3.0.33 : Find the separated solution to the BVP

∂2z

∂x2
+

∂2z

∂y2
= 0

for z(x, 0) = 0 and z(x, a) = 0, x ≥ 0, 0 ≤ y ≤ a and z(x, y) → 0 as x → ∞.

Solution : Let z(x, y) = X(x) Y (y)

∂z

∂x
= X ′(x) Y (y)

∂2z

∂x2
= X ′′(x) Y (y)

∂z

∂y
= X(x) Y ′(y)

∂2z

∂y2
= X(x) Y ′′(y)

and substitute in the main equation, we get

X ′′(x)

X(x)
+

Y ′′(y)

Y (y)
= 0

X ′′(x)

X(x)
= k ⇒ X ′′(x)− k X(x) = 0

−Y ′′(y)

Y (y)
= k ⇒ Y ′′(y) + k Y (y) = 0

where k is a constant.

since z(x, 0) = 0 ⇒ X(x) Y (0) = 0 ⇒ X(x) = 0 or Y (0) = 0
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If X(x) = 0 ⇒ z(x, y) = 0, the solution is trivial.

If X(x) ̸= 0 ⇒ Y (0) = 0

since z(x, a) = 0 ⇒ X(x) Y (a) = 0 ⇒ X(x) = 0 or Y (a) = 0

If X(x) = 0 ⇒ z(x, y) = 0 ⇒ the solution is trivial.

If X(x) ̸= 0 ⇒ Y (a) = 0

To solve Y ′′ + kY = 0 with BCs Y (a) = 0 and Y (0) = 0

Case I) If k = 0 ⇒ Y ′′(y) = 0 ⇒ Y ′(y) = c1 ⇒ Y (y) = c1y + c2

since Y (0) = 0 ⇒ c1(0) + c2 = 0 ⇒ c2 = 0

Y (a) = 0 ⇒ c1(a) + c2 = 0 ⇒ ac1 = 0 ⇒ c1 = 0, since a > 0.

∴ Y (y) = 0 ⇒ z(x, y) = 0 is trivial.

Case II) If k < 0, let k = −α2, 0 ̸= α ∈ R

Y ′′ − α2 Y = 0 ⇒ (D2
y − α2)Y = 0 ⇒

λ2 − α2 = 0 ⇒ λ2 = α2 ⇒ λ = ∓ α

∴ Y (y) = c1e
αy + c2e

−αy

since Y (0) = 0 ⇒ c1 + c2 = 0 ⇒ c1 = −c2

Y (a) = 0 ⇒ c1e
−aα + c2e

−aα ⇒ c1e
aα − c1e

−aα = 0
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⇒ c1(e
aα − e−aα) = 0 ⇒ c1 = 0, since eaα − e−aα ̸= 0

∴ c2 = 0

∴ Y (y) = 0 ⇒ z(x, y) = 0 is trivial.

Case III) If k > 0, let k = α2, 0 ̸= α ∈ R

Y ′′ + (α2)Y = 0 ⇒ (D2
y + α2)Y = 0 ⇒

λ2 + α2 = 0 ⇒ λ = ∓ iα

Y (y) = c1 cos (αy) + i c2 sin (αy)

since Y (0) = 0 ⇒ c1 cos 0 + ic2 sin 0 = 0 ⇒ c1 = 0

since Y (a) = 0 ⇒ c1 cos (aα) + ic2 sin (aα) = 0 ⇒ c2 sin (aα) = 0

then the solution is intrivial if c2 ̸= 0

i.e. sin aα = 0 ⇒ aα = nπ ⇒ α =
n

a
π; n = ∓1,∓2, . . .

∴ Y (y) = ic2 sin(
nπ

a
)y, n = ∓1,∓2, . . .

To solve X ′′(x)− kX = 0,where k > 0

k = α2, 0 ̸= α ∈ R α =
nπ

a
, n = ∓1,∓2, . . .

(D2
x − k)X = 0 ⇒ (D2

x − α2)y = 0 ⇒ λ2 − α2 = 0 ⇒ λ = ∓ α
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X(x) = d1e
αx + d2e

−αx, where d1 and d2 are constants

⇒ z(x, y) = X(x) Y (y) = ic2 sin (
nπ

a
y)(d1e

αx + d2e
−αx)

since z(x, y) → 0 as x → ∞ then d1 = 0

z(x, y) = ic2d2e

−nπ

a
x
sin

nπ

a
y

z(x, y) =
∞∑
n=1

ibne

−nπ

a
x
sin

nπ

a
y, where bn is constant.



Chapter 4

Fourier Series

Definition 4.0.1 : A function f is said to be periodic with period p > 0, if

1) the domain of f contains x+ p whenever it contains x.

2) f(x+ p) = f(x) for every value of x.

The smallest value of p is called the fundamental period of f .

Example 4.0.1 : The functions sin (x), cos (x), sec (x), csc (x), tan (x) and cot (x)

are periodic functions of period 2π

since sin (x+ 2π) = sinx

cos (x+ 2π) = cos x ∀x ∈ R.

Theorem 4.0.1 : If f(x) is a periodic function of period p, then the function f

is also periodic function with np,∀n = 1, 2, . . .

i.e. f(x+ np) = f(x+ p)f(x) . . . (1

Proof: We can prove this theorem by using mathematical induction.

- we must prove that it is true when n = 1.

f(x+ np) = f(x+ p) = f(x)

since f is a periodic function of period p.

∴ it is true when n = 1.

148
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- suppose that Eq.1) is true for n = k.

i.e. f(x+ np) = f(x+ kp) = f(x) . . . (2

- we must prove that it is true when n = k + 1

f(x+ np) = f(x+ (k + 1)p) = f(x+ kp+ p) = f(x+ kp)

since f is a periodic function of period p.

= f(x) by Eq.(2

Eq.1) is true whenn = k + 1

Eq.1) is true whenn = 1, 2, 3, . . .

Theorem 4.0.2 : If f and g are two periodic functions of the same period p,

and a and b any two constants. Then af + bg is a periodic of the same period p.

Proof:

(af + bg)(x+ p) = (af)(x+ p) + (bg)(x+ p)

= a f(x+ p) + b g(x+ p)

= a f(x) + b g(x)

(since f(x+ p) = f(x) and g(x+ p+ g(x))

∴ (af + bg)(x+ p) = (af + bg)(x)

∴ af + bg is periodic function with period p.

Theorem 4.0.3 : sinnx and cosnx are periodic function of period
2π

n
, n =

1, 2, . . .

Proof:

sin (n(x+
2π

n
)) = sin (nx+ 2π) = sinnx
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cos (n(x+
2π

n
)) = cos (nx+ 2π) = cosnx

Definition 4.0.2 : A function f(x) is said to be odd function if f(−x) =

−f(x) ∀x.
or the function f is odd if the graph of f is symmetric with respect to the origin.

Definition 4.0.3 : A function f(x) is said to be even function if f(−x) =

f(x) ∀x.
or the function f(x) is even if the graph of f is symmetric with respect to the

y-axis.

For example, the functions sin (x), csc (x), tan (x), cot (x) are odd functions, but

the functions cos (x), sec (x) are even functions.

Remark: 1)
∫ a

−a
f(x)dx = 0, if f(x) is odd function.

Proof:∫ a

−a

f(x)dx =

∫ 0

−a

f(x)dx+

∫ a

0

f(x)dx

let I1 =

∫ 0

−a

f(x)dx and I2 =

∫ a

0

f(x)dx

I1 =

∫ 0

−a

f(x)dx ; let x = −t ⇒ dx = −dt at x = −a ⇒ t = a

=

∫ 0

a

f(−t) (−dt) =

∫ 0

a

f(t) dt = −
∫ a

0

f(t) dt = −I2 [

∫ b

a

f(x)dx = −
∫ a

b

f(x)dx]

∴
∫ a

−a

f(x)dx = −I2 + I2 = 0

2)
∫ a

−a
f(x)dx = 2

∫ a

0
f(x) (dx), if f(x) is even function.
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Proof:∫ a

−a

f(x)dx =

∫ 0

−a

f(x)dx+

∫ a

0

f(x)dx

let I1 =

∫ 0

−a

f(x)dx and I2 =

∫ a

0

f(x)dx

I1 =

∫ 0

−a

f(x)dx ; let x = −t ⇒ dx = −dt at x = −a ⇒ t = a

=

∫ 0

a

f(−t) (−dt) = −
∫ 0

a

f(t) dt = −(−)

∫ a

0

f(t) dt =

∫ a

0

f(t) dt = I2

∴
∫ a

−a

f(x)dx = I2 + I2 = 2

∫ a

0

f(x) dx

3)
∫ π

−π
sin (nx) dx = 0, since sin (nx) is odd function.

4)

∫ π

−π

cos (nx) dx =

{
0 if n ̸= 0

2π if n = 0

Proof:

− If n ̸= 0 ⇒
∫ π

−π

cos (nx) dx =
1

n
sin (nx)

]π
−π

=
1

n
[sin (nπ) + sin (nπ)]

=
1

n
[0 + 0] = 0

− If n = 0 ⇒
∫ π

−π

cos (0x) dx =

∫ π

−π

dx = x
]π
−π

= π − (−π) = 2π
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Remark:

cos (nx+mx) = cos (nx) cos (mx)− sin (nx) sin (mx)

cos (nx−mx) = cos (nx) cos (mx) + sin (nx) sin (mx)

sin (nx+mx) = sin (nx) cos (mx) + cos (nx) sin (mx)

sin (nx−mx) = sin (nx) cos (mx)− cos (nx) sin (mx)

5)

∫ π

−π

cos (nx) cos (mx) dx =


0 if n ̸= m

π if n = m ̸= 0

2π if n = m = 0

Proof:

− If n ̸= m ⇒
∫ π

−π

cos (nx) cos (mx) dx

=

∫ π

−π

1

2
[cos (n−m)x+ cos (n+m)x]dx

=
1

2
[

1

n−m
sin (n−m)x+

1

n+m
sin (n+m)x]

]π
−π

=
1

2
[

1

n−m
(sin (n−m)π + sin (n−m)π)

+
1

n+m
(sin (n+m)π + sin (n+m)π)] = 0
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− If n = m ⇒
∫ π

−π

cos (nx) cos (nx) dx =

∫ π

−π

cos2 (nx)dx

=
1

2

∫ π

−π

(1 + cos (2nx))dx =
1

2
(x+

1

2n
sin (2nx))

]π
−π

=
1

2
[(π +

1

2n
sin 2nπ)− (−π +

−1

2n
sin 2nπ)

=
1

2
[(π + 0)− (−π + 0)] =

1

2
(2π) = π

− If n = m = 0 ⇒
∫ π

−π

cos (0x) cos (0x) dx =

∫ π

−π

dx = x
]π
−π

= 2π

6)

∫ π

−π

sin (nx) sin (mx) dx =

{
0 if n ̸= m, n = m = 0

π if n = m ̸= 0

Proof:

− If n ̸= m ⇒
∫ π

−π

sin (nx) sin (mx) dx

=
1

2

∫ π

−π

(cos (n−m)x− cos (n+m)x)dx

=
1

2
[

1

n−m
sin (n−m)x− 1

n+m
sin (n+m)x]

]π
−π

=
1

2
[

1

n−m
(sin (n−m)π + sin (n−m)π)

− 1

n+m
(sin (n+m)π + sin (n+m)π)] = 0
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− If n = m = 0 ⇒
∫ π

−π

sin (nx) sin (mx) dx = 0

− If n = m ̸= 0 ⇒
∫ π

−π

sin (nx) sin (mx) dx =

∫ π

−π

sin2 (nx)dx

=
1

2

∫ π

−π

(1− cos (2nx))dx

=
1

2
[x− 1

2n
(x− 1

2n
sin (2nx))

]π
−π

=
1

2
[(π − 1

2n
sin (2nπ))− (−π − −1

2n
sin (2nπ))]

=
1

2
(π + 0 + π) = π

7)
∫ π

−π
sin (nx) cos (mx) dx = 0

Proof:∫ π

−π

sin (nx) cos (mx) dx =

∫ π

−π

1

2
(sin (n−m)x+ sin (n+m)x dx)

=
1

2
(

−1

n−m
cos (n−m)x− 1

n+m
cos (n+m)x)

]π
−π

=
1

2
[

−1

n−m
(cos (n−m)π − cos (n−m)π)

− 1

n+m
(cos (n+m)π − cos (n+m)π)] = 0
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− if n = m ⇒
∫ π

−π

sin (nx) cos (mx) dx =

∫ π

−π

sin (nx) cos (nx) dx

=
sin2 (nx)

2n

]π
−π

=
1

2n
(sin2 (nπ)− sin2 (nπ)) = 0

Definition 4.0.4 : If f(x) is continuous and is periodic function with period

2π, then f(x) can be represented by an infinite series:

f(x) =
a0
2

+
∞∑
n=1

(an cosnx+ bn sinnx) . . . (1

the right side of Eq.1) is Fourier series of f(x) and a0, an and bn are Fourier

coefficients, where

a0 =
1

π

∫ π

−π

f(x)dx

an =
1

π

∫ π

−π

f(x) cosnx dx

bn =
1

π

∫ π

−π

f(x) sinnx dx

Fourier coefficients:

- Integrate Eq.1) from −π to π, then∫ π

−π

f(x)dx =

∫ π

−π

a0
2

dx+

∫ π

−π

(an cosnx+ bn sinnx)dx

1

2
a0 x

]π
−π

+
∞∑
n=1

(an

∫ π

−π

cosnx dx+ bn

∫ π

−π

sinnx dx)

=
1

2
a0 (π + π) +

∞∑
n=1

(an(0) + bn(0)) =
1

2
a0(2π) = a0π ⇒
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a0 =
1

π

∫ π

−π

f(x)dx

- Multiply both sides of Eq.1) by cosmx and integrate the new equation from

−π to π∫ π

−π

f(x) cosmxdx =

∫ π

−π

a0
2
cosmxdx+

∞∑
n=1

(an

∫ π

−π

cosnx cosmxdx

+ bn

∫ π

−π

sinnx cosmxdx)

If we take n = m, then∫ π

−π

cosnx cosmxdx = π and

∫ π

−π

sinnx cosmxdx = 0

∫ π

−π

f(x) cosnxdx = an π ⇒

an =
1

π

∫ π

−π

f(x) cosnx dx, for n = 1, 2, . . .

- Multiply both sides of Eq.1) by sinmx and integrate the new equation from −π

to π ∫ π

−π

f(x) sinmx dx =

∫ π

−π

a0
2
sinmx dx+

∞∑
n=1

an

∫ π

−π

cosnx sinmx dx

+ bn

∫ π

−π

sinnx sinmx dx
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If we take n = m, then∫ π

−π

cosnx sinmx dx = 0 and

∫ π

−π

sinnx sinmx dx = π

∫ π

−π

f(x) sinnx dx = bn π ⇒

bn =
1

π

∫ π

−π

f(x) sinnx dx, for n = 1, 2, . . .

Example 4.0.2 : Find the Fourier series for f(x) = x2 on −π < x < π

f(x) =
a0
2

+
∞∑
n=1

(an cosnx+ bn sinnx)

a0 =
1

π

∫ π

−π

f(x) dx =
1

π

∫ π

−π

x2 dx =
1

3π
x3

]π
−π

=
1

3π
(π3 + π3) =

2

3
π2

an =
1

π

∫ π

−π

f(x) cosnx dx =
1

π

∫ π

−π

x2 cosnx dx =
2

π

∫ π

0

x2 cosnx dx

u = x2 ⇒ du = 2x dx

dv = cosnx dx ⇒ v =
1

n
sinnx

an =
2

π
(
1

n
x2 sinnx

]π
0
− 2

n

∫ π

0

x sinnx dx)

u = x ⇒ du = dx
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dv = sinnx dx ⇒ v =
−1

n
cosnx

an =
−4

nπ
(
−1

n
x cosnx

]π
0
− −1

n

∫ π

0

cosnx dx)

=
−4

nπ
(
−1

n
π(−1)n +

1

n2
sinnx

]π
0
)

=
−4

nπ
(
−π

n
(−1)n +

1

n2
(0− 0)) =

4

n2
(−1)n

an =
4

n2
(−1)n

bn =
1

π

∫ π

−π

f(x) sinnx dx =
1

π

∫ π

−π

x2 sinnx dx = 0 ⇒

bn = 0

∴ The Fourier series f(x) is

2π2

3
+

∞∑
n=1

4

n2
(−1)n cosnx

Example 4.0.3 : Find the Fourier series of the periodic function f(x) = x+|x|,
with period 2π on −π < x < π.

Solution :

|x| =


x : x ≥ 0

−x : x < 0
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f(x) = x+ |x| =


x+ x : 0 ≤ x < π

x+ (−x) : −π < x < 0

=


2x : 0 ≤ x < π

0 : −π < x < 0

a0 =
1

π

∫ π

−π

f(x)dx =
1

π

[ ∫ 0

−π

0 dx+

∫ π

0

2x dx

]

=
1

π
x2

]π
0

= π ⇒ a0 = π

an =
1

π

∫ π

−π

f(x) cosnx dx =
1

π

[ ∫ 0

−π

0 dx+

∫ π

0

2x cosnx dx

]

=
2

π

∫ π

0

x cosnx dx u = x ⇒ du = dx, dv = cosnx dx ⇒ v =
1

n
sinnx

∫ π

0

x cosnx dx =
x

n
sinnx

]π
0

−
∫ π

0

1

n
sinnx dx

= 0 +
1

n2
cosnx

]π
0

=
1

n2
(cosnπ − cosn(0) ) =

1

n2
((−1)n − 1)

∴ an =
2

n2π
((−1)n − 1)

bn =
1

π

∫ π

−π

f(x) sinnx dx =
1

π

[ ∫ 0

−π

0 dx+

∫ π

0

2x sinnx dx

]
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=
2

π

∫ π

0

x sinnx dx u = x ⇒ du = dx, dv = sinnx dx ⇒ v =
−1

n
cosnx

=
2

π

[
−1

n
x cosnx

]π
0

+
1

n

∫ π

0

cosnx dx

]

=
2

π

[
−1

n
π (−1)n +

1

n2
sinnx

]π
0

]
=

2

π

[
−π

n
(−1)n +

1

n2
(0− 0)

]

bn =
2

π
(−1)n+1, n = 1, 2, . . .

∴ the Fourier series of f(x) is

2

π
+

∞∑
n=1

[
2

πn2
((−1)n − 1) cosnx+

2

n
(−1)n+1 sinnx

]

Example 4.0.4 : Find the Fourier series of the following functions

1) f(x) =


1 :

−3π

2
< x <

π

2

−1 :
π

2
< x <

3π

2

2) f(x) = x3 − π < x < π

3) f(x) =


x :

−π

2
< x <

π

2

π − x :
π

2
< x <

3π

2

4) f(x) =


0 : −π < x < 0

π − x : 0 < x < π
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The Euler-Fourier Formula

If f(x) is a continuous and periodic function of period 2L. Use the transfor-

mulation y =
π

L
x for −L < x < L and −π < y < π. Then

y =
π

L
x ⇒ x =

L

π
y ⇒ dx =

L

π
dy

Now,

f(x) = f(
L

π
y) = F (y)

∴ F (y) is continuous and periodic function of period 2π, then the Fourier series

of F (y) is

F (y) =
a0
2

+
∞∑
n=1

(an cosny + bn sinny)

where

a0 =
1

π

∫ π

−π

F (y) dy =
1

π

∫ L

−L

f(x)
π

L
dx

=
1

L

∫ L

−L

f(x) dx

an =
1

π

∫ π

−π

F (y) cosny dy =
1

π

∫ L

−L

f(x) cos
nπ

L
x
π

L
dx

=
1

L

∫ L

−L

f(x) cos
nπ

L
x dx

bn =
1

π

∫ π

−π

F (y) sinny dy =
1

π

∫ L

−L

f(x) sin
nπ

L
x dx
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Then the Fourier series of f(x) is

a0
2

+
∞∑
n=1

(an cos
nπ

L
x+ bn sin

nπ

L
x)

Example 4.0.5 : Find the Fourier series for the given function

f(x) =


−1 : −1 < x < 0

1 : 0 < x < 1

f(x+ 2L) = f(x)

Solution:

a0 =
1

L

∫ L

−L

f(x) dx =
1

1

[ ∫ 0

−1

(−1) dx+

∫ 1

0

(1) dx

]

= −x

]0
−1

+ x

]1
0

= (0− 1) + (1− 0) = 0

an =
1

L

∫ L

−L

f(x) cos
nπ

L
x dx

=
1

1

[ ∫ 0

−1

− cosnπx dx+

∫ 1

0

cosnπx dx

=
−1

nπ
sinnπx

]0
−1

+
1

nπ
sinnπx

]1
0

= 0 ⇒ an = 0

bn =
1

π

∫ L

−L

f(x) sin
nπ

L
x dx

=
1

1

[ ∫ 0

−1

(−1) sinnπx dx+

∫ 1

0

(1) sinnπx dx

]
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=
1

nπ
cosnπx

]0
−1

− 1

nπ
cosnπx

]1
0

=
1

nπ
(1− (−1)n)− 1

nπ
((−1)n − 1)

bn =
2

nπ
(1− (−1)n), n = 1, 2, . . .

∴ the Fourier series of f(x) is

∞∑
n=1

2

nπ
(1− (−1)n) sinnπx

Complex Form Of Fourier Series

If f(x) is a periodic function of period 2π, then Fourier series of f(x) is

a0
2

+
∞∑
n=1

(an cosnx+ bn sinnx

where

an =
1

π

∫ π

−π

f(x) cosnx dx, n = 1, 2, . . .

bn =
1

π

∫ π

−π

f(x) sinnx dx, n = 1, 2, . . .

By using Euler formulas

einx = cosnx+ i sinnx

e−inx = cosnx− i sinnx

⇒ cosnx =
1

2
(einx + e−inx)

sinnx =
1

2i
(einx − e−inx)
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f(x) =
a0
2

+
∞∑
n=1

an (
einx + e−inx

2
) + bn (

einx − e−inx

2i
)

=
a0
2

+
∞∑
n=1

(
an − ibn

2
) einx + (

an + ibn
2

) e−inx

⇒ f(x) = C0 +
∞∑
n=1

(C−n einx + Cn e−inx)

where

C0 =
a0
2

=
1

2π

∫ π

−π

f(x) ei0xdx

C−n =
an − ibn

2
=

1

2π

∫ π

−π

f(x) (cosnx− i sinnx) dx =
1

2π

∫ π

−π

f(x)e−inx dx

Cn =
an + ibn

2
=

1

2π

∫ π

−π

f(x) (cosnx+ i sinnx) dx =
1

2π

∫ π

−π

f(x)einx dx

Then f(x) =
∑∞

−∞ C−ne
inx is called complex Fourier series of f(x) and C−n is

called complex Fourier coefficient of f(x)

Example 4.0.6 : Find a complex form of Fourier series of

f(x) = cosh x − π < x < π

Solution:

C−n =
1

2π

∫ π

−π

f(x) e−inx dx =
1

2π

∫ π

−π

coshx e−inx dx

=
1

2π

∫ π

−π

(
ex + e−x

2
) e−inx dx =

1

4π

∫ π

−π

(e(1−in)x + e−(1+in)x) dx

=
1

4π

[
1

1− in
e(1−in)x

]π
−π

+
1

−(1 + in)
e−(1+in)x

]π
−π

]
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=
1

4π

[
1

1− in
(eπ e−inπ − e−π einπ) +

1

−(1 + in)
(e−π einπ − eπ e−inπ)

since e−inx = einx = cosnπ = (−1)n

=
(−1)n

2

[
1

1− in
(
eπ − e−π

2
) +

1

1 + in
(
eπ − e−π

2
)

]

=
(−1)n

2π
sinhπ

[
1

1− in
+

1

1 + in

]
=

(−1)n

2π
sinhπ (

1 + in+ 1− in

1 + n2
)

=
(−1)n sinhπ

π (1 + n2)

∴ f(x) =
sinhπ

π

∞∑
−∞

(−1)n

(1 + n2)
einx is complex Fourier series

since einx = cosnx+ i sinnx

e−inx = cosnx− i sinnx

it can be seen that, the imaginary part will cancel when we add these two

equations and their result is 2 cosnx. If n = 0 ⇒ ei0x = 1

f(x) =
sinhπ

π
(1− 2

1 + 12
cosx+

2

1 + 22
cos 2x− 2

1 + 32
cos 3x+ . . . )

=
2 sinhπ

π
(
1

2
− 1

1 + 12
cosx+

1

1 + 22
cos 2x− 1

1 + 32
cos 3x+ . . . )

Example 4.0.7 : Find the Fourier series of

f(x) = ex ,−π < x < π

and obtain the usual Fourier series?

Solution :



166

C−n =
1

2π

∫ π

−π

f(x) e−inx dx

=
1

2π

∫ π

−π

ex e−inx dx

=
1

2π

∫ π

−π

e(1−in)x dx

=
1

2π

1

1− in
e(1−in)x

]π
−π

=
1

2π

1

1− in
(e(1−in)π − e−(1−in)π)

=
1

2π

1 + in

1 + n2
(eπ e−inπ − e−π einπ)

Remark: e−inπ = einπ = cosnπ = (−1)n

=
1

π

1 + in

1 + n2
(−1)n (

eπ − e−π

2
)

C−n =
(−1)n

π
sinhπ (

1 + in

1 + n2
) , n = 0,∓1,∓2, . . .

then f(x) =
∞∑

n=−∞

(−1)n

π
sinhπ (

1 + in

1 + n2
) einx

=
sinh π

π

∞∑
n=−∞

(−1)n

1 + n2
(1 + in) einx
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since einx = cosnx+ i sinnx

e−inx = cosnx− i sinnx

(1 + in) einx = (1 + in) (cosnx+ i sinnx)

= (cosnx− n sinnx) + i(sinnx+ n cosnx)

where n is positive.

(1− in) e−inx = (1− in) (cosnx− i sinnx)

= (cosnx− n sinnx)− i(sinnx+ n cosnx)

where n is negative.

We can see that when we add all the positive and negative n terms the imag-

inary part will vanish, so the real part will just remain.

if n = 0 ⇒ (1 + in) einx = 1

then f(x) =
sinhπ

π
(1− 2

1 + 12
(cosx− sinx) +

2

1 + 22
(cos 2x− 2 sin 2x)

+
2

1 + 32
(cos 3x− 3 sin 3x) + . . . )

f(x) =
sinh π

π
(1− 1

1 + 12
(cosx− sinx) +

1

1 + 22
(cos 2x− 2 sin 2x)

+
1

1 + 32
(cos 3x− 3 sin 3x) + . . . ) where − π < x < π

Remark: If f(x) is a periodic function of period 2L, then the complex Fourier
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series of f(x) is defined by

f(x) =
∞∑

n=−∞

C−n e
in
π

L
x

where

C−n =
1

2L

∫ L

−L

f(x) e
−in

π

L
x
dx

Example 4.0.8 : Find the complex Fourier series for the following functions?

1) f(x) = x , 0 < x < 2π,

2) f(x) =


0 : −π < x < 0

1 : 0 < x < π

Remark: 1) If f(x) is even function on (−L,L) then

an =
1

L

∫ L

−L

f(x) cos
nπ

L
x dx =

2

L

∫ L

0

f(x) cos
nπ

L
x dx , n = 0, 1, 2, . . .

and

bn =
1

L

∫ L

−L

f(x) sin
nπ

L
x dx = 0

since f(x) sin
nπ

L
x is odd function, so the Fourier series of f(x) is

f(x) =
a0
2

+
∞∑
n=1

an cos
nπ

L
x for n = 1, 2, . . .

this kind of Fourier series is called cosine Fourier series.
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2) If f(x) is odd function on (−L,L) then

an =
1

L

∫ L

−L

f(x) cos
nπ

L
x dx = 0, because

f(x) cos
nπ

L
x is odd for n = 0, 1, 2, . . .

but

bn =
1

L

∫ L

−L

f(x) sin
nπ

L
x dx =

2

L

∫ L

0

f(x) sin
nπ

L
x dx

then the Fourier series of f(x) is

f(x) =
∞∑
n=1

bn sin
nπ

L
x

this kind of Fourier series is called sine Fourier series.

Example 4.0.9 : Find the Fourier series of the periodic function of period 4,

f(x) = −x − 2 < x < 2

Solution: Since f(x) is odd function, so

an = 0 , n = 0, 1, 2, . . .

2L = 4 ⇒ L = 2

since bn =
2

L

∫ L

0

f(x) sin
nπ

L
x dx

=
2

2

∫ 2

0

(−x) sin
nπ

2
x dx
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bn = −
∫ 2

0

x sin
nπ

2
x dx let u = x ⇒ du = dx

dv = sin
nπ

2
x ⇒ v =

−2

nπ
cos

nπ

2
x

= −
[
−2x

nπ
cos

nπ

2
x

]2
0

−
∫ 2

0

−2

nπ
cos

nπ

2
x dx

]

= −
[
−4

nπ
cosnπ − 0 +

4

n2π2
sin

nπ

2
x

]2
0

]

= −
[
−4

nπ
cosnπ +

4

n2π2
(0− 0)

]

bn =
4

nπ
(−1)n , n = 1, 2, . . .

Then the Fourier sine series of f(x) is

f(x) =
4

π

∞∑
n=1

(−1)n

n
sin

nπ

2
x

Example 4.0.10 :1) Find the Fourier cosine series of

f(x) = |x| , 0 < x < π, f(x+ 2π) = f(x)

2) Find the Fourier series for each of the following function with period 2π

(assumed).

a) f(x) =


k :

−π

2
< x <

π

2

0 :
π

2
< x <

3π

2

b) f(x) =


x :

−π

2
< x <

π

2

π − x :
π

2
< x <

3π

2
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c) f(x) =


−x : −π < x < 0

x : 0 < x < π

d) f(x) = x+ π − π < x < π

Definition 4.0.5 : A function f(x) is said to be removable discontinuity at a

point x = a, if the limit of f at a exists and is finite, but f(a) is not defined.

Example 4.0.11 : f(x) =
sinx

x

since lim
x→0

f(x) = lim
x→0

sinx

x
= 1

but f(0) is not defined.

therefore f is removable discontinuity.

Definition 4.0.6 : A function f(x) is said to be jump discontinuity at a point

a, if the left hand and right hand limits at a exist, are finite but they are different

(not equal).

i.e.

lim
x→a+

f(x) and lim
x→a−

f(x) exist

, but

lim
x→a+

f(x) ̸= lim
x→a−

f(x)

Example 4.0.12 : f(x) =


1 : 0 < x

−1 : x < 0

lim
x→0+

f(x) = 1 and lim
0−

f(x) = −1

, but lim
x→0+

f(x) ̸= lim
x→0−

f(x)

∴ f(x) at x = 0 is jump discontinuity.
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Definition 4.0.7 : A function f(x) is said to be bad discontinuity at a point

x = a, if f(x) is not removable and jump discontinuity at a and also f is not

continuous at a.

Example 4.0.13 : f(x) = e

1

x

x = 0 is bad discontinuity, since e

1

x is unbounded function.

Definition 4.0.8 : A function f(x) is said to be sectionally continuous (or

piecewise continuous ) on an interval a ≤ x ≤ b if the interval can be subdivided

into a finite number of intervals in each of which the function is continuous and

has finite right and left hand limits.

Example 4.0.14 :

1) f(x) =
sinx

x
on [−1, 1] is sectionally continuous, since f is continuous

on [−1, 1] except at x = 0 (x = 0 is removable discontinuity)

2) f(x) = f(x) =


2 : −1 ≤ x ≤ 0

−3 : 0 < x < 1

since f is continuous on (-1,1) except at x = 0

∴ f is sectionally continuous.

Definition 4.0.9 : A function f(x) is said to be sectionally smooth on an in-

terval [a, b], if f is sectionally continuous on [a, b] and f ′(x) exists at the points

such that f is continuous on [a, b].

Example 4.0.15 : 1) f(x) = |x| is sectionally continuous on [−1, 1] ?

Solution: f is continuous at x = 0, but f is not differentiable at x = 0.

∴ |x| is not sectionally smooth on [−1, 1].

2) f(x) =
1

x− 2
is not sectionally continuous on [−3, 3], since x = 2 is bad

discontinuity of f .


