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Some Special Functions s
1. Impulse Function 6 (t)

ord(x),Ift=x.

6(1:) o { 0 ¢t+0 =] | [ | I —?
0%e) t=20 a4 4 &l 0 1 2 3
anfm“u{r--u)=[‘: ::: ﬁnp‘“u“u{ﬁeﬂ={? :;::
1.0 1.0
2. Unit step function u(t)
0 = = (sec.) ey ~ (s8¢,
u(t) =1 t=>0 (@) ut=a) ©) et +a)
A Amplitude Amplitude
1 10 T | = {0 2
0 -t T R

() ufa=1) (d) = a—1)
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Reflection and shifting of unit step function

e 2)
Reflected Unite Step
Function
u(t-17)
[ ) Shifted Unite Step
| T > Function
u(-(7- D)=u(r-1)
Reflected and Shifted
Unite Step Function
- > 1
v,lt) vylt)
3ult-1) 3u(t-1)- 3u(t-2)
EX1: Plot 3 b— i __ sF
3u(t-1)- 3u(t-2) 2
0 1 t 0 t o ! 2
< E— R
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Continuous Fourier transform (C F T)

JFourier transform (F.T) provides the link between the time-
domain and frequency domain descriptions of a signal.

JFourier transform can be used for both periodic and nonperiodic
signals.

0.0}

F ((0) = f(t)e =J wtdt Fourier Transform (1)

=0

(0.0}

1 :
f (t) = E F ((,()) el®tdy Inverse Fourier Transform (2)
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Fourier transform (FT) and inverse Fourier transform (IFT) of 6(¢)
SO} = [ @) e dt = [ §(t) e /WwOdt =1
5(t) 3{6(0)}] 1

t W
STHEW)} = — [ 8(w) etdt = — [ §(w) e/ Otdt = —

f(t) 3{f(t)}
6(t) 1
5(w) IUSW} t 4 1| 2msw)=5()
S(t —ty) e~ JWto

et/Wto | 26 (w + wy) =

6(f % fo)
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Properties of delta- Dirac function
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Ex2: Find and plot the Fourier transform (F.T) for the rectangular

function shown i
A
_ N _[A —1/2<t<1/2
F6)=meet (T) B {0 otherwise
- T/2
F(w) =J et =f Ae Jotqgt
- L 2 w2 !
A . 1'/2 pJwT/2 _ p—jwt/2 pJwT/2 _ p—jwt/2
=— [ = : = At :
—jw —E/2 jw 2jwt/2
elX_e~Jx F(w)
Since SIn X = T At
N\

_sin(wt/2) . (WT |
F(w) = At 0tz AtSinc (7) N \ A

S oam fam oo m Jam o

T 1 1 T



Ex3: Find FT of f(t) = e~ %" u(t),
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a>0

F(w) = f ) f(t)e Jotdt = f ooe“"'tu(t)e-f"’tdt

F(w) = f e~ (atjo)tgy
0

1 . 0
— —(a+jw)t
Fw) —(a + jw) [e ] 0
1
Flw) = a+jw

H.W : Find and plot FT of
the function shown

1

—(a+jw)

[0-1]

=

fio A

s ()

L

i
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Fourier Transform Pair (FTP) of even and odd non-periodic
functions

dFourier Transform Pair (FTP) of even non-periodic functions is:

f(t) = %fooo F(w)coswtdw ... 3)
Fw)=2[f(®coswtdt =I{f()}  ...... (4)
Fourier Transform Pair (FTP) of odd non-periodic functions is:
f@©) == [ Fw)sinwtdw .. (5)

Fw)=2[ f@®sinwtdt =J{f(O)} ....... (6)
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Ex4: Find and Plot the spectrum of the function:

Z/QD
- Its even function -1 il t

1 4 2
- F(w) =2/ 2(1—t)coswt dt = — (1 —cosw)~.
- We have sin“8 = %(1 — cos 26), and assuming 2 8 = w, then

-9 = % Therefore:

- F(w) = — sz (VZV) =2 (Si;%)z

- H.W : Plot its spectrum.




By: Assistant Professor Maha George Zia

Table 1: Fourier transform properties

1) Linearity x(t) =Axy(t) + Bxy(t) X(jw)= AX,(jw)+ BX,(jw)
2) | Time shifting x(t — tg) e 1ot X(jw)

3) | Conjugation X (1) X (—jw)

5 ::‘ift'i::;ntiation d’; 1::) o) X(w)

6 | Intogration f_ :ox(r)dt ,% X (jw) + 1. X(0). 8(w)
7) | Time scaling x(at) % x (j %)

8) | Time reversal x(—) X(—jw)

W x(®). e/t X (i@ — w0))

10) | Duality X(0 2nx(—jw)

12) pheen | E= [ k@Par ~on | IxGPat
13) | Modulation z(t) = x(t). y(v) Z(w) = % X(jw)*Y(jw)
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Some examples of Fourier Transform properties:
1- Scaling property: | Time and frequency scaling:

x(at) 4—3—* |T1| X(%)
Example:
e 2 y(t) E‘* ;+1l—=} 1( )
= 1+ (£
a
Time shifting:

2- Time shifting(delay):

x(t-t;) *-3:" e Wt X(w)

{5t —3)}= e V3 1
3-Modulation (frequency shifting):

EX5: 3{f(t) coswyt} =3 {f(t) [ejnw0 +ze_jnwo]}
wo) + F(w + wy)}

= {(F(w -
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EX6: 3 =2 0((F = fo) +8(f + fo)} =
m{S((w—wy) + (W + wy)}

{ejnwo + e‘jTlWo}

4- Duality property:

x(t)
X{w)

zsinwt

w 2mt 3_- .
L.

Example 4.10:

Xlew)

x(t)
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- Convolution

1
2.
3.
4

Change the axis to 7 for both functions.
Let f; () to be fixed function.
Reflect (invert) the function f,(7) to be f,(—1).

Multiply and integrate both functions, the fixed function f;(7)
with the reflected function £, (—1).

Now Shift £, (—7) by a value of ¢ ,multiply and integrate with the
fixed function f; (7).

The sifting of f,(—t) Is stopped when there is no area (no
relations) to be calculated.

Note: convolution in time = multiplication in frequency domain

SAORLM) =3 @M —1)dt) = Fy(w). Fy(w)



() = 1O f()}
rOO

J

[

= fit = D) f2(D)dr

1. 0<t<1 —

= | A@f(-1)dr '51

t
f(t)=J1.1dT=t 1-
0
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2.1<t<?2
1
f(t) = j 1l.l1dt=2—-t
t—1
3.t>2
f()=0
(0 t<0
t 0<t<1
fO=92_¢+ 1<t<2
. 0 t>?2

\ 4

—) f 2_(7_1’_?/ £.(7)
0O-1+t1 t 2 =T
fr(—t+1)
1
0 1 '
f()
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Discrete Fourier Transform(DFT)
- Given a sequence x(n),0 <n <N 1, its DFT is defined as:

N-l N=1
XM = Y x(e ™™ = N xiy Wi, for k=0, 1,..., N~ 1. @
n=0 n=0

- where the factor W (called the twiddle factor) is defined as:

Wy = e 47N = cﬂs(%ﬁ) — sin(%ﬂ). (8)

- The inverse DFT is given by:

1 N=] 1 N=]
x(n) = X(k)ePmaiN = m Y X)Wy, forn=01,...,N-1 (9
k=0 k=0

MATLAB functions fft() and ifft() are used to compute the DFT coefficients




By: Assistant Professor Maha George Zia

Ex7: Given a sequence x(n) for 0 <n < 3, where x(0) = 1, x(1) = 2,
X(2) =3, and x(3) = 4. Evaluate its DFT X(k).
Solution: Since N =4 and W, = 72 | using Eq. (7):

mkn

3 3
X)) =Y xmWy" => xme =
=0 =0
Thus, fork =10
3
X(0) = x(me? = x(0)e ™ + x(1)e ¥ + x(2)e 7 + x(3)e
L

= x(0) + x(1) + x(2) +x(3)
—14+2+3+4=10
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X ()= ix(ﬂ)f‘*’? = x(0)e P 4 x()e 7% + x(2)e 7™ + x(3)e F
n=0

= x(0) — jx(1) — x(2) +jx(3)
=1 —j2-3+jd=-2+}2

fork =2

X (2) = i x(ﬂ)e—jﬂ'n — x(U)E_jﬂ 4+ I(I)E_jﬂ + x(z) o2 + IG) o—J37
n=0

= x(0) — x(1) + x(2) — x(3)
and for k = 3

3
X3) =Y x(m)ePF = x(0)e 7 + x(1)e ¥ + x(Q)e P + x(3)e ¥
n=I0
= x(0) + jx(1) — x(2) — jx(3)
— 1—I—j2—-3 —-jfl-: —-2—-_f2
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- Ex8:Using the DFT coefficients X(k) for 0 < k <3 computed in
Example 7. Evaluate its inverse DFT to determine the time

domain sequence Xx(n).
- Solution: Since N =4 and W, = e™2 | using Eq. (9):

x(n) = Z,&’(k] Wk = i X(k)e =

.I::
Then for n =0

1

3
X(0) = % > Xk = 2 (X(0e” + X(1e + X(2)e/* + X(3)e””)
k=0

= 201 (~242) -2+ (~2-2)) =
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form =1
x(1) = -}T if{k)eﬁ? = 3—1 (X(ﬂ)ei“ + X(DeF + X(2e/™ + Jf(3)eﬁf)
k=0
= 3 (X +jX (1) — X(2) —jX(3))
= 20+ J(—24/2) = (=2) —j(—2—j2)) =2
formn=2
3
x(2) = -}T D> X(R)eHT = jT(x(ﬂ)ef“ + X ()™ + X(2)e*™ + X (3)e/™)
k=0

1
= 7 (X(0) — X(1) + X (2) — X(3))
=20 — (=242 + (=D —(—2—j2) =3
and forn =3

x(3) = % Zj}f (k)el T = :—I (}f(ﬂ)ef“ + X(De/T + X ()™ + f(g)eﬁf)
k=0

1
= 7 (X(0) — jX(1) — X(2) +/X(3))

1 : : : :
= (10 —j(—2+2) = (= 2)+j(—2—2)) = 4
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- using the MATLAB function fft( ) for Ex.7:
- X=1ft([1 2 3 4])
- X =10.0000 -2.0000+ 2.00001 -2.0000 -2.0000- 2.0000i

- Applying the MATLAB function ifft( ) for Ex.8 achieves:
- x = ifft([10 -2+ 2j -2 -2-2j])
-Xx=1234

Fast Fourier Transform (FFT)

~ Complex multiplications of DFT = N?, and (10)

N

Complex multiplications of FFT = 5 log, (V).
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FFT-Reduced decimation in-frequency ( Reduced DIF FFT)

- The definition of FFT is X&) =) x(mWy fork=0,1,..., N - L. (11)

- where Wy, = 727N js the twiddle factor, and N = 2, 4, 8, 186, . .
» The inverse FFT (IFFT) iIs defined as below, where 7, — Wi]

1 N-1 1 N-1 )
x(n):EZX(k)Wj”:EZX(@W;?*, fork=0,1,...,N—1. .
k=0 k=0

- The Butterfly structure for DIF FFT and DIT FFT is shown below:

A DIF C E DIT

Bj z D G pH
-1 Wy Wy -1

C=A+B.D=(A-B) . F=E+W,;G H=E-W;G
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- Note the bit reversed order in Fig. 2 and Fig.3 in the output

N N/2 N/4

x(0) >3+ X(0)
(1) .Q g % p;><; N, ya
x(2) - »7* X(2)
x(3) ._/\._1. Mwﬂi X(6)

o R =
=] §

6 X(3

oy LSS ST e T

x(7) 1 X(7)

.

[ Time domain ]
Fig.2 Block diagram for reduced DIF FFT, N =8
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N N/2 N/4 1
X(0) AN vt X(0)
i “ Wy
X(Z) \ D * c l'fg -— ,...% X(2)
@ O & T e X(6)
X(4) ":"* W 5 x(1)

[a =

X(5) > * ‘ X(5)

ERVANNL s s 3
X(7) / W : W =~ H. Xx(7)

[ Time domain }

Fig.3 Block diagram for the reduced DIF IFFT, N =8

[a = I
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- EX.9. Given a sequence x(n) for 0 <n < 3, where x(0) =1, x(1) =2, x(2)
= 3, and x(3) = 4,Evaluate its DFT X(k) using the decimation-in-
frequency FFT mathnd

. HPR Bit index Bit reversal
Solution: 00, X0)=1 YO 00
0 xs TR ) on
11 x(3)=4 X@3) 1

- Ex.10. Given the DFT sequence X(k) for 0 < k < 3 computed in EXxI.
Evaluate its inverse DFT x(n) using the decimation-in-frequency FFT

method. N
Bitindex 1 Bitreversal
- Solution: 00 X(0)=10 J i S x0)=1 00
01 X(1)=-2+/2 e x(2)=3 10
0 X(2)=-2 24 x(1)=2 01
11 X(3)=-2-2 4, x(4)=4 11




