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The inverse Laplace transform of 𝐹(𝑠) is 𝑓(𝑡), i.e:

….(17)

Where ℒ−1 is the inverse Laplace transform operator. It can be found by:

1. Using Properties.

2. Partial fraction method.

3. The convolution theorem.
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1. Inverse of LT using Properties

Ex14:                                           its 

Ex15:                                         its
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See Table (1)
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2. Inverse of LT using partial fraction method 

F(s) is a rational function, i.e., :

….(18)

Where, Zeros are the roots of the numerator, and Poles are the roots of the
denominator. The system is stable if the poles lie on the left side of S-plane.

jw

𝝈

S-plane, s = 𝝈+ jw

Oscillating (critical stable, jw axis)
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𝐹 𝑠 =
𝑃(𝑠)

𝑄(𝑠)
=

𝑃(𝑠)

𝑠±𝑎1 𝑠±𝑎2 … 𝑠±𝑎𝑛 𝑠±𝑎 𝑟 𝑠+𝑎 2+𝑏2
….(19)

2.1 To find Distinct roots: 

𝐹 𝑠 =
𝑃(𝑠)

𝑄(𝑠)
=

𝐴1

𝑠−𝑎1
+

𝐴2

𝑠−𝑎2
+⋯+

𝐴𝑛

𝑠−𝑎𝑛
….(20)

𝐴𝑖 = lim
𝑠→𝑎𝑖

𝑠 − 𝑎𝑖 𝐹(𝑠), 𝑖 = 1,2,… . , 𝑛 ….(21)
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2.2 To find repeated roots:

𝐹 𝑠 =
𝑃(𝑠)

𝑄(𝑠)
=

𝐴𝑟

𝑠−𝑎 𝑟 +⋯+
𝐴2

𝑠−𝑎 2 +
𝐴1

𝑠−𝑎
….(22)

, it is called residue theorem      …(23)

𝑤ℎ𝑒𝑟𝑒 𝑟 =highest order of the pole (degree), i = 0,1,2,…,r-1 

2.3. To find complex conjugate roots

𝐹 𝑠 =
𝐸𝑠+𝐷

𝑠+𝑎 2+𝑏2
…(24)

ℒ −1 𝐸𝑠+𝐷

𝑠+𝑎 2+𝑏2
=

1

𝑏
𝑒−𝑎𝑡 𝐺𝐼 cos 𝑏𝑡 + 𝐺𝑅 sin 𝑏𝑡 ….(25)

7

𝐴𝑟−𝑖 =
1

(𝑖) !
lim
𝑠→𝑎

𝑑𝑖

𝑑𝑠𝑖
𝑠 − 𝑎 𝑟 𝐹 𝑠
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The real and imaginary values can be found by : 

𝐺𝑅 + 𝑗𝐺𝐼 = lim
𝑠→−𝑎+𝑗𝑏

𝑠 + 𝑎 2 + 𝑏2 𝐹(𝑠) …(26)

Ex 16: Find y(t) if 𝑌 𝑠 =
𝑠

𝑠+2 2 𝑠2+2𝑠+10

ℒ −1
𝑠

𝑠 + 2 2 𝑠2 + 2𝑠 + 10
=

𝐴2
𝑠 + 2 2

+
𝐴1

𝑠 + 2
+

𝐸𝑠 + 𝐷

𝑠 + 1 2 + 9

Using eq. (23) for repeated roots. The highest root has r =2 degree, i = 0,1

𝐴2 = 𝐴2−0 =
1

0 !
lim

𝑠→−2

𝑑0

𝑑𝑠0
𝑠 + 2 2 𝑠

𝑠+2 2 𝑠2+2𝑠+10
=

−1

5
, i = 0
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𝐴1 = 𝐴2−1 =
1

1 !
lim

𝑠→−2

𝑑1

𝑑𝑠1
𝑠 + 2 2 𝑠

𝑠+2 2 𝑠2+2𝑠+10
, i = 1

𝐴1 = lim
𝑠→−2

𝑠2 + 2𝑠 + 10 − 𝑠(2𝑠 + 2)

𝑠2 + 2𝑠 + 10 2
=

3

50

Using equations (25) &(26) to find the complex conjugate roots: 

ℒ −1
𝐸𝑠 + 𝐷

𝑠 + 1 2 + 9
=
1

3
𝑒−𝑡 𝐺𝐼 cos 3𝑡 + 𝐺𝑅 sin 3𝑡

𝐺𝑅 + 𝑗𝐺𝐼 = lim
𝑠→−1+𝑗3

𝑠 + 1 2 + 9
𝑠

𝑠 + 2 2 𝑠2 + 2𝑠 + 10
=
13

50
− 𝑗

9

50
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ℒ −1
𝑠

𝑠 + 2 2 𝑠2 + 2𝑠 + 10
= ℒ −1{

−1/5

𝑠 + 2 2
+

3/50

𝑠 + 2
} +

1

3
𝑒−𝑡

−9

50
cos 3𝑡 +

13

50
sin 3𝑡

∴ 𝑦 𝑡 =
−1

5
𝑡 𝑒−2𝑡 +

3

50
𝑒−2𝑡 +

1

3
𝑒−𝑡

−9

50
cos 3𝑡 +

13

50
sin 3𝑡

3. The convolution theorem. 

If the Laplace Transform of two functions F(s) and G(s) exist, then the product

H(s)=F(s). G(s) is the transform of h(t) given by:

, Note : * or ⨂ denote Convolution …(27)
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Ex.17: If 𝐻 𝑠 =
1

𝑠2+𝑤2 2 . Find h(t)

ℒ−1
1

𝑠2+𝑤2 = sin𝑤𝑡, now using eq.(27) , then:

ℎ 𝑡 =
sin𝑤𝑡

𝑤
⨂
sin𝑤𝑡

𝑤
=

1

𝑤2
න
0

𝑡

sin𝑤𝜏 sin𝑤 𝑡 − 𝜏 𝑑𝜏

=
1

2𝑤2
න
0

𝑡

−cos𝑤𝑡 + cos(2𝑤𝜏 − 𝑤𝑡) 𝑑𝜏

=
1

2𝑤2
−𝜏 𝑐𝑜𝑠𝑤𝑡 +

sin𝑤𝜏

𝑤

𝑡
𝜏 = 0

=
1

2𝑤2
−𝑡 cos𝑤𝑡 +

sin𝑤𝑡

𝑤

11

Note: 
Let 𝐴 = 𝑡 − 𝜏, then
sin𝑤𝜏 sin𝑤𝐴 =

1

2
cos 𝑤𝜏 − 𝑤𝐴 − cos(𝑤𝜏 + 𝑤𝐴)

=
1

2
{

}

cos 𝑤𝜏 − 𝑤 𝑡 − 𝜏

− cos 𝑤𝜏 + 𝑤 𝑡 − 𝜏

=
1

2
{cos 2𝑤𝜏 − 𝑤𝑡 − 𝑐𝑜𝑠𝑤𝑡}
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1. LT applied to differential equation.

2. Simultaneous equations.

3. RLC circuit with initial condition

1. LT applied to differential equation (DE)

Ex18. Solve the following DE using LT: 
𝑑2𝑦

𝑑𝑥2
− 3

𝑑𝑦

𝑑𝑥
= 9, 𝑦 0 = 𝑦′(0) = 0

12

ℒ−1𝐻 𝑠 = ℒ−1 𝐹 𝑠 . 𝐺 𝑠 = ℎ 𝑡 = 𝑓 𝑡 ∗ 𝑔 𝑡 = න
0

𝑡

𝑓 𝜏 𝑔 𝑡 − 𝜏 𝑑𝜏

multiplication in s-domain = Convolution in time
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y(t)

2. Simultaneous Differential equations.

Ex19. Find y(t) by solving the following Differential equations using LT:

𝑦′ + 2𝑦 + 6න
0

𝑡

𝑧 𝑑𝑡 = −2 𝑢(𝑡)

𝑦′ + 𝑧′ + 𝑧 = 0 , 𝑦 0 = 𝑦0 = −5, 𝑧 0 = 𝑧0 = 6



B
y:

 M
ah

a 
G

eo
rg

e 
Zi

a 
-

A
ss

is
ta

n
t 

P
ro

fe
ss

o
r

Taking LT of both equations and substituting by I.C:

𝑠 𝑌 𝑠 + 5 + 2 𝑌 𝑠 +
6

𝑠
𝑍 𝑠 = −

2

𝑠
(1)

𝑠 𝑌 𝑠 + 5 + 𝑠 𝑍 𝑠 − 6 + 𝑍 𝑠 = 0 (2)

Multiplying eq(1) by s and rearrange both equations:

𝑠2 + 2𝑠) 𝑌 𝑠 + 6𝑍(𝑠 = −2 − 5 𝑠 (3)

𝑠 𝑌 𝑠 + 𝑠 + 1 𝑍 𝑠 = 1 (4)

Using Crammers rule (see Appendix A) then:

𝑌 𝑠 =
−2−5𝑠 6

1 𝑠+1
𝑠2+2𝑠 6

𝑠 𝑠+1

=
−5𝑠2−7𝑠−8

𝑠(𝑠+4)(𝑠−1)
=

𝐴

𝑠
+

𝐵

𝑠+4
+

𝐶

𝑠−1
….(5)

15
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Applying eq.(20) and eq.(21), the values of A= 2, B = − 3, and C = − 4.

substituting them in eq.(5):

𝑌 𝑠 =
2

𝑠
+

−3

𝑠 + 4
+

−4

𝑠 − 1
Then:
𝑦 𝑡 = 2 𝑢 𝑡 − 3𝑒−4𝑡 − 4𝑒𝑡

To check, substitute by t = 0 in 𝑦 𝑡 to find  𝑦 0 which should be equal to − 5

H.W:  Find z(t)

16
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• 3. RLC circuit with initial condition
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Ex20: Find i(t) for the circuit shown if 𝑖𝐿 0 = 0 𝐴.

𝑣𝑖𝑛(𝑡) 1                                           R=1Ω

1          t           L=1 H

𝑅 𝑖 + 𝐿
𝑑𝑖

𝑑𝑡
= 𝑡{𝑢 𝑡 − 𝑢 𝑡 − 1 }

Taking LT:

𝑅 𝐼 𝑠 + 𝐿 𝑠𝐼 𝑠 − 𝑖 0 =
1

𝑠2
− 𝑒−𝑠ℒ(𝑡 + 1)

𝑠 + 1 𝐼 𝑠 =
1

𝑠2
− 𝑒−𝑠

1

𝑠2
+
1

𝑠
=

1

𝑠2
− 𝑒−𝑠

1 + 𝑠

𝑠

∴ 𝐼 𝑠 =
1

𝑠2(𝑆+1)
−

𝑒−𝑠

𝑠2
, using eq.(6) for first term, and eq.(11) for second term where f(t)=t

∴ 𝑖 𝑡 = 0
𝑡
0
𝑡
𝑒−𝑡 𝑑𝑡 𝑑𝑡 −{(t-1) u(t-1)}= 𝑡 + 𝑒−𝑡 − 1 − { 𝑡 − 1 𝑢 𝑡 − 1 }

18



B
y:

 M
ah

a 
G

eo
rg

e 
Zi

a 
-

A
ss

is
ta

n
t 

P
ro

fe
ss

o
r

HW1: Find i(t) for the circuit shown if 𝑣𝑐 0 = 2 𝑉.

𝑣𝑖𝑛(𝑡) R=1Ω

1      2    t              C=1F

Ans:
𝑖 𝑡 = 4𝑒− 𝑡−1 𝑢 𝑡 − 1 − 4𝑒− 𝑡−2 𝑢 𝑡 − 2 − 2𝑒−𝑡

HW2:  Find 𝑣2 𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 𝑠ℎ𝑜𝑤𝑛 𝑖𝑓
𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑜𝑢𝑟𝑐𝑒 𝑖𝑠 𝛿 𝑡 , 𝑣𝑐 0 = 2𝑉, 𝑖𝐿 0 = 1𝐴.

Ans:

𝑣2 𝑡 = 2𝑒−0.5𝑡𝑐𝑜𝑠 0.75 𝑡 −
2

0.75
𝑒−0.5𝑡𝑠𝑖𝑛 0.75 𝑡

19
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R=1Ω
𝑣2(𝑡)
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Appendix A

20


