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The Z-Transform

The z transform of a discrete time signal 𝑥(𝑛)is defined as the power series:

(1)

❑Z-transform inherently concerned with sampled data systems whereas Fourier transform, 

and Laplace transform were developed and used with analog systems. 

❑The one-sided Z-transform of a causal sequence 

❑x(n) is simply defined by: 

❑

❑ …(2)
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Fig.1 Unit circle Z-Transform

Stable system if

poles lie inside the

unit circle



❑Z-transform is an infinite power series, it exists only for those values of 𝑧 for which

this series converges. The Region Of Convergence ROC of 𝑋(𝑧)is the set of all values

of 𝑧 for which 𝑋(𝑧) attains a finite value.

❑Ex1: Find 𝑍{𝑢(𝑛)}:

❑This series will converge if
1

𝑍
< 1, or 𝑍 > 1
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Note: A causal system is one in which the output y(n) at time n depends only on the current input x(n) at time n, 

and its past input sample values such as x(n -1), x(n- 2), ….



Ex2: Find 𝑍{𝑎𝑛𝑢 𝑛 }

• This series will converge if 
𝑎

𝑍
< 1, or 𝑍 > 𝑎
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Ex.3: Find the ROC for the signal 
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Z-Transform of some functions
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𝒙(𝒏) 𝑿(𝒁) 𝑅𝑂𝐶

𝛿(𝑛) 1 All values of Z

𝑢(𝑛) 𝑍

𝑍 − 1

𝑍 > 1

𝑎𝑛𝑢(𝑛) 𝑍

𝑍 − 𝑎

𝑍 > 𝑎

𝑛𝑢(𝑛) 𝑍

𝑍 − 1 2

𝑍 > 1

𝑒−𝐴𝑛𝑢(𝑛) 𝑍

𝑍 − 𝑒−𝐴
𝑍 > 𝑒−𝐴

𝑟𝑛 cos 𝜃𝑛 𝑍2 − 𝑍 𝑟 cos(𝜃)

𝑍2 − 2𝑍 𝑟 𝑐𝑜𝑠 𝜃 + 𝑟2
𝑍 > 𝑟

𝑟𝑛 sin 𝜃𝑛 𝑍 𝑟 sin(𝜃)

𝑍2 − 2𝑍 𝑟 𝑐𝑜𝑠 𝜃 + 𝑟2
𝑍 > 𝑟



Properties of Z-Transform

By: maha George Zia / Assistant Professor 7



Ex.4: Find

❖Y(Z) = Z {y(n) } = Z { 4 u(n) + 3 δ(n)}

❖B) G(Z) = Z {g(n) } = Z { 5 u( n – 3) }

❖C) R(Z) = Z{δ(n) ⨂ δ(n) }

Solution:

❖A) Y(Z) = 4 (
𝑍

𝑍−1
) + 3 1

❖B) G(Z) = Z-3 {(
𝑍

𝑍−1
) }

❖C) R(Z) = (1) . (1)
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Ex5.: Find Y(Z) = Z{ 2n u(n) } 

Solution: Y(Z) =
𝑍

𝑍 −1 𝑍

2

= 
𝑍/2
𝑍

2
−1

Ex.6: Find

By: maha George Zia / Assistant Professor 9



Inverse of Z-Transform

…(3)

The inverse z-transform may be obtained using:

1. Inspection method

2. Partial fraction expansion method.

3. The Residue theorem method.

1. Inspection method

Ex.7: Find x(n), if

then 
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2. Partial fraction expansion method.

𝑋 𝑍 =
𝑃(𝑍)

𝑄(𝑍)
=

𝑃(𝑍)

𝑍 − 𝑎 𝑍 − 𝑏 𝑍 − 𝑐 …

Put 
𝑋(𝑧)

𝑍
=

𝐴

(𝑍−𝑎)
+

𝐵

(𝑍−𝑏)
+

𝐶

(𝑍−𝑐)
+⋯ .

The values of A,B, C,.. Can be found by using the limit of each term. Then:

𝑋 𝑍 =
𝑍𝐴

(𝑍 − 𝑎)
+

𝑍𝐵

(𝑍 − 𝑏)
+

𝑍𝐶

(𝑍 − 𝑐)
+ ⋯ .

By: maha George Zia / Assistant Professor 11



EX.8: Find x(n) using partial fraction method if:  

Eliminating the negative power of z by multiplying the numerator and denominator by z2 yields
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3- The Residue theorem method. 

Ex.9 :Find x(n) using the residue theorem method if 
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Solution of Difference Equations (DE) Using the Z-Transform 

To solve a difference equation with initial conditions, we must deal with time shifted

sequences such as y(n -1), y(n - 2), . . . , y(n - m), and the time shifting property becomes:

(4)

Ex.10: Solve if
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Relations between 

systems 

representation


