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Module Description

Module Aims

The aim of this module is to introduce the students to the basic theory
of ordinary differential equations and give a competence in solving
ordinary differential equations by using different methods of solution

of differential equations.

General Description of the module

The subject of differential equations is a very important branch of
applied mathematics. Many phenomena from physics, biology and
engineering may be described using ordinary differential equations.
They are also used to model the behaviour of systems in the natu-
ral world, and predict how these systems will behave in the further.
For instance, exponential growth (the rate of change of a population is
proportional to the size of the population) is expressed by the differen-
tial equation dP/dt = kP. Newton’s Law of Gravitation (acceleration
is inversely proportional to the square of distance) translates to the
equation 1’ = —ky?. Many examples are found in the fields of physics,
engineering, biology, chemistry and economics.
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The traditional course in differential equations focused on the small
number of differential equations for which exact solutions exist. How-
ever, the methods used by scientists today have changed dramatically
due to computer (using different type of computational package like
Maple, Mathematica, reduce, Singular, etc). Here we will cover almost

all methods for solving every kind of ordinary differential equations.

Homework

Homework will be given at every lecture. You should start working on
the homework problems for a section as soon as that section is covered
in class. Although you are encouraged to consult with other students
and seek help from tutor and me, homework should ultimately repre-
sent your own work. Answers unsupported by work will not receive
credit. Not all problems may be graded. Homework should be neatly
handwritten or typed, on one side of the page only. Copy the problem
in its original form from the lecture (book) and provide the solution

to the problem.
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prerequisite

One must be familiar with the basic differential and integral calcu-
lus, which are the main contents of college level introductory Calculus
course. Although the course does not require more more details in
linear algebra, it will be very helpful if one has a little bit of knowledge
on Linear Algebra such as the determinant of a square matrix, linear
(in)dependence of vectors, and Cramers rule of solving a determined

system of simultaneous linear algebraic equations.

Learning Objectives

e The student will learn to formulate ordinary differential equa-

tions (ODEs) and seek understanding of their solutions.

e The student will recognise basic types of differential equations
which are solvable, and will understand the features of linear

equations in particular.

e Students will be familiar to derive methods to solve ordinary

differential equations.
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Grades

Grades will be assigned on the basis of 100 points distributed as follows:
30 points midterm test.
10 points discussion.

60 points final examination.

Attendance

Class attendance is mandatory. Although I do not have a rigid policy,
anyone who has missed lots of class and is doing poorly in the course
should not except much sympathy from me. If you do miss a class,
it is your responsibility to make up the material and make sure your

homework is turned in on time.

Hours per week Notice Initial Warning | Last Warning
3 3 6 9
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Chapter 1

Linear differential
equations with constant

coeflicients

1.1 Linear differential equations

The general n-th order linear differential equations

Definition 1. A linear differential equation of order n has the form

d™y d" 1y dy B
CLO(.%')% + al(x)W + e @n—1($)@ + an(x)y = F(ac), (11)
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where ag(z),a1(x),...,a,(z) and F(z) depending only on x and

not y.

Remark 1. 1. An n-th order differential equation which is not of

the form (1.1) is called nonlinear.
2. If n =1, equation (1.1) is called a linear first order equation.

3. Ifn =2, equation (1.1) becomes a second order linear differential

equation.

4. If the coefficients ag, ay, . .., a, are constants, we call the equation

(1.1), a linear differential equation with constant coefficients.

5. If at least one of the coefficients ag(x),a1(x), ..., a,(x) is a func-
tion of x, equation (1.1) is called a linear differential equation

with variable coefficients.

6. We use the symbols D, D?, ... to indicate the operator of taking

the first, second, ...derwatiwes. Thus, Dy = %

7. If F(x) =0, equation (1.1) is called a linear homogeneous differ-
ential equation. Otherwise, it is called non homogeneous (inho-
mogeneous, the complementary or reduced) equation.
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Examples
1) 4" +y = 22, is a linear inhomogeneous differential equation with
constant coefficients and it is of second order and first degree.
2) % + % + Z—Z = (0, is a linear homogeneous differential equation of
fiftth order and first degree.
3) Sx% — 2% —Sy(‘f—z +2%y = €”, in a nonlinear non-homogeneous third
order and first degree differential equation with variable coefficients.

4) 5y" —2(y')® — 8y = 0, in a nonlinear homogeneous second order and

first degree differential equation.

Remark 2. We now prove that if y1 and ys are solutions of the homo-

geneous equation (1.1), and if ¢; and ¢y are constants, then

Y=y + ey (1.2)

is also a solution of homogeneous equation (1.1).

Since y1 and yo are solutions of the homogeneous equation (1.1), then

dny dn—ly dy

(@) T+ (@) T a @) @ = 0 (13)
dny dn—ly dy

ao() dx”2 + al(l‘)w_f et an—1(:c)d—; +ap(x)ya = 0. (1.4)

Multiplying equation (1.3) by ¢; and equation (1.4) by ¢ and
3



adding the result, we have

ao(z) (cry)" + o™+ an 1 () (19, + cayh) + an(x) (Crys +cay) = 0

(1.5)

Since

y=cy+ ey = y =ayl oy, ...,y =ayl +oys.

So equation (1.5) becomes

ao(x)y(”) + al(:lz)y(”_l) + ot a1 ()Y + an(x)y = 0.

Thus y is also a solution for homogeneous equation (1.1).

Remark 3. The expression in equation (1.2) is called a linear combi-

nation of the functions y; and ys.

Theorem 1. Any linear combination of solutions of a linear homoge-
neous differential equation is also a solution.
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1.2 Linear dependence

Given the functions fi, fo, ..., f., and if constants ¢y, cs, . . ., ¢,, not all

zero, exists such that
afitefottenfu =0 (1.6)

identically in some interval a < x < b, then the functions are said to
be linearly dependent. If no such relations exists, the functions are
said to be linearly independent. That is, the functions fi, fo,..., fu
are linearly independent when equation (1.6) implies that ¢; = ¢y =

-=c, = 0.

Remark 4. If the function are linearly dependent, then at least one of

them is a linear combination of the others.
Example 1. Show that e* and e** are linearly independent.

solution: Suppose that there exists ¢;, co such that
cre” 4 cpe® = 0. (1.7)
Differentiating equation (1.7) w.r.t. =, we get

cre’ + 2c9e* = 0. (1.8)
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Now subtract equation (1.7) from equation (1.8), we have cpe** = 0.
Since €2* > 0 for all , then ¢, = 0 and substitute in equation (1.13),
obtaining cie* = 0 = ¢; = 0. Hence, ¢; = co = 0 which implies that

e’ and e?* are linearly independent.

The Wronskian:

Definition 2. The Wronskian of the functions fi(x), fo(x), ..., fa(x)

is denoted by Wf1, fa, ..., fn] and defined as the determinant

fl f2 fn

Wi fo fl=|

fl(n—l) f2(n—1) o fr(ln_l)

Example 2. Show that the solutions sinx and cosx of % +y =0 are

linearly independent.

Solution: We calculate the Wronskian

. sinxr Ccosx . )
Wisinz, cos x| = = —sin“z —cos“x = —1 # 0.
coOsT —sinw



Remark 5. Two functions are linearly dependent on an interval I iof

and only if one of the functions is a constant multiple of the other

function.
Theorem 2. If, on the interval a < x < b ag(x) #0, ag,ay, ..., a, are
continuous, and yi,Ys, ..., Yn are solutions of the equation

agy™ + ayy"™ V4 a1y + any =0,
then a necessary and sufficient condition that vy, ..., y, be linearly in-
dependent is the nanvanishing of the Wronskian of yi,...,y, on the

terval a < x < b.

Remark 6. Note that the nonvanishing of the Wronskian is a sufficient
condition that the functions be linearly independent.

The non vanishing of the Wronskian on an interval is not a necessary
condition for linear independence. The Wronskian may vanish even

when the functions are linearly independent.

Proof: [Theorem 2] Suppose that W{yy,...,y,] # 0 for all
a < x < b. We have to prove that solutions yi,...,y, are linearly
independent on a < x < b. We prove by contradiction.

Let y1,...,y, be linearly dependent on a < x < b. So by definition
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of liner dependence there exist constants b1, ..., b,, not all zero, such

that byyi(x) + - - - 4+ byyn(z) = 0. Then for every a < z < b, we have

biyi(x) + -+ buyn(x) = 0

biyi(x) + -+ + bpyp(x) = 0
(1.9)
but" V(@) + -+ bl V(@) = 0
We rewrite the system (1.9) in the matrix notation at = = x
[ n)  m) o wle) ) (n) (o)
1(z Lz N T b 0
yi(zo)  yh(wo) Yn(To) 2| (1.10)
n—1 n—1 n—1
\ " (@) T (wo) o) ) \ba) \0)
Since by, . . ., by, not all zero, then system (1.10) has nontrivial solution
iff
)1 Y2 Yn
/ / /
. b o =0 = Wly,...,ua) =0,
ygn—l) yén—l) yv(zn_l)




which is a contradiction of our assumption that W{y,...,y,] # 0.
Thus, v, ..., y, are linearly independent on a < z < b.

Suppose now that yq,...,y, are linearly independent on a < z < b.
We have to prove that Wy,...,y,] # 0 for all a < 2 < b. Now from

the definition of linearly independent we have

ay(x)+ -+ eyp(e)=0 iff cg=c=-=¢,=0

We differentiate equation above (n — 1) times. So we get a system of

equations

Clyl(l') + -+ Cnyn($) =0

ay(x) + -+ ey (z) = 0

(1.11)
eyt (@) 4+ 4 ey (@) = 0
[ ) w@)  ow@ ) [a)  [0)
B T I Y I L] e

\ v @) @) @) ) \e) \o)



Since the system (1.12) has only zero (trivial) solution ¢; = ¢y =

- = ¢, = 0, then we must have
0N Y2 Yn
/ / /
Y1 Y2 Yn
£0 = Wy, ;] #0,
n—1 n—1 n—1
A

for all a <z <b.

Homework 1. Can you give an example that two function are linearly

independent even that their Wronskian is zero?

Theorem 3. Let yy,...,y, be solutions to the n-th order homogeneous

linear differential equation
any™ + a1y "+ ay + agy =0,

on an interval I, and suppose that Wyy, ..., y,] = 0 is identically zero

on I. Then yi,...,y, are linearly dependent on I.

10



Proof: Let xy be any point in I, and consider the system of linear

equations
ey (zo) + -+ + cayn(0) = 0
c1y1(@o) + -+ + cayp(@0) = 0
(1.13)
eyt (o) + -+ eyl (o) = 0
in the unknowns ¢q,...,c,. Since the Wronskian vy, ...,¥, vanishes

identically on I, then the determinant of (1.13) is zero and the sys-
tem has nontrivial solutions cy,...,c,. Thus, yi,...,y, are linearly

dependent.

Homework 2. Prove that the set of solutions y1 and yo s linearly de-

pend if and only if the Wronskian W yy,ys] = 0. Hint: Use Remark 5.

Remark 7. There are very interesting and important relationships be-
tween the Wronskian for a linear differential equation and the coeffi-

cients in the equation.

Consider the second order differential equation of the form

ao(2)y" + a1(z)y’ + as(x)y = 0. (1.14)
11



Let y1 and y, be solutions of (1.14), then these solutions satisfy (1.14)

ao(x)y + a1(x)y) + az(z)y = 0, (1.15)
and
ao(2)ys + a1(2)ys + as(x)ys = 0. (1.16)

Multiplying equation (1.15) by (—y2) and equation (1.16) by (y1), and

adding the result, we have

ao(x) (y1ys — oy ) + a1 () (Y195 — y2y1) = 0. (1.17)

Since Wy, y2] = 1195 — yoyy, then

AW d(yrys — yoy)
dz dz

14 14
= UY1Ys — Y2Y; -

Substitutes W[y, y2] and Cil—vg in (1.17), we obtain

dW _ (o
aod—+a1W:0 — W ="Ce Sl
x

12



1.3 Differential operators

Let Z—z = Dy. The symbol D is said to be a differentiation operator
as it transform a differentiable function into another function. So,
D = % denotes differentiation with respect to independent variable,
say =, D? = dd—; differentiation twice with respect to x and containing
this process, we have D" = (Zc—"n and D"y = %, for n is positive integer.

We define an n-th order differential operator to be
L = ag(z)D" + a1 () D" ' + - 4 ap_1(2) D + ay(z).

Note that L{af(x) + Bg(x)} = aL{f(x)} + BL{g(x)}.
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Homogeneous linear differential equations with constant
coefficients
The general form of homogeneous linear differential equations with

constant coefficients is

dny dn—ly dy
v —I—alm—i—---—kan_l%—i—any:(), (1.18)
where a;’s are constants for i = 0,...,n. So, equation (1.18) can be

written in the operator notation

(apD" +a D" '+ +a, 1D+a,)y=0 = F(D)y=0

where

F(D)=ayD" +a;D" ' +-- -4+ a,_1D + a,,

which is called characteristic polynomial. If F'(D) = 0, then it is called

characteristic equation.

Properties of operator D:

1. D"+ D" =D"+ D"

2. D"D™ = D™mD"™ = D"*t™,
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3. (D" + D")f(x) = D"f(x) + D" f (x).
4. D"(f(x) +g(z)) = D"f(x) + D"g(x).
5. (D —a)(D —b)= (D —0b)(D —a), a,b are constants.

We now describe and illustrate how one can solve second order differ-

ential equation via an example and then in general.
Example 3. Solve y" + 1y’ — 6y = 0.

Solution: Let D = % and D? = € then

deQ Y

(D*+D—-6)y=0 = (D—2)(D+3)y=0.

Let
(D+3)y=u (1.19)
then
d d d
(D-2u=0 = o= — Lo = S
dx dx U

— Infu/=224+c = u=ke* k=¢
Substitutes in (1.19), we have

d .
(D+3)y =u=ke*” — d—y—l—Sy:kte
T

15



which is a linear differential equation of first order with P(x) = 3 and

Q(x) = ke**. The general solution is given by

[el3 keXde + Oy k[ de+Cy ko,

Y= ef 3dx e3T 5

where A = % and B = ('} are arbitrary constants.

Homework 3. 1)y’ — 1y — sy = 0.

2)y"+y — 2y =0.

Homogeneous linear differential equations of second order
with constant coefficients
The general is

v+ ay’ + by =0, (1.20)

where a,b are constants. Then using The operator D, equation (1.20)

can be written
(D2 +aD+by=0 — (D—oy)(D—a)y=0,

where — (a1 + @) = a and ajas = b.
Let
(D —ag)y=u (1.21)

16



and then substitute in equation (1.20), we have

d d
(D—aj)u=0—= %—ozmzo — % =au = In|u| =z +C4

— u= K",  where K; = e,

Substitute in (1.21), we get

d
(D — )y =u=Kie"" = d_z — gy = K€M,

is a first order linear differential equation with P(z) = —as and

Q(x) = KieM*. So,

[el et (K em®)do + Ky Ky [el®7)7 dy + K,

Yy = ef —agdx 7 e~ Qa2

There are three cases which depends on the nature of o and as.

Case 1: If the roots o and as are real distinct (unequal), i.e. a; #

as € R (if a® — 4b > 0), then

o] —Qg

y: p—

e_agx

K, (a1—an)z
e\d1 a2 + KQ eaQI( Kl e(a1a2)x) i K2 eazx
a1 — Q9
K,
a1 — a2

— y=Ae"" + Be* where A =

and B = K.

17



Case 2: If the roots oy and «s are real equal (repeated). i.e.

a; = ag = a (if a®> — 4b = 0), then

- Klfe(o) d.ZU—I-KQ

Y = Kye"+ Kixe®™ =Ae*™ + Bxe™,
6*0[.’,5

where A = Ky and B = K;.

Case 3: If the roots a; and ay are complex. Let a; = a + @b and
ay = a — ib where a,b € R, b # 0 and 2 = —1 (when a® — 4b < 0).

From Case 1, we have

y=Ae"" + Be™

So,
Yy = Ae(a—i-ib)x + Be(a—ib)x _ eaa:(A eibx + B e—iba:).

By Euler’s formula, we have

e — cosf +isind and e ¥ = cosO —isind.

18



Hence,

y = ™ (A(cos bz + isinbr) + B(cosbx — isinbz))

e’ ((A+ Bceosbx + i(A — B)sinbz)

e (C1 cos bx + Cy sin bx)
is a general solution where C; = A+ B and Cy = i(A — B).

Example 4. Solve the following differential equation:

Dy' =y —2y=0, 2)y" —-2/+y=0, 3y +2y+2y=0.

Solution
1) Clearly, the differential equation is a homogeneous second order
linear differential equation with constant coefficients. In the operator
notation, this equations becomes (D?* — D — 2)y = 0. So, the charac-

teristic (auxiliary) equation is
*—a—2=0 = (a-2(a+l)=0 = a;=2 and ay=—1.

Since the roots are real and distinct (unequal), the the general solution
1S

y = Ae™" + Be®" = Ae* + Be 7,

where A and B are arbitrary constants.

19



2) The characteristic equation is

a’—2a+1=0= (a—1)(a—1)=0 = a=1

which is a double root and the general solution is given by

y = Ae™ 4 Bxe™ = Ae" 4 Bxe”,

where A and B are arbitrary constants.

3) In this example, the characteristic equation is given by

—2F 48
Q2 +20+220 = ajp= jFQ — 1%
— oy =—1+7 and ay=-1—1.
The roots are complex and clearly a = —1 and b = 1, so the general

solution is

y=-e “(Cicosx + Cysinx),

where C and () are arbitrary constants.

Remark 8. The general solution of a homogeneous linear differential

20



equation with constant coefficients, is also known as a complementary

function (solution).

Homework 4. Solve the following differential equation:

Dy +y=0.
2)y" — 4y + 4y = 0.
3)y" =Ty =0.

4y —2V2 +2y = 0.

5)4y" +4y +y = 0.

Homogeneous linear differential equations with constant

coefficients of arbitrary order

Theorem 4. Let
Y+ apoy" )+ ary + agy =0, (1.22)

be an n-th order homogeneous linear differential equation with constant
real coefficients. Let aq,qs,...,q, be the roots of its characteristic

polynomial, and suppose that

f(D)=D"+a, D" ' 4 +ay=(D—a)(D—ay) - (D —a,)

21



1) If a1, 9,...,qp are real distinct (unequal) numbers (a; # o #

... #a, and o; € R, fori=1,...,n), then the functions

a1T Qo QnT

are linearly independent and the general solution of equation (1.22) is

y = Cre™" + Ce™" + ... + Cpre™”,

where C; are arbitrary constants.

2) If aq, e, . .., oy, are Teal equal numbers (repeated) (v = ag = ... =
ap, =« and a; = aw € R, fori=1,...,n), then the functions
eowc7 xeaw) 7xn—leowc

are linearly independent and the general solution of equation (1.22) is

y = C1e™% 4 Coxe™®® + ...+ Cpa" te®,

where C; are arbitrary constants.
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3) If the roots are complex. Let a = a Fib (k times), where n=2k,
a,b € R, b+# 0, then the functions

e sin(bx), xe™ sin(bx), . .., 2" e sin(bx)

e cos(bx), ze™ cos(bx), ..., z" e cos(bx)

are linearly independent and the general solution of equation (1.22) is
y = e"(Cy cos(bx) + Cysin(bx)) + ze™ (Cy cos(bx) + Cysin(bz)) + - --

+e® 2" (Chey cos(bx) + Cysin(bz))

where C; are arbitrary constants.

Example 5. Solve the differential equation

y" — 6y" + 11y — 6y = 0.

Solution:

" — 6y +11y —6y=0 =— (D*—6D*+ 11D —6)y =0,

23



then the characteristic equation is

o —60*+1la—6=0 = (a—1)(a*—5a+6)=0

— (a—1))(a—2)(a—3)=0 = a1 =1,as = 2,3 = 3.

Since all roots are real and distinct, so the general solution is given by

y = C1eM" + Cpe®® 4 O™ = Ce” 4+ Che*™ + Cse™,

where C7, (5 and C3 are arbitrary constants.

Example 6. Find the general solution of the differential equation

y 42 +y=0. (1.23)

Solution: Equation (1.23) has auxiliary equation

' +20+1=0 = (*+1D*+1)=0 = (a*+1)*=0

— a=Fi,F — a=0,0=1.

The roots are repeated complex numbers and clearly it is purely imag-
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inary. So the general solution is
y = e (Cy cos(bx) + Cysin(bx)) + ze™ (Cy cos(bx) + Cysin(bz))

—> y = C) cos(z) + Casin(z) + x(C cos(x) + Cysin(z)),

where C;, for i = 1,2, 3,4 are arbitrary constants.

Example 7. Solve the equation

Solution: In operator notation this equation becomes
(D" —2D° + D*)y = 0,
then the characteristic equation is
a'—20°+a =0 = a’(a*—22*+1) =0 = *(@®*—1)(a?—1) =0

— e+ 1) (a-1)?%*=0 = a=0,0,0,1,1, -1, 1.
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In this case, the general form is given by

y=C1+ Cox + ngz + Cye’ 4+ Csze® 4+ Cge™ " + Crxe™™,

where C;, for i = 1,...,7 are arbitrary constants.

Example 8. Solve the equation
y®) 4 3y 4 4y — 4y 4y = 0.
Solution: The characteristic equation is
o + 30t +40® —da— 4= (a0 — 1)(a®* +2a +2)* = 0.

Clearly, the roots are iy =1, ag3 = —1+iand ayp = —1—i (a = —

1,b =1). The general solution, in this case, is

y=Cre’ + e 7(Cycosx + Csysinx) + xe *(Cycosz + Cysinx),

where C;, for i = 1,...,5 are arbitrary constants.

Homework 5. Solve the following differential equations:
1) y(6) _ y(5) + 2y(4) _ 2y/// + y// _ y/ —0.
2) (D*+ 1)y =0.
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3) (D*+2D?* — 5D — 6)y = 0.

4) (D*+4D)y = 0.

5) (D% —5D* +12D? — 16D? + 12D — 4)y = 0.
6) y® —yW 4 4y — 4y = 0.

Example 9. Find a linear differential equation that has e** and xe 3"

among its solutions.

Solution: Clearly, the roots are a; = 2 and ay = —3. Note that

s = —3 is repeated root, so the characteristic polynomial is given be

f(D)=(D-2)(D+3)? = (D-2)(D+3)?%*=0.

Thus, the linear differential equation is

y" + 4" — 3y — 18y = 0.

Homework 6. The equation

(D?* +aD* +bD +c)y = 0,

where a, b and ¢ are constants, has a solution

y = Cre™® + e **(Cysin 4x 4 Cy cos 4x).
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Determaine the values of a, b and c.

Properties of the operator D

We know that the characteristic polynomial is

f(D) = a,D" + ay 1 D" 4 - 4+ a1 D + ag

where a; are constants for : = 1,..., n.

1) If b is a constant, then f(D){e*} = f(b)e".

Proof: Since i
D{ebx} _ %(ebx) — bebx,

DQ{ebx} _ bQGI)x7

Dn{ebx} _ bnebx.
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So,

f(D){e"} =(anD" 4 ap_1 D" L + - 4+ a1 D + ag){e™},

—a, D"} + ap 1 D" HY 4 - 4 a D) + ag{e),
—a,b" e 4 a,_ 0" e oo 4 arb e + ag e,

—(anb™ + ap_ 0"+ Farh+ ao)ebx,

=f(b)e™.

Example 10. Fvaluate

(D* 43D +2)e’.

Solution: f(D)= D?*+3D+2and b= 3, so, f(3) = 9+9+2 = 20.

Hence,

(D? +3D + 2)e3 =206,
2) f(D*){cos(bz)} = f(—b?) cos(bz), where b is a constant.
Proof: We have

f(D) =a,D" +a, 1D" ' 4 -+ a1D + ay,
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then

f(DQ) = anD2n + an—1D2(n71) Tt a1D2 + ap.

Since

d
D(cosbz) = d—(cos bx) = —bsin bz,
T

D?*(cosbz) = D(D(cosbx)) = D(—bsinbr) = —b* cos b,
D3(cosbx) = b’ sin bw

D*(cosbx) = b* cos bx = (—b*)? cos bz

By mathematical induction, let
D*(cosbz) = (—=b*)* cosbx, ke Z".

Now,

DX (cosbr) =D*D*(cos bx) = D*((—b?)F cos bx)
=(—b*)"D?*(cos bx) = (—=b*)*(=b*) cos b

—=(—b*)"*! cos ba.

D*"(cosbr) = (—b*)"cosbr, n=1,2,....
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f(D*{cos(br)} =(a, D™ + - -+ + a1 D* + ag){cos(bz)}
=a,(—b%)" cosbx + - - + a;(—b?) cos bx + ag cos br

= f(—=b?) cos bz.

3) f(D*){sin(bz)} = f(—b?)sin(bx), where b is a constant.
Proof: HW.

Theorem 5. If g is a function of x, then

F(D){e"g(x)} = €™ f(D + b){g(x)}.

Proof: Since

f(D) =a,D" +a, 1D" ' 4 -+ a1D + ay,
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SO,

F(D){e"g(2)} = (auD" + an1 D" + -+ a1D + ag){e"g(2)}
= a, D"{e"g(x)} + a1 D" H{e"g(x)} + -

+a1D{e"g(2)} + ap{e g(x)}

Now,

D{e"g(z)} = %{6’“9(%)} = 6“%(9(%‘)) +be" g(z) = " D{g(x)} + be" g ()

= "[D{g(x)} + bg(x)] = " (D + b)g().

and

DM{eg(x)} = DD g(r)}] = - [ - (g()) + be"g )]
= L) + 1L (@) + b @) + b (a)
= e"[D*(g(x) + 2bD(g(x)) + b°g())]
= (D +b)*g(x).

and so on

D"{e"g(x)} = (D +b)"g(x).
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Hence,

f(D){ebxg(x)} = anebx(D +b)"g(z) + an71€bx(D +b)" g(z) + -
+ a1" (D + b)g(x) + ape”g(x)
= "[an(D +b)" + an1(D +b)""" + - + a1 (D +b) + aglg(z)

=" f(D +b){g()}.

1.4 General solution of a non-homogeneous

differential equations

Let y, be any particular solution of the differential equation
boy(”) + bly(nil) 4+ 4 bn—ly/ + bpy = R(x), (1.24)

and let y. be a solution of the corresponding homogeneous equation

(1.24)
boy(") + bly(”—l) + oo+ b1y + by = 0. (1.25)
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Then, y = y. + y, is a general solution of (1.24). Now,

boy™ + by by 1y + bpy = (boy™ 4 by + -+ byqyl + baye)
+ (boy” + by ™V - buay, + bayy)

=0+ R(z) = R(x).

If y1,9o,...,y, are linearly independent solutions of (1.25), then
Ye = Cry1 + Coya + - - + Chyp

in which C;’s are arbitrary constants, is a general solution of (1.25) and
it is called the complementary function (solution) for equation (1.24).
The general solution of (1.24), is the sum of the complementary func-

tion and any particular solution.

The Operator ﬁ (Inverse of f(D)): To find a particular so-

lution of

it is natural to right



Remark 9. Note that f(D) - ﬁ{R(aj)} = R(x).

There are several cases to find the particular solution of

Case 1: If R(xz) = e™, a is a constant and we have f(D){e*} =

fla)e™.
Case i: When f(a) # 0 and

et . f(CL) PRIC N
TG = =
then
1 ary . 1 R
7o Fa
Now,
f(D)y = 6%, (1.26)
then
1 ary __ 1 R
W=y T

which is a particular solution of the equation (1.26).
Example 11. Solve the equation (D* + 1)y = .

Solution: First we should find a complementary solution, i.e. a
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general solution of the corresponding homogeneous equation. Here,

the roots of the characteristic equation is
P+1=0 = a=TFi.
Then the complementary function is
Y. = Crcosx + Cysinx.

Now to find the particular solution, we have f(D) = D*+1 and a = 2,

then f(a) =a*+1=4+1=5+#0, so,

2z
1 9y €

TPl Ty

Thus, the general solution is
€2x

y=yc+yp:Clcosa:+Cgsinx+?,

where C and () are arbitrary constants.

Case ii: When f(a) = 0, then f(D) contains the factor (D — a).

Suppose that this factor occurs precisely k times in f(D), that is,
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f(D) = ¢(D)(D —a)k; ¢(a) #0, k =1,2,..., n (n is the order of the

differential equation). Now

F(DY = e = y = 5o5{e""} = e,

Then by Theorem 5, we have

fF(D){e"g(x)} = " f(D + b){g(x)}.

So,

— ! 1} =™ ! 1} (Not =1
N R o R R (7 T R A A
Since,

S(D +a){1} = (a) = ————{1} = —
\ (D +a) " ¢a)
then,
1 et 0T xk

axr
y:e _— = —

Do) Y = s r Y T s m
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Case 2 If R(z) = sinax or R(x) = cosaz, where a is a constant.

To find the particular solution for f(D)y = R(z), there exists two

types:

case i : If ai is not a root of the characteristic equation f(D) = 0,

i = v/—1, we use the following properties:
1) f(D*){sinaz} = f(—a*){sinax}.
2) f(D*){cosaxr} = f(—a?){cosazx}.

Example 12. Solve (D* + 3D + 2)y = cos 2z.

Solution: The characterise equation is

@’ +30+2=0= (a+(a+1)=0 = a;=—1, ag = —2

then the complementary function (solution) is

Y. = Cre ™ + Cye .

To find the particular solution y,, we can see that

1 1

1
UYp D2+3D+2{COS x} _(2)2+3D+2{cos x} 3D_2{COS x}
3D + 2 3D + 2 3D + 2
— opl = 12 ol = % )
(3D —2)(3D 1 9) 082 = gpr 108 2eh = —gg {cos 2}



3D+2

{cos 20} = —{sm 2x} — O{cos 2z}

Finally, the general solution of the non-homogeneous system is
A N 1
Y=yect+y,=Cre " +Coe™ ™" + %{Sm 20} — Q—O{COS 21}

where C and (5 are arbitrary essential constants.

caseii : If ai is a root of the characteristic equation f(D) = 0, then
by Euler formula

¢ = cos + isin#,

we can find the particular solution from
f(D) = e, (1.27)

Since,

' = cosar + isinaxr,

then the particular solution of f(D) = cosax is the real part of the
particular solution of equation (1.27), and the particular solution of
f(D) = sin az is the imaginary part of the particular solution of equa-
tion (1.27).
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Example 13. Solve
(D? + 9)y = sin 3. (1.28)

Solution: In this example, the characterise equation is
?+9=0 = a=F3 = a=0,b=3,
then the complementary function (solution) is
y. = Cq cos3x + Cysin 3.
To find the particular solution ¥,, we can see that

L {sin3z} = #{63””}.

1(—1)
6i(—i)

Hence the particular solution pf equation (1.28) is then

= Yy, = x(cos 3z + isin3x) = %sin 3x — %z cos 3.

Yp = —% cOos 3.
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Therefore, the general solution is
Y =Y+ yp = C) cos 3z + Cysin 3z — %cos?)x,

where C and (' are arbitrary essential constants.
Case 3: IF R(z) = a,2"+a, 12"+ - -+ajz+ag, a, #0,n € Z",

is a polynomial of degree n in x, then to find a particular solution of

f(D)y = R(z) = y, = {R(2)},

1
f(D)
we use the ordinary long division. Since

1
—— =14+D+D*+-- -+ D"+

1—D
then
1 2
iy = L D)+ (D) +

Example 14. Find the particular solution of

(D* —3D +5)y = 2> — 1.
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Solutions: Since

1
D?—-3D =P -1 = y, = 21
(D" =3D+5)y = =Pz 3pi5t U
1 2
51— (2D — &)

1 3 D2 3 D2
SRS ) W SR W SR oo S |
1 3 D? 9 6
— . =—(1+ZD—- 4+ D2 D3 .. \{r2_1
yp =51+ 3 5 25 s e 1
1, 3 2 9 w6 7
yp= (2"~ 14 5(22) — 4+ @)+ 0 ) =2+ — - o

is a particular solution.

Homework 7. Solve the following differential equations:
1) (2D* + 2D + 3)y = 2%+ 2z — 1.
2) (D3 —=2D +4)y = 2* + 322 — 5o + 2.

Remark 10. If R(z) is a polynomial of degree n. € Z" in x, then to find
a particular solution of f(D)y = R(x), we suppose that the particular
solution is a polynomial of the same degree as R(x) and we must find

its coefficients.

Example 15. Solve iy’ — 2y’ — 3y = 1 — 2°.
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Solution: Since
' —2) —3y=1-2> = (D*-2D —3)y=1—2*

o’ —20—-3=0 = (a—3)(a+1)=0 = a; =3anday = —1.

So,

Y = C1€% + Che ™.

To find the particular solution y,, let the y, = Axz? + Bx + C, so
y, = 2Ax + B and y, = 2A. Substitutes in the original differential

equation, we have
2A — 2(2Ax + B) — 3(A2® + Br + C) = 1 — 2

— 24 — 4Ax — 2B — 3A2* —3Bx — 3C =1 — 2
— (24 —2B —3C) — (4A+ 3B)x — 3Ax* =1 — 2°

It is easy to see that A = z B = —% and C' = 2% So the particular

wl—

solution is

1, 4 o}
yp:§x —§x+ﬁ.

Case 4: If R(x) = e™Q(x), where Q(z) = sin(bz), Q(x) = cos(bx)
or (x) is a polynomial in = and a, b are constants. To find y,, we use
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the theorem

D)™ Q(x)} = e (D + a)Q(x),

SO,
1

—{eal'Q(x)} — eawm

1
f(D)

then this case transform to the second case or third case.

{Qx)},

Example 16. Solve (D? — 2D)y = e®sin .

Solutions: The characteristic equation is

a*—2a=0 = a(a—=2)=0 = o) =0and ay = 2.

So, y. = C1 + Cye?”.

To find the particular solution y,,

L S{esina} = e 1 {sina}
= ———{e"sinz} =e sin
v~ D2 9D (D+12-2(D+1)
. 1 , ., Sinx LSinw LSinx
jyp:eﬁ{smx}:e_(ly_l:e — =

Homework 8. Solve (D? — 2D + 2)y = e¢”sinz.

Example 17. Solve (D*> + D — 2)y = x e®.
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Solutions: The characteristic equation is
?+a—-2=0= (a+2(a—1)=0 = a; =land ay = —2.

So, Y. = C1e* + Cre™27.

To find the particular solution y,,

1 1
W=y e =¢ {z}
D2+ D —2 (D+122+(D+1) -2

e’ e’ e’ D D?
Y= prrap ) 3D(1— (—2)) 5073 Nz}
e’ 1 e g2 1
: = — _— - — — — — .
=55 3) =55 —37)
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Case 5): If R(z) = sinaz p(x) or R(x) = cosax p(x) , where p(x)

is a polynomial in x. We use Euler’s formula:
629

= cosf + 1sin 6.

To find the particular solution for

first we find the particular solution for

f(D)y = e"p(x),

which is a forth case. Then the particular solution of

f(D)y = sinax p(z)

(1.29)

is the imaginary part of the particular solution of (1.29) and the par-

ticular solution of

f(D)y = cos az p(x)
is the real part of the particular solution of (1.29).

Example 18. Solve 3" — 3y = (2% — 1) sin 2z.
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Solution: Clearly, the characteristic equation is
a?—3 —= a= :|:\/§,
so the complementary function is
Yo = Cle\/gx + C’ge*\/gx.

We will now find the particular solution.

(D* = 3)y = (2* — 1)sin22 = (D* —3)y = (2* — 1)e**
— vy __1 {(z* = 1)e*"} = y, =" ! {2? — 1}
r= D23 P (D +2i)2—3
] 1 621'33 1
2ix 21V = — : 2_ 1
e*" D*+ 4D D*+4iD
— =L )+ ( et -1
7 7 7
— G5 SR Ca L T S
— N - e xr° —
7 7 7T 49
2z ;
e 9 41 2 32
— = e —(22) === 40
- [z + 7( x)+7 T
2z ;
e 5 8t 32+49 — 14
—_— = — — —
=" + —(2) 9
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1 81 67
7(cos x + isin 2z)(x” + -7 49)
67 8 ' 67
= = —7cos 2x(x? — E) + 10° sin 2z — %Sil’l 2x(x? — E)
So, y, for the original equation is
67
— sin 2z(2? — E)
The general solution is
1 67
Y="Yct+Yp= CreV? 4 Che V3 — Zsin 2x(x? — —),
7 49
where C7 and C' — 2 are arbitrary constants.
1.5 Variation of parameters
Suppose we have a constant coefficient second order equation
y' +ay +by = g(), (1.30)
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where g(x) is a continuous function. Let

Yo = C1y1(z) + Coya(x),

where y; and y» are linearly independent solutions, denotes the com-
plementary solution to the corresponding homogeneous equation.
We now vary the parameters C; and C5 and replace them by functions

v1(x) and vy (x). We propose that the particular solution is of the form

Yp = v1(2)y1(x) + v2(7)y2(7).

To solve the nonhomogeneous (1.30), we must determine the functions

v1(x) and vy(x). Now,

Y, = vy + V1Y) + Vay2 + vays,

and let

ViYL + vhys = 0, (1.31)

for prevent any second derivatives of v; and vy from arising. Thus,

I _

Yp = V1Y) + V2Yy = Y, = V1Y) + vy + vhys + vayh.

49



Substitute the expression for y, and its derivatives into equation (1.30),

we have

V1Y) + 1Y)+ hYs + vays + a(viyy + vays) + b(viyr + vay2) = g()

— vi1(y] + ayy + byr) + va(yy + ayy + by) + vy +vays = g(x).

Since y; and yy are solutions of the corresponding homogeneous equa-

tion (1.30), then we have

yi +ayy +byy =0 and i + ayy + by = 0.

So,

v1Y; + vyys = g(x) (1.32)

Now, from (1.31) and (1.32), we can find v} and v} by Cramer’s rule:

0 y1 0
o al@) v o gl@)
’01: s fU2:

Yyr Y2 Y1 Y2

Y1 Y Y1 Y
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Since

Yyr Yo
Wiy, y2] = # 0,

Y1 Y

as y; and ys are linearly independent solutions, then

and

/ Y1 Y1
Vy=———=¢(r) = = [ —/——g(x)dx
2= Wy ) ’ /W[yl,yz]g( )

Example 19. Find the general solution to the equation
y" + 1y =tanz.

Solution: The solution of the homogeneous equation

is given by

Y. = Crcosx + Cysinx.

We now suppose that the particular solution is of the form

yp, = v1(x) cosx + va(x) sin x,
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where vy (z) and v9(x) are unknown functions of x. So, by variation of

parameters method, we have

Yo Y1
v =— | ————¢g(x)dr and vy = | ———¢(z)dx.
' /W[y1,y2]g( ) ? /W[yl,yg]g( )

Clearly,

. cosr sinx ) .y
Wlyi, y2) = Wlcosx,sinz] = = cos“ x+sin“z =1 # 0.
—sinx cosxT

Now,
sin & sin®
vlz—/ tandr = — dx:—/(secx—cosm)da:
1 CcoS T
= —In|secx + tanz| + sinz,
and
cos T
V9 :/ 1 tan dr = /sinazd:v: — CcoSx.
Thus,

yp = (—1In|secx + tan x| + sinx) cosz — cosxsinz,
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and the general solution is
Y = Ye+yp = C1 cos x+Cysinx+(—In | sec z + tan x| + sin ) cos r—cos x sin z,

where C and (' are arbitrary constants.

Homework 9. Solve the following nonhonogeneous equations:
1)y" =3y +2y =7,
2)y" +2y +y=e"Inx.

1.6 Reduction of orders

Consider the linear differential equation of order n with constant coef-

ficients of the form
any™ + an 1y + @y + agy = H(x), (1.33)

where a;,7 = 0,...,n are real numbers. Let aq,...,a, be n roots of

the characteristic equation, so, equation (1.33), can be written as

(D—a1)(D—ag)--- (D —ay)y = H(z) (1.34)



We now assume that
(D —az)-- (D~ ay)y =, (1.35)

therefore equation (1.34) becomes

du
(D—aq)uy = H(z) = d_xl —aquy = H(z),

which is a first order linear differential equation. So,

 Je St H(z)dr + O
o e—foqu

U

= M7 ( / e " H(z)dx + Cl).

Substitutes in equation (1.35), we have

(D — ) - (D= oy)y = eo‘lx(/e‘“m H(:E)dCU+Cl).

Let
(D—a3)--- (D —ay)y = us,

So,
(D — ag)us = ea1x</ea1x H(x)dx + Cl)

du —ax
:>d—x2—a2u2:eo‘1"”</e ! H(x)da:—i—Cl)
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which is a first order linear differential equation and

B ]l e J axde [eo‘lm(f e~ H(x)dr + 01} + Oy

u
2 e—faﬂm

_ oot [e(al—%)x ( / e " H(x)dx + Cy + 02”

Continuing in this way, we get
y = e [e(anaz_l)x . (/ealx H(z)dz + Cl) R Cn]

is a general solution of (1.33).

1.7 Linear differential equations with vari-

able coeflicients

1.7.1 The Cauchy and Legendre linear equations

The linear Cauchy equation is of the form

dn n—1

Y 14"y dy
e Py 1T =2+ Py = : 1.36
Tt o e e 4 pay = Q) (1.36)
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in which pg, p1,--- , p, are constants, and the Legendre linear equation

is of the form

n n—1

Y a1 "y
+p1(ax+b) T

d
+.. .+pn_1(ax+b)—y+pny = Q(x)a

d
po(ax+b)" -
(1.37)

dx™

of which equation (1.36) is a special case of equation (1.37) (a = 1,
b = 0). These equations may be reduced to a linear differential equa-
tion with constant coefficients by properly transformation of the inde-

pendent variable.

1.7.2 Solving the Legendre linear equation

Let ax + b = ¢e*, then z = In (ax + b) and g—; = 13, 50,

_@_dydz_ a d_y

Dy— -2 - 292~ =
V=4~ drdx ar +bdz
and
(az + b)@ = a2 = aDyy
dx d
Similarly,
d*y d  dy d a dy a’? dy a d  dy
pry=t= (=L = S
dx? dx dx’ dx ax+bdz (ax +b)2dz ax+bdr dz
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__a—2d_y+Li(@)@
 (ax+b)?2dz  ar+bdz dz dx

B a’ dy n a’ d*y
(ax +b)> dz  (ax + )% dz?
and
d d?
(az + b)2D?*y = —a2d—z + an—Z’g = a*(D? — Dy)y = a*Dy(Dy — 1)y.

Continuing in this way, we get

(ax +b)"D"y =a"Dy(Dy — 1)(D; —2)--- (D1 —n+ 1)y.

After making these replacements, equation (1.37) becomes

[poa” D1(D1—1)(D1=2) - - - (D1—n+1)+p1 D1 (D1—1)(D1=2) - - - (D1—n+2)

e —b

_|_...-|-pn_1CLD1 —|—pn]y: Q( )’

is a linear differential equations with constant coefficients.

Example 20. Solve

(2°D? + 22D — 2)y = 2°Inx + 3. (1.38)
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z

Solution: The transformation x = e* reduces the equation as

follows
vDy = Dy and z°D% = Dy(D;—1)(D; —2)y.
Substitutes into equation (1.38), we have
[D1(D; — 1)(D; —2) +2D; — 2Jy = ze** + 3¢

— (D} —3D? + 4D, — 2)y = ze** 4 3¢,

which is a third order differential equation with constant coefficients.
To find the complementary solution, clearly, the characteristic equation
is

o’ -3 +40-2=0 = (a—1)(a®* —2a+2) =0,

so, a1 = 1, ag3 = 1 F ¢ and the complementary function is
Yo = Cre* + €*(Cy cos z + C3 sin 2).

The particular solution is

1
Y= DF 3D+ 4D, — 3

ze* + 3e”}
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1
2z
> =
Y= D, T 2P 3(Dy 127 1A 12) 2
3 z
DF =307 44D, — 21

2 1 {2} + ) e}
D3 +3D? +4D; + 2 (Dy — 1)(D? — 2Dy + 2)
e?* z
= {2} + 3" =
21— (=% — §D} — 2Dy) 5

+

— Yp==¢€

2622 e?z 2’622

= + —(—2) 4 3ze* = e + 3z¢’.

Therefore, the general solution is

221lnx

y="Y.+yy=Cix+z(Cycoslnz+Cysinlnz) + —2? +3zlnz,

where C and (' are arbitrary constants.

Homework 10. Solve the following differential equations:
1) (#*D*=2D + 4)y = coslnz + wsinln z.
2) [(3z +2)2D? + 3(3z +2)D — 36]y = 3% + 4o + 1.

Example 21. Find the general solution of

2

d d
(x+2)2d—;é—(x+2)£+y:3x+4.
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Solution: Let x + 2 = €7, so the differential equation above trans-

form to
[Di(Dy —1) — Dy + 1)y =3¢* =2 = (D — 1)%y = 3¢* — 2,
so the complementary function is
Y. = Che” + Chze®.

In this example,

; 22 1
5{3e” — 2} =3¢ 5—2

0 P
yp (Dl—l) 2{6} 3e 2

(D1 —1)

Thus, the general solution is

Y =Y+ Yp.

1.8 Non-linear differential equations with

variable coefficients

In this section various types of higher order differential equations with

variable coefficients will be considered. There is no general procedure

60



comparable to that for linear equations. However, for the types treated
here, the procedure consists in obtaining from the given equation an-

other of lower order. We consider the following types.

1.8.1 Dependent variable missing (absent)

If the equation is free of y, the independent variable, that is of the

form

f(y(n)7 y(n71)7 st 7y//7 y/? :L.) = 07

the substitution
dy dy* dp
_— y — p’ —2 = —, P
dx dx dx

will reduces the order by one.

Example 22. Solve

y' + () +1=0. (1.39)

Solution: Clearly equation (1.39) is a non-linear differential equa-

tion such that the dependent variable y is absent. So, let ' = p and

Y = Z—i’ and equation (1.39) becomes

dp dp

dx pr+1
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Since p = %7 then

dx COS(Cl — ) cos(c; — 1)

is a general solution where ¢; and ¢y are arbitrary essential constants.

1.8.2 Independent variable missing (absent)

Suppose we have the equation

f(y(n)7 y(n_1)7 e 7y”7 y,) = 07

which the independent variable x is missing. Then the substitution

_dy dp dpdy  dp

\ d _a ap
y=p and y T da?2 dr dyde pdy’

will reduced the order of the differential equation bye one.

Example 23. Solve

yy" — (y')* = y* In(y).
62

d _ _
4 _ tan(c;—x) = sin(er — ) :> / sin(e = ) dx — y = In |cox(c;—x)|+



Solution: The independent variable x is absent, so, let ' = p and

Yy’ = p , then the differential equation above takes the form
dy

dp dp p
yp—— —p =y'lny = — —S=ynyp™
dy dy y
is a Bernoulli differential equation in variables p and y with n = —1.
Let
dz dp P
1-
dy dy & y)
d P’ d
- —Z—Zy 1ny—i—2——2y lny+2— - —2—2——2y Iny
dy dy

which is a first order linear differential equation. Hence

s el 725 v (2y Iny)dy + 1 fe_any(Qy Iny)dy + ¢
~=P = = Qdyy e—2Iny

_y2</2<“; )dym) = (g4

Now,

dy
(Iny)? + ¢

— In(lny+/(Iny)?+c¢))=x+k = Iny+ +/(Iny)>+ ¢; = c2€”

p:i\/y2((1ny)2+01) =yv/(ny)? 4+ = = dx
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— /(Iny)2+c; = e’ —Iny = ¢ = 3™ — 2c¢" Iny

— Iny = Ae” + Be ™,

where A and B are constants.

1.9 Second order linear differential equa-

tions with variable coeflicients

Consider a second order equation

y' +a(z)y + B(x)y = ~(x), (1.40)

where a, [ and ~ are functions of x.

If y = u(z) is a solution of the corresponding homogeneous equation

(1.40), that is,
y' +a(z)y + Blx)y =0,
then
u"(z) + a(z)u'(z) + B(z)u(z) = 0. (1.41)
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Now, let y(x) = wu(x)v(x) is a solution of the differential equation

(1.40), where v(x) is a function of z, so

/ / / 2 2 /.7 2
Yy =uvv+uv and y =uv+42uv 4+ uv’,

and substitutes in equation(1.40), we have

u'v + 200" + w” + a(z)(Wv + w') + Bx)uv = ()

= (u" + a(z)u’ + B(z)u)v + 2u'v" + w" + a(z)uw’ = v(x).

So, by equation (1.41), we get

w” + (2u + a(x)u)v = v(z) (1.42)

which is a second order differential equation of variable v and z and
since in equation (1.42), the dependent variable is not appeared, so, it

can be solved by letting v" = p and v" = g—g =7/, then (1.42) becomes

w4 (2 + alayu)p = 1),

which is a first order linear differential equation in variable p and =x.

Then we have the following theorem.
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Theorem 6. If y = u(x) is a solution of a second order homogeneous

differential equation

y' +az)y' + B(x)y =0,

then, the substitution y(z) = u(x)v(z) reduces the differential equation

y' +az)y + B(x)y = ~(x),

to a linear differential equation of first order.

Example 24. If y = x is a solution of the corresponding homogeneous
equation

y' + 32%y — 3xy = 52 (1.43)

Solution: Let y = vx be a solution of equation (1.43), then

y =vx+v and 3y’ =20 + a0

So, equation (1.43) becomes

20" + 20" 4 32 (20’ + v) — 30*0 = 52° = 2" + (2 4+ 32°) = 527,
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Now, let v" = p and v" = p/, so we have

d
xﬁ + (24 32°)p = 5%,

which is a first order linear differential equation in variables p and .

d 2 + 323
Py

dx x

p = 5z’

i e () da 021 + O
S |

(&

Since, p = v/, then v = f pdx. Thus, the general solution is

y = Cix + vz,

where ' and C are arbitrary constants.
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1.10 How one can find the particular so-
lution of a homogeneous differential

equation with variable coefficints

Consider a second order differential equation of the form
y'+ P(z)y + Q(z)y = 0. (1.44)

To find a particular solution of equation (1.44), there are several cases:
Case 1: If y = x is a particular solution of the equation (1.44), then

y' =1 and y” = 0. Substitutes into equation (1.44), we have
P(z) +zQ(z) = 0.

Then, if P(x)+2Q(z) =0, so y = x is a particular solution of equation

(1.44).

Example 25. Solve

3 3
(D? — —D+ E)y =21 — 1. (1.45)
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Solution: Here, P(z) + 2Q(z) = =2 + 23 = 0,50, y = z is a
particular solution of equation (1.45). Thus, the transformation y = zv
reduces the equation (1.45) to a linear first order differential equation.
Now,

d*v dv

dv
Dy =x— d D*=2— +2—
y=ux I +v an Yy=2x Ir2 + I

Substitutes in equation (1.45), we have

d?v n 2dv 3dv 3 N 3 v dv 5 ]
T— — —3—— Vvt v=1r——— =2r —
dx? dx dr «x x dx?  dzr

which is a linear first order differential equation.

e=Jzdr (2 — Vdg 4 O 2 1
= f e(—fida;) ! :x(/(———)dx+01)

A

S.D

1
— p=z(2In|z| +E+Cl)'
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But,

d
p:—vz2xln]:c|+1+(]1:c
dx
1 1 C
Y / (2eIn fo| + 1+ Cia)de = So* In(w) —Ja+a+ Lo+,
x
1 1 C
=y = 53:3 ln(a:) — Zx?) + 2% + %mg + Cox

is a general solution where C; and Cs are arbitrary constant.

Homework 11. Solve

o (x + 1@) — (2 + 4z + :c2)d—y + (24 4o + 2Hy = —2* — 227
dx? dx '
Case 2: Find a condition that y = ax + b is a particular solution

of equation (1.44).

Case 3: If y = €™ is a solution of the differential equation (1.44),
where a is any constant. Then, ¢’ = ae® and y" = a?e®*. Substitutes

in equation (1.44), we have

a’e™ + P(z)ae™ + Q(z)e™ =0 = ™ (a®+aP(z) +Q(z)) = 0.
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Since, e # 0, then a’+aP(z)+Q(x) = 0. So, if a®> +aP(z) + Q(z) = 0,

then y = e is a particular solution of equation (1.44).

Example 26. Solve

(1+2)y" + (4o +5)y + (4o +6)y = e >, (1.46)

Solution: Clearly,

y  4dxr+5, 4r+6 e 27
+ +

1+z7 " 1427 1+a
So, P(x) = %2 and Q(z) = 20, Now,
T z(4z+6 4x+5+x(4x+6 72 T
1) Pla) + 2Q(z) = L5 p2Unin) | drerinss) _ wtoess 4 g g,

y = x is not a particular solution of the corresponding homogeneous

equation (1.46).

a2 X axr a X
2) a® +aP(z) + Q(x)) = a*+ 4“1”’;;5“ + 41?;6 — o0+ )+41+;5 tdot6

— a’+ad’r+4dar+5a+4r+6 =0 = (a®>+4a+4)z+a*+5a+6 =0
— (a+2)*=0and (a+2)(a+3)=0= a+2=0= a= 2.

2% is a particular solution of the corresponding homoge-

Thus, y = e~
neous equation (1.46).
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Let y = e ?*v(x) be a solution of the differential equation (1.46), then
y/ _ —2672%} T 67%1}’

and

y// _ 46_2952) _ 46_2331}/ + 6_2x1}//.

Substitutes in (1.46), we have
(1+2)e 2 (4v—40 +0") +e 2 (4o +5)(—2v+v ) +e ¥ (4r+6)v = >

1+2)0"+ (41 +2)+ @z 45 =1 = (1+2)0" +v =1

Note that the dependent variable v is not appear, so, let p = ¢/ and
+ =", then
dp dp dx 1

_ 1 :
— p—l—m Slnce,

dv 1 1
p=v — 0 /[ Cl(1+x)]da:$v e n(1l+x)+Cs
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Then,

1
y=e 2+ e*%(x — a In(1+x)+ Cy)

is a general solution where C and (5 are arbitrary constants.

Case 4: Let y = u(z)v(z) be a solution of

y' + P(z)y + Q(z)y = f(z). (1.47)

So,

y =uw +uv and ¢ =w” + 200 +uv.

Substitutes in (1.47), we get
wv” + 2u'v" + u"v + P(x)(uv' + u'v) + Q(z)uv = f(x)

— w” 4+ (2u' + P(x)u)v’ + (v + P(x)u' + Q(z)u)v = f(x) (1.48)

If u is chosen so that,

d d 1
Qu/—l—P(x)u:O - 2—u+P($)u:0 — —u-i-—P(x)dl’:O
dx u 2
— Ilnu = ——/P(aj)dx oy = e 3/ P@dr
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1 1 1
— 0 = ——P(x)e 2/ Pldr — —5P(@)u
1 1
= u' = o P(0)u— S P(au' = — P(a)u+ ;P (x)u

Substitute in
/i / 1 / 2 1 2
u' + P(x)u' + Q(x)u = —§Pu + —P*u — =P~ + Qu.
So, equation (1.48), becomes

u”+Pu’+Qu)U: f(x) (1.49)

u U

U//+(

"1 Py .
If % is a constant, then,

1 1
—5P'u— 1P*u+ Qu _ _lp’_ 1P2—|—Q _0o
u 2 Z!

where C'is a constant.

Then, equation (1.49) becomes

'U”—l—C'U: f(x)’
u

which is a second order differential equation with constant coefficients

and u = e~2/J P@)dz,
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Now, if

1 1 C
——pP' ——p? = —
2 4 +¢ x?’

where C' is a constant, then

2
v+ %v _ @ — 1%+ Cv = x—f(x),
T u u

which is a Cauchy equation.

Example 27. Solve
y' — dxy + dxty = ze® . (1.50)

Solution: Here, in this example, P(z) = —4z and Q(x) = 42?2
1) Since, P(z) +2Q(x) = —4x +4a% # 0, so, y = z, is not a particular
solution of the corresponding homogeneous equation equation (1.50).
2) Since there is no number a such that a? + a(—4x) + 422 = 0.

3) Note P'(z) = —4, P? = 1622, then

1 1 1 1
—§P’ — ZP2 +Q = —5(—4) — 116:1:2 + 42 = 2 = constant = C.

So,



Now, let y = e v is a solution of the differential equation (1.50), so,
I 22 x2 "o 2 g2 x? z2 22
Yy =2zxe" v+e" v and y =4dze’ v+4dxe’ v+et v 4 2e” v,

Substitute in equation (1.50), we have

X
T e
v"—l—C’v:f(): — ==
U e
so, we have
v+ =1

which is a second order differential equation with constant coefficients.

The characteristic equation is a? +2 =0 = a5 = Fiv/2, therefore,

v. = C] cos Vor + (5 sin V.

To find the particular solution,

1 1 1

(D* + 2 =2 = Up:m{x}zﬁzm{x}
= vy =32+ (2P Jfa) = e+ 0] = oo

1
.'.U:’Uc—l—vp:01008\/§ZU—|—028111\/§$—|—§ZC.
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Hence,
. . . 1
y=¢e" +uv=c" + er(Cl cos V2x + Cysin vV2z + 53:),

is a general solution where C'; and Cy are arbitrary constants.

Homework 12. 1) ¢ — 22y + (22 4 2)y = e2(=*+20),

2) (L+2)y' + (z+1)(z - 2)y' + (2 —2)y = 0.

1.11 Applications of Second Order Differ-

ential Equations

7






Chapter 2

The Laplace
transformation
(Laplace’s transform
and its application to

differential equations)

2.1 Laplace Transformation

Pierre Simon de Laplace (1749-1827) was a French Mathematician who

made many discoveries in mathenzgtical physics. His last words were



reported to be ” What we know is very slight;, what we don’t know is

immmense”

Definition 3. The Laplace transform of the function f(t), 0 <t < oo
(t > 0) is the function F(s) = L{f(t)} defined by

00 b
F(s) :/0 e f(t)dt = lim [ e ' f(t)dt. (2.1)

b—oo 0

Example 28. With f(t) = 1,t > 0, the definition of the Laplace

transform (2.1), gives

: ’ —st : 1 —st1b : 1 —sb 1 1
L{1} = lim | e *dt = lim[——e %]} = lim[——e "+-] = -, s>0.

b—o00 0 b—o00 S b—o00 S S S

Remark 11. [t is good practice to specify the domain of the Laplace
transform. The limit we computed in the example above, would not

exists if s < 0, for then %e_bs would become unbounded as b — oo.

Hence, L{1} is defined only for s > 0.

Homework 13. Find the Laplace transform of f(t) = €2 and specify

its domain.

Definition 4 (Sectional or piecewise continuity). A function f(t) is
called sectional continuous or piecewise continuous in an interval o <

t < B, if the interval can be subdivided into a finite number of intervals
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in each of which the function is continuous and has finite right and left

hand limits.

Definition 5 (Functions of exponential order). If real constants M > 0

and A ezists such that for allt > N (N is a number)

leMFt) <M or |f(t)| < MeM.

We say that f(t) is a function of exponential order A\ as t — oo or,

briefly, 1s of exponential order.

Theorem 7 (Sufficient condition for existence of the Laplace trans-
form). If f(t) is sectionally continuous in every finite interval 0 < t <
N and of exponential order A fort > N, then its Laplace transform

F(s) exists for all s > \.

Theorem 8 (Linearity of the Laplace transform). If a and b are con-

stants, then

L{af(t) +bg(t)} = a L{f(t)} + 0 L{g(1)},

for all s such that the Laplace transforms of the functions f and g both

erists.
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Proof. The proof of this theorem follows immediately from the

linearity of the operation of taking limits of integration

L{af(t) +bg(t)} = /OOO e " (af(t) + bg(t))dt

=lim [ e *'(af(t)+bg(t))dt

=a (Clggo /C e " f(t)dt) +b (Clgl(;lo C e *'g(t)dt)
0 0
=a L{f(t)} +bL{g(t)}.

2.2 Laplace transforms of some elemen-

tary functions

Theorem 9. (a) L{k} =%, s> 0 for any constant k.

b) L{e"} =L, s>a.

(c) L{t"} =%, s>0,n=12,...
(d) L{sinkt}:ﬂ%, s> 0.

(e) L{coskt} = 7=, s> 0.

(f) L{sinhkt} = £ s>k

(9) L{coshkt} = *, s> k.
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Proof.

(a) From definition of the Laplace transform, we have

00 b b
L{k} = / e kdt=lim [ e*kdt=Fklim [ e *dt
0

k k k
=~ limle ™l =—-2(0—-1) = — > (.
s bgglo[e lo s( ) s 3
Therefore,
k

If s < 0, then the integral does not converge and the Laplace transform

is not defined.
Homework 14. Prove (b),...,(g).

Homework 15. Prove (¢) by using Gamma function I'(z) such that
['(x) = / e 't"tdt and T(n+1)=n! forn is positive integer.
0

Example 29. 1) L{sin3t} = 525, s> 0.

2) L{3e* + 2sin*3t} = L{3e* + 2(1==8%)} = L{3e*} 4+ L{1} —

3524+144s—72

_ 3 1 s -
L{COS 6t} T 52 + s 52436 s(s—2)(s24+36)°

fors > 0.
Homework 16. Find the following Laplace transforms:
1) L{sint cost}.

2) L{t'/?}.
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Theorem 10. If a is any real number, then

L{e" f(t)} = F(s — a),
where F(s) = L{f(t)}.

Proof. The proof follows directly from the definition of the Laplace

transform
L{e"f(t)} = /OO e e f(t)dt = /OO e TV F () dt = F(s — a).
0 0

Notation: L{e™f(t)} = L{f(t)}|s=s_a-

This property is known as shifting property.
Example 30. Find L{e *t?}.

Solution: By Theorem above, we have

3! 3!
—2t43 3 _
L{e t } L{t }|8—>s—(—2) - 84‘s—>s+2 — (8 2)4~

Homework 17. Find L{e* costsint}.

Theorem 11. If L{f(t)} = F(s), then L{f(kt) = 1 F(2)}, where k is
a constant
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Proof. Since we have
L{f(1)) = / e f(1) dt = F(s),
then

L{f(kt)} = /OOO e f(kt)dt.

Now, let u = kt, then ¢ = ¢ and di = %“, SO,

Liwy = [ e pande= [T et

0

L[~ . o1 Svy _ 1S
:E/o e f(w)du = 2L{f (D)} = £ F ().

2.3 Laplace transform of a derivation

L{f'(t)} = sLAf (1)} — F(0).

Proof. From the definition of the Laplace transformation, we have

L{F®) = [ e rie
0
We now use integration by parts.

st

Let w=¢e" —  du= —se *'dt
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So,

L{f')} = e f(O)]5 + 5 /OOO e " f(t)dt = sL{f(t)} — £(0).

Because, the integrated term e f(¢) approached to zero (when s > 0)
as t — oo, and its value at the lower limit ¢ = 0 contributes —f(0).
An extension of these ideas to equations of order two can easily made

by letting the function g(t) = f'(¢), then
L{f"(0)} = L{g' @)} = sL{g(t)} — 9(0)

= sL{f'(t) - [ (0)}
= s[sL{f(t)} — f(0)] — f'(0)
= s"L{f(t)} — s£(0) = f'(0).

A repetition of this calculation gives

L{f"(0)} = sL{f"(t)} = ["(0) = S’L{f (1)} — 5°f(0) — 51'(0) — f"(0)-
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After finitely many such steps, we obtain the following extensionn

L{f™ ()} = s"L{f (1)} = s" 1 F(0) = 8" 2f(0) — -~ — f*"1(0).

2.4 Inverse Laplace Transform

Definition 6. If L{f(t)} = F(s), then f(t) is the inverse Laplace
transform of F(s) and is written f(t) = L™ (F(s)).

Example 31. Fvaluate the following inverse Laplace transforms:

1) L_l{s%x}- 2) L~ 1{32+4s+13}

Solution:

D LY =L {5 =g L7 H{E) =

2) First complete the square in the denominator

15
s+ 4s+13

15
(s+2)2+9

LY =LY }.

Since, we know that L_l{SQJrL]€2 = sin kt}, we proceed as follows

15 5-3 3
LYf———} =L {—F5—}=5L"
{(s+2)2+9} {(5+2)2+9} {<S—|—2)2—|—9}
= 5e LY 2+9}:5e_2tsin3t.
s
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Homework 18.

Theorem 12. If ¢; and ¢y are constants, then
L HeaFi(s) + Fs(s)} = alLTH{F(s)} + coL ' {Fa(s)}.
Theorem 13. Prove that
L7HF(s —a)} = e" L7 {F(s)}
where a is a constant.

Proof. From

F(s) = / e ()t = L),

we obtain

F(s—a)= /OOO e~ (1) dt = /OO e (e f(t))dt = L{e™ f(t)}

0

Since, f(t) = L™'(F(s)), then

L HE(s—a)} =e"f(t) = "L {F(s)}).
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Example 32. Fvaluate

s+1
Lt .
{52+6s—|—25}
Solution:
s+1 s+1 s —2
L*l :Lfl — 73tL71
Srres 25 orarrie = ¢ 16!
2
— o3t ! S _ !
T T e

=3 [cos 4t — % sin 4t} .

Example 33. Fvaluate

1, 3s—1
L {s(s— 1)}

Solution: Using partial fraction decomposition, we have

3s —1 _é+ B A(s—-1)+Bs (A+B)s—A
s(s—1) s s—1  s(s—1)  s(s—1)

== A=1 and A+ B=3=B=3-1=2.
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Thus,

3s —1
s(s—1)

1 2 1 2
L1 SR i PN G St (i QU St ¥ (N, G ) P
{ b=l = L AL g = e

Homework 19. Evaluate the following Laplace transforms:

_ 1
1. L 1{(5+1)(5+3)(2571)}'

2. LYo

st1)(5214)

Example 34. Fvaluate Lil{ﬁ}.

Solution:

5 5_etL L 2! He' 2

G = 5etL_1{s_1i’>} B AT

2.5 Initial Value Problems

Let y = y(x) be a solution of a differential equation satisfying

y(zo) = yo. (2.2)

Equation (2.2) is called an initial condition of differential equation. A

differential equation together with an initial condition is called initial
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value problem. Therefore,

y/_lea y(O):())

is an example of initial value problem.

2.6 Transformation of Initial Value Prob-

lems

We now discuss the application of Laplace transform to solve a linear

differential equation with a constant coefficients such as

ay” (t) + by (t) + cy(t) = f(t),

/

with given initial condition y(0) = yy and y/'(0) = vy,

We must using the following procedure:

1. Take Laplace transform to both sides of the differential equation.

2. Substitute the initial conditions.

3. We take inverse Laplace transform.
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Example 35. Solve the initial value problem

y' +y=1 y(0)=2, y'(0)=0. (2.3)

Solution: First, take the Laplace transform to both sides of equa-

tion (2.3) and substitute the initial conditions, we have

L{y" +y} = L{1} = s’L{y} — sy(0) — '(0) + L{y} = L{1}

1 1 1 4 252

— SL{y} — 25+ L{y} =~ = L{y}(s" + 1) = + 25 = SS
Liy} = 1+ 252 _L1{1—|—252}
Y s(s2+1) v s(s2+1)"

Use the partial fraction decomposition to solve this inverse Laplace

transform.

14+2s* A Bs+C As*+A+Bs°+Cs (A+B)s’+Cs+ A

s(s2+1) AN +1 s(s2+1) B s(s?2+1)

Clearly, A=1,C=0and A+ B=2 = B = 1. Thus,

S
s2 41

s
s24+1

y= L ) = L L )

— y = 1 + cost.
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Example 36. Solve

y" — 5y 4+ 6y = 2! (2.4)

subject to the initial condition y(0) = 2 and y'(0) = 1.

Solution: Again, take the Laplace transform to both sides of equa-

tion (2.4) and substitute the initial conditions, we have

L{y" — 5y + 6y} = L{27"}

— P L{yk—sy(0)— (0)-5[s Ly} —y(O)+OL{y} = L{2e '} = ——
— s°L{y}—1-5sL{y}+6L{y} = :21 — L{y}(s*~55+6) = S%H
2 1

— M= 56963 T G263

Now,
2 A B C
(s+1D(s—2)(s—3) s+1 JFs—2+s—3'

So,

2 _A(s=2)(s=3)+ B(s+1)(s =3) + C(s +1)(s — 2)
(s+1)(s—2)(s—3) (s+1)(s—2)(s—3)

It is easy to see that A = %, B = % and C' = —%. We also do the same
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procedure for the second fraction. Finally we get,

1 1 2 1 1 1 3 2
I _ _ 6 2 3 6 2 3
{y} 5—|—1+5—3 s—2+$—3 §—2 5—|—1+5—3 s—2
Therefore,
1 3 1 5 1 1 3 5
=11 2 _ 2 _ ety 2g3t 22t
Y GG T2s—3 35-20 ¢ T2% 3
Homework 20. 1. Solve
y' +y = dte',
subject to the initial condition y(0) = —2 and y'(0) = 0.
2. Solve the initial value problem
" —2' —6x=0; z(0)=2, 2'(0)=-1

3. Solve the initial value problem

y" + 4y =sin3t;  y(0)
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2.7 Derivative of the Laplace transforms

Theorem 14. If f(t) is a piecewise continuous for t > 0 and of expo-

nential order for some ¢ > 0 and if F(s) = L{f(t)}, then

d

SF(s) = —L{t f(1)},

Example 37. Evaluate L{t e"'}.
Solution: From theorem above (Theorem 8), we have

Lite) — —disF(s) _ —d%L{e“t} \ dils(s ! -7 _1a)2.

Homework 21. Evaluate the following:
1. L{t? e™}.
2. L{t e* cos3t}.

3. L{sint +t cost}, without using the linearity property.
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Chapter 3

The power series

method

3.1 Power Series Method (Power Series

Solutions)

Definition 7. A function f(x) is said to be analytic at xy, if it can be

represented by a Taylor series

(n

fy =3 )y 5.)

n=0

which converges for all z in some open interval containing xy. If
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xo = 0, then the sees in (3.1) is the Maclaurin series

n.

. f(n)
fay = 3 e
n=0

3.2 Maclaurin series expansion of some

elementary functions

(1) GI:ZZO:O%:1+5U+§+§_T+"'> —00 < T < 0.

(2) cosx:Z?:()%:l—g—f—ki—?—'”, —00 < x < 00.

(3) Sinx:Zf:O%:x—g—?qtg—f—---, —00 < x < 00.
(4) coshax =", Jéinw —00 < T < 0.

(5) sinhz =37, %, —00 < T < 00.

(6) Inz=> 7, (_1);;+1xn, ~l<z<1(Jz| <1).

(7) = =20 a", —1 <z <1 (Geometric series).

8) 1+x)*=1+ar+ a(oél_l)xQ + a(a_g)!(a_g)xi; o (Binomial

series). If a is nonnegative integer, then the binomial series is
converges for all . Otherwise, |r| < 1 converges and |z| > 1

diverges.
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Thus, if the Taylor series of the function f converges to f(z) for all = in
some open interval containing x(, then we say that the function f(x) is
analytic at zy. For example, every polynomial is analytic everywhere

and every rational function is analytic whenever its denominator is

sinx

== is analytic at 2o = 0.

nonzero. For instance, tanx =

3.3 Solutions around ordinary points

For purpose of discussion, it is useful to place the second order differ-

ential equation

as(2)y" + ar(z)y" + ap(x)y = 0, (3.2)

in the standard form

y' + P(z)y + Q(x)y = 0, (3.3)

where P(z) = 2% and Q(z) = 22 gy(z) #£ 0.

az(z) az(z)
Definition 8. A point x = xq is an ordinary point of equation (3.3), if
both P(x) and Q(x) are analytic at xy; that is, if both P(x) and Q(x)
has a Taylor series expansion about x = xy. A point that is not an
ordinary point is called a singular point of the equation.
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Example 38. The differentia equation
(1—a2%)y" — 6ay — 4y =0,

has an ordinary points at x = 0. The points x = 1 and x = —1 are

singular points of the equation.
Example 39. Singular points need not be real numbers. The equation
(2% 4 4)y" + 2z’ — 12y = 0,
has singular points at x = F2i. The point x = 0, s an ordinary point.
Example 40. Solve the equation
y' 4+ 4y =0, (3.4)
near the ordinary point r = 0.

Solution: Since z = 0 is an ordinary point, then the series solution

18

00 o0 o0
Yy = Z anxn = y/ = Znan:c”_l — y” = Zn(n — 1) anx”_z.
n=0 n=1

n=2

99



We now substitute, y, ' and 3" in the equation (?7?), we have

i nn —1)a,x" %+ 4 i apx" =0
n=2 n=0

— i n(n —1) a2+ 4 i Ay ox" 2 =0

n=2 n=2
— Z[n(n — 1) ay, +4a,_s]z"* =0
n=2
4
— nn—1)a,+4a, =0 = a,=————ay,9, n>2
nin—1)
B 4 B 4
az = 2_1610, as = 3_2a1
4 4
ay = ———a a5 = ———a
4 1 3% 5 5%
4 4
ag2p = — a2n—2, aon+1 = — n—
? on-(2n—1) "’ T 2n+1) 20 !
Now,
(_1)n4n
a a ----- a/n a a ooooo a/n_7
9+ QY 2 (2n)! 0 a 2n—2



Similarly,

Since,
o0
y=2 ",
n=0
S0,

o0 o0
2 2 1
Yy =ag+ g Ao + a1x + E agn12”" "

{14_2 n4” n} +a1{x+§;%x2n+l]
=13 %} e > ]

Y = Qg COS 2T + §a1 sin 2x,

is the general solution where ag and a; are arbitrary constants.

Example 41. Find the general solution in powers in x of
(2% — 4)y" + 3xy’ +y = 0. (3.5)

Then find the particular solution with y(0) =4 and y'(0) = 1.
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Solution: The only singular points of equation (3.5) are F2. Since,

xo = 0 is an ordinary point of (3.5), then

o o0 ¢
! = Yy = Z ne," = ¢y = Zn(n — 1) ¢z ?

y=2
n=1 n=2

n=0

Substitutes in equation (?7?), yields

o0 o0
n(n —1)c,z" %+ 3z Z ne,z" b+ Z cpx” =0

(:1:2—4)2
n=1 n=0

(0.] (0.] o0 (0. ¢]
n—1)c,z"—4 Z n(n—1) c,z" 2 +3 Z n cnx"—|—2 cpx” =0
n=2 n=1 n=0

n=2
— Z n(n—1) c,z"—4 Z(n—I—Q) (n+1) cprox™+3 Z n cn:z:”+z e =0
n=0 n=0 n=0 n=0

_ i {(n2 +2n+ 1)c, —4(n+ 2)(n + 1)cn+2} 2" =0

n=0

— (n+1)%c, —4(n+2)(n+ 1cpye =0

n+1
— Cpio 4(n+2)cn, forn >0
Co
Forn=0 —= 02:—2
302 1':360
Forn=2 — 04:4.4:42.2.4
564 1-:3-560

F :4 p— p—
TN =% = 6= "6~ 1B.2.4.6
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Continuing in this way, we evidently would find that

C1-3-5---(2n—1)co
 4n.2.4...2n

Con

Since,
(2n 4+ 1)!
2 N=1-3-5---(2 1) = ——
(2n +1) (2n +1) ST
and
2. 2n=2n)!1 =2" . n!
Thus,
(2n — 1)!!
T
201
or n C3 1.3
463 2'461
Forn:3:>c5:4.5:42.3.5
605 2~4°6Cl
. T4 T T B.3.5.7
So,
2:4-6---2n 2" n! n!
Cont+1 =

1-3.5-Cnt D)t 2n DI T 22n Nt

o0 O
2 oMm+1
y(z) = co + E Conx" + c1x + g Conp12"T
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_CO[1+Z—23"n! x }—i_cl{l—i_;%@n—l—l)!!x

n=1

1 3 1 1
— y(m):co(l—l—ng—F38964—%'“)—I—cl(a:+6x3+%x5+---).

Since, y(0) = 4 and y'(0) = 1, then ¢y =4 and ¢; = 1.
Thus,

1 1 3
y(x)=4+x+§x2+6:c3+3—23:4+---.
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3.4 Frobenius series solution (Solutions near
regular singular points)

Definition 9. A singular point x = xq of the equation

y"' + P(x)y + Q(x)y =0,

is said to be a reqular singular point, if both terms (z — xg)P(x) and
(x — 20)?Q(z) are analytic at xy. Otherwise, x = xq is an irreqular

singular point.

Example 42. The point x = 0, is a singular point of the Euler-Cauchy
equation

2y —wy' — 3y = 0. (3.6)

In this ezample, P(z) = —% and Q(z) = —=3.

T

Since, tP(x) = #(—1) = —1 and 2°Q(z) = 2*(—2) = —3 are both

2

analytic at x =0, so x = 0 s a reqular singular point.

Example 43. The points x = 3 and x = —3 are singular points of the
equation

(2% — 9% + (z — 3)y' +2y = 0. (3.7)

Here, P(v) = rrmpp—gy ond Q(v) = ospn—sye-
105



Since, (x —3)P(x) = (HS)Q and (z —3)%Q(x) = (x+3)2 are both analytic
at x = 3, so x = 3 is a reqular singular point. But, v = —3 s an

wrregular singular point.

Homework 22. Classify the singular points for the following differ-
ential equations:

1) (> + 1)y + (z+ 1)y + 5y = 0.

2) 2t (2 + 1) (x — )% +423(x — 1)y + (xz + 1)y = 0.

Theorem 15. Assume that x = xy is a reqular singular point of the

differential equation

as(2)y" + ar(x)y" + ao(z)y = 0.

Then, there is at least one series solution of the form

o0 o0
ZC—SIZOrg cn(x — )" g e — )", (3.8)

where the number r is some real constant. The series will converge on
some interval 0 < |x — xg| < R. The series in (3.8) is known as a

Frobenius series. We also assume that ¢y # 0

Example 44. Let us solve the Fuler-Cauchy equation (3.6) by assum-

ing a Frobenius series solution.
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Thus,

o0 o0
y= Z " = ¢ = Z(n +7)e, "
n=0 n=0
— ¢ = Z(n +7r)(n+1r—1)c, "2,
n=0

Substitutes in equation (?7?), gives

0 o0 o0
22 Z(n+r)(n+r—1)cn =2 Z(n‘H“)Cn =13 Z Ch 2" =0
n=>0 n=0 n=0
o0 0} e}
— Z(n—l—r)(n—l—r —1)e, 2" — Z(n—l—r)cn 2" -3 Z e,z =0,
n=0 n=0 n=0

If n =0, we have
r(r—1)ey — rcg — 3cg = 0.
Since, ¢y # 0, then
r(r—1)—r—3=0 (3.9)
= -2 —-3=0= (r-3)r+1)=0=r=3 or r=-1.

Now,

i [(n+r)(n+r—1)—(n+r)—3}cna:”+7”:()

n=0
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— {(n+7“)(n—|—7’—1)—(n+7’)—3}cn:()
— {n2+m“—n+m“+r2—r—n—r—?)]cn:O
— {(n+7’)2—2(n+r)—3}cn20
— (n+7r—3)(n+r+1)c,=0.

When r = —1, we have (n —4)nc, =0, so ¢, = 0if n # 0 or n # 4,
where ¢y and ¢4 are arbitrary. Substituting into the Frobenius series

yields

(0.9} (0.}
Y= g cp " = E e 2" = ot + eq.
n=0

n=0

If r = 3, then n(n +4)c, = 0,50 ¢, =0 if n # 0. Thus,

(0] o0
Yo = E Cpa" = E e 23 = cord.
n=0 n=0

Therefore, the general solution is
Yy = Cll’_l + 021'3,
where C and (5 are arbitrary constants.

Remark 12. Fquation (3.9) is called the indicate equation associate

with Frobenius series solution.
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Theorem 16. Assume that x = 0 is a reqular singular point of the

second order differential equation

az(z)y" + a1(z)y’ + ao(z)y = 0. (3.10)

Suppose that 11 > ry are two real roots to the indicated equation p(r) =
0.
1) If ry # 19 and r1 —ry is not an integer, then there exists two linearly

independent solutions to equation (1.4) of the form

" g #£ 0

S
[
WK

3
Il
o

and

o)
. n+r
Y2 = E Cn T 27 Co # 0.
n=0

2) If r1 — ryis a positive integer, then there exists two linearly inde-

pendent solutions to equation (1.4) of the form

ylzzcnwn+rl> c 7é0
n=0
and
y2 = Cyi(x) In(z) + Z by "2, by # 0,
n=1



where C' 1s a constant that could be zero.

3) If 11 = rq, then there exists two linearly independent solutions to

equation (1.4) of the form

n=0
and
yo = y1(x) In(x) + Z by ", by # 0.
n=1
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