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Abstract
First, Talk about some basic consents of matrix.
Also, we used some methods to find inverse of matrix exactly and numerically such as

(Gauss-Jordan Method, Factorization Method, Partition Method and Iterative

Method). Finally, we used power method to find the eigenvalue problem.
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Introduction

There are two main numerical exercises which arise in connection with the matrices.
One of these is the problem of finding the inverse of a matrix. The other problem is
that of finding the eigenvalues and the corresponding eigenvectors of a matrix. When
a student first encounters an eigenvalue problem, it appears to him somewhat
artificial and theoretical only. In fact the computation of eigenvalues is required in
many engineering and scientific problems. For instance, the frequencies of the
vibrations of beams are the eigenvalues of a matrix. Eigenvalues are also required
while finding the frequencies associated with

(i) the vibrations of a system of masses and springs,

(i) the symmetric vibrations of an annular membrane,

(iii) the oscillations of a triple pendulum,

(iv) the torsional oscillations of a uniform cantilever,

(v) the torsional oscillations of a multi-cylinder engine etc.

Once the physical formulation in any of the above situations is completed, all these
Exercises have the same mathematical approach: that of finding an eigenvalue for a

numerical matrix.



Chapter One:

Definition 1.1 (Burden & Faires, 2010)

Ann X m (n by m) matrix is a rectangular array of elements with n rows and m
columns in which not only is the value of an element important, but also its position
in the array.

The notation for an n x m matrix will be a capital letter such as A for the matrix and

lowercase letters with double subscripts, such as a;;, to refer to the entry at the

intersection of the i th row and j th column; that is,

aj;1 Q2 0 Am

Az1 QA - Qym
A= [aij] = . . .

An1 Qun2 *° Qpm

Definition 1.2 (B.S.GREWAL, 2018)
Non-Singular matrix is a square matrix whose determinant is a non-zero value.

Definition 1.3 (B.S.GREWAL, 2018)

If A is a non-singular square matrix, there is a matrix B of same order, which is called

the inverse matrix of A such that AB = BA= I, where | is the unit matrix.

Definition 1.4 (Poole, 2010)

Let A be a square matrix. A factorization of A as A = LU, where L is unit lower
triangular and U is upper triangular, is called an LU factorization of A.
Definition 1.5 (Burden & Faires, 2010)

If A is a square matrix, the characteristic polynomial of A is defined by

p(1) = det (A — 1)



It is not difficult to show that p is an nth-degree polynomial and, consequently, has at
most n distinct zeros, some of which might be complex. If A is a zero of p, then,
since det (A — AI) = 0, the linear system defined by (A — Al)x = 0 has a solution
with x #= 0. We wish to study the zeros of p and the nonzero solutions corresponding

to these systems.
Definition 1.5 (Burden & Faires, 2010)

If p is the characteristic polynomial of the matrix A, the zeros of p are eigenvalues,
or characteristic values, of the matrix A. If A is an eigenvalue of A and x + 0 satisfies
(A — AD)x = 0, then x is an eigenvector, or characteristic vector, of A corresponding

to the eigenvalue A.
To determine the eigenvalues of a matrix, we can use the fact that

e Jisan eigenvalue of A if and only if det (A — Al) = 0.
Once an eigenvalue A has been found a corresponding eigenvector x # 0 is

determined by solving the system

e (A—ADx=0.



Chapter two

2.1 Methods to find inverse matrix:
2.1.1 Gauss-Jordan Method: (B.S.GREWAL, 2018)

This is similar to the Gauss elimination method except that instead of first converting
A into upper triangular form; it is directly converted into the unit matrix.

In practice, the two matrices A and | are written side by side and the same row
transformations are performed on both. As soon as A is reduced to I, the other matrix

represents A~1,

Example: Find the inverse of the matrix A using the Gauss-Jordan method.

3 1 2
A=12 -3 —1]
1 -2 1
Solution:
3 1 2 : 1 0 0
1
[All]=|2 =3 -1 : 0 1 0] (gRl)
1 -2 1 : 0 0 1
1 § g % 0 0
=2 —3 —1: 0 1 0 (R, —2Rq,R3 —Ry)
1 -2 1 0O 0 1
‘1 1 2 1 0 0
3 3 3
—lo -2 2. 24 (—iR>
B 3 3 3 11 2
0 7 1 1 0 1
L 3 3 3




B 1 2 1 0 0
3 3 3
7 2 3 1 7
=0 1 — — —— 0 R, ——-R,, R, +=R
11 11 11 ( 1 3 2 3 3 2)
0 7 1 1 0 1
3 3 3
103 3 1 0]
11 11 11
7 2 3 11
=101 g+ g 70 (35Rs)
o o 2 1 _7 9

3
TR TR T : ,
7 2 3 ( )
_ Lo L 2 R, - —R; R, ——R
TR TR TR T F e
0o 1 1 7 11
20 20 20
P_ 00 : - = =]
4 4 4
=lo 10: > -2 -~
20 20 20
001:—~ —= =
20 20 20 -

Thus we obtain:

-1 1 1

4 4 4

P 1 7
120 20 20

1 7 11

200 20 20



2.1.2 Factorization Method (B.S.GREWAL, 2018)

In this method, we factorize the given matrix as A = LU (1)
where L is a lower triangular matrix with unit diagonal elements and U is an upper

triangular matrix

1 0 0 Upp Uiz Ugs
i.e. L= ll21 1 OlandU=|[0 uy u23]
l37 13 1 0 0 us;
Now (1) gives A~ = (LU)"t = ULt (2)

To find L1, let L= = X, where X is a lower triangular matrix. Then LX = I

1 0 O0y1[x;; O 0 1 0 O
e [lz1 1 Ol[xm X22 0]:[0 1 0]

37 l3; 1llxz; X3 X33 0 0 1

Multiplying the matrices on the L.H.S. and equating the corresponding elements, we

have

X11 = Lx =1x33=1 (3)
l31X%11 + %21 = 0, I31%13 + l32X31 + %37 = 0 and Izpx55 +x3, =0 (4)
(3) gives X11 = X2 = X33 =1
(4) X1 = —lp1%11, X317 = —(l31 + l32%21) and x3; = —I3;

Thus L~ = X is completely determined.

Tofind U™, let U™t =Y, where Y is an upper triangular matrix.

Then YU = 1
Y11 Y12 Vi3] [U11 U12 Uzs 1 0 0
l.e., [ 0 Yo Va3 [ uzz u23] [0 1 0]
0 0 s 0 0 1

Multiplying the matrices on the L.H.S. and then equating the corresponding elements,

we have

Y11Uq1 = 1»}’22“22 = 1;y32u33 =1

6



Yi1Uiz t Y12Uzz = 0,Y11U53 + Y12Upz + Yi3lUzz = 0}
Y22Uz3 + Y23uUzz = 0
From (5), ¥11 = 1/u11, Y22 = 1/Uz2, Y33 = 1/us3
From (6), y12 = —Y11U12/U22, Y13 = —(V11Us13 + Y12Uz3) /U335 Va3 =
—Y22Uz3/U33.
We get U1 =Y, completely.
Hence, by (2), we obtain A1,

Example:
1 0 2
A=12 -1 3
4 1 8
Solution:
1 0O O U1 Uz Ugg
taking L = [l21 1 OlandU=]|0 uy uzs]
l31 l32 1 O 0 u’33
1 0 2 1 0 Oj[u%11 U2 Uss
A=LU|2 -1 3] = [121 1 0][ 0 uy, u23]
4 1 8 131 132 1 0 0 Uz3
1 == u11, 0 == u12, 2 == u13,'
lraugr = 2, Ljrugp +upy = =1, [iugz +up3 =35
l31u11 = 4, l31Ugp + 35Uy, =1, l31U43 + [35uUp3 + U3z = 8;
Or
1= u11,0= w22 = w305 =211 =413 = —Luy, = —1Luys = —1,us;
=-1
1 O 2 1 0 O
Thus U=|(0 -1 -1 and L=|2 1 0
0O o0 -1 4 -1 1




A= LU

1 0 O
2 1 O

4 -1 1

1 0 2
0 -1 -1
0O 0 -1

TofindL™, letL™' = X.ThenLX = |

X11 1 0 O
X21  X22 =10 1 O
—1 1 X31 X33 x33

0O 0 1
x11 =1, 2x91+x51 =0, x5 = 1,4x71 —Xp7 +x31 = 0, —x35 +x3, =0,

X33 =1
Then x11 = xZZ = X33 = X32 = 1, le = _2, X31 = _6
1 0 O
Thus L™'=|-2 1 0
-6 1 1

TofindU™1, letU"1=Y.ThenYU =1

Y11 Y12 Y1311 O 2 1 0 0
[0 Y22 yzgl 0 —1 -1 =[0 1 0]
0 0 wys;llo 0o -1 0 0 1

Y11=1 ¥12=0, 2y11 = Y12 = Y13 =0, Y22 = =1, =¥22 —¥23 =0, y33 = —1

Then yi11 =y23 =1, Y22 = Y33 = =1, y12, =0, y;3 =2

1 0 2
Thus U '=|0 -1 1

0O 0 -1

Hence, A”! = U171 = ” 2 1 0]
-1

6 1 1
[—11
=| —4 0 1]

L 6 -1 -1




An Easy Way to Find LU Factorizations (Poole, 2010)

We computed the matrix L as a product of elementary matrices. Fortunately, L can be
computed directly from the row reduction process without our needing to compute
elementary matrices at all. Remember that we are assuming that A can be reduced to
row echelon form without using any row interchanges. If this is the case, then the entire
row reduction process can be done using only elementary row operations of the form
R, — kR (Why do we not need to use the remaining elementary row operation,
multiplying a row by a nonzero scalar?) In the operation R; — kR,, we will refer to the

scalar k as the multiplier.

In Example, the elementary row operations that were used were, in order,

2 1 3% R 2 1 3ram[2 1 3
A= 4 -1 3 - o =3 3] = |o -3 =3|=vU
-2 5 5 0 6 8 0o 0 2
R, — 2R, ( multiplier = 2)

R;+ R, =R;—(—1)R; (multiplier = —1)
R; + 2R, = R; — (—2)R, (multiplier = —2)

The multipliers are precisely the entries of L that are below its diagonal! Indeed,
1 0 0
L=1] 2 1 0
-1 -2 1

and L,; = 2,L3; = —1, and L3, = —2. Notice that the efementary row operation

R: — kR; has its multiplier k placed in the (i, j) entry of L.
Example: find inverse matrix by factorization method

1 0 2
2 -1 3

4 1 8

A=




Solution:

1 0O O U1 Up
taking L= [121 1 OlandU=|0 uy,
I3 I3 1 0 0
1 0 2
A=LU|2 -1 3| (R,-2Ry,R;—4R,) = [
4 1 8

1 O 2
[0 -1 —1] (R;+Ry) = lO

0 1 0

1 0 2 1 0 O
U=|o -1 —1] and L=|2 1 0]
0O 0 -1 4 -1 1
1 0 011 0 2]
A= LU|2 1 0|]|0 -1 -1
4 -1 1ilo 0 —1.
TofindL 1, letL"' =X . Then LX =1
X11 1 0 O
X21 X2 =10 1 O
—1 1 X31 X32 x33 0 0 1

x11 =1, 2x91+x31 =0, x5 = 1, 44,4

X33 =1
Then x;1 =Xy =X33 =Xx3, =1, X33 = —2, X33 =
1 0 O
Thus L''=[-2 1 0
-6 1 1
TofindU™ %, letU' =Y .ThenYU =1
Y11 Y12 Yi3l[1 O 2 1 0 O
lO Y22 J’23]O -1 -1 =[0 1 0]
0 0 wyullo 0 -1 0 0 1

yi1=1 y12=0, 2y,

— Y12

— Y13 =0,y =

10

1 O 2
-1 -1
0 0 -1

Uq3
U3
U3z

|

— X1 +x31 =0,

~1,

0 2
-1 -1

1 0

—Xpp + X3 =0,

—6

—Y22 = Y23 =0, y33 = —1



Then y11 =y23 =1, Y22 = Y33 =1, y12 =0, y;3 =2

1 0 2
Thus U‘1=l0 -1 1]
0O o0 -1
Hence,A‘1=U‘1L‘1= ” 2 1 0]
-1 6 1 1
[—11
=\| -4 0 1
) -1 -1

2.1.3 Partition Method (B.S.GREWAL, 2018)

According to this method, if the inverse of a matrix A, of order n is known, then the
inverse of a matrix A,,., of order (n + 1) ean be determined by adding (n + 1) the

row and (n + 1) th column to 4,,.

A1 . Az X1 . X2

Suppose A = and A~! =

A, o« X5 @ X
where A,, X, are column vectors and A5, X3 are row vectors (i.e., transposes of

column vectors As, X3) and a, x are ordinary numbers.

Also we assume that A7t is known. Actually A; and X5 are column vectors since
their transposes are row vectors.
Now AA~! =1, gives
A1X1 + A1Xé = I‘I’l
A1X2 + A2X == O

AX; +oax=1

From (2), X, = —A7*A,x and using this, (4) gives (a — A3AT'A))x = 1.

Hence x and then X, an be fourd.

Also from (1), X; = A7, — A,X5)
11



and using this, (3) gives (a — A5AT*A,)X5; = —ASAT! whence X} and then X; are
determined.
Thus, having found X;, X,, X5 and x, A~! is completely known.
Or x = (a—A3A71A,)?
X2 = —AIlAZX
X4 = —A5ATIx

Xy = A" (In — A2X3)

NOTE: The partition method is also known as the "Escalator method".

Example: Find inverse matrix by partition method

1 2 31 [A iA;] |1 2.3
A=lo 1 4]= v [ =014
5 6 1 Az fal |5 6:1
So that A1=[(1) ﬂ A2=:i] A,=[5 6 x=1
We find A;1=[(1) ‘12]
Xy X,
Let A l=].. .| . Then AA™1 =1
X5 X
Hence
= onarny=(1-15 oy FIE) -
= atme <[y IR - 3
X, = —AA7'x = —[5 6] [(1) _12]% = [-25 2]

12



f=ait-aax) = o (g ol -[Llzs 2) = 707 D

10 -7
Then
X, : X, —-11.5 8 .25 ~11.5 8 25

2.2 Numerical Methods for finding the inverse matrix
2.2.1 Iterative Method (B.S.GREWAL, 2018)

Suppose we wish to compute A~ and we know that B is an approximate inverse of A.
Then the error matrix is given by E = AB — I (by definition of error) or
AB =I1+4+E

(AB)™ =(I+4+E)'ie. B 1A= (+E)?
A"l =B(I+E)!

=B(I—E+E?—-+) (by Taylor series )
provided the series converges.

Thus we can find further approximations of A=1, by using A™* = B(1 — E +E2 — --+)

Example: Using iterative method, find the inverse of the matrix

A= [g _21] taking B = 0.1 0'2]

03 —-0.4

Solution:

=a-1=[3 2][01 °2]_[1 O

_:1(.)1 Oiz]_[é (1)

'0(.)1 0(.)2]

13



0.01 0.02]

then E2=[ 0 0

B3 [0.%01 o.%oz]

To the second approximation, we have
A"' =B(I—-E+E?-E?

= B — BE + BE? — BE3

01 027 (01 027701 027 701 0.27[0.01 0.02
~lo3 —0.4l " lo3 —0.4[0 o]+[o3 —0.4[0 o]_
0.1 0.2 1[0.001 0.002
0.3 —0.4-[ 0 0 ]

_[0.1 0.27_70.01 0.02 n 0.001 0.0021 _10.0001 0.0002

0.3 —0.4! 10.03 0.06 0.003 0.006 0.0003 0.0006

_ [0.0909 0.1818]
10.2727 —0.4546

2.3 Numerical eigenvalues:

2.3.1 The Power Method: (Poole, 2010)

The power method applies to an n X n matrix that has a dominant eigenvalue A, — that
IS, an eigenvalue that is larger in absolute value than all of the other eigenvalues. For
example, if a matrix has eigenvalues —4,—3,1, and 3, then —4 is the dominant
eigenvalue, since 4 = | — 4| > | — 3| = |3| = |1]. On the other hand, a matrix with

eigenvalues —4, —3,3, and 4 has no dominant eigenvalue.

The power method proceeds iteratively to produce a sequence of scalars that converges

to A, and a sequence of vectors that converges to the corresponding eigenvector v, the

14



dominant eigenvector. For simplicity, we will assume that the matrix A is

diagonalizable. The following theorem is the basis for the power method.

Theorem (2.3.1): Let A be an n X n diagonalizable matrix with dominant eigenvalue
A,. Then there exists a nonzero vector x, such that the sequence of vectors x;,
defined by

X, = AX(, X, = AX4,X3 = AX,, ..., X = AXy_4, -

approaches a dominant eigenvector of A.

Proof: We may assume that the eigenvalues of A have been labeled so that
A1) > [22] 2 [23] = -+ = |44,]

Let v;, vy, ..., v, be the corresponding eigenvectors. Since vy, v,, ..., v,, are linearly
independent (why?), they form a basis for R™. Consequently, we can write X, as a

linear combination of these eigenvectors - say,
XO - C1V1 + C2V2 + -+ CnVn

NOW Xl = AXO, XZ = AX1 = A(AXO) = AZXO, X3 = AX2 = A(AZXO) = ASXO, and,

generally,
X, = A*xy fork > 1

AkXO = Clﬂ,llcvl + CleZCVZ + -4 Cnlﬁvn
k

| Y
= Alli Clvl + Cz <_2> V2 + -4 C-n (_n) Vn
1 /11

where we have used the fact that 1, # 0.
The fact that A, is the dominant eigenvalue means that each of the fractions
Ay A1, A3 /A, .., An /A4, 1S less than 1 in absolute value. Thus,

AANE A5\F A\ ©
@) &) -G

15



all go to zero as k — oo. It follows that
X, = A¥xy > Wcyvy ask » o

Now, since A4; # 0 and v; # 0,xy is approaching a nonzero multiple of v, (that s, an
eigenvector corresponding to 4, ) provided c¢; # 0. (This is the required condition on
the initial vector x,, : It must have a nonzero component c; in the direction of the

dominant eigenvector v;.

- There is an alternative way to estimate the dominant eigenvalue A, of a matrix

A in conjunction with the power method. First, observe that if Ax = A,x, then

(Ax)-x  (4%)-x  A4(x-x)
XX = XX XX

The expression R(x) = ((4x) - x)/(x - x) is called a Rayleigh quotient.

Example: Complete four iterations of the power method to approximate a dominant
eigenvector of

A= [2 —12

Use theorem (2.2.2) to get the dominant eigenvalue.

Solution: We will take x, = [(1)] as the initial vector. Then

Approximate

g e
Xz = AXy = [i _12] [_10] [ - 10 [1 00

16



et i e B 4

xe=ate=[1 25Tl = L] =46[100

296)

So after the fourth iteration, the approximate a dominant eigenvector is v = (1 00

Rayleigh quotient, 1 = %
= (1 25 (100 = Coon)

axx=(T00) (To0)

—20.0368

(igg) . (igg) = 9.7616

_ —20.0368
~9.7616

= —2.05

Note that exact solution is
dominant eigenvalue = —2

dominant eigenvector = (i)

17
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