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Exercises 

Are the Following Vectors Linearly Dependent or Independent? 

1) ( )4,3 , ( ) 3,4 Ans. Independent 

2) ( )5,4,1 , ( ), ( ) 8,4,4 0,3,3 − Ans. Dependent 

3) ( )0,1,0 , ( ), ( ) 0,1,2 7,4,3 Ans. Independent 

4) ( )4,0,2,3 − , ( ), ( ), 1,0,0,5 1,0,1,6− ( )3,0,0,2  Ans. Independent 

 

 

 

Eigen Values & Eigen Vectors 

Let A  be an  matrix, a real or complex number nn× λ  is called an Eigen value of 

A  if det( − I ) 0=A λ  and with [ ] 0=− XIA λ  then  is called an Eigen vector with 

respect to 

X

λ  where I  is the identity matrix. 

 

Example 

Find the Eigen values and Eigen vectors of  A  if  

(a) ,                    (b) ⎥
⎦

⎤
⎢
⎣

⎡
−−

=
21

21
A ⎥

⎦

⎤
⎢
⎣

⎡
=

12
31

A ,                    (c)  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
=

100
110
011

A

Solution 

(a) To find Eigen values, we have ( ) 0det =− IA λ  then 

0
21
21

=
−−−

−
λ

λ
 ⇒  ( )( ) 0221 =+−−− λλ    ⇒   0222 2 =+++−− λλλ  

    ⇒   02 =+ λλ       ⇒ ( ) 01 =+λλ       ⇒ 01 =λ , 12 −=λ  
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To find the Eigen vectors, we have [ ] 0=− XIA λ  

For 01 =λ        ⇒ 0
21

21

2

1 =⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−− x

x

02 21 =+ xx   ⇒    21 2xx −=

Let           The Eigen vector for 12 =x ⇒ 21 −=x ⇒ 01 =λ  is  ⎥
⎦

⎤
⎢
⎣

⎡−
1
2

For 12 −=λ    ⇒     0
11

22

2

1 =⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−− x

x

022 21 =+ xx     ⇒ 21 22 xx −=      ⇒ 21 xx −=  

Let          ⇒   12 =x 11 −=x   The Eigen vector for ⇒ 12 −=λ  is  ⎥
⎦

⎤
⎢
⎣

⎡−
1
1

 

(b) To find Eigen values, we have ( ) 0det =− IA λ  then 

0
12

31
=

−
−

λ
λ

 ⇒     ⇒   ( ) 061 2 =−− λ 0621 2 =−+− λλ  

⇒  0522 =−− λλ  

⇒   611 +=λ , 612 −=λ  

To find the Eigen vectors, we have [ ] 0=− XIA λ  

For 611 +=λ    ⇒    0
62

36

2

1 =⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡

−
−

x
x

 

036 21 =+− xx     ⇒ 21 36 xx −=−      ⇒ 21 6
3 xx =  
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Let    ⇒   12 =x 6
3

1 =x   The Eigen vector for ⇒ 611 +=λ  is 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

1
6

3
 

For 612 −=λ       ⇒ 0
62

36

2

1 =⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
x
x

 

036 21 =+ xx   ⇒   21 36 xx −=    ⇒   21 6
3 xx −

=  

Let    ⇒   12 =x 6
3

1
−

=x   The Eigen vector for ⇒ 612 −=λ  is 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡−

1
6
3

 

 

(c) To find Eigen values, we have ( ) 0det =− IA λ  then 

0
100
110
011

=
−−

−
−−

λ
λ

λ
 ⇒  ( ) 0

10
10

1
10
11

1 =
−−

+
−−

−
−

λλ
λ

λ   

 ⇒   ( ) ( ) 011 2 =+−− λλ  

 ⇒  11 =λ ,  12 =λ , and 13 −=λ  

To find the Eigen vectors, we have [ ] 0=− XIA λ  

For 12,1 =λ        ⇒ 0
200

100
010

3

2

1

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

x
x
x

02 =− x , 03 =x , 02 3 =− x  
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The Eigen vector for 12,1 =λ  is 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
0  

Each choice of  gives us an Eigen vector associated with 1=λ  

For 13 −=λ        ⇒ 0
000
120
012

3

2

1

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −

x
x
x

02 21 =− xx  ⇒   212 xx =  

02 32 =+ xx  ⇒  322 xx −=  

Let  ⇒  11 =x 22 =x   ⇒ 43 −=x  

The Eigen vector for 13 −=λ  is  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

− 4
2
1

 

Exercises 

Find the Eigen values and Eigen vectors of the following matrices 

1) ⎥
⎦

⎤
⎢
⎣

⎡
− 30
01

 Ans. 1, ⎥
⎦

⎤
⎢
⎣

⎡
0
1

; 3− , ⎥
⎦

⎤
⎢
⎣

⎡
1
0

 

2) ⎥
⎦

⎤
⎢
⎣

⎡
00
00

 Ans. 0 , any non-zero vector 

3) ⎥
⎦

⎤
⎢
⎣

⎡
− 34
43

 Ans. 5 , ⎥
⎦

⎤
⎢
⎣

⎡
1
2

; 5− , ⎥
⎦

⎤
⎢
⎣

⎡
− 2
1
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4) ⎥
⎦

⎤
⎢
⎣

⎡
−12
01

 Ans. 1, ⎥
⎦

⎤
⎢
⎣

⎡
1
1

; 1− , ⎥
⎦

⎤
⎢
⎣

⎡
1
0

 

5) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

600
080
004

 Ans. 4 , ; 8, ; 6 ,  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
0
1

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
1
0

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
0
0

6) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−

000
011
011

 Ans. 0 , , ; 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
0
0

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
1
1

2− ,  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
0
1

1

7) ⎥
⎦

⎤
⎢
⎣

⎡−
4.00

02
 Ans. 2− , ⎥

⎦

⎤
⎢
⎣

⎡
0
1

; , 4.0 ⎥
⎦

⎤
⎢
⎣

⎡
1
0

 

8) ⎥
⎦

⎤
⎢
⎣

⎡
− 42
04

 Ans. 4 , ⎥
⎦

⎤
⎢
⎣

⎡
1
4

; 4− , ⎥
⎦

⎤
⎢
⎣

⎡
1
0

 

9) ⎥
⎦

⎤
⎢
⎣

⎡
−
−

69
25

 Ans. 4− , ⎥
⎦

⎤
⎢
⎣

⎡
9
2

; 3, ⎥
⎦

⎤
⎢
⎣

⎡
1
1

 

10) ⎥
⎦

⎤
⎢
⎣

⎡ −
8.06.0
6.08.0

 Ans. 6.08.0 j+ , ⎥
⎦

⎤
⎢
⎣

⎡
− j
1

; , 6.08.0 j− ⎥
⎦

⎤
⎢
⎣

⎡
j
1

 

11) ⎥
⎦

⎤
⎢
⎣

⎡
42
21

 Ans. 5 , ⎥
⎦

⎤
⎢
⎣

⎡
2
1

; 0 , ⎥
⎦

⎤
⎢
⎣

⎡−
1
2

 

12) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−100
000
004

 Ans. 4 , ; 0 , ; 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
0
1

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

0
1
0

1− ,  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
0
0
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13) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

702
52

226
 0 Ans. 3, ; , ; , 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
1
2

2
6

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

2
2
1

9
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

− 2
1
2

 

14) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

246
042
001

 Ans. 1, 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−

10
2
3

; ; 4 , 1 2 , 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

2

0

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
0
0

 

15) 
⎥⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−

221
612
324

 ⎥
⎥ Ans. 3− , ; , , 

17) Ans. , 

⎥⎦

⎤

⎢
⎢
⎢

⎣

⎡

−1
2
1

⎥
⎥ 5

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

1
0
3

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡−

0
1
2

 

16) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
745
872

2513
 Ans. 9 , 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
1
2

2
 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
−

−−
−

4620
4220

4224
0220

 4

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡−

1
1
3
1

; , ; , 0

⎥
⎥

⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

1
1
1
1

8
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

3
1
3

1

 , 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
−

1
1

1
1

; 4−

18) Ans. , 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

− 6241
0302
0011
0002

 2

⎥
⎥

⎢
⎢

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

1
16
8
8

−
⎢
⎢

; , ; , 3

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

2
9
0
0

6−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

1
0
0
0

 ; , 1

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

4
0
7
0

, ; 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−
−

1
1
3
3

3, 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

1
1
3

3

 , 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

0
0
0
1

, 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

0
0
1
0

19) 
⎥
⎥

⎢
⎢

−− 4100
 
⎥
⎤

⎢
⎡

−
−

12010
01201

; 5−Ans. 1−

⎥
⎦

⎢
⎣ −− 1400
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Gauss limination E  Method 

The system of linear equations is denoted by 

BAX =  

 Awhere  is a matrix 

and  are vectors 

 solved by using the Gauss elimination method as shown bellow. 

 

Example

X   B
This system is

 

The system   

564
32

21

21

=+
=−

xx
xx

 

can be written as   

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡ −
5
3

64
21

2

1

x
x

. 

o, by using the Gauss elimination method as follows: S

⎥
⎦

⎤
⎢
⎣

⎡ −
5
3

64
21

 

 

21 RR −4 ⎥
⎦

⎤
⎢
⎣

⎡ 3 −
−
−

7140
21

      

    

⇒ ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
− 7

3
140
21

2

1

x
x

⇒   
714
32

2

21

=−
=−

x
xx

 

⇒   7−14 2 =x ⇒
2
1

2 −=x     ⇒ 23
2
121 =+⎟
⎠
⎞

⎜
⎝
⎛−=x  

 

⎥
⎦

⎤
⎢
⎣− 2/1

 
⎡ 2

The solution is 
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Example 

Solve the system  

23 =−+ zyx  

12 =+− zyx  

02 =−+ zyx  

Solution 

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣ −
−

−

0
1
2

121
112
311

z
y
x

  ⇒
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−

0
1
2

121
112
311

 

⎡

 

31

212
RR
RR

+−
+−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−

2
3

2

210
730
311

⇒

32 3RR + ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−

9
3

2

1300
730
311

 

 

        

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎥

⎦

⎤

⎢
⎢
⎢

⎣

−
−

9
3

2

1300
730
311

z
y
x

⇒
913
373
23

−=
−=+−
=−+

z
zy
zyx

 

⎡

⎥
⎥

 

    913 −=z ⇒
13
9

−=z  

    ⇒
13

8
13

2113
13
633

3
1 −

=
−

=⎟
⎠
⎞

⎜
⎝
⎛ −=y  ⎟

⎠
⎞

⎜
⎝
⎛−+=

13
9733y

13
7

13
82726

13
8

13
932 − +32 ==+⎟
⎠
⎞

⎜
⎝
⎛−+  

 

=−+= yzx
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Matrix Inverse 

We can use the Gauss elimination method to find the inverse o e know 

that a matrix 

f a matrix. W

A  and its inverse 1−A  must satisfy the equation IAA =× −1 (identity 

atrix). The following example illustrates the procedure. 

Exa

m

 

mple  

Find 1−A  if  

⎥
⎦

⎤
⎢
⎣

⎡
=

41
12

A  

 

Solution  

⎥
⎦

⎤
⎢
⎣

⎡
10
01

41
12

    ⇒ 12
1
R

⎥
⎦

⎤
⎢
⎣

⎡
10
02/1

41
2/11

 

 

⎥
⎦

⎤
⎢
⎣

⎡
− 12/1

02/1
2/70
2/11

  ⇒   
27

2 R ⎥
⎦

⎤
⎢
⎣

⎡
− 7/27/1

02/1
10
2/11

 
12 R−R

 

21 2
1 RR −

⎥
⎦

⎤
⎢
⎣

⎡
−

−
7/27/1
7/17/4

10
01

    ⇒ ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=−

7/27/1
7/17/41A  

 

Note:  

The matrix A  has an inverse if 0≠A  
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Example    

Find 1−A  if  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
=

204
201

312
A  

Solution 

⎥
⎥
⎥

⎦

⎤

⎢⎣
⎢
⎢
⎡

−
−

100
010
001

204
201

312
    ⇒

12
1 R

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−

100
010
002/1

204
201
2/32/11

 

 

      

13

12

4RR
RR

−
−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
−

−

102
012/1
002/1

420
2/72/10

2/32/11
 

 

    22R
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
−

−

102
021
002/1

420
710
2/32/11

 

 

  

23

21

2

2
1

RR

RR

−

+

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−

140
021
010

1000
710
201
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−

10/15/20
021
010

100
710
201

    

310
1 R

 

     32

31

7
2
RR
RR

+
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

10/15/20
10/75/41
5/15/10

100
010
001

 

 

  

 

Exercises 
 

Solve the Following Systems of Linear Equations using Gauss Elimination 

1) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−=−

10/15/20
10/75/41
5/15/10

1A  ⇒

 

 

53 −=+ yx  

632 =+ yx  

2) 82 −=− yx  

135 −=+ yx  

3) 125 =− yx  

2286 =+ yx  

4) 432 =+ yx  

423 −=+ yx  

5) 1723 −=+ yx  

010 =+ yx  

6) 42 =+− yx  

3843 =+ yx  
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027 =−− zyx  

039 =−− zyx  

0742 =−+ zyx  

8) 23 −=+− zyx  

625 =++ zyx  

032 =++ zyx  

7) 

9) 082 =−+ zyx  

0532 =+− zyx  

01223 =−+ zyx  

10) 1335 −=−+ zyx  

1223 −=−+ zyx  

822 =+− zyx  

11) 1349 −=++ zyx  

125 =++ zyx  

1437 =++ zyx  

12) 12 −=− zy  

113 =+ zx  

6242 =+− zyx  

13) 224 =− zy  

2926 =+− zyx  

24484 −+ zy =x  

14) 0214 4 =−− zyx  

06218 =−− zyx  

01484 =−+ zyx  

15) 2−=+ zy  

1264 −=+ zy  

2=++ zyx  

16) 832 =−+ zyx  

325 =+ zx  

078 =+− zyx  

17) 2444 =+ zy  

62113 =−− zy −x  

18176 =+− zyx  

18) 723 =−+− zyx  

333 −=+ zx  

zyx 22 ++  

19) 14 =− yx  

152 =+− yx  

20) 923 =− yx  

36 −=+− yx  

135 =++ zyx  22) 33 =−+ zyx  21) 2

22 =++− zyx  1322 =−+ zyx  

0=++ zyx  22 −=−+− zyx  
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Rank 

r  of a matrix A  is the highest order of the matrix with 0≠A  The rank 

 

Example 

Find the rank of the following matrices 

,    (b) ,   (c) 

tion

(a) ⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

=
220
432
321

X
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

221
213
432

Y
⎥

⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−−
=

963
642
321

Z  

⎡

 

Solu  

(a) ( ) ( ) 24264286
22
32

2
22
43

1 =+−=−−−=−=X   ⇒   3=r . 

 

(b) ( ) ( ) ( ) 0164263422
21
13

4
21
23

3
22
21

2 =+++−−=
−

+
−

−=Y  

07
13

≠−= , so the rank 2
32

=r . Since 

 

(c) 0
63

42
3

93
62

2
96

64
1 =

−−
+

−−
−

−−
=Z   

Since all the minor matrices of degree inants of zero, then the rank 2 have determ

1=r . 
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Exercises 

Determine the Rank of the Following Matrices 

2=1) ⎥
⎦

⎤
⎢
⎣

⎡
05
74

 Ans. r  

2) ⎥
⎦

⎤
⎢
⎣

⎡−
971
304

 Ans. 2=r  

3) ⎥
⎦

⎤
⎢
⎣

⎡ −
1002

314
 Ans. 2=r  

4) Ans. 2=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

62
40
19

 r  

3=5) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−− 4318
2230
6318

 Ans. r  

6) ⎥
⎦

⎤
⎢
⎣

⎡−
93
31

 Ans. 2=r  

7) ⎥
⎦

⎤
⎢
⎣

⎡
3121

6280
 

9 Ans. 2=r  

8) Ans. 2=
⎥⎦
⎥
⎥
⎤

⎢
⎢
⎢

⎣

⎡ −

844
541
033

 r  
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9) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

63
00
21

 Ans. 1=r  

10) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −

5555
7041
3120

 Ans. 3=r  

11) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−
054
503

430
 Ans. r 2=  

12) Ans. 2=
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

040
204
020
408

 r  

13) Ans. 3=
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−

370370
0783
37850
0301

 r  

14) Ans. 4=
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

48162
21684
24816

16842

 r  
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