Chapter 5

Introduction to Factorial
Experimental



Factorial Experiments

O

In some experiments we want to draw conclusions about more
than one factor.

The factorial experiments are an experiment whose design
consists of two or more factors, each factor taking two or more
levels.

The term factorial is used because the experimental conditions
include all possible combinations of the factors.

In factorial experiments they studying the effect of each factor
alone and the interaction between them.

Note :

O

The factorial experiments is not design ,but it experiment which
used with all design .



Notation

o 1) Factor: The factor denote by capital letters .
For example A,B,C

o 2) Levels: The levels denote by small letters, and
putting the digit (number) with the letter .

For example (a,, a,,a,,b, b, ,0.).

o 3) Treatment Combination: Consist the combinations
of various level for the factors. For example (a,0,a,0;,

ab,).




An Example Factorial Experiment

o If we were looking at Gender and Time of Exam.
1)We have two factor : Gender denoted by (A), and Time
of Exam denoted by (B).

2) Gender would only have two levels: Male or Female

(2g,a)
3) Time of Exam might have multiple levels, morning,
noon ,and night(b,,b,,b,)
4) Number of Treatment Combination(T.C.) =The

multiplicative  result of the levels In the
experiment=(2*3)=6




Example

2| b [ b | b
a | ab, |ab.| ab:
a. | a.b, |ab,| ab:.




Effects in Factorial Experiments

1) Simple effect : The difference between two levels of factors
under a fixed level of another factor .

\B bo bl
A

% 30, 20, (agby-agby)

a, a,b, a,0; (a;bs-a;by)

(a;b,-agby) (a,b,-agb,)

2) Main effect: The additive average of two simple effect.
=((agby-agby)+(a;bs-a,by))/2
=((a;bg-ag00)+(a;b;-a9b,))/2

3) Interaction: The difference average of two simple effect.
=((agb,-agby)-(a,b,-a;by)) /2
=((ajbg-agby)-(a;b,-agb,)) /2



Factorial experiment: investigate all possible combinations of the
levels for the factors

Factor B

Factor A4 B low Hhigh
.»‘]lh_.ml. ].” 2{}
.»’I high _}!-” 4'[]'

Main effect: the change in the response produced by a change in the level of
the factor.
« Main effect of A (B) : the difference between the average response at
the high level of A (B) and the average response at the low level of A (B)

- 30+4o_10+2o_20 3 _ 20+40 10+30 _
2 2 ’ 2 2

A 10



Interaction: the dependency between factors. The difference in response
between the levels of one factor is not the same at all level of the other

factors.

Factor B

Factor A B \ow B high

Alow 10 20
30 0

"1hig__1l1
At low level of B, the A effect is A=30-10=20
At high level of B, the A effect is A=0-20=-20 }Very different depends

on the level of B

When an interaction is large, the corresponding main effects have very
little meaning. 30+0 10+20
2 2

At different level of B, we can see the different effect of A.
The knowledge of AB
interaction is more useful than
the main effect

= 0 There is no factor A effect

A—




Factorial Experiment in a CRD

o The factorial CRD used when we have two or more than

two factors and when the experimental units are
homogenous

o In the factorial CRD treatment combination randomly
distributed on the experimental units .

o When an interaction is large, the corresponding main
effects have little practical meaning.

o Assignificant interaction will often mask(Hidden) the
significance of main effects.



Fixed Effects Model

Factor A: Effects are fixed constants and sum to O
Factor B: Effects are fixed constants and sum to O

Interaction: Effects are fixed constants and sum to O over all
levels of factor B, for each level of factor A, and vice versa

o Error Terms: Random Variables that are assumed to be

Independent and normally distributed with mean 0, variance
(52

a a b
Y A=0, Zb:ﬁj:o Y AB, =0V Y AB =0Vi &, ~N(00c?)
j=1 i=1 j=1

=1



Completely Randomized in a Factorial
Experiments

Statistical (Effects) Model:

Vi i+ A +B; +AB; +&, 1=1..,a J=L..b k=1l..,r

Yii - the value of experiment al unit that take(ith) level at Factors A, (jth ) level at B
w1 :Overall Mean

A : (Factor A effect) orEffect of i" level of factor A

B, : (Factor B effect) or Effect of " level of factor B

AB;; : Interactio n effect whe n i level of Aand j" level of B are combined
& - Random error terms

Testing Hypotheses:
H,:A =---=A, =0vs. H, :atleastone A, #0

Hy,: B =--=p,=0vs. H, :atleastone g; #0

H, :(AB); =0Vi, Jvs. H, :atleastone (AB); =0



Model depends on whether all levels of interest for a
factor are included in experiment:
o Fixed Effects: All levels of factors A and B included

o Random Effects: Subset of levels included for factors A
and B

o Mixed Effects: One factor has all levels, other factor a
subset




Completely randomized design: a levels of factor
A, blevels of factor B, rreplicates

Table  General Arrangement for a Two-Factor Factorial Design

Factor B
1 2 b
Yo Yuzs Yi21s Y1225 Yib1s Yiv2s
--'!ylln -"!yIZn "'!ylbn
Factor A Y21 Yoz Yaa1s Y2220 Y2615 Yan2s
ooy Vain oor Yo oo Vo
)’am ya12! yaZla yaZZ’ yabl’ yabz’
vo vy Yaln vovy Yaon v oy Yabn




The ANOVA table

o Total Variation (SST) 1Is partitioned Into 4
components:
Factor A: Variation in means among levels of A
Factor B: Variation in means among levels of B

Interaction: Variation in means among combinations of
levels of A and B that are not due to A or B alone

Error: Variation among subjects within the same
combinations of levels of A and B (Within SS)




SOUICE d N IR F

Treat. Cornb -1 sbTreat=AB-CF Mitrea=sotreati(ab-1)  FTrea=MotreatMSE
Factor A 1 S3A=ACE MoA=s40(z-1) BB AMBE
Factor B b-1  SSB=B.LCE MEE=53E/(b-1) Fp=MSBIMLE
Interaction @D)b-1)  SoAB=AB-A-BHCE MSAB=SSABN(a-1)(b-1)]  FygMSABMSE
Error abir-1)  SSERAB-AB MSE=55E ab(r-1)]
Total -] SST=RAB-CE
Y 2
C.F.= ( .I.D)
apr Z
Y
.Y AB ==
A — = I
br
b RAB =Y,
2.Yi |
B=1°




Test for Interaction : Test for Factor A Test for Factor B
H,:Ap,=..=A8, =0 H:A=..=A=0 H,:f=..=4 =0

H,: Notall Ag; =0 H.:Notall A =0 H, :Notall 8, =0
TSk, = MSAB 1S:F, :—MSA TSk = M>SB
MSE MSE MSE

RR : |:AB 2 |:o:,(a—l)(b—l),ab(r—l) RR : I:A 2 I:oz,(a—l),ab(r—l) RR : I:B 2 Fa(b—l),ab(r—l)



Blocking in a Factorial Design

o 2-Factor ANOVA can be conducted in a Randomized Block
Design, where each block is made up of ab experimental
units. Analysis is direct extension of RCBD with 1-factor
ANOVA

o Factorial Experiments can be conducted with any number of
factors. Higher order interactions can be formed (for
Instance, the AB interaction effects may differ for various
levels of factor O).

o When experiments are not balanced, calculations are
Immensely messier and you must use statistical software
packages for calculations



Completely Randomized Block Design in a
Factorial Experiments

Statistical (Effects) Model:
Vi - 4+ A +B; + AB; + R, + &, i=1..a j=1..,b k=1..r

Yii - the value of experiment al unit that take(ith) level at Factors A, (jth ) level at B
1 :Overall Mean

A : (Factor A effect) or Effect of i"" level of factor A

B, : (Factor Beffect) or Effect of j" level of factor B

AB; : Interactio n effect whe n i*" level of Aand j" level of B are combined

R, :Effect of Blocks
&, - Random error terms



The ANOVA table

= OUTCE df o IR ]
Blocks f-1 Sor=E-CF Mar =5utl(r-1) Fr =Nusk
Treat Comb. ab- 1 e =AE-C B Momg=antreat/(ab-1) Fro=MotreathISE
Factor 4 a-1 sol=A-CF MuA=o04]a-1) Fy =MAMGE
Factor B b-1 sopb=B-CF MeB=55B(b-1) Fp =MSEMSE
Interaction @ Dib-1)  SHAB=AB-A-BHCF MoAB=55AR(2-Tib-1)]  Fap =MSABMGE
Error (-1 ab-1)  SSE=RAB-R-AB4CE WMSE=SaE( (t-1)( ab-1]]
Total abr-1 Sol=IAB-CF
(Y)” >
C.F.= b > Yz
R —
a ab
ZYL. ab,
A — = .Y
br AB = L=t
r
>V
" ] RAB = > VY&



Latin Square
In a Factorial Experiments

Mathematical model:
Yij = ut Aj+ B; + AXB;; + Ry + C + g5,

Examples : of a 2 x 3 factorial arrangement of A and B (2 levels of A and 3 levels of
B):

In a Latin Square with 6 rows and 6 columns:

Source df

Total 35 tr-1

Treatment (5) t-1

A 1 a-1

B 2 b-1

AXB 2 (a-1)(b-1)

Row 5 r - 1 Same as block in RCBD
Column 5 c-1

Error (BXT) 20 (t - 1)(r - 2) Column takes another 5 df from Error
Total and Treatment df are same for all designs.



