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➢ Is a tool for calculating much more than areas and volumes.

➢ Has many applications in statistics, economics, the sciences, and engineering.

➢ Allows us to calculate quantities ranging from probabilities and averages to energy

consumption and the forces against a dam’s floodgates.

➢ The idea behind integration is that we can effectively compute many quantities by

breaking them into small pieces, and then summing the contributions from each small

part.
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a.

Example: Find an antiderivative for each of the following functions.

xxxh

xxg

xxf

cos2)(

cos)(

2)(

+=

=

=

b.

c.

Solution:

a.

b.

c. cxxxH

cxxG

cxxF

++=

+=

+=

sin)(

sin)(

)(

2

2

If 𝑭 is an antiderivative of 𝒇 on an interval 𝑰, then the most general

antiderivative of 𝒇 on 𝑰 is

𝑭 𝒙 + 𝑪

Where 𝑪 is an arbitrary constant.

Chapter 4 Integral

4.1 Antiderivative

Antiderivative Formulas

Function General antiderivative

1. 𝒙𝒏 𝒙𝒏+𝟏

𝒏 + 𝟏
+ 𝑪, 𝒏 ≠ −𝟏, 𝒏 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍

2. sin𝒌𝒙 −
cos𝒌𝒙

𝒌
+𝑪, 𝒌 𝒂 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕,𝒌 ≠ 𝟎

3. cos𝒌𝒙 sin𝒌𝒙

𝒌
+ 𝑪, 𝒌 𝒂 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕,𝒌 ≠ 𝟎

4. sec𝟐𝒙 tan𝒙 + 𝑪

5. csc𝟐 𝒙 −cot 𝒙 + 𝑪

6. sec𝒙 tan𝒙 sec𝒙 + 𝑪

7. csc𝒙 cot𝒙 −csc 𝒙 + 𝑪

Chapter 4 Integral
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Definition        Indefinite Integral, Integrand

The set of all antiderivatives of 𝒇 is the indefinite integral of 𝒇 with respect to

𝒙, denoted by

න𝒇 𝒙 𝒅𝒙

The symbol ׬ is an integral sign. The function 𝒇 is the integrand of the

integral, and 𝒙 is the variable of integration.

Example: Evaluate

Solution:

 +− dxxx )52( 2

Cxx
x

dxxx ++−=+− 5
3

)52( 2
3

2

Antiderivative

Arbitrary Constant

Chapter 4 Integral

4.2 Indefinite Integral

Theorem1    The Substitution Rule

If 𝒖 = 𝒈(𝒙) is a differentiable function whose range is an interval 𝑰 and 𝒇 is
continuous on I, then

න𝒇 𝒈 𝒙 𝒈′ 𝒙 𝒅𝒙 = න𝒇 𝒖 𝒅𝒖

Chapter 4 Integral

4.2 Indefinite Integral
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Example: Evaluate

Solution:
 dxx2sin

dxxdxxxx )2cos1(
2

1
sin)2cos1(

2

1
sin 22

 −=−=

dxdu

xu

=

=

2/1

2

)
2

1
(cos

2

1

2
)2(cos

2

1

2
duu

x
dxx

x
 −=−

dxx
x

)2cos
2

1

2 −=

cu
x

+−= sin
4

1

2

cx
x

+−= 2sin
4

1

2
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4.2 Indefinite Integral

Example: Evaluate

Solution:
 dxx2cos

dxxdxxxx )2cos1(
2

1
cos)2cos1(

2

1
cos 22

 +=+=

dxdu

xu

=

=

2/1

2

∴ න
1

2
𝑑𝑥 +

1

2
න(cos2𝑥)𝑑𝑥 = න

1

4
𝑑𝑢 +

1

4
න(cos𝑢)𝑑𝑢

= න
1

2
𝑑𝑥 +

1

2
නcos 2𝑥)𝑑𝑥

=
𝑢

4
+
1

4
sin𝑢 + 𝑐

cx
x

++= 2sin
4

1

2
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Example: Evaluate

 + dyyya 2.1. 2 21 yulet +=

dyydu 2=

 =+ duudyyy 2.1 2

= duu 2

1

c
u

+

+

=

+

)1
2

1
(

)(
)1

2

1
(

cycu ++=+= 2

3

22

3

)1(
3

2

3

2

Chapter 4 Integral

4.2 Indefinite Integral

Example: Evaluate

 + dttb 14. 14 += tulet

dudtdtdu
4

1
4 ==

 =+ duudtt )
4

1
(14

= duu 2

1

4

1

c
u

+

+

=

+

)1
2

1
(

)(
.

4

1
)1

2

1
(

ctcu ++=+= 2

3

2

3

)14(
6

1

6

1
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Example: Evaluate

 + dttc )57cos(. 57 += tulet

dudtdtdu
7

1
7 ==

 =+ duudtt )
7

1
(cos)57cos(

= duucos
7

1

ctcu ++=+= )57sin(
7

1
sin

7

1

Chapter 4 Integral

4.2 Indefinite Integral

 = duudxxx )
3

1
(sin)sin( 32

Example: Evaluate

 dxxxd )sin(. 32 3xulet =

dudxxdxxdu
3

1
3 22 ==

= duusin
3

1

cxcu +−=+−= )cos(
3

1
cos

3

1 3

Chapter 4 Integral

4.2 Indefinite Integral
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Example: Evaluate

 dx
x

e
2cos

1
.

2

= duu2sec
2

1

cxcu +=+= )2tan(
2

1
tan

2

1

dxdu

xu

=

=

2/1

2
dxx2sec2

=

Chapter 4 Integral

4.2 Indefinite Integral

Example: Evaluate

12 += xulet

xdxdu 2=

cxcu ++=+= 3

2

23

2

)1(
2

3

2

3


+

dx
x

x
f

3 2 1

2
.

duudx
x

x


−

=
+

 3

1

3 2 1

2
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Solution:

➢ Take integration for both sides:

➢ where 𝒕 = 𝟎, 𝒗 = 𝟎

➢ the velocity at time 𝒕:

Example: The acceleration of gravity near the surface of earth is 9.8 meter per second

square. Find velocity?

dtdv = 8.9

dtdvm
dt

dv
ta 8.9sec/8.9)( 2 ===

ctv += 8.9

cttv += 8.9)(

0)0(8.90 =+= cc

ttv 8.9)( =

Chapter 4 Integral

4.2 Indefinite Integral

Example: Solve

1−= yuLet

dydu =

1

1

−

+
=

y

x

dx

dy

dxxdyy 11 +=−

dxxdyy 2121 )1()1( +=−

1+= xz

dxdz =

dzzduudxxdyy 21212121 )1()1( =+=−

czudzzduu +== 
23232121

3

2

3

2

cxy ++=− 2323 )1()1(

Chapter 4 Integral

4.2 Indefinite Integral
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Example: What is the area of the shaded region 𝑹 that

lies above the x-axis, below the graph of 𝒚 = 𝟏 − 𝒙𝟐 and

between the vertical lines 𝒙 = 𝟎 and 𝒙 = 𝟏 ? (See

Figure )

Solution:

➢ We can calculate the area of the region 𝑹
approximately by dividing the region into rectangular.

Chapter 4 Integral

4.3 Estimating with Finite Sums

Solution:

➢ If 𝒘 is the width of rectangle, and 𝒏 is the number of

subinterval, so

➢ For figure (𝒂), 𝒘 = 𝟎.𝟓, 𝒏 = 𝟐. The area is:

➢ For figure (𝒃), 𝒘 = 𝟎. 𝟐𝟓, 𝒏 = 𝟒. The area is:

n

xx
w n 0−
=

squareunitA 875.0
8

7

2

1

4

3

2

1
1 ==+=

squareunitA 78125.0
32

25
)

16

7

4

3

16

15
1(

4

1
==+++=

Chapter 4 Integral

4.3 Estimating with Finite Sums
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Sigma Notation

➢ Writing a sum with many terms in the compact form, sigma notation used:

෍

𝒌=𝟏

𝒏

𝒂𝒌 = 𝒂𝟏+ 𝒂𝟐+ 𝒂𝟑+⋯+𝒂𝒏−𝟏+ 𝒂𝒏

➢ The Greek letter 𝜮 (capital sigma, corresponding to our letter S), stands for “sum”.

➢ 𝒌 is the index of summation and tells where the sum begins.

෍

𝒌=𝟏

𝒏

𝒂𝒌

Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums

The index 𝒌 ends at 𝒌 = 𝒏

The summation symbol

(Greek letter sigma)
𝒂𝒌 is a formula for kth term

The index𝒌 starts at 𝒌 = 𝟏

Example: Using Sigma Notation

Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums

The sum in sigma 

notation

The sum written out, one 

term for each value of k

The value of the 

sum

෍

𝒌=𝟏

𝟓

𝒌 𝟏 + 𝟐 + 𝟑 + 𝟒+ 𝟓 𝟏𝟓

෍

𝒌=𝟏

𝟑

−𝟏 𝒌𝒌
−𝟏 𝟏 𝟏 + −𝟏 𝟐 𝟐
+ −𝟏 𝟑 𝟑

−𝟏 + 𝟐 − 𝟑 = −𝟐

෍

𝒌=𝟏

𝟐
𝒌

𝒌+ 𝟏

𝟏

𝟏 + 𝟏
+

𝟐

𝟐 + 𝟏
𝟏

𝟐
+
𝟐

𝟑
=
𝟕

𝟔

෍

𝒌=𝟒

𝟓
𝒌𝟐

𝒌− 𝟏

𝟒𝟐

𝟒 − 𝟏
+

𝟓𝟐

𝟓 − 𝟏
𝟏𝟔

𝟑
+
𝟐𝟓

𝟒
=
𝟏𝟑𝟗

𝟏𝟐

19
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Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums

Algebra Rules for Finite Sums

𝟏.𝑺𝒖𝒎𝑹𝒖𝒍𝒆: ෍

𝒌=𝟏

𝒏

𝒂𝒌+ 𝒃𝒌 =෍

𝒌=𝟏

𝒏

𝒂𝒌 +෍

𝒌=𝟏

𝒏

𝒃𝒌

𝟐.𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝑹𝒖𝒍𝒆𝒔: ෍

𝒌=𝟏

𝒏

𝒂𝒌− 𝒃𝒌 =෍

𝒌=𝟏

𝒏

𝒂𝒌 −෍

𝒌=𝟏

𝒏

𝒃𝒌

𝟑.𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝑹𝒖𝒍𝒆: ෍

𝒌=𝟏

𝒏

𝒄𝒂𝒌 = 𝒄 ∙෍

𝒌=𝟏

𝒏

𝒂𝒌 𝑨𝒏𝒚 𝒏𝒖𝒎𝒃𝒆𝒓 𝒄

𝟒.𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝑽𝒂𝒍𝒖𝒆 𝑹𝒖𝒍𝒆: ෍

𝒌=𝟏

𝒏

𝒄 = 𝒏 ∙ 𝒄 𝒄 𝒊𝒔 𝒂𝒏𝒚 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒗𝒂𝒍𝒖𝒆

𝟓.𝑻𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒔𝒒𝒖𝒂𝒓𝒆𝒔: ෍

𝒌=𝟏

𝒏

𝒌𝟐 =
𝒏 𝒏+ 𝟏 𝟐𝒏+ 𝟏

𝟔

𝟔.𝑻𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒏 𝒄𝒖𝒃𝒆𝒔: ෍

𝒌=𝟏

𝒏

𝒌𝟑 =
𝒏 𝒏+ 𝟏

𝟐

𝟐

Example:

Find the limiting value of lower sum approximations to

the area of the region R below the graph of 𝑦 = 1 − 𝑥2

and above the interval 0, 1 on the x-axis using equal

width rectangles whose widths approach zero and whose

number approaches infinitely.

Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums

Solution:

➢ If 𝒘 is the width of rectangle, and 𝒏 is the number of

subinterval, so

𝒘 =
∆𝒙

𝒏
=
𝟏

𝒏
➢ So, the area can be calculated as: 𝑨 = 𝑨𝟏 +𝑨𝟐 + 𝑨𝟑 +
⋯+ 𝑨𝒏−𝟏+ 𝑨𝒏

𝑨𝟏 = 𝒚𝟏 ∙ 𝒘 = 𝟏−
𝟏

𝒏

𝟐

∙
𝟏

𝒏

𝑨𝟐 = 𝒚𝟐 ∙ 𝒘 = 𝟏−
𝟐

𝒏

𝟐

∙
𝟏

𝒏

𝑨𝒏 = 𝒚𝒏 ∙ 𝒘 = 𝟏−
𝒏

𝒏

𝟐

∙
𝟏

𝒏

21
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Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums

Solution:

➢ It can be expressed this in sigma notation as follow:

෍

𝒌=𝟏

𝒏

𝒇 𝒙 ∙ 𝒘 = ෍

𝒌=𝟏

𝒏

𝟏−
𝒌

𝒏

𝟐
𝟏

𝒏

= 𝟏 −
𝟐𝒏𝟑+ 𝟑𝒏𝟐 +𝒏

𝟔𝒏𝟑

=෍

𝒌=𝟏

𝒏

𝟏 −
𝒌

𝒏

𝟐
𝟏

𝒏

=෍

𝒌=𝟏

𝒏
𝟏

𝒏
−
𝒌𝟐

𝒏𝟑
= ෍

𝒌=𝟏

𝒏
𝟏

𝒏
−෍

𝒌=𝟏

𝒏
𝒌𝟐

𝒏𝟑

= 𝒏 ∙
𝟏

𝒏
−

𝟏

𝒏𝟑
෍

𝒌=𝟏

𝒏

𝒌𝟐

= 𝟏 −
𝟏

𝒏𝟑
𝒏 𝒏+ 𝟏 𝟐𝒏+ 𝟏

𝟔

➢ Suppose the function 𝒚 = 𝒇 (𝒙), is nonnegative and continuous. The area of region

enclosed [𝒂,𝒃] by the graph of 𝒇 (𝒙) , the 𝒙 − 𝒂𝒙𝒊𝒔 and the vertical lines 𝒙 = 𝒂,
and 𝒙 = 𝒃.

➢ If we take an element as shown in the figure,

y

x
0 ax = bx =

h

)(xfy =

1y

2y

dx

12 yyh −=

dxhdA =

dxyydA )( 12 −=

dxxF )(=

 == dxxFdAA )(

dxxfA
b

a= )(

Chapter 4 Integral

4.4 Definite Integral
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Theorem 2        The Existence of Definite Integrals

A continuous function is integrable. That is, if a function 𝒇 is continuous on an

interval [𝒂, 𝒃], then its definite integral over [𝒂, 𝒃] exists.

5.4.1 Notation and Existence of The definite Integral

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

Upper limit of integration

Lower limit of integration
Integral of 𝒇 from 𝒂 to 𝒃

Integral sign

The function is the integrand

𝒙 is the variable of integration

When you find the value of 

integral, you have evaluated 

the integral.

Chapter 4 Integral

4.4 Definite Integral

𝟏.𝑶𝒓𝒅𝒆𝒓 𝒐𝒇 𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏: න
𝒃

𝒂

𝒇 𝒙 𝒅𝒙 = −න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝟐.𝒁𝒆𝒓𝒐𝑾𝒊𝒕𝒉 𝑰𝒏𝒕𝒆𝒓𝒗𝒂𝒍: න
𝒂

𝒂

𝒇 𝒙 𝒅𝒙 = 𝟎

𝟑.𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒆: න
𝒂

𝒃

𝒌𝒇 𝒙 𝒅𝒙 = 𝒌න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝟒.𝑺𝒖𝒎𝒂𝒏𝒅𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆: න
𝒂

𝒃

𝒇 𝒙 ± 𝒈 𝒙 𝒅𝒙 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙±න
𝒂

𝒃

𝒈 𝒙 𝒅𝒙

Theorem 3

When 𝒇 and 𝒈 are integrable, the definite integral satisfies Rules 𝟏 to 𝟕

Chapter 4 Integral

4.4 Definite Integral
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𝟓.𝑨𝒅𝒅𝒊𝒕𝒊𝒗𝒊𝒕𝒚: න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙+න
𝒃

𝒄

𝒇 𝒙 𝒅𝒙 = න
𝒂

𝒄

𝒇 𝒙 𝒅𝒙

𝟔.𝑴𝒂𝒙−𝑴𝒊𝒏 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: If 𝒇 has maximum value max 𝒇 and minimum value

min 𝒇 on [𝒂,𝒃], then

min𝒇 ∙ (𝒃 − 𝒂) ≤ න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≤ max𝒇 ∙ (𝒃 − 𝒂)

𝟕.𝑫𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏: 𝒇 𝒙 ≥ 𝒈 𝒙 𝒐𝒏 [𝒂,𝒃] ⇒ න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 ≥ න
𝒂

𝒃

𝒈 𝒙 𝒅𝒙

Theorem 4

When 𝒇 and 𝒈 are integrable, the definite integral satisfies Rules 𝟏 to 𝟕

Chapter 4 Integral

4.4 Definite Integral

Chapter 4 Integral

4.4 Definite Integral
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Example: Find the average value of 𝒇 𝒙 = 𝟒− 𝒙 on [𝟎,𝟑].

Solution:

𝒂𝒗 𝒇 =
𝟏

𝟑
න
𝟎

𝟑

𝟒 − 𝒙 𝒅𝒙

=
𝟏

𝟑
อ[𝟒𝒙 −

𝒙𝟐

𝟐
𝟎

𝟑

=
𝟓

𝟐

xy −= 4

Theorem 5       The Mean Value Theorem for Definite Integrals

If 𝒇 is continuous on [𝒂, 𝒃], then at some point 𝒄 in [𝒂,𝒃],

𝒇 𝒄 =
𝟏

𝒃 − 𝒂
න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙
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Theorem 6        Substitution in Definite Integrals

If 𝒈′ is continuous on the interval [𝒂, 𝒃] and 𝒇 is continuous on the range of 𝒈,
then

න
𝒂

𝒃

𝒇 𝒈(𝒙) ∙ 𝒈′(𝒙)𝒅𝒙 = න
𝒈(𝒂)

𝒈(𝒃)

𝒇 𝒖 𝒅𝒖

Theorem 7      

Let 𝒇 be continuous on the symmetric interval [−𝒂,𝒂].

𝒂 𝒊𝒇 𝒇 𝒊𝒔 𝒆𝒗𝒆𝒏, 𝒕𝒉𝒆𝒏 න
−𝒂

𝒂

𝒇 𝒙 𝒅𝒙 = 𝟐න
𝟎

𝒂

𝒇 𝒙 𝒅𝒙 .

𝒃 𝒊𝒇 𝒇 𝒊𝒔 𝒐𝒅𝒅, 𝒕𝒉𝒆𝒏 න
−𝒂

𝒂

𝒇 𝒙 𝒅𝒙 = 𝟎.
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