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Chapter 4 Integral

» Is a tool for calculating much more than areas and volumes.

» Has many applications in statistics, economics, the sciences, and engineering.

» Allows us to calculate quantities ranging from probabilities and averages to energy
consumption and the forces against a dam’s floodgates.

» The idea behind integration is that we can effectively compute many quantities by

breaking them into small pieces, and then summing the contributions from each small
part.

dA = £(x)dx
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Chapter 4 Integral
4.1 Antiderivative

antiderivative of f on I is

If F is an antiderivative of f on an interval I, then the most general

F(x)+C

Where C is an arbitrary constant.

Example: Find an antiderivative for each of the following functions.

a. fF(X)=2x
b. g(X)=cosx
c. h(x)=2x+cosx

Solution:
a F(x)=x"+c
b. G(X)=sinx+c

c. H(x)=x"+sinx+c

Chapter 4 Integral

Antiderivative Formulas

Function  General antiderivative
, e xn+1 )
. +C, n+ -1, nrational
n+1
. cos kx

2. sin kx % C k a constant, k # 0
sin kx

3. coskx P C k a constant, k # 0

4. sec? x tanx + C

5. csc? x —cotx+C

6. secxtanx secx+C

7. cscxcotx —cscx+C
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Chapter 4 Integral
4.2 Indefinite Integral

Definition Indefinite Integral, Integrand

The set of all antiderivatives of f is the indefinite integral of f with respect to
X, denoted by

ff(x) dx

The symbol f is an integral sign. The function f is the integrand of the

integral, and X is the variable of integration.

Example: Evaluate
xampre: Eveld _[(xz—2x+5)dx

s Arbitrary Constant

j(x2—2x+5)dx:%—x2+5x+c

L____r___J

Antiderivative

Solution:

-

Chapter 4 Integral
4.2 Indefinite Integral

Theoreml The Substitution Rule

If u = g(x) is a differentiable function whose range is an interval I and f is
continuous on I, then

f F(9(0)g'(x) dx = f ) du
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Chapter 4 Integral _ )
4.2 Indefinite Integral cos20=1—2 sin’0
Example: Evaluate fsinz % dx
Solution:
. 1 _p 1
sin® x= E(l—cost) = J.sm X dx = E_[(l—cost)dx
x 1 u=2x
=——— 2
2~ 2 O o g
X 1 X 1 1
S —=—=|(cos2x)dx=—=—=|cosu (= du
2 ZI( ) 2 ZI (2 )
x 1.
=———=SINUu+cC
2 4
:g—%sin 2X+C
/
\
Chapter 4 Integral — 20
4.2 Indefinite Integral €0s20 = 2cos*6) — 1
Example: Evaluate J.COSZ « dx

Solution:

cos? X = %(1+ C0S2X) = J'coszx dx = %J'(1+ cos 2x)dx

—f1d+1f 2x)d.
= |z dx+3[cos x)dx

[ sz [ aust [osmna
a5 dets (cos2x)dx = g duty (cosu)du

= it
—4 4smu C

x 1.
=—+4+-8In2X+C
2 4

4/15/2024



Chapter 4 Integral
4.2 Indefinite Integral

Example: Evaluate

~'~I~/1+ y2.2y dy=jJU du
:ju; du
(E+1)
= (ul) ’ +C
(§+D
2 3

3 2 3
=—u?+c=—(1+Yy?)?+c
3 g 4+YY)

a. J‘,/l+ y’2ydy = let u=1+y?

du=2y dy

3
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Chapter 4 Integral
4.2 Indefinite Integral

Example: Evaluate

~ [Vatet de=[u (%)du

b. _[«/4t+1 dt — let u=4t+1
du=4dt:dt:%du

1I 1
==|u? du
4 1
2"
:Z. 1 +C
(§+D
3 3
:1u2+c:1(4t+1)2+c
L 6 6
10
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Chapter 4 Integral
4.2 Indefinite Integral
Example: Evaluate
C. Icos(7t+5) dt = let u=7t+5
du =7dt = dt :ldu
7
1
J'cos(7t +5) dt = J cosu (7)du
:lj'cosu du
7
=£sin u+c =£sin(7t +5)+c¢C
7 7
\_ /
11
4 N
Chapter 4 Integral
4.2 Indefinite Integral
Example: Evaluate
d. [xzsin(xe’) dx = let u=x*
du =3x°dx = x°dx = %du
2 - 3 - 1
J'x sin(x®) dx=jsmu (g)du
1.
:gj'sm u du
~Leosusce —lcos(x3) +C
3 3
\_ /
12



Chapter 4 Integral
4.2 Indefinite Integral

Example: Evaluate

1 2
e. Icosz o Ox = ['sec?2x dx -

:ljseczu du
2

:itanu+c=1tan(2x)+c
2 2

13
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Chapter 4 Integral
4.2 Indefinite Integral

Example: Evaluate

2X

o= 2
f. I3x2+1 dx = let u=x°“+1
du = 2xdx
1
IL dx:ju 3du
Ux?+1

3 2. o
+c=§ (x“+1)°% +c

w [N

3
==u
2

14
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\ » the velocity at time t: v(t) = 9.8t /
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/
Chapter 4 Integral
4.2 Indefinite Integral
dy X+1
Example: Solve dx - y-1
Jy-1dy=+/x+1 dx
(y-1)¥?dy = (x+1)*? dx
Let u=y-1 z=x+1
du =dy dz = dx
~(y=D¥2dy = (x+1)"? dx = u¥?du = z¥* dz
(y-1)"dy
_[u“du :jz”2 2= 2u2 =279 4 ¢
3 3
132 _ 3/2
\_ (y-1 (x+1)7°+c Y,
16

Chapter 4 Integral
4.2 Indefinite Integral

Example: The acceleration of gravity near the surface of earth is 9.8 meter per second
square. Find velocity?
Solution:

a(t):%:9.8 m/sec’ = dv=9.8 dt

> Take integration for both sides: Idv = IQ,S dt
v=9.8t+c

v(t)=9.8t+c
» wheret = 0,v = 0

0=9.8(0)+c=c=0
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Chapter 4 Integral
4.3 Estimating with Finite Sums

Example: What is the area of the shaded region R that
lies above the x-axis, below the graph of y = 1 — x2 and
between the wvertical lines x = 0and x = 1? (See
Figure)

Solution:
» We can calculate the area of the region R
approximately by dividing the region into rectangular. 0
y ¥
y=1-x*
). 1) ©.0 (115 =l-x
N ()
0.5 0.5 (1)
R R N
\ \
) \
0 0.5 1 ! 0 025 05 075 .I

(a) (b)

Chapter 4 Integral
4.3 Estimating with Finite Sums

Solution:
» If w is the width of rectangle, and n is the number of
subinterval, so

X=X

n

» For figure (a), w = 0.5,n = 2. Theareais:

A= 1><1 §x121—0.875 unit square
2 4 2 8

» For figure (b),w = 0.25,n = 4. Theareais:

:_( 5 § 1)—5—0.78125 unit square

16 416

0.5

in

025 05 075 1
(by

4/15/2024



-

Chapter 4 Integral
4.4 Sigma Notation and Limits of Finite Sums

Sigma Notation
» Writing a sum with many terms in the compact form, sigma notation used:

n
Zak=a1+az+a3+---+an_1+an
k=1

» The Greek letter X (capital sigma, corresponding to our letter S), stands for “sum”.
» k is the index of summation and tells where the sum begins.

The summation symbol
(Greek letter sigma)

a, is a formula for kth term

a

n— Theindexkendsatk =n

k=1

T~ Theindex kstartsat k = 1

19
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Chapter 4 Integral
4.4 Sigma Notation and Limits of Finite Sums

Example: Using Sigma Notation

The value of the

The sum in sigma

The sum written out, one

notation term for each value of k sum
5
k 1+24+3+4+5 15
k=1
3
- D' + (D@ “1+2-3=-2
Z +(-13(3)
2
Z k 1 n 2 1 7
Lik+1 1+1 2+1 273756
Z K? 42 5 16 25 139
k—1 4-1"'5-1 37212

20
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Chapter 4 Integral
4.4 Sigma Notation and Limits of Finite Sums

Algebra Rules for Finite Sums

1.Sum Rule:
2.Difference Rules:
n
3.Constant Multiple Rule: Z cay=c- Z a
k=
n
4.Constant Value Rule: Z c=n-c
k=
5.The first n squares: 5

6.The first n cubes:

= nn+1) z
Zk3=< 2 )

(c is any constant value)

Z": 2 Mt D@nt 1)
k=

Chapter 4 Integral

4.4 Sigma Notation and Limits of Finite Sums y

Example:

Find the limiting value of lower sum approximations to 1
the area of the region R below the graph of y = 1 — x?
and above the interval [0,1] on the x-axis using equal
width rectangles whose widths approach zero and whose os
ggm%%rnz%pproaches infinitely.

> If w is the width of rectangle, and n is the number of
subinterval, so

Ax

1 0
w=——=—
n

n
> So, the area can be calculated as: A= A4; + 4, + A3 + [

ot Ap_q + Ay

~—
Sk 3= 3k

N y=1-2x?
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Chapter 4 Integral
4.4 Sigma Notation and Limits of Finite Sums
Solution:
» It can be expressed this in sigma notation as follow:
n n 2
k 1
D=3 (1= )G)
k=1 k=1
(-GG
= z 1—(5) (2
n n
k=1 x
S (1 kY w1 kP
=Z (E‘F) =ZE_Zﬁ
k=1 k=1 k=1 B
1 1% N
— - 2
T n n3 Z k
k=1
1 1\nn+1)2n+1)
0 \n3 6
3 2nd+3n%+n
\ - 6n3 e
23
4 N
Chapter 4 Integral
4.4 Definite Integral
» Suppose the function y = f (x), is nonnegative and continuous. The area of region
enclosed [a, b] by the graph of f (x) , the x — axis and the vertical lines x = a,
andx = b.
» If we take an element as shown in the figure,
h=y,-y, y="109
dA=h dx y
dA= (yz - yl) dx h
=F(x) dx Y
X=a dx x=b X
A:jdA:jF(x) dx
b
A= j f(x) dx
a
o /

24
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Chapter 4 Integral
4.4 Definite Integral

Theorem 2 The Existence of Definite Integrals

A continuous function is integrable. That is, if a function f is continuous on an

interval [a, b], then its definite integral over [a, b] exists.

5.4.1 Notation and Existence of The definite Integral

The function is the integrand

/ X is the variable of integration

When you find the value of

integral, you have evaluated
W_/ the integral.

Lower limit of integration

Upper limit of integration

Integral sign

Integral of f from a to b /

25
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Chapter 4 Integral
4.4 Definite Integral

Theorem 3

When f and g are integrable, the definite integral satisfies Rules 1 to 7

b
1.0rder of Integration: faf(x)dx — _f f(x)dx
b a

a
2.Zero With Interval: f f(x)dx=0
a

b b
3.Constant Multiple: f kf(x)dx = kf f(x)dx
a a

. b b b
4.Sum and Dif ference: f (f(x)ig(x))dx=f f(x)dxif g(x)dx

/

26
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Chapter 4 Integral
4.4 Definite Integral

Theorem 4

When f and g are integrable, the definite integral satisfies Rules 1 to 7

b c ¢
5.Additivity: f f(x)dx + fb f(x)dx = f f(x)dx

6.Max — Min Inequality:

If f has maximum value max f and minimum value

min f on [a, b], then

b
minf-(b—a)sf f(x)dx < maxf-(b—a)

7.Domination:

b

b
f(x) = g(x)on [a,b] =>f f(x) dx ZJ g(x)dx

a

/

27

Chapter 4 Integral
4.4 Definite Integral

a) Zero Width Interval:

ffﬂﬁ—O

¥ =2f(x)

¥y =flx)

(b) Constant Multiple:

b b
f Kf(x) dx = k/ flx) dx.

¥ = f(x) + glx)
/\/ y=glx)

¥y =[x

x

0la

(c) Sum:

.

(The area over a point is 0.) (Shown fork = 2.) (Areas add)
y y
max f y=flx)
/\ ¥ =flx)
min f
v=glx)
* ol a t 0la b N

(d) Additivity for definite integrals:

/[\]d\"‘/fr)d\'—/ﬂ\')d\

(e) Max-Min Inequality:

minf-(b —a) = / flx) dx
=maxf:(b—a)

(f) Domination:

f(x) = g(x)on[a, b]

:.‘o/ flx)dv = fg(\']d\'

)
b b b
/(f(.\'] +g(\']l(f\':fﬂx]ri\'+ /g(\']a‘.r

28
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Chapter 4 Integral
4.4 Definite Integral

Theorem5  The Mean Value Theorem for Definite Integrals
If f is continuous on [a, b], then at some point ¢ in [a, b],

1 b
£© =52 feodx

Example: Find the average value of f(x) =4 —xon [0,3].

Solution:
1 3 4
av(f)z—j (4 —x)dx =4-X
3), |
3
1 4 x2 5 2]
=347 |72 &
0
[] 1 2 4

29
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Chapter 4 Integral
4.4 Definite Integral

Theorem 6 Substitution in Definite Integrals
If g' is continuous on the interval [a, b] and f is continuous on the range of g,
then

g(b)

b
[ 1@ -g'wax= [ "ra du

9@

Theorem 7

Let f be continuous on the symmetric interval [—a, a].

(@) if f is even,then faf(x) dx =2 faf(x) dx. o
—-a 0

(b) if f is odd, then faf(x) dx =0.

30
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