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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

A= jbf(x) dx

Definition Area Under a Curve as a Definite Integral

If y = f(x) is nonnegative and integrable over a closed interval [a, b], then
the area under the curve ¥y = f(x) over [a, b] is the integral of f from a to b,

Example: Find the area under the line y = x over the interval [0, b], b > 0.

Solution:

» Graph the function.
dA=h dx

b
dA= | (y,-y,) dx
b
A:J'O(X—O) dx
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Example: Find the area between x — axis and the curve y = 4 — x% for -2 < x < 2.

Solution:

» Graph the function.

» The Area
dA=(y,—y,) dx
dA=(4—-x°) dx

0 2
A:j_2(4—x2) o|x+jO (4—x?) dx or
2
A:j_2(4—x2) dx or

on

A:2j02(4—x2) dx or

3 |2

X
A=2[4x——
| 3]
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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Example: Find the area between x — axis and the curve y = x3 — 4x for -2 < x < 2.

Solution:
» Graph the function.
» The Area

dA = (y, —y1) dx

dA = (x3 — 4x) dx i

2
A= Zf (x3 — 4x)dx
0

x4 2 24-
A=2 [Z — 2x2] =2 [Z — 2(2)2] — 0| | = 8 unit square
0
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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Definition Area Between Curves

If f and g are continuous with f(x) = g(x) throughout [a, b], then the area
of the region between the curves y = f(x) and y = g(x) from a to b is the

integral of (f — g) from a to b:
b
A= [ [f) - gl dx

(-2, 8) (2, 8)
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Example: Find the area boundedby y = 2 — x? and y = —x.

Solution:
» Find point of intersection.

2-X=-X=>X-x=-2=0

(2,-2), (-11)

> Points intersections: (2,—2) and (—1,1)

» Graph the functions

(x=2)(x+1) =0

X=2, x=-1

[4%]

dx




Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Solution:
> The Area.

dA= (yz _ yl) dx

dA=(2-x* —(=x)) dx
A=I_21(2—x2+x) dx

: |[2(2> @

(2 ) (= 1) (—1)2]

1-[2(-1) - >

= 4——+2+2———£] 9 unit square
3 3 27 2
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Example: Find the area bounded on the right by y = x — 2 on the left by y? = x and

below by x — axis.

Solution:
» Find point of intersection.

V+2=y° =y’ —y-2=0
(y-2)(y+1) =0

(4,2), (1,-1)

y=2, y=-1

» Points intersections: (4,2) and (1,—1)

» Graph the functions
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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

y=X—-2
Solution:
» The Area 2
1 77 /X — Z7dy
dAZ(XZ—Xl) dy . | |
dA=(y+2-y*) dy
2 2 2 2
A:_[O(y+2—y)dy y° =X
2
y’ y’ (2)° (2, (0)° (0)°
A=—+2y—— |/ = +2(2) - — +2(0) -
> y30][2 (2) 3][2 (0) 3]

= 2+4—§]‘=E unit square
3] 3




Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Example: Find the area bounded by y = 3 — x and x = 3y — y?.

Solution:
» Find point of intersection.

3—y=3y-y = y°—4y+3=0

(y-3)(y-1)=0
y=3, y=1
» Points intersections: (0,3) and (2,1) 4

» Graph the functions
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Solution;
> The Area.

dA = (Xz - X1) dy

dA=@y-y -(B3-y) dy 3

dA=(4y—y*-3) dy

3
A= (4y-y*-3) dy

3 3

A=2y? —y?—By

1

[2(3)° —%—3(3)] 201 —%—3(1)]|

18—9—9—2+%+3] =% unit square




Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Example: Find the area bounded by y = sin”?x andy = x.

Solution: X

» Find point of intersection. X= sm—

>atx = 0 0 =sin (2):>O 0 ok
»atx = 0.5 0.5=sin ﬂ(2'5) = 0.5#0.7 not ok
>atx = 1 1=sin é):>1:10k

>atx = —1 —1=sIn 72-(2_1) = -1=-1 ok

> Points of intersection: (0,0),(1,1), and (—1,—1)




Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Solution: y =X
» Graph the functions. 1 -
—sin =%
dA:(yZ_yl) dx Y= 2
dA = 2[(sin%—x)] dx p 0 1
-1 -
1, . 7IX
A:Z_[O (sm?—x) dx
1
_ X 2 _ 2 _ 2
A:2[—2 cos - - X—] =2 [(— cos " Q) - (—2 c0S "0 _0O )]
m 1 2 n 2 2
0
= 2[0—1+3+0] AT it square
2 T
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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Example: Find the area between y = 2x — x? and y = —3.

Solution:
» Find point of intersection.

2X—X*=-3=x*-2x-3=0
(x=3)(x+1) =0
X=3, X=-1

N

» Points intersections: (3,—3) and (—1, —3) dx

D

1 4 -
» Graph the functions ‘ \
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Solution;
> The Area.

dA=(y, —y,) dx

dA = (2x— x2 - (3)) dx
A= [ (2x-x*+3) dx

3 3

A=|x2 -2 1 3x
3

-1

I=

N

4 -
y =2X—X°

|[<3) —@+3(3)] (-1 - :,f) +3(—1)]|

= ‘9—9+9—1—%+3]‘ =3—32 unit square
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Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Example: Find the area bounded by y = sinx, y = cosx, and y — axis in the first

quadrant.

Solution:
» Find point of intersection.

SINX=cosX=tanx=1

T
X="—", X
4

A

T

> Points intersections: (%, 0.707)

» Graph the functions

o)

dx

Yy = COS X

™~




Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Solution;
> The Area.

dx

o)

dA=(y,~Y,) dx

dA = (cosx—sin x) dx Y = COSX

/4 :
A:_[0 (cos x—sin X) dx

A= ‘sin X + COS X‘ZM‘ = [sin%+ cos%]—[sin 0+ cosO]‘

_|1 1

2"

4= 0.414 unit square
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Chapter 5 Application of Definite Integral
5.1 Area Between Curves

Example: Find the area, on the right by x + y = 2 on the left by y = x? and below by x —
axis.

Solution:
» Find point of intersection.

2-X=X"=>X"+Xx-2=0
(x+2)(x-1)=0
X=-2, x=1

> Points intersections: (1,1) and (—2,4)

» Graph the functions




Chapter 5 Application of Definite Integral

5.1 Area Between Curves

Solution;
> The Area.

dA:(Xz _Xl) dy

dA=(2-y-.Jy) dy
1

A= @-y-y*) dy

1

2
A= 2y_y__g y3/2

2 3

0




Chapter 5 Application of Definite Integral
5.2 Volume Using Cross-Section

» Define volumes of solids whose cross-sections are plane regions.

» To find the volume of a solid S like the one in Figure 5.1, we begin by extending the
definition of a cylinder from classical geometry to cylindrical solids with arbitrary bases

Figure 5.2.

» The volume of cylindrical solid is:

Volume = area X height = A.h

»This equation is the basis for defining the volumes
of many solids that are not cylindrical by the
method of slicing.

> If we cut the solid by a plane which is perpendicular
to x — axis, we get a cross-section of the solid S,
slice S into thin “slabs” (like thin slices of a loaf of
bread). at each point in the interval [a, b] is a region
R(x) of area A(x), and A is a continuous function
of x.

P, Cross-section R(x

with area A(x)
. / /
f

2 S =

.
|
7 B
,
.

Figure 5.1

A = base area h = height

Plane region whose Cylindrical solid based on region
area we know Volume = base area x height = Ah

Figure 5.2
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Chapter 5 Application of Definite Integral
5.2 Volume Using Cross-Section

Definition Volume

The volume of a solid of known integrable cross-sectional area A(X) from x = a
to X = b is the integral of A from a to b,

V= fbA(x) dx

a

Calculation the Volume of a Solid

1. Sketch the solid and a typical cross-section.

2. Find a formula for A(x), the area of a typical cross-section.
3. Find the limits of integration.

4. Integrate A(x) using the Fundamental Theorem.




Chapter 5 Application of Definite Integral
5.2 Volume Using Cross-Section

Example: A pyramid 16 m high has a rectangular base that is 12 m length and 9 m
width. The cross-section of the pyramid perpendicular to the altitude x m down from the

vertex. Find the volume of the pyramid.

Solution:
1- Sketch the solid and typical cross-section
2- the cross-section at x is.

¥
A

Typical cross-section

N
/ :

9 L1 .| 2
w—16x, —16x 1'6\~--
A —wi— (2 12\ 27, _
X) = W.L = 16x16x —64x

3- From the figure, the limit of integration fromx = 0tox = 16.

4- The volume of pyramid

J16
0

vV

A(x) dx = j

0

16 27
6—4x

2

dx =

9

ax

3

16

----

=576 m3

0

= x(m)
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Chapter 5 Application of Definite Integral
5.2 Volume Using Cross-Section

Example: A curved wedge is cut from a cylinder of radius 3 by two planes. One plane is
perpendicular to the axis of the cylinder. The second plane crosses the first plane at a 45°
angle_at the center of the cylinder. Find the volume of the wedge. I
Solution: .

1- Sketch the solid and typical cross-section
2- The cross-section at x is rectangular.

A(x) = 2xV9 — x? rx-\-i"s' i
3- From the figure, the limit of integration from x = 0to ; < :
x = 3. I —9-x*)

4- The volume of curved wedge

3 3 =9 _ 2
V=fA(x)dx=]2x 9 —x2dx = =g
0 0 —du = 2x dx

3 2 3 3
0

3/2

--u

2
_“ o +2°\3/2
3 3(9 x“)

0
2
= |-3 %2+ 0| =18 m?

0




