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Definition        Area Under a Curve as a Definite Integral

If 𝒚 = 𝒇(𝒙) is nonnegative and integrable over a closed interval [𝒂, 𝒃], then
the area under the curve 𝒚 = 𝒇(𝒙) over [𝒂, 𝒃] is the integral of 𝒇 from 𝒂 to 𝒃,

𝑨 = න
𝒂
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Example: Find the area under the line 𝒚 = 𝒙 over the interval [𝟎, 𝒃], 𝒃 > 𝟎.

Solution:

➢ Graph the function. y
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Example: Find the area between 𝒙 − 𝒂𝒙𝒊𝒔 and the curve 𝒚 = 𝟒 − 𝒙𝟐 for −𝟐 ≤ 𝒙 ≤ 𝟐.

Solution:

➢ Graph the function.

➢ The Area
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Example: Find the area between 𝒙 − 𝒂𝒙𝒊𝒔 and the curve 𝒚 = 𝒙𝟑 − 𝟒𝒙 for −𝟐 ≤ 𝒙 ≤ 𝟐.

Solution:

➢ Graph the function.

➢ The Area
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𝑑𝐴 = 𝑦2 − 𝑦1 𝑑𝑥
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Definition        Area Between Curves

If 𝒇 and 𝒈 are continuous with 𝒇(𝒙) ≥ 𝒈(𝒙) throughout [𝒂, 𝒃], then the area
of the region between the curves 𝒚 = 𝒇(𝒙) and 𝒚 = 𝒈(𝒙) from 𝒂 to 𝒃 is the
integral of (𝒇 − 𝒈) from 𝒂 to 𝒃:

𝑨 = න
𝒂

𝒃

𝒇 𝒙 − 𝒈 𝒙 𝒅𝒙
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Example: Find the area bounded by 𝒚 = 𝟐 − 𝒙𝟐 and 𝒚 = −𝒙.

Solution:

➢ Find point of intersection.
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12 yy −
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0)1)(2( =+− xx

1,2 −== xx

➢ Points intersections: 𝟐,−𝟐 and (−𝟏, 𝟏)

➢ Graph the functions
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Solution:

➢ The Area.

12 yy −
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Example: Find the area bounded on the right by 𝒚 = 𝒙 − 𝟐 on the left by 𝒚𝟐 = 𝒙 and

below by 𝒙 − 𝒂𝒙𝒊𝒔.

Solution:

➢ Find point of intersection.

022 22 =−−=+ yyyy

12 xx −
dy

0)1)(2( =+− yy

1,2 −== yy

➢ Points intersections: (𝟒, 𝟐) and (𝟏, −𝟏)

➢ Graph the functions

)1,1(),2,4( −
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Solution:

➢ The Area

12 xx −
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Example: Find the area bounded by 𝒚 = 𝟑 − 𝒙 and 𝒙 = 𝟑𝒚 − 𝒚𝟐.

Solution:

➢ Find point of intersection.

03433 22 =+−−=− yyyyy

12 xx −
dy

0)1)(3( =−− yy

1,3 == yy

➢ Points intersections: (𝟎, 𝟑) and (𝟐, 𝟏)

➢ Graph the functions

xy −= 3xyy =− 23
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Solution:

➢ The Area.

12 xx −
dy

xy −= 3xyy =− 23
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Example: Find the area bounded by 𝒚 = 𝐬𝐢𝐧
𝝅𝒙

𝟐
and 𝒚 = 𝒙.

Solution:

➢ Find point of intersection.

➢ at 𝒙 = 𝟎

➢ at 𝒙 = 𝟎. 𝟓

➢ at 𝒙 = 𝟏

➢ at 𝒙 = −𝟏

➢ Points of intersection: 𝟎, 𝟎 , 𝟏, 𝟏 , and (−𝟏,−𝟏)
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Solution:

➢ Graph the functions.
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Example: Find the area between 𝒚 = 𝟐𝒙 − 𝒙𝟐 and 𝒚 = −𝟑.

Solution:

➢ Find point of intersection.

03232 22 =−−−=− xxxx

12 yy −

dx

0)1)(3( =+− xx

1,3 −== xx

➢ Points intersections: (𝟑, −𝟑) and (−𝟏,−𝟑)

➢ Graph the functions

22 xxy −=
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Solution:

➢ The Area.
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Example: Find the area bounded by 𝒚 = 𝐬𝐢𝐧𝒙, 𝒚 = 𝐜𝐨𝐬 𝒙, and 𝒚 − 𝒂𝒙𝒊𝒔 in the first

quadrant.

Solution:

➢ Find point of intersection.
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➢ Points intersections: (
𝝅

𝟒
, 𝟎. 𝟕𝟎𝟕)

➢ Graph the functions
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Solution:

➢ The Area.
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Example: Find the area, on the right by 𝒙 + 𝒚 = 𝟐 on the left by 𝒚 = 𝒙𝟐 and below by 𝒙 −
𝒂𝒙𝒊s.

Solution:

➢ Find point of intersection.

022 22 =−+=− xxxx

12 xx −

dy

1,2 =−= xx

➢ Points intersections: 𝟏, 𝟏 and (−𝟐, 𝟒)

➢ Graph the functions
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Solution:

➢ The Area.
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➢ Define volumes of solids whose cross-sections are plane regions.

➢ To find the volume of a solid 𝑺 like the one in Figure 5.1, we begin by extending the

definition of a cylinder from classical geometry to cylindrical solids with arbitrary bases

Figure 5.2.

Figure 5.1

Figure 5.2

➢ The volume of cylindrical solid is:

𝑽𝒐𝒍𝒖𝒎𝒆 = 𝒂𝒓𝒆𝒂 × 𝒉𝒆𝒊𝒈𝒉𝒕 = 𝑨. 𝒉

➢This equation is the basis for defining the volumes

of many solids that are not cylindrical by the
method of slicing.

➢If we cut the solid by a plane which is perpendicular

to 𝒙 − 𝒂𝒙𝒊𝒔, we get a cross-section of the solid 𝑺,

slice 𝑺 into thin “slabs” (like thin slices of a loaf of

bread). at each point in the interval [𝒂, 𝒃] is a region

𝑹(𝒙) of area 𝑨(𝒙), and 𝑨 is a continuous function

of 𝒙.
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Definition        Volume

The volume of a solid of known integrable cross-sectional area 𝑨(𝐱) from 𝒙 = 𝒂
to 𝒙 = 𝒃 is the integral of 𝑨 from 𝒂 to 𝒃,

𝑽 = න
𝒂

𝒃

𝑨 𝒙 𝒅𝒙

Calculation the Volume of a Solid

1. Sketch the solid and a typical cross-section.

2. Find a formula for 𝑨(𝒙), the area of a typical cross-section.
3. Find the limits of integration.

4. Integrate 𝑨(𝒙) using the FundamentalTheorem.
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Example: A pyramid 𝟏𝟔𝒎 high has a rectangular base that is 𝟏𝟐 𝒎 length and 𝟗𝒎
width. The cross-section of the pyramid perpendicular to the altitude 𝒙𝒎 down from the

vertex. Find the volume of the pyramid.

Solution:

1- Sketch the solid and typical cross-section

2- the cross-section at 𝒙 is.

𝒘 =
𝟗

𝟏𝟔
𝒙, 𝑳 =

𝟏𝟐

𝟏𝟔
𝒙

𝑨 𝒙 = 𝒘. 𝑳 =
𝟗

𝟏𝟔
𝒙 .

𝟏𝟐

𝟏𝟔
𝒙 =

𝟐𝟕

𝟔𝟒
𝒙𝟐

3- From the figure, the limit of integration from 𝒙 = 𝟎 to 𝒙 = 𝟏𝟔.

4- The volume of pyramid

𝑽 = න
𝟎

𝟏𝟔

𝑨 𝒙 𝒅𝒙 = න
𝟎

𝟏𝟔𝟐𝟕

𝟔𝟒
𝒙𝟐 𝒅𝒙 = ቤ

𝟗

𝟔𝟒
𝒙𝟑

𝟎

𝟏𝟔

= 𝟓𝟕𝟔𝒎𝟑
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Example: A curved wedge is cut from a cylinder of radius 𝟑 by two planes. One plane is

perpendicular to the axis of the cylinder. The second plane crosses the first plane at a 𝟒𝟓°
angle at the center of the cylinder. Find the volume of the wedge.

Solution:

1- Sketch the solid and typical cross-section

2- The cross-section at 𝒙 is rectangular.

𝑨 𝒙 = 𝟐𝒙 𝟗 − 𝒙𝟐

3- From the figure, the limit of integration from 𝒙 = 𝟎 to

𝒙 = 𝟑.
4- The volume of curved wedge

29 x−−

292 x−

𝑢 = 9 − 𝑥2

−𝑑𝑢 = 2𝑥 𝑑𝑥
𝑽 = න

𝟎

𝟑

𝑨 𝒙 𝒅𝒙 = න
𝟎

𝟑

𝟐𝒙 𝟗 − 𝒙𝟐 𝒅𝒙 ⟹

= න
𝟎

𝟑

− 𝒖 𝒅𝒖 = − ቤ
𝟐

𝟑
𝒖 Τ𝟑 𝟐

𝟎

𝟑

= − ቤ
𝟐

𝟑
(𝟗 − 𝒙𝟐) Τ𝟑 𝟐

𝟎

𝟑

= −
𝟐

𝟑
𝟗 Τ𝟑 𝟐 + 𝟎 = 𝟏𝟖 𝒎𝟑
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