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Introduction 

The concept of limit is one of the ideas that distinguish calculus from algebra and 

trigonometry. In this report, we show how to define and calculate limits of function 

values. The calculation rules are straightforward and most of the limits we need 

can be found by substitution, graphical investigation, numerical approximation, 

algebra, or some combination of these. One of the uses of limits is to test functions 

for continuity. Continuous functions arise frequently in scientific work because 

they model such an enormous range of natural behavior. They also have special 

mathematical properties, not otherwise guaranteed. Also differential and integral 

calculus are built on the foundation concept of a limit  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Definition of Limits:  

 Conceptually, the limit of a function 𝑓(𝑥)at some point 𝑎 simply means that if 

your value of 𝑥 is very close to the value 𝑎, then the function 𝑓(𝑥) stays very close 

to some particular value. 

 Definition: The limit of a function 𝑓(𝑥)  at some point 𝑎  exists and is equal to L if 

and only if every “small” interval about the limit L, say the interval (𝐿 − 휀, 𝐿 + 휀), 

means you can find a “small” interval about 𝑎 , say the interval (𝑎 − 𝛿, 𝑎 + 𝛿), 

which has all values of 𝑓(𝑥)  existing in the former “small” interval about the limit 

L, except possibly at 𝑎  itself  

 

 

                                

 

 

 

 

 

 

 



 

                                            

 

                                 

                                        

 

Remark If we have 𝑙𝑖𝑚
𝑥→𝑎

𝑓(𝑥) = 𝐿 means that for every 휀 > 0 (no matter how small 

휀 is ) we can find 𝛿 > 0 such that if 𝑥 lies in the open interval (𝑎 − 𝛿, 𝑎 + 𝛿) and 

𝑥 ≠ 𝑎, then 𝑓(𝑥) lies in the open interval (𝐿 − 휀, 𝐿 + 휀). 



  

 

Example Let  𝑓: ℝ → ℝ. Prove that 𝑙𝑖𝑚
𝑥→3

(4𝑥 − 5) = 7. 

Solution: Let  휀 > 0 be given we have to find  𝛿 > 0 (𝛿 depends only on 휀) 

                                                ∴ |𝑓(𝑥) − 𝑙| < 휀 ⟹ |(4𝑥 − 5) − 7| < 휀 

                                                ⟹ |4𝑥 − 12| = 4|𝑥 − 3| < 휀 

 

                                                ⟹ |𝑥 − 3| <
𝜀

4
.  

Choose 𝛿 =
𝜀

4
  such that 

 𝑥 ∈ 𝐷𝑓 , 0 < |𝑥 − 3| < 𝛿 ⟹ |𝑥 − 3| <
𝜀

4
  

                                                ⟹ 4|𝑥 − 3| < 휀 

                                                ⟹ |4𝑥 − 12| < 휀   

                                                ⟹ |(4𝑥 − 5) − 7| < 휀  

                                                ⟹ |𝑓(𝑥) − 𝑙| < 휀. 

 

 

 

       



 

 

 



  

 

 

 

 

 

  

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 



 



Multiplying by the Conjugate.

 

 



 



 

 

Calculation of Limits of Rational Functions as 𝑥 approaches to +∞ or  −∞ 

Consider the function 𝑓(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
, in order to find the limit of 𝑓(𝑥) as 𝑥 

approaches to (∞) or (−∞), we devide both numerator and denominator by highest 

power of 𝑥 that occur in the denominator. 

 If    
𝑃𝑚(𝑥)

𝑄𝑛(𝑥)
, in which  𝑃𝑚(𝑥)  and  𝑄𝑛(𝑥) are polinomials of degrees 𝑚  and  𝑛  

 respectively, then 

                     𝑃𝑚(𝑥) = 𝑎𝑚𝑥𝑚 + 𝑎𝑚−1𝑥𝑚−1 + ⋯ + 𝑎1𝑥 + 𝑎0  

                    𝑄𝑛(𝑥) = 𝑏𝑛𝑥𝑛 + 𝑏𝑛−1𝑥𝑛−1 + ⋯ + 𝑏1𝑥 + 𝑏0 



𝑙𝑖𝑚
𝑥→∓∞

𝑓(𝑥) = {

𝑎𝑚

𝑏𝑛
                         if      𝑚 = 𝑛

+∞   𝑜𝑟 − ∞     if      𝑛 < 𝑚
0                            if      𝑛 > 𝑚

  

 

Example Evaluate   

1. 𝑙𝑖𝑚
𝑥→∞

2𝑥10−6𝑥9+14𝑥+1

25𝑥6+14𝑥+2
 

Solution: 𝑙𝑖𝑚
𝑥→∞

2𝑥10−6𝑥9+14𝑥+1

𝑥6

25𝑥6+14𝑥+2

𝑥6

= 𝑙𝑖𝑚
𝑥→∞

2𝑥4−6𝑥3+
14

𝑥5+
1

𝑥6

25+
14

𝑥5+
2

𝑥6

= ∞. 

 

2. 𝑙𝑖𝑚
𝑥→∞

1

𝑥5
= 𝑙𝑖𝑚

𝑥→∞
(

1

𝑥
)5 = ( 𝑙𝑖𝑚

𝑥→∞

1

𝑥
)5 = 0 

 

 

 

3. 𝑙𝑖𝑚
𝑥→∞

5𝑥+6

12𝑥−20
=

5

12
 

 

Application of limit  

EXAMPLE: Finding an Average Speed A rock breaks loose from the top of a tall 

cliff. What is its average speed during the first 2 seconds of fall?  

SOLUTION: Experiments show that a dense solid object dropped from rest to fall 

freely near the surface of the earth will fall  

                                                

feet in the first t seconds. The average speed of the rock over any given time 

interval is the distance traveled, ∆𝑦, divided by the length of the interval ∆𝑡. For 

the first 2 seconds of fall, from 𝑡 = 0 to 𝑡 = 2, we have 

 



                              

 

 

limiting value 64 + 16(0) = 64 𝑓𝑡/ sec 𝑎𝑠 ℎ 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑠 0 
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