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Introduction

The concept of limit is one of the ideas that distinguish calculus from algebra and
trigonometry. In this report, we show how to define and calculate limits of function
values. The calculation rules are straightforward and most of the limits we need
can be found by substitution, graphical investigation, numerical approximation,
algebra, or some combination of these. One of the uses of limits is to test functions
for continuity. Continuous functions arise frequently in scientific work because
they model such an enormous range of natural behavior. They also have special
mathematical properties, not otherwise guaranteed. Also differential and integral
calculus are built on the foundation concept of a limit



Definition of Limits:

Conceptually, the limit of a function f (x)at some point a simply means that if
your value of x is very close to the value a, then the function f(x) stays very close
to some particular value.

Definition: The limit of a function f(x) at some point a exists and is equal to L if
and only if every “small” interval about the limit L, say the interval (L — ¢, L + €),
means you can find a “small” interval about a , say the interval (a — §,a + &),
which has all values of f(x) existing in the former “small” interval about the limit

L, except possibly at a itself




Let's investigate the behavior of the function f defined by f(x) = x* — x + 2 for val-
ues of x near 2. The following table gives values of f(x) for values of x close to 2 but not

equal to 2.

X f(x) x f{x)
1.0 2.000000 3.0 £.000000
1.5 2.750000 25 5.750000
1.8 3.440000 22 4.640000
1.9 3.710000 21 4.310000
1.95 3.852500 205 4.152500
1.99 3.970100 2.01 4.030100
1.995 3.985025 2.005 4.015025
1.999 3.997001 2.001 4.003001
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As x approaches 2,

Remark If we have lim f(x) = L means that for every € > 0 (no matter how small
xX—a

€ is) we can find § > 0 such that if x lies in the open interval (a — §,a + §) and

x # a, then f(x) lies in the open interval (L — ¢,L + ¢).



Example Let f:R — R. Prove that lin31(4x -5)=7.
X—

Solution: Let € > 0 be given we have to find § > 0 (§ depends only on €)
sf) -l <e =|(4x—-5)—-7|<e

= |4x — 12| =4|x-3| < ¢

= |x—3] <3
4

Choose 6§ = Z such that

f"y=4x—5

x €D, 0<|x—3|<é=|x—3| < T+e
= 4lx—-3|<¢ T
= |4x — 12| < ¢ T—=«

= |(4x-5)—-7| < ¢
=|f(x) -l <e.

Therefore, by the definition of a limit,

£|n3 (4 — 5)=17 0 3
/3/ \

)




Theorem Suppose that ¢ is a constant and the limits limy_,q f(z)
and limz—,, g(z) exist. Then

1. limg o [f(2) + g(z)] = limyy, f(x) + lim,,, g()
lims—ya [f(z) — g(2)] = limz—sa f(z) — limza g(2)
hm, ., [Cf(-r)] = clim;,, f()

lim;_,, [f(l') X g(:l,‘)] = limy, f(z) X limy,, g(2)

Rl T

&

9(2) . limsa g(z)

lim, o [£8] = jmee ) iflim, ,, g(z) # 0

6. im,q [f(z)]" = [limy,, f(z)]" where n is a positive integer.
7. img ,,c=¢

8 limryez=a

9. hm,_,, 2" = a" where n is a positive integer.

10. im,_,, /T = {/a where n is a positive integer, and if n is even, we
assume that a > 0.

11. limza 3/ f(x) = {/limzq f(x) where n is a positive integer, and if
n is even, we assume that limy,q f(z) > 0.



Find: lim (x + 9).
Xx—>—4

Solution The two functions in this limit problem are f(x) = xand g(x) = 9. We
seck the limit of the sum of these functions.

lim (x + 9) = lim x + lim 9 The limit of 2 sum is the sum of the limits.
x——4 x—>—4 x——4

=—4+9 limx = aand lime¢ = ¢.

»->8 X—a

=5 L]

Find: limS(IZ —=38),

Solution The two functions in this limit problem are f(x) = 12 and g(x) = x.
We seek the limit of the difference of these functions.

lim(12 — x) = lin} 12 — lim x  The limit of a difference is the difference of
X

xX=5 =5

the limits.
=12—-95 lime = cand lim x = a.
r—8 K—a
="7 &)

Find: lim(—6x).

XD

Solution The two functions in this limit problem are f(x) = —6 and g(x) = x.
We seek the limit of the product of these functions.

lim(—6x) = lim(—6)-lim x The limit of a product is the product of the limits.
x5 x—3 x—5

= —Q-5 lime = cand lim x = a.
x—a x—*a

= —30 @&



X =3x2+7
Find: i
. .rl—l'nl 2x - 5

S S lim(x* — 3x* + 7)
lim ~——— == -

=1 2x—35 lim (2x — 5) - 2-1-5 -3 3

Find: lim(2x — 7).

X=rD

lim(2x — 7)* = [1im§(2x - NP =@-5-77=3=27
X=)

X=*3

Find the following limits:

a. lim7 b. lim(-5).
x4 x=0
a. lim7=7 b. lim (=5) = -5
-4 x==0

Find the following limits:

a. lim x b. lim wx.
x—7 X—>—1r
a limx=7 b. lim x=—7
x=7 X=>—7

Find: lim V4x? + 5.

x—-2

lim V4x2 + 5=/ lim (4x2 + 5) = \/4(-2 + 5= V16 + 5 = V21
x=—=2

X=——




One-sided and Two-sided Limits

A function f(x) has a limit as x approaches c if and only if the right-hand and left-
hand limits at ¢ exist and are equal. In symbols,

limf(x) =L& lim f(x) =L and lim f(x) = L.
X=3C X=>c* X

Example If
_ J=-2
f(z) == -

find: hm, o+ f(z), im,_,o- f(z), and limz—2 f(x)

Solution Observe that

2= z—2 if £>92
LTATY z= i <2



Therefore,

. -2 . r—2
o 2tz —6 r—l»u21+(;r+3)(17—2)
= & :
n 1—5& z+3
1
5
. |z — 2| . —(z—2)
:l—lyr‘.?— 24+z—6 ::l—lf'lz]— (z+3)(z—2)
= lim =
T a0 +3
1
- 75

Since lim; 9+ f(z) # lm,_ o~ f(z), then the limit lim, s f(z) does not
exist.



Multiplying by the Conjugate.

Example Find

_ JETI-3
hm ————
t—0 t=
Solution We can not apply the Quotient Law immediately, since the

limit of the denominator is . Here the preliminary algebra consists of
rationalizing the numerator:

lim VEE+9-3 lim VEZ+9-3 . VEZ+9+3
t—0 2 = 12 VEZ+94+3
. (2 +9) —
= hm
0 2 (V2 + 0 + 3)
t-

Ty

= lm————
tl—%\/t?+9+3
1

T 6

Formal Definition: L’"Hépital’s Rule

If the limit lim,._., L E g results in one of the following forms:
2 +— 0% 4o 00 — 00 v = ool
OI o0 » ’ ’ ’ ’

And lim,._,, % exits and g'(x) # 0, then:
lim _f(x) = lim f)
x=cg(x)  x-cg'(x)




Example 1: indeterminate form of %

Find the limit lim,_, %
o e*—=1 0 e*
M 0 T
Using L'Hopital’s Rule:
o e*—-1 et 1
lim = lim—===1
x-0 X x—0 1
Example 2: indeterminate form of g
Find the limit lim,_,q, ’2[_::
2
=
Using L'Hopital’s Rule:
XA 2% 2. x o
= G AR ®

Using L'Hopital’s Rule again:
I X 2 I 1 2 = X 2 0=0
— — T b= — T e— =
N2 xow2% . 2xo 252 (IN2)2xoe 2% (In2)2




Example 3: indeterminate form of oo —

Find the limit lim,._, (; -~ ﬁ)

x2—-4
_ 4 Lo
e e
Using L'Hopital’s Rule:
_ 1 1 . 4—-(x+2) oo =R = 1
L (xz —4_x—2) ol - el

Example 4: indeterminate form of 1%

1
Find the limit lim,_,, x1-x
1
limxT-x = 1%

x—1
1 1
SISl Inx
let Yy = X1-x.Then Iny =Ilnxi—= = —
Using L'Hopital’s Rule:
1
) . Inx X 1
limlny = lim = lim—=—-lim=—= -1
x—1 x-»11—x 2x-1-—1 x—1X
Therefore
limlny = -1
x—1
1 1
limxTx =limy=e ' ==
x—=1 x—1 e

Calculation of Limits of Rational Functions as x approaches to +o or —oo

Consider the function f(x) = %, in order to find the limit of f(x) as x

approaches to (o) or (—), we devide both numerator and denominator by highest
power of x that occur in the denominator.

P (x)
If Qn(x) ’
respectively, then

in which P,(x) and Q,(x) are polinomials of degrees m and n

Pp(x) = apmx™ + apox™ 1+ -+ ayx + aq

Q,(x) =b,x"+ b, x" 1+ -+ b x+ b,



- if m=n
. n
xliénoof(x) T )4 or —o if n<m
0 if n>m
Example Evaluate
. 2x10-6x%+14x+1
1. lim
x—o0  25x0+14x+2
2x10_6x% +14x+1 2x4—6x3+1—‘5}+i6
L. 6 _1: x> x6 _
Solution: )gl_)Tglo i, = ggl_)Tglo T 00,
x6 X X

i & — 1im ()5 = (Tim L5 —
2 M= ime=dmy) =0

. 5x+6 5
3. lim——=—
x>0 12X-20 12

Application of limit

EXAMPLE: Finding an Average Speed A rock breaks loose from the top of a tall
cliff. What is its average speed during the first 2 seconds of fall?

SOLUTION: Experiments show that a dense solid object dropped from rest to fall

freely near the surface of the earth will fall

vy = lée-

feet in the first t seconds. The average speed of the rock over any given time
interval is the distance traveled, Ay, divided by the length of the interval At. For

the first 2 seconds of fall, fromt = 0 to t = 2, we have



Ay _ 16(2)* —16(0)* _ ,, ft

At 2—0 sec

EXAMPLE 2 Finding an Instantaneous Speed
Find the speed of the rock in Example | at the instant ¢ = 2.
SOLUTION
Solve Numerically We can calculate the average speed of the rock over the interval
from time ¢ = 2 to any slightly later time t = 2 + h as
Ay 16(2+ h)? —16(2)°
E = h . (1)

We cannot use this formula to calculate the speed at the exact instant 1 = 2 because that
would require taking & = 0, and 0/0 is undefined. However, we can get a good idea of
what is happening at r = 2 by evaluating the formula at values of & close to 0. When we
do, we see a clear pattern (Table 2.1 on the next page). As h approaches 0, the average
speed approaches the limiting value 64 ft/sec.

Confirm Algebraically If we expand the numerator of Equation 1 and simplify. we

find that
Ay  16(2+ h)* —16(2)° 16(4 +4h + h*) — 64
Ar h - h
4h + 2
— 64h . 16h — 64+ 16h.

For values of & different from 0, the expressions on the right and left are equivalent and
the average speed 1s 64 + 16k ft/sec. We can now see why the average speed has the

limiting value 64 + 16(0) = 64 ft/secas h approaches 0
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