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Abstract 

Let 푍  be the ring of integers modulo n. The purpose of this work is to study some 

zero-divisor graphs of 푍 . If n is a prime number, then 푍  has no zero-divisors; so 

Γ(푍 ) is the null graph. Hence in this work, we only consider the case that n is a 

composite. We calculate the Wiener and Hyper Wiener indices of Γ(푍 ). Note that 

all figures are drawn via website http://graphonline.ru/en/ 
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Introduction 

      Let 푍  be the ring of integers modulo n and Z(푍 ) the set of nonzero zero divisors 

of  푍 . The zero-divisor graph of 푍 , denoted by Γ(푍 ), is the simple graph with 

vertex set Z(푍 ), and for distinct a , b ∈ Z(푍 ), a and b are adjacent                                     

if and only if a  b = 0. Clearly, Γ(푍 ) is the null graph if and only if 푍  is an integral 

domain. 

The Wiener index for a graph Γ which is simple undirected graph defined by 

W(Γ) =∑{ , }∈( ( ) 푑(푢,푣).  The hyper Wiener index of  Γ is defined by  

WW(Γ) =   W(Γ) +    ∑{ , }∈( ( ) (푑(푢, 푣))     [10]. 

   This thesis is divided into two chapters. The first chapter contains some basic 

definitions, which we need in the present work and some examples to illustrating the 

definitions. 

      The second chapter, includes the definition of Wiener index, hyper Wiener index 

and we find the zero divisors of the ring of integers modulo n, where n is composite, 

also we draw the graph of some rings and determined the distance between                    

all vertices of this graphs. Finally, we calculate Wiener and hyper Wiener indices of 

each graphs of a ring of integers modulo n. 
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CHAPTER ONE 

BACKGROUND MATERIALS 

    In this chapter some basic definitions that we need in our work and examples                 

to illustrating this definition.   

Definition 1.1: (Marlo Anderson and Todd Feil, 2015) 

Group is a pair (G ,*) consisting of nonempty set G and binary operation * defund 

on G satisfying the following conditions  

퐺  —closed under the operation *  

퐺  —the operation * is associative on G  

 퐺 —contains an identity element for the operation *, i.e there is an element e in G 

such that e*a=a=a*e for all a∈ 퐺. 

퐺  —for each a ∈ G the exist 푎  such that 푎 *a=e=a*푎  

Example: (푍, +), (푅, +), (푅 − {0}, . ) are groups.  

Definition 1.2: (Marlo Anderson and Todd Feil, 2015) 

 A ring R is a nonempty set together with two binary operation + and .(called addition 

and multiplication defined on R) if satisfying the following axioms:  

I. (푅, +) is an abelian group, 

II. (푅, . ) is semi-group,  

III. the distributive law hold in R: 

          푓표푟 푎푙푙 푎, 푏, 푐 ∈ 푅, 푎. (푏 + 푐) = 푎 . 푏 + 푎. 푐 and (푎 + 푏). 푐 = 푎. 푐 + 푏 .  

Example: (Z , ⊕ , ʘ) is a ring,  
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Definition1.3: (Marlo Anderson and Todd Feil, 2015) 

 A nonzero element a in a ring 푅 is called a zero divisor if there exists 푏 ∈ 푅 such 

that 푏 ≠ 0 and 푎푏 = 0.  In particular, 푎 is a left divisor of zero and 푏 is a right divisor 

of zero . 

Example: In the ring Z ={0,1,2,3,4,5} 

 Since 2.3 = 6 = 0   3.4 = 12 = 0, then 2,3,4 are  zero divisors of Z  

Definition1.4: (Burton, 1980) Prime numbers are numbers greater than 1, they only 

have two factors 1 and the numbers cannot be divide by any number other than 1. 

 Example: The number 2,3,5,7,11,13,17,…  are prime numbers 

Definition 1.5: (Behzad & CHartrand, 1979) A graphs is a finite non empty set of 

objects called vertices (the singular word is vertex) together with a (Possibly empty) 

set of un order pairs of distinct vertices of called edges. 

Definition1.6: (Naduvath, 2017): The order of a graph G, denoted by V(G), is the 

number of its vertices and the size of G, denoted by E(G), is the number of its edges. 

A graph with p-vertices and q-edges is called a (p,q)-graph. 

Definition1.7 : (Naduvath, 2017) An edge of a graph that joins a node to itself is 

called loop or a self-loop. That is, a loop is an edge uv, where u = v 

Definition1.8: (Naduvath, 2017) The edges connecting the same pair of vertices are 

called multiple edges or parallel edges. 

Definition 1.9: (Naduvath, 2017):A graph G which does not have loops or parallel 

edges is called a simple graph. A graph which is not simple is generally called a 

multigraph. 
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Definition 1.10: (Naduvath, 2017) A walk in a graph G is an alternating sequence 

of vertices and connecting edges in G. In other words, a walk is any route through a 

graph from vertex to vertex along edges.  

Definition 1.11: (Naduvath, 2017) A path is a walk that does not include any vertex 

twice, except that its first vertex might be the same as its last.  

Definition 1.12: (Naduvath, 2017)  The distance between two vertices u and v in        

a graph G, denoted by 푑 (u, v) or simply d(u, v), is the length (number of edges)            

of a shortest path connecting them.  
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CHAPTER TWO 

  This chapter includes the definition of Wiener index and hyper Wiener index of Γ 

we find the zero divisors of the ring of integers modulo n, where n is composite, also 

we draw the graph of some rings and determined the distance between each two 

vertices of this graphs. Finally we calculate the Wiener index and the hyper Wiener 

index of each graphs of the ring of integers modulo n, n from 6 to 30. 

Definition 2.1: (Winer, 1947 The Wiener index for a graph Γ which is simple 

undirected graph defined by 

W(Γ) =∑{ , }∈( ( ) 푑(푢,푣).   

Definition 2.2: (J. Klein, 1995The hyper Wiener index of Γ is defined by  

WW(Γ) =   W(Γ) +    ∑{ , }∈( ( ) (푑(푢, 푣))     [10]. 

Use following rings  

1) 푍 ={0,1,2,3,4,5} 

 Since 2.3 = 6 = 0   3.4 = 12 = 0 

 

The set of zero divisors of 푍   is   Z(푍 ) = { 2,3,4 } =  V(푍 ), where  V(푍 ) the 

set of vertex of the graph of 푍 . 

 The set of edges of Γ(푍 )  is E(푍 )={(2,3),(3,4)} 

The graph of the ring 푍  
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The distance between any two vertices of  Γ(푍 ) are  

d(4,3)=1 d(3,2)=1 d(4,2)=2 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               =1 + 2 + 1  

               = 4  

The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 )) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (4) +   [ (1) + (2) + (1) ] 

                    =2+   [ 6] 

                     = 2+3 

                     =5 

2) 푍 ={0,1,2,3,4,5,6,7} 
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 Since 2.4=8=0  and  6.4=24=0 

The set of zero divisors of 푍   is   Z(푍 ) = { 2,4,6 } =  V(푍 ), where  V(푍 ) the set 

of vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 )={(2,4),(4,6)} 

The graph of the ring 푍   

 

The distance between any two vertices  of  Γ(푍 ) 

 푑(2,4) = 1  푑(2,6) = 2  푑(4,6) = 1 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               =1 + 2 + 1  

               = 4. 

The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                     =   (4) +   [ (1) + (2) + (1) ] 
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                    =2+   [ 6] 

                     = 2+3=5 

3) 푍 ={0,1,2,3,4,5,6,7,8} 

Since 3.6=18=0   

The set of zero divisors of 푍   is   Z(푍 ) = { 3,6 } =  V(푍 ), where  V(푍 ) the set of 

vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 )={(3,6)} 

The graph of the ring 푍   

 

The distance between any two vertices  of  Γ(푍 ) is d(3,6)=1 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               =1  

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (1) +   [ (1) ] 

                    =1 
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4) 푍 ={0,1,2,3,4,5,6,7,8,9} 

 푆푖푛푐푒 2.5 = 10 = 0, 4.5 = 20 = 0, 6.5 = 30 = 0,

8.5 = 40 = 0 

 

The set of zero divisors of 푍   is   Z(푍 ) = { 2,4,5,6,8 } =  V(푍 ), where  V(푍 ) 

the set of vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 )={(2,5),(4,5),(6,5),(8,5)}3,6)} 

The graph of the ring 푍   

 

The distance between any two vertices  of  Γ(푍 ) are 

  푑(2,4) =  푑(2,6) =  푑(2,8) =  푑(4,6) =  푑(4,8) =  푑(6,8) =    2 
 푑(5,2) =  푑(5,4) =  푑(5,6) =  푑(5,8) =  1 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               =  2 + 2 + 2 + 2 + 2 + 2 + 1 + 1 + 1 + 1 
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                = 6(2) + 4(1) 

                =  16 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (16) +   [ 6(2) + 4(1) ] 

                    =8+14 

                     =22 

5) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11} 

Since 2.6=12=0          3.4=12=0          8.3=24=0           4.6=24=0                                                

9.4=36=0          6.10=60=0        6.8=48=0           8.9=72=0 

The set of zero divisors of 푍   is   Z(푍 ) = {2,3,4,6,8,9,10}=  V(푍 ), where  

V(푍 ) the set of vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 )={(2,6),(3,4),(3,8),(4,9),(6,8),(6,10),(4,6),(8,9)} 

The graph of the ring 푍   
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The distance between any two vertices  of  Γ(푍 ) are 

d(2,3)= 3   d(2,4)= 2  d(2,6)= 1  d(2,8)= 2    d(2,9)= 3   d(2,10)= 2  d(3,4)=1 
 d(3,6)= 2  d(3,8)= 1  d(3,9)= 2  d(3,10)= 3  d(4,6)= 1   d(4,8)= 2    d(4,9)= 1   
d(4,10)= 2  d(6,8)= 1  d(6,9)= 2  d(6,10)= 1  d(8,9)= 1  d(8,10)= 2  d(9,10)= 3 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 4(3) + 9(2) + 8(1) 

                = 12 + 18 + 8 

                =  38 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (38) +   [ 4(3) + 9(2) + 8(1) ] 

                    =19+   [ 36 + 36 + 8] 

                     =19+40 

                     =59 

 

6) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13} 

Since 2.7=14=0      4.7=28=0      6.7=42=0     8.7=56=0     10.7=70=0       

12.7=84=0 
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The set of zero divisors of 푍   is   Z(푍 ) = {2,4,6,7,8,10,12}=  V(푍 ), where  

V(푍 ) the set of vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 ) ={(2,7),(4,7),(6,7),(8,7),(10,7),(12,7)} 

The graph of the ring 푍   

 

The distance between any two vertices  of  Γ(푍 ) are 

d(2,7)= d(4,7)= d(6,7)= d(8,7)= d(10,7)= d(12,7)= 1 

d(2,4)= d(2,6)= d(2,8)= d(2,10)= d(2,12)= d(4,6)= d(4,8)= d(4,10) 

         = d(4,12)= d(6,8)= d(6,10)= d(6,12)= d(8,10)= d(8,12)= d(10,12)= 2  

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 6(1) + 15(2) 

                = 6+30 

                =  36 

 The hyper Wiener index of the graph of 푍  
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WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (36) +   [ 6(1) + 15(2) ] 

                    =18+   [ 6 + 60] 

                     =18+33 

                     =51=(7) + 3 

7) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14} 

Since 3.5=15=0       6.5=30=0         10.6=60=0      12.5=60=0 

 9.5=45=0     10.12=120=0    9.10=90=0      3.10=30=0 

The set of zero divisors of 푍   is   Z(푍 ) = {3,5,6,9,10,12}=  V(푍 ), where  

V(푍 ) the set of vertex of the graph of 푍 . 

 The set of edges of 푍   is E(푍 ) 

={(3,5),(3,10),(5,12),(5,9),(5,6),(6,10),(9,10),(10,12)} 

The graph of the ring 푍   
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The distance between any two vertices  of  Γ(푍 ) are 

d(3,5) = d(3,10) = d(5,6) = d(10,12) = d(9,10) = d(5,9)= d(5,12)= d(6,10)= 1 

d(3,6) = d(3,9) = d(3,12) = d(5,10) = d(6,9) =(9,12) = d(6,12) =2 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 8(1) + 7(2) 

                = 8+14 

                =  22 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (22) +   [ 8(1) + 7(2) ] 

                    =11+   [ 8 + 28] 

                     =11+18 

                     =29 

8) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15} 

Since 2.8=16=0       4.8=24=0      6.8=48=0   

10.8=80=0    12.4=48=0     8.12=96=0    14.8=112=0 

The set of zero divisors of 푍   is   Z(푍 ) = {2,4,6,8,10,12,14} 

=  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 
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 The set of edges of 푍   is E(푍 ) ={(2,8),(4,8),(8,6),(8,10),(8,14),(8,12),(12,4)} 

The graph of the ring 푍   

 

 

The distance between any two vertices  of  Γ(푍 ) are 

d(2,8)= d(8,4)=d(4,12)=d(8,6)= d(8,10)=d(8,12)=d(8,14)= 1 

d(2,14)= d(2,10)= d(2,6)= d(2,12)= d(2,4)= d(14,10)= 
d(14,6)=d(14,12)=d(14,4)=d(10,6)=d(10,12)=d(10,4)=d(6,12)=d(6,4)= 2 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 7(1) + 14(2) 

                = 7+28 

                =  35 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  
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                    =   (35) +   [ 7(1) + 14(2) ] 

                    =   [35 + 63] 

                     =   [98] 

                     =49 

9) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17} 

Since 2.9=18=0      3.6=18=0     12.3=36=0   4.9=36=0     6.9=54=0    

6.12=72=0   6.15=90=0   9.10=90=0    8.9=72=0     9.12=108=0  

9.14=126=0  9.16=144=0  12.15=180=0 

The set of zero divisors of 푍   is   Z(푍 ) =  {2,3,4,6,8,9,10,12,14,15,16} 

=  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is E(푍 ) 

={(2,9),(3,6),(4,9),(9,6),(6,12),(6,15),(9,10),(9,12),(9,14),(12,3),(8,9),(15,10),(16,9

),(12,15)} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(2,9)=1   d(2,3)=3   d(2,4)=2   d(2,6)=2   d(2,8)=2   d(2,10)=2   d(2,12)=2 

d(2,14)=2  d(2,15)=3  d(2,16)=2  d(3,9)=2  d(3,4)=3  d(3,6)=1  d(3,8)=3 

d(3,10)=3 d(3,12)=1  d(3,14)=3  d(3,15)=2 d(3,16)=3 d(4,9)=1 d(4,6)=2    d(4,8)=2  
d(4,10)=2  d(4,12)=2  d(4,14)=2 d(4,16)=2 d(6,9)=1 d(6,8)=2    d(6,10)=2  d(6,12)=1   
d(6,14)=2  d(6,15)=1 d(6,16)=2 d(8,9)=1 d(8,10)=2  d(8,12)=2 d(8,14)=2  d(8,15)=3  
d(8,16)=2 d(10,9)=1 d(10,12)=2 d(10,14)=2 d(10,15)=3 d(10,16)=2 d(12,9)=1 
d(12,14)=2 d(12,15)=1 d(12,16)=2 d(14,9)=1 d(14,15)=3  d(14,16)=2 d(15,16)=3 
d(15,9)=2   d(16,9)=1 

 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 13(1) + 30(2) + 11(3) 

                = 13 + 60 + 33 
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                =  106 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (106) +   [ 13(1) + 30(2) + 11(3) ] 

                    =53+   [13 + 120 + 99] 

                     =53 +   [232] 

                     =53+116=169 

10) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19} 

Since 2.10=20=0        4.5=20=0        4.10=40=0  4.15=60=0   10.14=140=0  

10.16=160=0         10.28=180=0       5.8=40=0    5.16=80=0    6.10=160=0  

12.15=180=0          16.15=240=0       8.10=80=0  8.15=120=0  10.12=120=0 

The set of zero divisors of 푍   is   Z(푍 ) {2,4,5,6,8,10,12,14,15,16,18} 

             =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is E(푍 ) 

={(2,10),(4,5),(4,10),(4,15),(10,14),(10,16),(10,18),(5,8),(5,12),(5,16),(6,10),(12,1

5),(16,15),(8,10),(8,15),(10,12)} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(2,4)=2    d(2,5)=3    d(2,6)=2   d(2,8)=2    d(2,12)=2   d(2,14)=2   d(2,15)=3  
d(2,16)=2 d(2,18)=2 d(4,5)=1 d(4,6)=2  d(4,8)=2 d(4,12)=2 d(4,14)=2 
d(4,15)=1  d(4,16)=2   d(4,18)=2  d(4,10)=1  d(5,6)=3  d(5,8)=1  d(5,10)=2 
d(5,12)=1  d(5,14)=3   d(5,15)=2  d(5,16)=1  d(5,18)=3 d(6,8)=2 d(6,10)=1 
d(6,12)=2  d(6,14)=2    d(6,15)=2  d(6,16)=2  d(6,18)=2  d(8,10)=1 d(8,12)=2 
d(8,14)=2 d(8,15)=2 d(8,16)=2 d(8,18)=2 d(10,12)=1 d(10,14)=1 
d(10,15)=1 d(10,16)=1 d(10,18)=1 d(12,14)=2 d(12,15)=2 d(12,16)=2 
d(12,18)=2 d(14,15)=2 d(14,16)=2 d(14,18)=2 d(15,16)=1 d(15,18)=2 
d(16,18)=2 
 

 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 14(1) + 35(2) + 5(3) 

                = 14 + 70 + 15 
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                =  99 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (99) +   [ 14(1) + 35(2) + 5(3) ] 

                    =   [99 + 14 + 140 + 45]=   [99 + 14 + 140 + 45] 

                     =   [298] 

                     =149 

11) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20} 

Since 3.7=21=0 3.14=42=0 6.7=42=0 6.14=84=07.9=63=0 7.12=84=0 

7.15=105=0 14.18=252=0 7.18=126=0  9.14=126=0 12.14=168=0 

14.15=210=0 

The set of zero divisors of 푍   is   Z(푍 )= {3,6,7,9,12,14,15,18} 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is 

E(푍 )={(3,7),(3,14),(6,7),(6,14),(7,9),(7,12),(7,15),(14,18),(7,18),(9,14),(12,14),(1

4,15)} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(3,6)=2   d(3,7)=1  d(3,9)=2  d(3,12)=2  d(3,14)=1  d(3,15)=2 
d(3,18)=2 d(6,7)=1  d(6,9)=2  d(6,12)=2  d(6,14)=1  d(6,15)=2 
d(6,18)=2 d(7,9)=1 d(7,12)=1 d(7,14)=2 d(7,15)=1   d(7,18)=1 
d(9,12)=2 d(9,14)=1 d(9,15)=2 d(9,18)=2 d(12,14)=1 d(12,15)=2 
d(12,18)=2 d(14,15)=1 d(14,18)=1 d(15,18)=2 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 12(1) + 16(2) 

                = 12 + 32 

                =  44 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (44) +   [ 12(1) + 16(2) ] 



 

 

22 

                    =   [44 + 12 + 64] 

                   =   [120] 

                  =60 

 

 

12) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21} 

Since 2.11=22=0       4.11=44=0      6.11=66=0       8.11=88=0     1O.11=110=0 

          12.11=132=0  14.11=154=0  16.11=176=0  18.11=198=0  20.11=220=0 

 The set of zero divisors of 푍   is   Z(푍 )= ={2,4,6,8,10,11,12,14,16,18,20} 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is 

E(푍 )={(2,11),(4,11),(6,11),(8,11),(10,11),(12,11),(14,11),(16,11),(18,11),(20,11)

} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(2,4)=2 d(2,6)=2 d(2,8)=2 d(2,10)=2 d(2,11)=1 d(2,12)=2 d(2,14)=2 
d(2,16)=2 d(2,18)=2 d(2,20)=2 d(4,6)=2 d(4,8)=2 d(4,10)=2 d(4,11)=1 
d(4,12)=2 d(4,14)=2 d(4,16)=2 d(4,18)=2 d(4,20)=2 d(6,8)=2 d(6,10)=2 
d(6,11)=1  d(6,12)=2 d(6,14)=2 d(6,16)=2 d(6,18)=2 d(6,20)=2 d(8,10)=2 
d(8,11)=1 d(8,12)=2 d(8,14)=2 d(8,16)=2 d(8,18)=2 d(8,20)=2 d(10,11)=1 
d(10,12)=2 d(10,14)=2 d(10,16)=2 d(10,18)=2 d(10,20)=2 d(12,11)=1 
d(12,14)=2 d(12,16)=2 d(12,18)=2 d(12,20)=2 d(14,11)=1 d(14,16)=2 
d(14,18)=2 d(14,20)=2 d(16,11)=1 d(16,18)=2 d(16,20)=2 d(18,11)=1 
d(18,20)=2 d(20,11)=1 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 10(1) + 45(2) 

                = 10 + 90 

                =  100 
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The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (100) +   [ 10(1) + 45(2) ] 

                    =   [100 + 10 + 180] 

                   =   [290] 

                  =95 

13) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23} 

Since 2.12=24=0   3.8=24=0      4.6=24=0      4.12=48=0     4.18=72=0  6.8=48=0     

6.12=72=0                   6.16=0              6.20=120=0      6.24=144=0        12.20=240=0 

12.22=264=0              6.12=72=0        6.20=120=0       6.24=144=0        8.9=72=0 

8.12=96=0                 8.15=120=0       15.16=240=0     16.18=288=0     16.21=336=0 

8.21=168=0              9.16=144=0       10.12=120=0     12.14=168=0      12.16=192=0 

12.18=216=0           18.20=360=0 

The set of zero divisors of 푍   is   

Z(푍 )={2,3,4,6,8,9,10,12,14,15,16,18,20,21,22} 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is 

E(푍 )={(2,12),(3,8),(4,6),(4,12),(4,18),(8,6),(12,20),(12,22),(6,12),(6,20),(8,9),(8,

12),(8.15),(16,15),(16,18),(16,21),(8,21),(9,16),(12,10),(12,14),(12,16),(18,12),(18,

20)} 
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The graph of the ring 푍  

 

 

The distance between any two vertices  of  Γ(푍 ) are 

d(2,3)=3       d(3,4)=3          d(4,8)=2          d(6,12)=1 
d2,4)=2          d(3,6)=2          d(4,9)=2          d(6,14)=2 
d(2,6)=2         d(3,8)=1           d(4,10)=2       d(6,15)=2 
d(2,8)=2          d(3,9)=2           d(4,12)=1       d(6,16)=2 
d(2,9)=3           d(3,10)=3        d(4,14)=2        d(6,18)=2 
d(2,10)=2         d)3,12)=2         d(4,15)=3        d(6,20)=1 
d(2,12)=1         d(3,14)=3         d(4,16)=2        d(6,21)=2 
d(2,14)=2          d(3,15)=2        d(4,18)=1         d(6,22)=2 
d(2,15)=3          d(2,16)=3       d(4,20)=2           d(8,9)=1 
d(2,16)=2           d(3,18)=3       d(4,21)=2          d(8,10)=2 
d(2,18)=2            d(3,20)=3       d(4,22)=2          d(8,12)=1 
d(2,20)=2.            d(3,21)=3      d(6,8)=1            d(8,14)=2 
d(2,21)=2             d(3,22)=3       d(6,9)=2            d(8,15)=1 
d(2,22)=2         d(4,6)=1          d(8,16)=2 d(8,20)=2              
d(8,21)=1        
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d(4,6)=1     d(4,8)=2    d(4,9)=1      d(4,10)=2     d(4,12)=1     d(2,14)=2  
d(4,15)=2   d(4,16)=2  d(4,18)=1   d(4,20)=2       d(4,21)=2   d(4,22)=2  
d(6,8)=1     d(6,9)=2     d(6,10)=2    d(6,12)=1      d(6,14)=2   d(6,15)=2  
d(6,18)=2  d(6,20)=1     d(6,21)=2   d(6,22)=2      d(4,16)=1   d(8,9)=1 
d(8,10)=2  d(8,12)=1     d(8,14)=2   d(8,15)=1       d(8,16)=2  d(8,18)=1 
d(8,20)=2 d(8,21)=1      d(8,22)=2   d(9,10)=3       d(9,12)=2   d(9,14)=3 
d(9,15)=2 d(9,16)=1      d(9,18)=2   d(9,20)=3       d(9,21)=2   d(9,22)=3 
d(10,12)=1 d(10,14)=2 d(10,15)=3 d(10,16)=2     d(10,18)=2 d(10,20)=2 
d(10,21)=3 d(10,22)=2 d(12,14)=1 d(12,15)=2      d(12,16)=1 d(12,18)=1 
d(12,20)=1 d(12,21)=2 d(12,22)=1 d(14,15)=3      d(14,16)=2 d(14,18)=2 
d(14,20)=2 d(14,21)=3 d(14,22)=2 d(15,16)=1      d(15,18)=2 d(15,20)=3 
d(15,21)=2 d(15,22)=3 d(16,18)=1 d(16,20)=2      d(16,21)=1 d(16,22)=2 
d(18,20)=1 d(18,21)=2 d(18,22)=2 d(20,21)=3      d(20,22)=3 d(20,21)=3 
 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 29(1) + 62(2) + 25(3) 

                = 29 + 124 + 75 

                =  228 

  

The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  
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                    =   (228) +   [ 29(1) + 62((2) ) + 25(3) ] 

                    =   [228 + 29 + 228 + 225] 

                   =   [710] 

                  =355 

 

14) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24} 

Since 10.5=50=0               5.15=75=0        20.5=100=0   

           10.15=150=0        10.20=200=0      15.20=300=0 

The set of zero divisors of 푍   is   Z(푍 )= {5,10,15,20} 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is                 

E(푍 )={(5,10)(5,15),(5,20),(10,15),(10,20),(15,20)} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(5,10)=1  d(5,15)=1   d(5,20)=1 

d(15,10)=1 d(20,10)=1 d(15,20)=1 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 6(1) 

                = 6 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (6) +   [ 6(1) ] 

                    =   [6 + 6] 

                   =   [12] 

                  =6 

15) 푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25} 

Since 2.13=26=0        4.13=52=0       6.13=78=0       8.13=104=0      10.13=130=0 

14.13=182=0           16.13=208=0      18.13=234=0  20.13=260=0      22.13=286=0 

24.13=312=0 

The set of zero divisors of 푍   is   Z(푍 )= {2,4,6,8,10,12,13,14,16,18,20,22,24} 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 
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The set of edges of 푍   is                 

E(푍 )={(13,2)(13,4),(13,6),(13,8),(13,10),(13,12),(13,14),(13,16),(13,18),(13,20),

(13,22),(13,24)} 

The graph of the ring 푍  

 

 

The distance between any two vertices  of  Γ(푍 ) are 

d(13,x)=1 ∀ 푥 ∈ 푉(푍 ) 

d(x , y)=2 ∀푥, 푦 ∈ 푉(푍 ) − 13 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 12(1) + 11(2) + 10(2) + 9(2) + 8(2) + 7(2) + 6(2) + 5(2) +

                       4(2) + 3(2) + 2(2) + 2 

                = 12 + 22 + 20 + 18 + 16 + 14 + 12 + 10 + 8 + 6 + 4 + 2 

               = 144 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  
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                    =   (144) +   [ 12(1) + 66(2) ] 

                    =   [144 + 12 + 224] 

                   =   [390] 

                  =195 

16) 

푍 ={0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26} 

 Since 3.9=0  3.18=0  6.9=0  6.18=0  9.12=0  9.15=0  9.18=0 

  9.21=0   9.24=0  15.18=0  18.21=0  18.24=0 

The set of zero divisors of 푍   is   Z(푍 )={3,6,9,12,15,18,21,24} 

 

 =  V(푍 ), where  V(푍 ) the set of vertex of the graph of 푍 . 

The set of edges of 푍   is                 

E(푍  )={(3,9),(3,18),(6,9),(6,18),(9,12),(9,15),(9,18),(9,21),(9,24),(15,18),(18,21),

(18,24)} 

The graph of the ring 푍  
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The distance between any two vertices  of  Γ(푍 ) are 

d(3,6)=2    d(3,9)=1      d(3,12)=2  d(3,15)=2   d(3,18)=1   d(3,21)=2  d(3,24)=2 
d(6,9)=1    d(6,12)=2     d(6,15)=2   d(6,18)=1   d(6,21)=2  d(6,24)=2 d(9,12)=1  
d(9,15)=1    d(9,18)=1  d(9,21)=1   d(9,24)=1   d(12,15)=2 d(12,18)=2 d(12,21)=2 
d(12,24)=2 d(15,18)=1 d(15,21)=2 d(15,24)=2 d(18,21)=1 d(18,24)=1 d(21,24)=2 

The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 12(1) + 16(2)  

              = 12 + 32 

               = 44 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  
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                    =   (44) +   [ 12(1) + 16(2) ] 

                    =   [44 + 12 + 64] 

                   =   [120] 

                  =195 

17) 

푍 =

{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27} 

Since   4.14=28=0       4.7=28=0       4.14=56=0        4.21=84=0      6.14=84=0      

7.8=56=0                   7.12=84=0       7.16=112=0      7.20=140=0    7.24=168=0  

8.14=112=0              8.21=168=0      10.14=140=0    12.14=168=0   12.21=252=0  

14.16=224=0          14.22=308=0      16.21=336=0     14.24=336=0   14.20=280=0  

14.26=364=0           21.24=506=0 

The set of zero divisors of 푍   is   Z(푍 )= 

{ 2,4,6,7,8,10,12,14,16,18,20,21,22,24,26}=  V(푍 ), where  V(푍 ) the set of 

vertex of the graph of 푍 . 

The set of edges of 푍   is  

E(푍 )={(3,9),(3,18),(6,9),(6,18),(9,12),(9,15),(9,18),(9,21),(9,24),(15,18),(18,21),(

18,24)} 

The graph of the ring 푍  
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The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 24(1) + 69(2) + 12(3)  

              = 24 + 138 + 36 

               = 198 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (198) +   [ 24(1) + 69(2) + 12(3) ] 

                    =   [198 + 24 + 276 + 108] 

                   =   [606] 

                  =303 
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18) 

푍 =

{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29} 

2.15=30=0          3.10=30=0      3.20=60=0          4.14=60=0        

 6.5=30=0      5.12=60=0           5.18=90=0     5.24=120=0         

6.10=60=0         6.15=90=0     6.20=120=0       6.25=150=0       

8.15=120=0        9.10=90=0   10.12=120=0     10.15=150=0                    

10.18=180=0   

10.21=110=0       10.24=240=0      10.27=270=0       12.15=180=0               

12.20=240=0       12.25=300=0      14.15=210=0       15.16=240=0     

15.18=270=0       15.20=300=0     15.22=330=0        15.24=360=0   

15.26=390=0      15.28=420=0      18.20=360=0        18.25=450=0   

20.21=420=0     20.24=480=0       20.27=540=0        24.25=600=0 

The set of zero divisors of 푍   is   Z(푍 )= 

{2,3,4,5,6,8,9,10,12,14,15,16,18,20,21,22,25,26,27,28}=  V(푍 ), where  V(푍 ) 

the set of vertex of the graph of 푍 . 

The set of edges of 푍   is  

E(푍 )={(2,15),(3,10),(3,20),(4,15),(6,5),(5,12),(5,18),(5,24),(6,10),(18,20),(18,25)

,(6,15),(6,20),(6,25),(8,15),(9,10),(10,12),(10,15),(10,18),(10,21),(10,24),(20,21),(2

0,24),(10,27),(12,15),(12,20),(12,25),(14,15),(15,16),(15,18),(15,20),(15,22),(15,24

),(15,26),(15,28),(20,27),(25,24)} 

The graph of the ring 푍  
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The Wiener index of the graph of 푍  

W(Γ(푍 )) =∑{ , }∈( ( ( )) 푑(푢, 푣).   

               = 34(1) + 119(2) + 57(3)  

              = 34 + 138 + 171 

               = 243 

 The hyper Wiener index of the graph of 푍  

WW(Γ(푍 )) =   W(Γ(푍 ) +    ∑{ , }∈( ( ( )) (푑(푢, 푣))  

                    =   (243) +   [ 34(1) + 119(2) + 57(3) ] 

                    =   [243 + 34 + 476 + 513] 

                   =   [1266] 

                  =633 
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  پوخته 

ــا ــه بـ ــان ی ژمارهبازنـ ــت ، مه nكـ ــهبهبـ ــتمان ئـ ــهسـ ــۆ ئه و ئیشـ ــهوهبـ ــی  یـ ــا گرافـ تـ

ــیچ  وایــــهكه یهرهی ســــهژمــــاره nر گــــه، ئهشــــدا بخــــونین ر ســــفر دابهســــهبه ھــ

  . () گرافی سفره وایه، كه  شكراو سفر نیهر دابهسهبه

ــاره  n كـــهكاتكـــدا نیا لهتـــه كـــه پمـــان وایـــه وهو ئیشـــهلـــه بـــت .  ی ئاوتـــهژمـ

 م وبســـــــایتهلـــــــه یـــــــهكان ھهموو گرافـــــــهھـــــــه بكـــــــه مـــــــهتبینــــــی ئه

 http://graphonline.ru/en   .  
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  ملخص ال

ــحیحة  ــداد الصـ ــة الاعـ ــتكن حلقـ ــدی فلـ ــل  modulo nتجریـ ــذا العمـ ــن ھـ ــرچ مـ الغـ

ــفری ل  ــم الصـ ــة ذات القاسـ ــوم البیانیـ ــض الرسـ ــة بعـ ــو دراسـ ــان ھـ ــددا   nإذا كـ عـ

ــه ــد بـ ــلا یوجـ ــا ، فـ ــإن  أولیـ ــذا فـ ــفریة ، لـ ــومات صـ ــانی  FOمقسـ ــم البیـ ــو الرسـ ھـ

ــر  ــا نعتبـ ــل ، فإننـ ــذا العمـ ــی ھـ ــم فـ ــن ثـ ــارغ . و مـ ــون الفـ ــی یكـ ــة التـ ــط الحالـ فقـ

 FOل   Hyper wienerو    wienerمركبــــا . نحســــب مؤشــــرات  nفیھــــا 

ــتم  ــام یــــ ــع الارقــــ ــظ أن جمیــــ ــی لاحــــ ــع الالكترونــــ ــر الموقــــ ــمھا عبــــ رســــ

 http://graphonline.ru/en     

  


