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Chapter Two

Matrices

Definition: A matrix A= [aij]is a rectangle array of numbers or variables denoted by

i1 Q12 0 Qan
A= |G azz - am
Am1  Am2 " Amn
OR
i1 Q2 0 Qi
A= (12:1 aZ:Z aZ:n i= 1,2’...’mand j: 1’2,...’11
Am1 Amz *° Qmn

In which m is the number of rows and n is the number of columns. A matrix 4 with
m rows and n columns is denoted by A4,,,,, (we say that A is m by n matrix) and the

elements of the matrix A is denoted by a;;.

Thatis i** rowof Ais[a;; a;p .. a;,], 1<i <mand
alj
th | @2j ,
j** ColumnofdAis| ."|, 1<j <n
amj
Example 2.1:
1 O 12 3 7 5 V2
(39 0e(2 2 D) e g o
~10 3 -11 3 -2 o

Matrix A with 3 rows and 2 columns, matrix B with 3 rows and 3 columns,
matrix € with 1 rows and 3 columns and matrix D with 4 rows and 1 column.
Asyo, Bsy3, C3x1, Dyxq. The elements of matrix A are

a1 =1, a1, =0, a1y =-3, ay», =4,a3; = —10 and a3, = 3.
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Example 2.2:

Construct a matrix of degree 2 x 3 such that its elements are of the form  a;; =

(i+2)) Vij.

Example 2.3: H.W,

Find the matrix A = (a,-,-)3x2 such that a;; = 2j + i%.

Operations on Matrices

-Matrix Addition

Let A= (a;;) and B = (b;;) be any two m X n matrices, then the sum of two
matrix A and B defined by A + B = (a;;) + (b;;) is also m X n matrix.

a1 Qg2 0 A bi1 b1z - bip
A+B=|021 a2 Azn |y |bz1 b2z - ban
Ui Gmz = O b,,;l b,;,z b,,;n
a3 +by1  agz + by A1n + b1y
— a2.1 + b21 a2.2 + bzz a;n + bzn
A1+ b21 Az + by Amn + b21
Example 2.4:
(3 -1 0 (2 3 -1
1) Let A‘(s 3 z) a”dB_(1 1 0)
(3 -1 0 2 3 -1\ _
Then A+B‘(5 3 2)+(1 1 0)_
(3+2 —1+3 0+(—1))
541 3+1 240
- 2 Y
6 4 2/
2) HW.

FindA+B,A+C .B+Cand A+ B + C where
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1 2 3 4 -1 6 3 7 1 0 9 4
A=(4 3 2 1) B=(2 1 4—2) andC=<4 2 2 11)

-1 2 9 0 -1 3 8 1 5 2 9 0
-Matrix Subtraction

Let A = (a;;) and B = (a;;) be any two m X nmatrices, then the subtraction of

two matrix A and B defined by A — B = (a;;) — (b;;) isalso m x n matrix.

a1 A1z 0 Qan bi1 b1z -+ bin
A—B=|91 ax -+ Qm|_|bz1 b2z - bz
Am1 Amz *° Qmn b1 bmz ' bgn
aj1 —bi1 @iz —biz v Qip— b
= | 421 — by4 azz — by, -+ azn — by ,i=12,--,mand j=1,2,-,n
Am1 — D21 Qmz —Db21 0 A — Dag
Example 2.5:

Letd = (é _51) and B = (g _02) then find A — B

A‘B=((2) _51)‘@ _Oz)=<(2):§ 5_—1(_—(2)))=(_03 _71)

-Scalar multiplication:

Let A = (a;;) be any m X n matrix and ¢ be any real number, then the scalar

multiplication ¢ by A is anm X n matrix D=c A=c (a;;)

ai1 A2 0 Qg cay1 C€aqz2 -+ CAqn
D=cA=c- |1 a2 - da| = |CA21 Cazz - Can
anﬁ arﬁz " an;n 4 anﬁ c ar;lz e C arr;n
Example 2.6:
2. [1 8 —3] _ [2.1 2.8 2(— 3)] [2 16 —6
4 -2 5 2.4 2.(-2) 10
Example 2.7:
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6 12
Find \/§< 3 1 )
—15 0

-Matrix Equality
Let A = (a;;) and B = (b;;) be any two m X n matrices, then the equal of two

matrix A and B defined by

i1 Q12 0 Qqp bi1 b1z -+ bip
_ a a e a _ eee
A= B = |%21 a2 2| = b21 b2z ban |,
Am1 Amz ° Qmn b1 bmz ' b

a;; = b;; foralli=12,--,mand j=12,-,n

Example 2.8:

Given that the following matrices are equal, find the values of x and y.

1= Pants=(5 )

Solution: SinceA =B

x 2

Then (; i) = (3 y)’ x=1andy = 4.

Here are two matrices which are not equal even though they have the same elements.

1 4
B 1 2 3
a-(zs) < (2D
3x2

3 6
Example 2.9:
Given that the following matrices are equal, find the values of x, y, and z.
4 0 X 0
A=<6 —2) and B=(©6 y+4
3 1 3 1

-Multiplication of a Matrix by a Scalar
Let A= (a;) be an m Xn matrix and B = (b;;)be an m X p matrix, then the

product of A and B defined by A X B (A- B) is anm X p matrix C.
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C= (aij) mxn (bij) nxp — (2?:1 a,;: btj)mXp’

forall i=1,2,---,mandj=12,--,p.

Example 2.10:
a1 Az bi1 b1z b13)
A= and B = (
(a21 a22)2><z by1 bz3 b33/,
A-B = (0111911 + a12bz1  a11b12 + a12b3  aibiz + a12b23>
Az1b11 + Qz2b21  Az1b11 + Qpba3  Az1bi3 + az2b23/, 5
Example 2.11:
-1 0
1 2 3
a=(% 20 m=(e 2
-1 0 4 1 3
-1 0
Then a-B=("' 2 i)-(4 z) =
1 3

(1*—1+2*4+3*1 1*0+2*2+3*3)=(10 13)
—1*x—14+0%x44+4%x1 —-1x04+0x2+4=% 3 5 12

Remark:
In the matrix multiplication the number of columns of the first matrix is equal to the
number of rows in the second matrix.

Example 2.12:

1 2
1) Find A- B where A = (6 —3) and B = (_1) and B - Aifitis possible
3X2

O 1 - 2X1
2) Determine the matrices A and B
1 2 0 2 -1 5
Where A+2B=(6 -3 3|and 2A—-B=|2 -1 6|
-5 3 1 o 1 2
-Transpose

If A = (a;;) be any m X n matrix, then the n X m matrix B = (b;;),

where b;; = a;; is called the transpose of A and is denoted by AT,
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2 3 5

For example A = (6 4 7

2 6
) , then the transpose of A is (3 4) = AT,
5 7

Properties of transpose
1) (AT = 4

2) (A+B)' = A" +B"
3) (- A) =a-AT

4) (A-B)' = BT - AT

Types of Matrices

1) Row and Column Matrix
Matrices with only one row and any number of columns are known as row
matrices and matrices with one column and any number of rows are called column

matrices.

Let's look at two examples below:

Row Matrix Column Matrix
3
— _10
A=[1 2 3] B = )
- 1 -
There is only one row, so 4 is a There is only one column, so B is a
row matrix. column matrix.

2) Rectangular and Square Matrix
Any matrix that does not have an equal number of rows and columns is called a

rectangular matrix and a rectangular matrix can be denoted by [B],;,xn- ANy matrix

that has an equal number of rows and columns is called a square matrix and a

square matrix can be denoted by [B],,xn-
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Let's look at the examples below:

Rectangular Matrix

Square Matrix

1 3 2
5 2 1

12 5
B=|2 -3
0 11/34

A=

2 1 4
C=1-1 6 7
3 21

3 -1 0
D= (7 —4 6)

The matrix A have two rows and three
columns in this matrix, and B have
three rows and two columns, so 4 and
B are rectangular matrices.

The matrix C have three rows and
three columns and so D. C and are
square matrices.

3) Identity matrix:

Let A = (a;;) be any m X m matrix, then A4 is said to be identity matrix if the

diagonal elements are equal to 1 and other all elements are zero. Thus, a square

matrix

A= [a;j] is an identity matrix if a;;

1 0 1
Iix1 = (1), Ihxp = (0 1), I35 = (0
0

5) Zero matrix:

{Oifiqtj
1ifi=j

0 0
1 o)
0 1

} It is denoted by I,

Let A = (a;;) be any m X n matrix, then A is said to be zero matrix if all elements

of Aare zero (ifa;; = 0 foralli = 1,2,-

0 0 O

Forexample A = (0 0 0

6) Diagonal matrix:

~,mand j=1,2,--,n).

) IS a zero matrix.
2X3

A square matrix A is said to be diagonal matrix if all elements expect the diagonal

elements are zero (if a;; = 0 for i # j).

College of Education
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For example

3 0 0
A= (0 —4 O) is a diagonal matrix.
0 0 2/3x3

7) Scalar matrix:

A diagonal matrix A is said to be scalar matrix if the diagonal elements are all
: . Oifi+#]j
equal. Thus, a square matrix A = [a;;] a scalar matrix if a;; = {k i;l Z;}

where k is a constant. For example

5 0 0
A=|{0 5 0 IS a scalar matrix.
0 0 5/3x3

Conclusions:
« All identity matrices are scalar matrices
« All scalar matrices are diagonal matrices

. All diagonal matrices are square matrices

8) Triangular Matrix:
A square matrix is said to be a triangular matrix if the elements above or below the

principal diagonal are zero. There are two types:

« Upper Triangular Matrix

A square matrix A is called an upper triangular matrix, if a;; = 0 when i > j

3 -1 4
For example A = (0 2 7) IS an upper triangular matrix
0 0 —9/3x3

« Lower Triangular Matrix

A square matrix A is called a lower triangular matrix, If a;; = 0 wheni <.
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3 0 0
. For example A = (—1 2 O) Is a lower triangular matrix.
5 8 -9 3x3

9) Symmetric matrix:

Anm X m matrix A = (a;;) is said to be symmetric matrix if A4 =

AT (le ai]- = ajl‘ for all i,j)

4 -3 1
For example A=<—3 2 8) IS @ symmetric matrix.
1 8 _9 3x3
5 4 3\, 2 /L 0 ~10
0 0 3 4
4 0 7 ]){2 3 O
3 7 -1/)\4 o 5/\ 3 5 2
B 0O 4 -2 9

10) Skew symmetric matrix:

Anm X m matrix A = (a;;) is said to be skew-symmetric matrix

Y o _aijifi:/'_j}
if=—-A" (i.e. a,]—{ 0 ifi=j)
0 5 -1
ForexampleA=|-5 0 —2) Is a skew-symmetric matrix.
1 2 0/3x3

11) ldempotent matrix:

If A% = A, then A is called idempotent matrix.

Example:
2 -3 =5

Showthat A= <—1 4 5 IS idempotent matrix.
1 -3 —4 3x3

12) Nilpotent matrix:
If A* = 0, where k is a positive integer, then 4 is called a nilpotent matrix. The

least value of k is the index of it.
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1 1 3
For example A= ( 5 2 6 ) IS a nilpotent matrix.
-2 -1 -3

Fundamental properties of matrix multiplication:

Let A, B and C are m X n matrices and r, k are real numbers, then
1. A+ B=B+ A

2.A+(B+C) = (A+ B) +C
3. A+ 0 = 0 + A = A, (where0is zero matrix)
4. A4+ (m4) = (A) + A =0
5. A(BC) = (AB)C

6. r(kA) = (rk)A = k(rA)
7. A(BB + C) = AB + AC.
8. r+k)A =14+ kA
9. 17(A+ B) =rA + 1B
10. A(rB) = r(AB).

Definition: Two square matrices A and B of the some degree are said to be

commutative for multiplication if A- B = B - A, and is said to be

skew commutative if A-B = —B-A
Example:
_ (3 2 _ (4 1 .
1) A= (2 3),B = (1 4) are commutative.
(3 2 _ (4 1 :
2) A= (2 3), B = (4 1) are not commutative.

3) A= G :1) B = (}l _11) are skew commutative.
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