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Chapter Five

Mathematical induction

Mathematical induction is a proof technique that allows us to prove some
mathematical statement, let's call it P(n), that depends on n. Sometimes it is an
equation, or an inequality, and sometimes it is a sentence with mathematical meaning.
Notice that in both cases n should be a variable in the statement. So that we can
plug n into P(n). We get a statement that we can often check by hand.

Step of mathematical induction:

Step (1): Show that the result is true for n=1, P(1) is true.
Step (2): Assume the result is true for n=k, P(k) is true,
Step (3): Show that the result is true for n=k+1, P(k + 1) is true.

Example 1: Use mathematical induction to prove that

_n(n+1)

mi=14+2+3+4+5+6++n=

Solution: Note: S;=1
S,=1+2=3=5,+2
S;=1+2+3=6=5,+3
S,=1+2+3+4=10=S,+4
Se=1+2+3+4+5=15=5,+5

S¢=1+2+3+4+5+6=21=5.+6

Sk+1=SkHtr41

Step (1): Verify the result is true for n=1, then the left-hand side of (1) is equal to 1.

The right hand side of (1) is equal to % = 1. So the result is true for n=1.

k(k+1)

Step(2) Assume that the result is true for n=k, S, =1+ 2+3+ -+ k = .
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Step (3): Show that the result is true for n=k+1,

Serr =1+2+3+ -+ k+ (k+1) = E2EED
_ (k+1)(k+2)
N 2
NOW, Sy 1=Si+tesr = 1+2+3+-+k+(k+1)
Sk tis1
= MY sk+1).  Sine  PK) s true
_ k(k+1)  2(k+1)
= KD 2
_ (k+1)(k+2)

2
Thus we have proven that P(k + 1) is true.

Therefore, the result is true for all n.
Example 2: Prove
6+12+ 18+ -+ 6n=3n(n+1)foralln eN

Solution:
Step (1): Verify the result is true for n=1, then the left-hand side of (1) is equal to 6.
The right hand side of (1) isequal to 3(1)(1+ 1) = (3)(2) = 6. So the result is true
for n=1.
Step(2) Assume that the result is true for n=k,
S =6+12+18+ -+ 6k = 3k(k + 1),
Step (3): Show that the result is true for n=k+1,

Sk1 =6+12+ - +6k+6(k+1)=3Kk+1D((k+1)+1)

=3(k+1)(k+2)

NOW, Sje1=Si+ties1= 6+ 12+ 18 + -+ 6k + 6 (k + 1)=3k(k + 1) + 6(k + 1)

Sk lk+1

=3(k+ 1) (k + 2).
Thus we have proven that P(k + 1) is true. Therefore the result is true for all n.
Example 3:
143+5+-+2n—1)=n?,foralln € Z*
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Solution:

Step (1): Verify the result is true for n=1, then the left-hand side of (1) is equal to 1.
The right hand side of (1) is equal to 12

Step(2): Assume that the result is true forn=k, S, = 1+ 3+ 5+ -+ (2k — 1) = k?,
Step (3): Show that the result is true for n=k+1,
Sks1=14+34+5++QRk—1)+Q2(k+1)—1) = (k+ 1)?

NOW, Sy1=Spttiss= 14345+ -+ 2k—D+2%+1) - 1)

Sk tk+1
=k*+ 2k +2-1)
=k*+2k+1
= (k+1)*

Thus we have proven that P(k + 1) is true.
Therefore, the result is true for all n.
Example 4: Prove
2484144 -4 (6n—4) =n(3n— 1) for all positive integer n.
Example 5.
Foralln e N, 2™ > n.
Solution:
Step (1): Verify the result is true for n=1, then 21 > 1.
Step(2): Assume that the result is true for n=k, then 2% > k.
Step (3): To show that the result is true for n=k+1, 2%¥*1 > k + 1
Now, since 2% > kthen2¥ >1 =2k +2k >k +1
=202 >k+1
= 2k > 4+ 1.
Thus we have proven that P(k + 1) is true.

Therefore, the result is true for all n.

Example 6: Prove n*- n is divisible by 3 for all positive integers
Solution:
Step (1): Verify the result is true for n=1. Then 13 — 1 = 0 is divisible by 3.
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Step(2): Assume that the result is true for n=k, then P(k) = k3 — k is divisible by 3.
Step(3): To show that the result is true for n=k+1, P(k+1) =(k + 1)3 — (k +
1) is divisible by 3
Now, (k+1)3—(k+1)=k3+3k?+3 k+1—-k—-1

= (k3 —k) + 3(k* + k)

7 N

is divisible by 3 is divisible by 3
Thus P(k + 1) == (k + 1)3 — (k + 1) is divisible by 3
Therefore, the result is true for all positive integer n.

Example: Prove that

n?(n+1)>2

134+23+33+.-+n3= , for all positive integer n

Exercises.

Prove the following by mathematical induction:

n(n+1)(n+2)(n+3)
4

(a) i+ (+2) =

(b) (I +2)@i+1)=nn+2)(n+3)

i-1 _ a(r"-1)

© i,artt="
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