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What is Interpolation ?

Given (xo,Y0), (X1,Y1), ...... (Xn,yn), find the
value of 'y’ at a value of ‘X’ that is not given.




Interpolants

Polynomials are the most common choice
of interpolants because they are easy to:

B Evaluate
m Differentiate, and
H Integrate.



Lagrangian Interpolation

Lagrangian interpolating polynomial is given by
fn (X) Li (X) f (Xi)
i0

where “ n” in f n (X) stands for the n'" order polynomial that approximates the function y f (x)

given at (n 1) data pointsas Xo, Yo, X1, Y1 ,-....., Xn 1, Yn 1, Xn, Yn, and

Li (x) is a weighting function that includes a product of (n 1) terms with terms of j i
omitted.



Linear interpolation
For n = 1, we have the data

ﬂx) ﬂxo) ﬂxl)
The Lagrange fundamental polynomials are given by
(e’ — 283 ) (X —2g)
lo(x) = (xg —x T Lh(x) = (x5 —xg) "

The Lagrange linear interpolation polynomial is given by
Py(x) = lg(x) filxg) + L1(x) fixy).

Example Using the data sin(0.1) = 0.09983 and sin (0.2) = 0.19867, find an approximate
value of sin (0.15) by Lagrange interpolation. Obtain a bound on the error at x = 0.15.

Solution We have two data values. The Lagrange linear polynomial is given by

(x—23) (x—xg)

Pyx) = ————— ) 4 ——
e REn— 23) ﬂxo (x3 —xg) ﬂxl)
(x-02) (x-0.1)
= — (0.09988) + —————(0.19867).
01-02) | (02-0.1) -
(0.15-02) (0.15-0.1) —
ﬂ0.15)-P1(0.15)- (01-02) (0.09983)+m (0.19867)

= (0.5) (0.09983) + (0.5) (0.19867) = 0.14925.



Quadratic interpolation
For n = 2, we have the data
x Xq 2y Xy
Ax) fixg) filxy) fixs)
The Lagrange fundamental polynomials are given by

(x —xg)l(x—x9) (x —xg)(x—27)
ll(x) = o 2 : 12(.1') - 0 1
(xl—xo)(xl—xz)

(x—xl)(x—xz)

lo(x)= » .
(xXp — %3 ) %xg — %) (x9o —xg)(xo —x71)

The Lagrange quadratic interpolation polynomial is given by

Example Use Lagrange’s formula, to find the quadratic polynomial that takes the values

% 0 1 3

y 0 1 0

Solution Since f; = 0 and £, = 0, we need to compute /,(x) only. We have

(x—xg)(x—2%x9) x2(x-38)
(x3 —xg)(x3 —x9) (1)(—-2)

1
l(x) = =2 (8x—x?).

The Lagrange quadratic polynomial is given by

1 1
fix) = L(x) fix)) = 3 (Bx—=x2)(1) = = (3x — 22).



Example Construct the Lagrange interpolation polynomial for the data

x —1 1 4 4

Fx) - 0 63 342

Hence, interpolate at x = 5.
Solution The Lagrange fundamental polynomials are given by

B (x—23)(x—2x9)(x—2%xg) (x—1)(x—4)(x—-7)
O T (xg—x1)(xg—x0)(xg—x3) (—1—1)(—1—4)(—1—7)
1 3
=— — (x® — 12x% + 39x — 28).
SO
A (x —xgl(x —x9)(x—2xg) (x+1)(x—4)(x—7)
2 T (x3 —xgl(x3 —x2)(x3 —x3) (A+1)(A—4)(1—7)
1 —
= — (x — 10xZ + 17x + 28).
36
7 o) (x—2xg)(2x —2x9)(x —2xg) {x 4+1){x—DP){x—7)
X)) = =
2 (X —Xgl)leg — Xz )X —xg) (4 +1D)(4—1)(4—7)
=—L (x2 — TxZ —x + 7).
45
T (x —xg)(x —x3)(x —x92) (x +1)(x—1)(x—4)
X)) = =
3 (xg —xgllxg —x3)(xg — x5) (7+1(7 —1)H)(7—4a)
1

(x3 — 4AxZ — x + 4).

144



Note that we need not compute /;(x) since fix,) = 0.
The Lagrange interpolation polynomial is given by
Pyfx) = Lifx) fixg) 4 1) flxy) + Lofx) fixy) 4 L) fxy)

] 1 o
= — (B3=12243%-28) (=2) - — (P =Tael=x+7)(63) +— (B-dxl-x+44)(342)
30 45 144

(1 T 171) ( 3 49 171]2 (39 7 171]
N s BT

=r-1
Hence, fi5)=Py(5)=5°-1=124,



