Chapter Two
Matrix Algebra

1. Transpose

If A is square matrix Then

. (A=A

Il. (A+B)=A"+PB

. If A’A = AA" = Then A is a symmetric matrix, for instance:

1 2 3

2 4 6]
3 61
IV. IfAA'=0= A=0
V. (AB)' =B'A’

A=

2. Multiplication

I. Al = IA = A, whatis | matrix?

I1. A0 = 04 = 0, what is 0 matrix?

I1l. In general, AB # BA

But AB = BA if:

o A=BorB=A
e A or B is identity matrix
e If AorB iszero Matrix
e If A=B7lor B=4A"1
e If A or B isdiagonal matrix, for instance

100]

D=10 2 0

0 0 3
IV. If D, and D, are two diagonal matrices of all the same order then
DIDZ = D2D1

3. Determinants

Def": For any square matrix A4,,, ,then the determinant of A (|A|) is defined by:

4| = z a;jA;j
Where 4;; is the cofactor of a;; which is equal to A;; = (—1)"*/ X minor

The minor of element a;; is the determinant of the sub matrix A obtained by deleting
the i row and the j™ column of A.



A =|Az1 Az Qz3
az1 dszz dsz

Arrow Method to Find Determinants:

a1 Qg a13]

i1 Q412 Qq3]A11 Qg
|A| = (@21 Q22 Qz3| Q21 QApp
asz; dzz dszz|dsz; A3

|A| = (ay;.az2.a33) + (A1 Az3.a31.) + (A13. A21. A32) — (A43.A55.A31)
— (a11.a33.a3;3) — (A12. Q1. A33)

Theorems about the properties of determinants:

1.The Determinates of a diagonal matrix or identity matrix is the product of diagonal elements.

2. Let A be (n * n) matrix, then B obtained from A by multiply row (or column) of A by a
scalar C, then |B| = C|A]|

3.If B obtained from A by interchanging two rows or columns, Then |B| = —|A]|

4.1f a row or column of a square matrix is zero, then the determinant is zero.

5.1f two rows or columns in A are similar, Then |A] = 0

6.1f A has an inverse, then |[A™| = |4| = ﬁ

7.1f A and B have determinants and in the same order, Then |AB| = |A||B]|

4. Matrix Inverse

_1 _ adj(A) _ [Cof(aij)], _ [(-1) D x Mij]’
"~ odet(4) Al |Al

if [A] #0

where, M;; = minor(a;;)

Example: find A~1 for the matrix A
2 2
A= [4 5

Solution:

adj(A)

A=
i

2 2]=[5 7]

Adj(A):Adj[4 =12 3

S 2 2 2e5) (204 =
=y ¢l =@ -@n=2

A1 = [—54- _22]

2

= T




° (A—l)—l =A

e If A and B have Inverse and have the same order Then
(AB)™' = B714™1

e If K is non zero scalar and A has an inverse then

-1 _ 1,1
(KA) —KA

5. Orthogonal Matrix
Def": The square matrix A is an Orthogonal if: A1 = A’. An example of this kind of

matrices is as follows:

, Al=AT=

o —_o o
co o -
— o oo
co—~o
co~o
— o oo
co o —
o —oc o

cost sing

| sinf  cosf |

e If Aisan Orthogonal matrix then A exists and is Orthogonal

Proof:

A=A
(AH™ =@
A=(@ADHT
A=A

e If A and B are two Orthogonal matrix and have the same order, then (A.B) is an
Orthogonal.
Proof:
A=A ,Bt1=p8
(AB)™' = (AB)’
(AB)"'=B7'A"! - A,Bare Orthogonal
(AB) = B'A’
~B71A™1 =PB'A

e The Determinant of an Orthogonal matrix is either (+1) or (-1)

6. ldempotent Matrix
If A is square matrix of order n, then is called Idempotent matrix if:
A2=A.A=A




oo _[4/5 =2/5 _ o
Example: B = [_2/5 1/5 ] Show that B is idempotent matrix~
Solution:

B.B=B
BB = [ 4/5 —2/5] [4/5 -2/5
= 1-2/5 1/5|°'[-2/5 1/5
[ 16+ 4 8 2
BB=|25 25 25 25
' 8 2 4 4 1
25 25 25 25
_[20/25 —10/25
B-B=|_10/25 5725
. [4/5 =2/5
B.B=5= [—2/5 1/5
7. Trace of Matrix

If A = (a;;) is a square matrix of order n, then the trace of A is:
n

tr(4) = Z Qjj = Aq1 T Azp +Azz + -+ Ay
i=1

a1 Q412 Qg3 3
A=|az1 azy ax3|; Tr(4) = E ajj = Q11 + Ay + azs
az1 dzz dsz i=1

If A and B are two matrices of order n and let C;and C, be two Scalar, then:
tT(ClA + CzB) = Cltr(A) + Cztr(B)

If A and B are two matrices of order n such that (AB) is defined a square
matrix, then:
tr(AB) = tr(BA)
Let A a square matrix of order n , and let C is non-singular matrix (|C| # 0),
then: tr(C~*AC) = tr(4)
Proof:
tr(C~1AC) = tr(AC™1C) = tr(4)
And if C is an Orthogonal matrix then
tr(C'AC) = tr(AC'C)
= tr(AC™1()
tr(AI) = tr(A)

1 2
Example: Let X = | 2 |, show that (;fx) is an ldempotent matrix
-1
1
Solution: X =|2 |, X'=[1 2 -1]
-1

—
| —



1 1 2 -1
XX'=|21|1 2 —-1]=]2 4 =2
1

-1 -2 1

1
X'X=[1 2 —1][2]=(1+4+1)=6
-1
1 2 -1 11 =
[2 4 _2] 6 3 6
xx' o1 2 a1 2z -1
X'x 6 =13 3 33
l‘_l -1 lJ
6 3 6
1 1 -1901 1 -1 101 -1
2[25?”z§?[g§?1
xx' 1 2 -1f] 1 2 -1 1 2 -
(X’X) =13 3 S|z 3 F|T|3 3 3| isidempotent
i R | A Y R
6 3 6-Le6 3 6 6 3 6
HW1
A
QUIfA = [Az Azz] where A;; and A,, are non-singular matrix (|4,,| # 0, |A5,| # 0),
findamatrixC=[ ]such that CA=[A11 Agz
Cor 1 0 B

Use the Result to show that |A] = |A1]|Az, — Az1(A11)  AL,]

Q2/ Find Determinant, Inverse, Eigenvalues and eigenvectors of the following:

2 2 4
a=[l 9. B=|2 -1 2],
4 2 2
Q3/ Find value of K for the following matrix:
1 -2 k
A=k 2 0
2 3 1




