CHAPTER THREE

Poisson’s and Laplace’s
Equation

Poisson’s and Laplace’s Equation - 22



Poisson’s and Laplace’s Equation:
Poisson’s and Laplace’s Equation provides a method where by the potential function

V can be determined.

V-D=p Mxweel first equation

V-E = P is the medium is homogenous and isotropic
£

V(- =2

vev=_L ... Poisson's eq.

If the region of interest contains charge in a known distribution, Poisson's equation
used to determent the function.

Very often the region is charge free that is i.e.,(p = 0) —» V2V =0, Laplace's eq.

azv OZV azv\
V2V = I

axz ¥ Cartesian coordinate
— oV +6V I

x| )

, 16<6V>+162V+62V
"or) T dp?  0z?

7‘66‘; 19V v cylindrical coordinate
VW =— - -
or ar+r6<pa"’ + 57 %z

ViV = li(r 6_V> L 9 (sm 0 HV) L

r2or\' 9r)  r2sin6 96 00/  12sin2 0 02 } sphericalcoordinate
av 10V 1 odV

796% " Tsing e o )
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Cartesian sol. in one variable:

V=V(xy,z)
ifV=V(x)orV=V({y)orV =V(z) then:

v2y = 0%V v2y = 2%V v2y = 2%V
“oxz T ~ y? or 022

If V=V(x) only

92V d /dv dv , ,
VZV:TZO - j‘a(a):j‘O - E=A = in one variable

dV = Adx - JdV=JAdx -» &~ V=Ax+B

For a parallel conductor

ZA
Let: V=V, at x=x;, V=V, at x =x,
V=V(X)
V1=Ax1+B _Vl_VZ ’.’
v, =Ax2+B} subtract them - A—xl_x2 .,".
v, —V. Vox, —Vix, ¥ y
B=V1_Ax1=V1_(1 2>x1=M >
X1 — Xy X1 — Xy x=1, V1
vV, -V Vox, —Vix x=2, V2
V=Ax+B=(1 2>x+M
X1 — X2 X1 — X2

V= Vilx —xp) = Vo(x — xq)
——

General solution

Example: Consider the parallel conductors where V=0 at Z=0, V=100 volt at Z=d.

Sol\ = 1@ haEz) _ V(E=d)7100¢-0) _ 1002

Z1—Zy 0-d d
e oy A d (1002) 100 .
STV T Tz T Taz\ad )T a d{ ’
100
D = EOE = TEO X X
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Ex.: Two Parallel conducting planes in free space are at y=0 and y=2 cm, and the
zero voltage reference is at y=1 cm, ifD = 2.53j% between the two conductors.

Determine the conductor voltage.

21 _ 9%V _
Sol\ P2V =5 =0

j‘d(dV) jO V=Ay+B
_— ) e =
dy \dy y

E=-W = E=-4j ......1 y=0, V=0

ZA

v X

D
D=¢cE - FE=— infreespace
0 &o f p N y:2

~

__283x100° LV .
T88sazx 10—z T y y=1, V=0

4

From eq. 1 we get valueof A

|4
A=-286x10*— , .V =-286x10*"y+B
m

Boundary conditionat y=1cm
0=-286x%x10*x10"%2+B . B =286

V =-2.86x10*y + 286

at y=0

V, = —2.86 X 10* x 0+ 286 -V, =286wvolt
aty=2cm

V, =—-2.86x10* x2x 1072+ 286 - V,=-286wolt
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Cylindrical solution in one variable:

V=V(e,2)
V=V or V=V() or V=V(z)

1- For V =V(r)only

V2V_ld( dV)—O
"~ rdr rdr
fd( dV) av 2
—_ —_ ) = - _—
dr rdr rdr

dr
dezA - - V=Alnr+B
As a Example:

.. V=V at r=a
For boundary condition 0
N y ' V=0 at r=»>b

Equipotential surface in concentric cylindrical.

Vo=Alna+B Vo Vo
0=Alnb+B} fromthemwe ge Ina—1Inb ln%
B=—Alnb="22y,
lnE A
b
V. Inb A
V=—0alnr——a 0 a <.,
n- In- C =
b r =
+ -
lng i
V—Voln—g +] .
b |< +[— .
av + ]
E=-V=——a, — T VaV(r)
dr +
Yo d(l Inb)] = — \ 17
v
€0V, Dn
D =gk =—7
rln;
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At r=a

€ Vo @
€V, € V
© _ 0% P = 09 «2 al=—b021
2ral 412 aln- lnz
c=2=20om
Vo In-=

Q/ Find V,E& D for the region between two concentric cylinders where V=0 at

r=1mm, & V=150volt at r =20mm.

2- For V =V (¢) only, and the boundary condition might be:

V=0 at ¢=0
V=V, at o=«

VZV—leV—o jd<dv>_j0 dV—A
Cr2de? do \do/ " de
dV = Adg V=Ap+B
at V=0, =0, and V=V, , o=«
0=0+5 5=
0
a
vV, oy V1oV v
TR ? “or T r6<pa‘p 9z %
_ gyt 19 M __1h
E=-vr= rap e r6qo(a<p>a‘p I
Vo
E—a(_aq))
& Vi
D = =——(-a,)
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Example: In cylindrical coordinate there are two plane charged (¢ = constant), then
planes are insulated along z-axis. Find the expression for D between the planes

where: V=100v at o¢=a«a

Soll V=Ap+B

100 =Ax + B} 500
0=0+B J = A=—
a
100
v=—2
a
P L s .1
B T T rde™ T Tra
_ —100¢,
T a0

and V=0 at ¢=0

V =100v

PE s

)

Yhe eguépolential swyaces
aresemicireal radial planes, V =

v -

3- For V=V(z) only

=0 > V=A4z+B
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Spherical solution in one variable

V=V(,0,¢p)
1- For V=V(r) only
VZV_ii< Zd_V>_
T r2dr r dr)
2d—V—A - dV—Aﬂ
r dr 2
A
V=-—=+B
r

Example: In spherical coordinates V =0 at r =0.1m and V = 100v at r = 2m .
Find E and D.

Sol./

A
V=——+B

r

A
0=-5718 A A 20 -1

: 100=—E+H=A< > >—>A—95
100=—E+B '
B_A_9.5_95

01 0.1

—9.5

V=—"+095

2- For V=V(0) only

ViV = 1 0 ud =0
r2sin 6 do (sm 9) B

[ L moy=[o
(sin 70

HdV— jdV Af
sin d9_

sin @

6
V =A1n<tan5) + B
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Example: For the region between the two co-axial cones, the cones vertex are insulates at [r=0].
Find the potential functionfor V =V, at 8 =6, and V=0 at 6 =6,.

Sol./
_ 0
V-Aln(tan§)+B A ¥ ,l
6 O\
/
V1:Aln<tan?1>+B N ,
0,
0= Aln(tan?) +B
vy = 4(1n (1an ) - 1 (can )
L= n(tan 5 n|tan >
V.
A= l 2 11 %
( n (tan ;) —In (tan 7))
9
—V,In(tan=2
5 f n( an 2) X N
(ln (tan —1) —In (tan —2))
2 2 Yhe eguipolential swyfaces in spherical

coordiéinales al V =V (0) are coaxial cores

Then from above equations we get:

Viin (tan 2) Viiln (tan &)
V= ] - 0\ ] - ]
(ln (tan ?1) —In (tan ?2)) (ln (tan 71) —In (tan 72))
—_— In (tan g) —In (tan %)

(in (can ) — tn (can 2))
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3- ForV =V (¢) only

1 dv _
T r2sinfde?

d?v 0 f d (dV) fo dv 4
= - —_— ] = - -5 =
do \dg do

de?
deszd(p

VZy

In clyrdécal  coordinate,
V=V(p)

Yhe eguipolential swyaces

are Rectangalar radial

plare

Yhe eguipolential swyfaces
azesemictreal rvadial plares,
V=V(p)
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Solution of Poisson's eq.:

ViV =

P

&

Example: The region between two concentric cylindrical contains a uniform charge density

().

Sol./ For concentriccylindrical equipotential surfaces.V = V(r)

pr?
V=——+Alnr+B

4¢e

dv

E=—VV=—Ear

_pr A

2 1
_ . (pr A)_pr A
D_SE_S(ZS r] 2 r

Example: A parallel plate Diode, operating condition x-axis, during the prose's space charge
build up in the region between the electrons. Find the un expression for the potential

function between the plates if the current density j = —pv where:

Sol./ charge density p = —%

1 2eV
eV =—-mv - v= |—
2 m
—J
p:
2ev
m

V=0 atx=0
V=V,at x=d
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vy —p d’v 1 +j j<Ze> 2 V_l
— RN - = = - — 2
£ dx?2 & [zoy €\m
m
2V o j2eNT
—2=kV2 where k=—(—)
dx m

) (dV) d?v f V—_l ) (dV)
—_ ] = 2 = —_—
dx/ dx? dx

J‘ d (dV)Zd ka (dV) V__ld
_ = —_— 2
dx \dx x dx x

1
fV"Z av = 2Vk dx

4 3
§1/1=2\/Fx+A

First boundary condition: V=0 at x=0

4 3
§(0)Z=2x/Eo+A - A=0

4 3
3V = 2Vkx 1
Second boundary condition: V=V, at x=d
4 3
3 Vo)r=2Vkd ... 2
Fromeq. 1 &2
4 3 3
VY 2Vkx Vi  x
3 — s — =
2 2Vkd WVo)s
ol
3
V=V, (E)
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Q1/
A p-n junction between two halves of a semiconductor bar extended in the x-direction
assume that the region for x < 0 is p-type and that the region for x > 0 is n-type. A charge
distribution of this form may be approximated by the expression

X X .
(p = 2posechz tanh g) , With

Pmax = Po  Where ppq, = maximum charge density. Find V.

y x > Too
PN-junction + E.=0
- |+
- |+
P-type s N-type
- |+
! > X
1 X=0
| V=0
V) = _Po
€
X X
2y - 2posech; tanhz
€
dv  2apg sech™
—=—144
dx €
2ap, sech=
E,=—2+(,
€
at x >t E, =0, ~C=0
dv  2apg Sechg
*Tdx T e
Integrating again:
4q? x
v =220 n1ea +C,

&

Let us arbitrarily select our zero reference of potential at the center of the junction,
=0.

4a’pym 4a’pym
0= ate Fe=TTg

V= 4a§p0 (tan‘1 ea — %)
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V = V1 at 91 = 200}
V=0 at 6; = 160°)°
Q3/ coaxial conducting cylindrical are located at r=4m and 15cm, the value of E is

Q2/ Find E in the region between the two cones, where {

(E = 20a, %V) at r = 6¢cm, and the potential of the more positive conductors is 200V.

Find a- potential difference between two conductors.
b- the capacitance of the system if ¢, = 2.7 for the medium between the two cylinders
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