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CHAPTER (3) 

(Joint, Marginal &Conditional) distribution of 

Random Variable 

  

Subjects 

3 – 1   Joint Distribution: 

3 – 2   Joint Cummulative Distribution Fn (j.c.d.f): 

3 – 3   The Marginal probability Distribution Fn.: 

3 – 4   Expectation Joint Mathematical: 

3 – 5   Covariance & Correlation Coefficient : 

3 – 6   Joint Moment Generating Function [j.m.g.f]: 

3 – 7   Stochastic Independence : 

3-8    Conditional   Distribution Function 

3-9    Conditional  Cumulative  Distribution   Function [cond . c. d. f] 

3-10  Conditional Expectation 
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3 – 1   Joint Distribution:  

       IF ),....,,(
21 xxx p

are r.v,s defined on the sample probability space , then the 

),....,,(
21 xxx p

is called p-dimensional r.v,s .   

 

* Joint probability density function [J.p.d.f]  

          Defn: IF ),....,,(
21 xxx p

are a p-dimensional r.v,s ; Then the Joint pro.density fun. Of  

),....,,(
21 xxx p

 is defined to be:  

             

          𝑓(x1, x2, … , xp) =p{ xX 11
= , xX 22

= ,…, xX PP
= } 

  Or 

          

 

 

          

 

* The properties of the joint probability density function.   

1-        0 ≤ 𝑓(𝑥1, 𝑥2, … , 𝑥𝑥𝑝 ≤ 1)       ∀𝑥𝑖 ⇒ 𝑖 = 1,2,… , 𝑝  

                                               𝑝 = 𝑁𝑜.      of variables 

2-         
  

=
1 2

21
1),....,,(

x x xp
pxxxf  

              

             =
1 2

1221
1,,),....,,(....

Rx Rx Rxp

xxxpp dddxxxf   

3-         

 

 

 

 

 

,

1 2
1 2

,

1 2 2 1

1 2

( , ,...., ) .

f(x1, x2, , xp) .... ( , ,...., ) , , . .

0 .

p
x x xp

p xp x x

Rx Rx Rxp

f for dist r v s

f for cont r v s

o w

x x x

x x x d d d

  





 = 



 

  













=)=





b

a

c

d

d

c

b

a

discyxf

contdxdxxxf

dxbx

.),(

.),(

c,p(aThen ;  2p IF

2121

21
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4- I p=1 ; Then the j.p.d.f is called ( univariate p.d.f ) if p=2 ; Then the j.p.d.f is a fun. 

of tow r.v,s and it is called (Bivariate) p.d.f if(p>2) ;Then the j.p.d.f is called 

(Multivariate p.d.f ) 

 

Defn.: IF p=2 , let x and y are two r.v,s then  

svrcontinuousareyxifdydxyxf

svrdiscreteareyxifyxp

yYxXpyxf

Rx Ry

x y

,

,

.&),(

.&),(

),(),(

 



=

=

===

 

 

1)           yxyxf ,1),(0   

 

2)           ∑ ∑ 𝑓(𝑥, 𝑦) = 1∀𝑦∀𝑥  

∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥 = 1
𝑅𝑦𝑅𝑥

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(1) : 𝑙𝑒𝑡𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑥1&𝑥2𝑖𝑠𝑑𝑒𝑓𝑖𝑛𝑑𝑒𝑑 

𝑓(𝑥1, 𝑥2) = {

𝑥1 + 𝑥2
21

𝑥1 = 1,2,3

𝑥2 = 1,2
0𝑜.𝑤

 

1)𝑝(𝑥1 = 1, 𝑥2 = 2) 

2)𝑝𝑟𝑜𝑣𝑒𝑝(𝑥1, 𝑥2)𝑖𝑠𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥1, 𝑥2 

        Result:     

 
𝑋1+𝑋2

21
=

1+2

21
=

3

21
=

1

7
=2)=2=1,X1(Xrp 

?2& x 1.f  of x) is j.p2,x12) prove p(x 

∑ ∑
𝑋1+𝑋2

21
=

1+𝑥2

21
+
2+𝑥2

21
+
3+𝑥2

21
=

1+1

21
+
2+1

21
+
3+1

21
2
1 +

1+2

21
+
2+2

21
+
3+2

21
=3

1

21

21
= 1     

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(2) : 𝑙𝑒𝑡 

𝑓(𝑥1, 𝑥2) = 𝑒
−(𝑥1+𝑥2)0 < 𝑥1, 𝑥2 < ∞ 

Example (1) 

Example (2) 
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= 0𝑜. 𝑤 

1)𝑝(𝑥1 = 2, 𝑥2 = 3) 

2)𝑝(1 < 𝑥1 < 2,0 < 𝑥2 < 2) 

3)𝑐ℎ𝑒𝑐𝑘𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥1, 𝑥2  

Result:   

  1)   Pr(x1=0 ,x2=1)=0 

2)Pr(1<x1<2,0<x2<2)? 

Pr (1<x1<2, 0<x2<2) =∫ ∫ 𝑒−(𝑥1+𝑥2)𝑑𝑥1𝑑𝑥2 =         ∫ 𝑒−𝑥1
2

1
𝑑𝑥1 ∗

2

0

2

1

∫ 𝑒−𝑥2𝑑𝑥2 = −𝑒𝑥1𝐼1
2 ∗ −𝑒𝑥2𝐼0

2 =        (−𝑒−2 − (−𝑒−1) ∗ (−𝑒−2 − (−𝑒0))
2

0
=

                          (−𝑒−2 + 𝑒−1) ∗ (−𝑒−2 + 1) 
3) Check the j.p.d.f x1, x2? 

Solved/ 

=∫ ∫ 𝑒−(𝑥1+𝑥2)𝑑𝑥1𝑑𝑥2 = ∫ 𝑒−𝑥1
∞

0
𝑑𝑥1 ∗ ∫ 𝑒−𝑥2𝑑𝑥2 = −𝑒

𝑥1𝐼0
∞ ∗ −𝑒𝑥2𝐼0

∞ = (−𝑒−∞ −
∞

0

∞

0

∞

0

(−𝑒−0) ∗ (−𝑒−∞ − (−𝑒0)) = (0 + 1) ∗ (0 + 1) = 1 ∗ 1 = 1 

 

(3) : ,

;

. . . . & [ . ( , )]

( , ) .

Example Three coins are tossed let x denoted the coins the number of heads

that occur on the first two coins let y denoted the number of tails that occur

on the last two coins and the j p d f of x y i e Find f x y show that

f x y is a j . . & .p d f of x y

- 

Result:  

Let h=head   and t=tail 

Sample space=[(hhh), (ttt), (htt), (thh), (tht), (hth), (tth), (hht)] 

y x 0 1 2 Sum y 

0 ….. 1

8
 

1

8
 

2

8
 

1 1

8
 

2

8
 

1

8
 

4

8
 

2 1

8
 

1

8
 

…….. 2

8
 

Sum x 2

8
 

4

8
 

2

8
 

1 

 

∑ ∑ 𝑓(𝑥, 𝑦) =?

𝑟𝑎𝑛𝑔 𝑥𝑟𝑎𝑛𝑔 𝑦

 

f(0,0)+f(0,1)+f(0,2)+f(1,0)+f(1,1)+f(1,2)+f(2,0)+f(2,1)+f(2,2)= 

Example (3) 
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=0 +
𝟏

𝟖
+
𝟏

𝟖
+
𝟏

𝟖
+
𝟐

𝟖
+
𝟏

𝟖
+
𝟏

𝟖
+
𝟏

𝟖
+ 𝟎 = 𝟏 

        

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(4) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = 6𝑥2𝑦0 < 𝑥 < 1,0 < 𝑦 < 1 

𝐹𝑖𝑛𝑑: 𝑝(0 < 𝑥 <
3

4
,
1

3
< 𝑦 < 2) 

Result:    

  f(𝒙, 𝒚)=6𝒙𝟐𝒚       𝟎 < 𝒙 < 𝟏, 𝟎 < 𝒚 < 𝟏 

Find:                  P (0<x<
𝟑

𝟒
,
𝟏

𝟑
< 𝒚 < 𝟐) =?               Out range  

 

f(𝑥, 𝑦)=∫ ∫ 6𝑥2𝑦 𝒅𝒙
2
1

3

𝒅𝒚 = ∫ ∫ 𝑓(𝑥, 𝑦)𝒅𝒙 + ∫ ∫ 𝑓(𝑥, 𝑦)
2

1

3

4
0

𝒅𝒙𝒅𝒚
1
1

3

3

4
0

=
3

4
0

6(
𝑥3

3
𝐼0

3

4) ∗
𝑦2

2
𝐼1
3

0 + 0 =                   ((
3

4
)
3
− 0) ∗ (12 −

1

3

2
) =

27

64
∗
8

9
=

3

8
 

 

3 – 2   Joint Cummulative Distribution Fn (j.c.d.f):  

       Let ),....,,(
21 xxx p

 is defined to be a p-dimensional r.v,s iff three exists function 

),....,,(
21 xxx p

f  ; such that ; 

      

1 2

1 1

1 2 1 1 2 2

,

1 2

,

1 2 1 2

( , , , ) ( , , , )

( , , , ) .

1,2, ,

( , ,...., ) , , , .

P

p p

p p p

X X X

p i

x x x

ip x x xp

F x x x p X x X x X x

p x x x if x are discrete r v s

i p

f if x arecontinuous r v sx x x d d d
−

− − −

− − −

=   

=

=

=

 

  

 

for all ),....,,(
21 xxx p

, ),....,,(
21 xxx p

f  is  defined to be a joint p.d.f of xxx p
,....,,

21
 , and 

),....,,(
21 xxx p

F  is called a joint cumulative distribution fn .(j.c.d.f) 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 

Defn.: IF xxx p
,....,,

21
 are jointly continuous r.v,s ; then the knowlege of ),....,,(

21 xxx p
F  is 

equivalent to the knowlege of 
1 2

( , ,...., ).
p

f x x x   

Example (4) 
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=

xxx
xxx

xxx
p

p

p

p

F
f

,....,,

),....,,(
),....,,(

21

21

21
  

 

Special case :- let x&y are two r.v,s ;  then the jointly continuous distn. fn. F(x,y) is defined 

as ;                            

                    𝐹(𝑥, 𝑦) = 𝑝𝑟(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦) = {
∑ ∑ 𝑝(𝑥, 𝑦)𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑑𝑖𝑠.

𝑦
−∞

𝑥
−∞

∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑐𝑜𝑛.
𝑥

−∞

𝑦

−∞

 

        and  

                    𝑓(𝑥, 𝑦) =
𝜕2𝐹(𝑥,𝑦)

𝜕𝑥𝑦𝑑𝑦
𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑐𝑜𝑛𝑡.     

* The properties of the (j.c.d.f).   

1-        0 ≤ 𝐹(𝑥1, 𝑥2) ≤ 1)   

2-        𝐹(𝑥1, 𝑥2) is continuous function to the right hand it,s non-decreasing fn.  

            if  𝑎1 ≤ 𝑎2, 𝑏1 ≤ 𝑏2 where 𝑎1, 𝑎2, 𝑏1, 𝑏2 are numbers then:  

𝐹(𝑎1, 𝑏1) ≤ 𝐹(𝑎2, 𝑏1) ≤ 𝐹(𝑎2, 𝑏2)            

3-        0),(),(,1),(),(

0),(),(,0),(),(

2121

211212

limlim

limlim

2

1

2

1

==−−==

==−==−

−→
−→

→
→

−→−→

xxFFxxFF

xxFxFxxFxF

x
x

x
x

xx

  

4-       )(),(,)(),( 121221 limlim
21

xFxxFandxFxxF
xx

==
→→

  

5-        let  𝑎, 𝑏, 𝑐, 𝑑 are  real constant , if   (𝑎 < 𝑏)&(𝑐 < 𝑑) and let 𝐹(𝑥1, 𝑥2) be the 

           j.c.d.f of 𝑥1&𝑥2 then; 𝑝𝑟(𝑎 ≤ 𝑥1 ≤ 𝑏, 𝑐 ≤ 𝑥2 ≤ 𝑑) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(7) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦, 𝑧) = 𝑒−(𝑥+𝑦+𝑧)0 < 𝑥, 𝑦, 𝑧 < ∞ 

= 0                          𝑜. 𝑤 

𝐹𝑖𝑛𝑑: 𝑡ℎ𝑒𝑗. 𝑐. 𝑑. 𝑓𝑜𝑓𝑥, 𝑦&𝑧. 

     

Example (5) 
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Result:   

F(x,y,z)=∫ 𝑒−𝑥𝒅𝒙 ∗ ∫ 𝑒−𝑦𝒅𝒚 ∗ ∫ 𝑒−𝑧𝒅𝒛 =  −𝑒−𝑥𝐼0
𝑥 ∗ −𝑒−𝑦𝐼0

𝑦
∗ −𝑒−𝑧

𝑧

0

𝑦

0

𝑥

0
𝐼0
𝑧 =

(1 − 𝑒−𝑥)(1 − 𝑒−𝑦)(1 − 𝑒−𝑧) 
 

F(x,y,z)=[

0                                                      𝑥 ≤ 0; 𝑦 ≤ 0; 𝑧 ≤ 0
(1 − 𝑒−𝑥)(1 − 𝑒𝑦)(1 − 𝑒−𝑧)        0 < 𝑥, 𝑦, 𝑧 < ∞
1                                                       (𝑥, 𝑦, 𝑧)          ∞  

] 

 
       

 

 

 

 

 

Result:     

find:1) the j.c.d.f  of x & y     2)Pr(0<x<1, 2≤ 𝒚 ≤ 𝟑) 
1) 

𝑭(𝒙, 𝒚)∫∫
𝟏

𝟗
(𝒙𝒚 − 𝒙𝟐)𝒅𝒚𝒅𝒙

𝒚

𝟐

𝒙

𝟎

=
𝟏

𝟗
∫(

𝒙𝟐𝒚

𝟐
−
𝒙𝟑

𝟑
𝑰𝟎
𝒙)𝒅𝒚 =

𝟏

𝟗
(
𝒙𝟐𝒚𝟐

𝟒
−
𝒙𝟑𝒚

𝟑
𝑰𝟐
𝒚
)

𝒚

𝟐

=
𝟏

𝟗
(
𝒙𝟐𝒚𝟐

𝟒
−
𝒙𝟑𝒚

𝟑
− 𝒙𝟐 +

𝟐𝒙𝟑

𝟑
) 

 

F(x,y)=[

𝟎                                                              𝒙 ≤ 𝟎; 𝒚 ≤ 𝟐
𝟏

𝟗
(
𝒙𝟐𝒚𝟐

𝟒
−
𝒙𝟑𝒚

𝟑
− 𝒙𝟐 +

𝟐𝒙𝟑

𝟑
)       𝟎 < 𝒙 < 𝟑; 𝟐 < 𝒚 < 𝟒

𝟏                                                             𝒙 ≥ 𝟑; 𝒚 ≥ 𝟒

] 

2) 

Pr(0<x<1,2≤ 𝒚 ≤ 𝟑) = 𝑭(𝟏, 𝟑) − 𝑭(𝟎, 𝟐) =
𝟏

𝟗
(
𝟗

𝟒
− 𝟏 − 𝟏 +

𝟐

𝟑
) − 𝟎 =

𝟏𝟏

𝟏𝟎𝟖
 

     

 

(8) :

1
( ) 0 3 , 2 4

( , ) 9

0 .

: . . . & (2) (0 1,2 3).

Example let

x y x x y
f x y

o w

Find the j c d f of x y pr x y


−    

= 


=    

Example (6) 
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3 – 3   The Marginal probability Distribution Fn.:  

 

       Defn.: let x & y are two r.v,s with (j.p.d.f) , then 𝑓(𝑥)&𝑓(𝑦) are called the marginal 

p.d.f of x & y  respectively, which can be defined as follows:- 

 

𝑓(𝑥) = {
∑ 𝑓(𝑥, 𝑦)𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣 ,𝑠∀𝑦

∫ 𝑓(𝑥, 𝑦)𝑑𝑦𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣 ,𝑠
𝑅𝑦

}  if   m.p.d.f of x 

𝑓(𝑦) = {
∑ 𝑓(𝑥, 𝑦)𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣 ,𝑠∀𝑥

∫ 𝑓(𝑥, 𝑦)𝑑𝑥𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣 ,𝑠
𝑅𝑥

}   if   m.p.d.f of y 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(9) : 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑡ℎ𝑒𝑏𝑖 𝑣𝑎𝑟 𝑖 𝑎𝑡𝑒𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑓(𝑥, 𝑦) = {
𝑥 + 𝑦0 < 𝑥 < 1,0 < 𝑦 < 1
0𝑜. 𝑤

 

𝐹𝑖𝑛𝑑: 

1)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑝. 𝑑. 𝑓𝑜𝑓𝑥. 

2)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑝. 𝑑. 𝑓𝑜𝑓𝑦. 

3)𝑇ℎ𝑒𝑗𝑜 𝑖𝑛𝑡 𝑐. 𝑑. 𝑓𝑜𝑓𝑥&𝑦. 

4)𝑀 𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑐. 𝑑. 𝑓𝑜𝑓𝑥. 

5)𝑝𝑟(0 < 𝑥 <
1

2
; 0 < 𝑦 <

1

4
). 

6)𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑓(𝑥, 𝑦)𝑖𝑠𝑎𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥&𝑦. 

Result:         

1)the marginal pdf of x? 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2
− 0 = 𝑥 +

1

2

1

0
 

2)the marginal pdf of y? 

F(y)= ∫ (𝑥 + 𝑦)𝑑𝑥 =
𝑥2

2
+ 𝑥𝑦𝐼0

1 =
1

2
+ 𝑦 − 0 = 𝑦 +

1

2

1

0
 

3) The joint c.d.f of x &y? 

F(x,y)=∫ ∫ (𝑥 + 𝑦)𝑑𝑥𝑑𝑦 = ∫ (𝑥𝑦 +
𝑦2

2
)𝑑𝑥 =

𝑥2𝑦

2
+
𝑥𝑦2

2

𝑥

0

𝑦

0

𝑥

0
 

 

Example (7) 
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F(x,y)=[

0                                    𝑥 ≤ 0; 𝑦 ≤ 0
𝑥2𝑦

2
+
𝑥𝑦2

2
       0 < 𝑥 < 1; 0 < 𝑦 < 1

1                                    𝑥 ≥ 1; 𝑦 ≥ 1

] 

4)marginal cdf of x? 

F(x)= ∫ (𝑥 +
1

2
) 𝑑𝑥 =

𝑥2

2
+
𝑥

2
𝐼0
𝑥 =

𝑥2

2
+
𝑥

2
− 0 =

𝑥2

2
+
𝑥

2

𝑥

0
 

F(x)=[

0                          𝑥 ≤ 0
𝑥2

2
+
𝑥

2
        0 < 𝑥 < 1

1                        𝑥 ≥ 1

] 

5)Pr(0<x<
1

2
; 0 < 𝑦 <

1

4
)? 

F(
1

2
,
1

4
) − 𝐹(0,0) = (

1

2
)
2
∗
1

2
∗
1

4
+ (

1

4
)
2
∗
1

2
∗
1

2
=

3

64
 

6)show that f(x,y) is j.p.d.f of x &y? 

=∫ ∫ (𝑥 + 𝑦)𝑑𝑥𝑑𝑦 = ∫ (𝑥𝑦 +
𝑦2

2
)𝐼0
1𝑑𝑥 = ∫ 𝑥 +

1

2
=

𝑥2

2
+
𝑥

2
𝐼0
1 =

1

2
+
1

2
= 1

1

0

1

0

1

0

1

0
 

 

     y   

x 
0             1            2 sum 

0 

 

1 

 

2 

 0            
1

8
           

1

8
 

 
1

8
           

2

8
           

1

8
 

 
1

8
            

1

8
            0 

2

8
 

4

8
 

2

8
 

sum    
2

8
          

4

8
          

2

8
 1 

 

Result:         

y            x 0 1 2 Sum y=f(y) 

0 0 𝟏

𝟖
 

𝟏

𝟖
 

𝟐

𝟖
 

1 𝟏

𝟖
 

𝟐

𝟖
 

𝟏

𝟖
 

𝟒

𝟖
 

2 𝟏

𝟖
 

𝟏

𝟖
 

0 𝟐

𝟖
 

(10) : arg . . & :Example Find the m inal p d f of x y fromExample (8) 
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Sum x= f(y) 𝟐

𝟖
 

𝟒

𝟖
 

𝟐

𝟖
 

1 

 

f(x)=

[
 
 
 
 
 
𝟐

𝟖
           𝒙 = 𝟎

𝟒

𝟖
           𝒙 = 𝟏

𝟐

𝟖
          𝒙 = 𝟐

𝟎             𝒐.𝒘 ]
 
 
 
 
 

               f(y)= 

[
 
 
 
 
 
𝟐

𝟖
           𝒚 = 𝟎

𝟒

𝟖
           𝒚 = 𝟏

𝟐

𝟖
          𝒚 = 𝟐

𝟎             𝒐.𝒘 ]
 
 
 
 
 

    

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(13) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = {

𝑥 + 2𝑦

18
𝑥 = 1,2

𝑦 = 1,2
0𝑜. 𝑤

 

𝐹𝑖𝑛𝑑: 1 − 𝑓(𝑥, 𝑦)2 − 𝑓(𝑥) 

3 − 𝑓(𝑦)4 − 𝐹(𝑥) 

5 − 𝐹(𝑦) 

Result:         

1)f(x,y)? 

f(x,y)= 
𝑥+2𝑦

18
 

2)f(x)?    

f(x)=∑
𝑥+2𝑦

18
=

𝑥+2(1)

18
+
𝑥+2(2)

18
=

2𝑥+6

18
=

𝑥+3

9
2
1  

f(x)=[
𝑥+3

9
          𝑥 = 1,2

0                   𝑜. 𝑤
] 

3)f(y)? 

f(y)= ∑
𝑥+2𝑦

18
=

1+2(𝑦)

18
+
2+2(𝑦)

18
=

3+4𝑦

18
2
1  

f(y)=[
3+4𝑦

18
          𝑦 = 1,2

0                   𝑜. 𝑤
] 

4)F(x)? 

F(𝑥)=∑
𝑥+3

9
=

4

9
1
1     F(x)=[

0                    𝑥 < 1
4

9
            1 < 𝑥 < 2

1                       2 ≤ 𝑥

] 

 

Example (9) 
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5)F(y)? 

F(𝑦)=∑
4𝑦+3

18
=

7

18
1
1            F(𝑦)=[

0                    𝑦 < 1
7

18
            1 < 𝑦 < 2

1                       𝑦 ≥ 2

] 

 

3 – 4   Expectation Joint Mathematical:  

 

       Defn.: Let xxx p
,....,,

21
 be a p-dimensional r.v,s with j.p.d.f  ),....,,(

21 xxx p
f , then the 

expected value of a p-dimensional function ),....,,(
21 xxx p

g  denoted by )],....,,([
21 xxx p

gE  is 

given by : 

 

𝐸[𝑔(𝑥1, … , 𝑥𝑝)]

=

{
 
 

 
 ∑∑…∑𝑔(𝑥1, … , 𝑥𝑝)𝑓(𝑥1, 𝑥2, … , 𝑥𝑝)𝑖𝑓𝑥1, 𝑥2, … , 𝑥𝑝𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣

,𝑠

𝑥𝑝𝑥2𝑥1

∫ ∫ …∫ 𝑔(𝑥1, … , 𝑥𝑝)𝑓(𝑥1, 𝑥2, … , 𝑥𝑝)𝑖𝑓𝑥1, 𝑥2, … , 𝑥𝑝𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣
,𝑠

𝑅𝑥𝑝𝑅𝑥2𝑅𝑥1

 

 

Defn.: let x & y are two r.v,s with (j.p.d.f) , then 𝑓(𝑥, 𝑦), then the expected value of a 

function of two variables 𝑔(𝑥, 𝑦) is defined as follows:- 

                      𝐸[𝑔(𝑥, 𝑦)] = {
∑ ∑ 𝑔(𝑥, 𝑦)𝑓(𝑥, 𝑦)𝑖𝑓𝑥, 𝑦𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣 ,𝑠𝑥𝑦

∫ ∫ 𝑔(𝑥, 𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦𝑖𝑓𝑥, 𝑦𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣 ,𝑠
𝑅𝑥𝑅𝑦

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(16) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = {

𝑥 + 𝑦

21
𝑥 = 1,2,3

𝑦 = 1,2
0𝑜.𝑤

 

𝐹𝑖𝑛𝑑: 𝐸𝑥, 𝐸𝑦, 𝐸𝑥𝑦, 𝐸(2𝑥 + 3𝑦), 𝐸(4𝑥 − 2𝑦) 

Result:    

 f(x,y)=
𝑥+𝑦

21
  𝑥 = 1,2,3 ; 𝑦 = 1,2 

Example (10) 
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f(x)=∑
𝑥+𝑦

21
=

𝑥+1

21
+
𝑥+2

21
=

2𝑥+3

21
2
1  

f(y)= ∑
𝑥+𝑦

21
=

𝑦+1

21
+
𝑦+2

21
+
3+𝑦

21
=

2+𝑦

7
3
1  

1)E(x)? 

E(x)=∑ 𝑥 ∗
2𝑥+3

21
= 1 ∗

2(1)+3

21
+ 2 ∗

2(2)+3

21
+ 3 ∗

2(3)+3

21
=

46

21
3
1  

2)E(y)? 

E(y)=∑ 𝑦 ∗
2+𝑦

7
= 1 ∗

2+1

21
+ 2 ∗

2+2

7
=

11

7
2
1  

3)E(xy)? 

E(xy)=∑ ∑ 𝑥𝑦
𝑥+𝑦

21
= 1 ∗ 1

1+1

21
+ 1 ∗ 2

1+2

21
+ 2 ∗ 1

2+1

21
+ 2 ∗ 2

2+2

21
+ 3 ∗2

1
3
1

1
3+1

21
+ 3 ∗ 2

3+2

21
=

72

21
 

4)E(2x+3y)? 

2E(x)+3E(y)=2*
46

21
+ 3 ∗

11

7
=

191

21
 

5)E(4x-2y)? 

Solved 

4E(x)-2E(y)=4*
46

21
− 2 ∗

11

7
=

118

21
 

     

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(17) : 𝑙𝑒𝑡𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥&𝑦𝑖𝑠𝑑𝑒𝑓𝑖𝑛𝑒𝑑𝑎𝑠; 

𝑓(𝑥, 𝑦) = {
𝑥 + 𝑦0 < 𝑥 < 1,0 < 𝑦 < 1
0𝑜. 𝑤

 

𝐹𝑖𝑛𝑑: 1)𝐸𝑥2)𝐸𝑦3)𝐸𝑥𝑦4)𝐸(2𝑥 + 4𝑦)5)𝐸𝑥𝑦2 

Result:         

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y)=∫ (𝑥 + 𝑦)𝑑𝑥 = 𝑥𝑦 +
𝑥2

2
𝐼0
1 = 𝑦 +

1

2

1

0
 

1)E(x)? 

E(x)=∫ 𝑥 (𝑥 +
1

2
) 𝑑𝑥 = ∫ (𝑥2 +

𝑥

2
) 𝑑𝑥 =

𝑥3

3
+

𝑥2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

2)E(y)=? 

E(y)= ∫ 𝑦 (𝑦 +
1

2
) 𝑑𝑦 = ∫ (𝑦2 +

𝑦

2
) 𝑑𝑦 =

𝑦3

3
+

𝑦2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

3)E(x,y)? 

E(x,y)=∫ ∫ 𝑥𝑦(𝑥 + 𝑦)𝑑𝑦𝑑𝑥 = ∫
𝑥2𝑦2

2
+
𝑥𝑦3

3
𝐼0
1 = ∫

𝑥2

2
+
𝑥

3
=

𝑥3

6
+
𝑥2

6
𝐼0
11

0
=

2

6

1

0

1

0

1

0
 

4)E(2x+4y)? 

2E(x)+4E(y)=2*
7

12
+ 4 ∗

7

12
=

42

12
=

21

6
 

Example (11) 
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5)E(x𝑦2) = ∫ ∫ 𝑥𝑦2(𝑥 + 𝑦)𝑑𝑦𝑑𝑥 = ∫
𝑥2𝑦3

3
+
𝑥𝑦4

4
𝐼0
1 = ∫

𝑥2

3
+
𝑥

4
=

𝑥3

9
+

1

0

1

0

1

0

1

0
𝑥2

8
𝐼0
1 =

17

72
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3 – 5   Covariance & Correlation Coefficient:  

           Defn.: Let x & y be two r.v,s with the marginal p.d.f of x & y, 𝑓(𝑥)&𝑓(𝑦), and the 

j.p.d.f of 𝑓(𝑥, 𝑦)  then the Correlation Coefficient between x & y denoted by 𝜌𝑥𝑦 is defined 

to be:- 

          𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛(𝑥, 𝑦) =
𝑐𝑜𝑣 𝑎𝑟𝑖𝑎𝑛𝑐𝑒(𝑥,𝑦)

√𝑣𝑎𝑟 𝑖𝑎𝑛𝑐𝑒𝑥.√𝑣𝑎𝑟 𝑖𝑎𝑛𝑐𝑒𝑦
 

𝜌𝑥,𝑦 =
𝑐𝑜𝑣( 𝑥, 𝑦)

√𝑣(𝑥). √𝑣(𝑦)
 

𝜌𝑥,𝑦 =
𝐸(𝑥 −𝑀𝑥)(𝑦 −𝑀𝑦)

√𝐸(𝑥 − 𝑀𝑥)
2. √𝐸(𝑦 −𝑀𝑦)

2
 

𝜌𝑥,𝑦 =
𝐸𝑥𝑦 −𝑀𝑥. 𝑀𝑦

√𝐸𝑥2 − (𝐸𝑥)2. √𝐸𝑦2 − (𝐸𝑦)2
 

[𝜌𝑥,𝑦 =
𝐸𝑥𝑦 − 𝐸𝑥. 𝐸𝑦

√𝐸𝑥2 − (𝐸𝑥)2. √𝐸𝑦2 − (𝐸𝑦)2
] 

𝑤ℎ𝑒𝑟𝑒: 𝜎𝑥: −𝑖𝑠𝑡ℎ𝑒𝑠 𝑡𝑎𝑛 𝑑 𝑎𝑟𝑑𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑥. 

𝜎𝑦: −𝑖𝑠𝑡ℎ𝑒𝑠 𝑡𝑎𝑛 𝑑 𝑎𝑟𝑑𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑦 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(20) : 𝑙𝑒𝑡 

𝑝(𝑥, 𝑦) =
𝑥 + 𝑦

32
𝑥 = 1,2𝑦 = 1,2,3,4 

= 0𝑜.𝑤 

𝐹𝑖𝑛𝑑𝑡ℎ𝑒𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑥&𝑦. 

Result:         

P(x,y)=
𝑥+𝑦 

32
    𝑥 = 1,2 ; 𝑦 = 1,2,3,4 

X          Y 1 2 3 4 Sum x=f(x) 

1 2

32
 

3

32
 

4

32
 

5

32
 

14

32
 

2 3

32
 

4

32
 

5

32
 

6

32
 

18

32
 

Sum y=f(y) 5

32
 

7

32
 

9

32
 

11

32
 1 

Find correlation between of x &y . 

E(x)=∑ 𝑥𝑝(𝑥) = 1𝑝(1) + 2𝑝(2) = 1 ∗
14

32
+ 2 ∗

18

32
=

25

16
2
1  

Example (12) 
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E(𝑥2) = ∑ 𝑥2𝑝(𝑥) = 12𝑝(1) + 22𝑝(2) = 1 ∗2
1 ∗

14

32
+ 4 ∗

18

32
=

43

16
 

E(y)=∑ 𝑦𝑝(𝑦) = 1𝑝(1) + 2𝑃(2) + 3𝑝(3) + 4𝑝(4) =
5

32
+ 2 ∗

7

32
+ 3 ∗

9

32
+4

1

4 ∗
11

32
=

90

32
 

E(𝑦2) = ∑ 𝑦2𝑝(𝑦) = 12𝑝(1) + 22𝑃(2) + 32𝑝(3) + 42𝑝(4) =
5

32
+ 4 ∗

7

32
+4

1

9 ∗
9

32
+ 16 ∗

11

32
=

145

16
 

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥, 𝑦) = 1 ∗ 1𝑝(1,1) + 1 ∗ 2𝑝(1,2) + 1 ∗ 3𝑝(1,3) + 1 ∗2
1

4
1

4𝑝(1,4) + 2 ∗ 1𝑃(2,1) + 2 ∗ 2𝑃(2,2) + 2 ∗ 3𝑝(2,3) + 2 ∗ 4𝑝(2,4) =
2

32
+ 2 ∗

3

32
+ 3 ∗

4

32
+ 4 ∗

5

32
+ 2 ∗

3

32
+ 4 ∗

4

32
+ 6 ∗

5

32
+ 8 ∗

6

32
=

140

32
=

35

8
 

 

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

35

8
−
25

16
∗
45

16

√42
16
−(

25

16
)
2
∗√

145

16
−(

45

16
)
2
= −0.037 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(21) : 𝑙𝑒𝑡     𝐹𝑖𝑛𝑑: 𝜌𝑥𝑦 

                     

            

                     

 

 

 

 

Result 

 

Y              

X 

1 2 3 Sum y 

1 2

15
 

4

15
 

3

15
 

9

15
 

2 1

15
 

1

15
 

4

15
 

6

15
 

Sum x 3

15
 

5

15
 

7

15
 1 

E(x)=∑ 𝑥𝑃(𝑥) =
3

15
+ 2 ∗

5

15
+ 3 ∗

7

15
=

34

15
3
1  

y   x 1         2          3 sum 

1 

 

2 

2

15
     

4

15
        

3

15
 

1

15
     

1

15
        

4

15
 

9

15
 

6

15
 

sum 
3

15
     

5

15
        

7

15
 1 

Example (13) 
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E(𝑥2) = ∑ 𝑥2𝑝(𝑥) =
3

15
+ 22 ∗

5

15
+ 32 ∗

7

15
=

86

15
3
1  

E(y)=∑ 𝑦𝑝(𝑦) =
9

15
+ 2 ∗

6

15
=

21

15
=

7

5
2
1  

E(𝑦2) = ∑ 𝑦2𝑝(𝑦) =
9

15
+ 22 ∗

6

15
=

33

15
2
1  

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥. 𝑦) =
2

15
+ 1 ∗ 2 ∗

1

15
+ 2 ∗ 1 ∗

4

15
+ 2 ∗ 2 ∗

1

15
+ 3 ∗ 1 ∗3

1
2
1

3

15
+ 3 ∗ 2 ∗

4

15
=

49

15
 

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

49

15
−
34

15
∗
7

5

√86
15
−(

34

15
)
2
∗√

33

15
−(

7

5
)
2
= 0.2468 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(22) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = {
𝑥 + 𝑦0 < 𝑥 < 1,0 < 𝑦 < 1
0𝑜.𝑤

 

𝐹𝑖𝑛𝑑: 𝜌𝑥𝑦 

Result:         

f(x,y)=x+y       0<x<1 ; 0<y<1 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y)=∫ (𝑥 + 𝑦)𝑑𝑥 = 𝑥𝑦 +
𝑥2

2
𝐼0
1 = 𝑦 +

1

2

1

0
 

E(x)=∫ 𝑥 (𝑥 +
1

2
) 𝑑𝑥 = ∫ (𝑥2 +

𝑥

2
) 𝑑𝑥 =

𝑥3

3
+

𝑥2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

E(y)= ∫ 𝑦 (𝑦 +
1

2
) 𝑑𝑦 = ∫ (𝑦2 +

𝑦

2
) 𝑑𝑦 =

𝑦3

3
+

𝑦2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

E(xy)=∫ ∫ 𝑥𝑦(𝑥 + 𝑦)𝑑𝑦𝑑𝑥 = ∫
𝑥2𝑦2

2
+
𝑥𝑦3

3
𝐼0
1 = ∫

𝑥2

2
+
𝑥

3
=

𝑥3

6
+
𝑥2

6
𝐼0
11

0
=

2

6

1

0

1

0

1

0
 

E(𝑥2) =  ∫ 𝑥2 (𝑥 +
1

2
) 𝑑𝑥 = ∫ (𝑥3 +

𝑥2

2
) 𝑑𝑥 =

𝑥4

4
+

𝑥3

2∗3
𝐼0
1 =

10

24

1

0

1

0
 

E(𝑦2)= ∫ 𝑦2 (𝑦 +
1

2
) 𝑑𝑦 = ∫ (𝑦3 +

𝑦2

2
) 𝑑𝑦 =

𝑦4

4
+

𝑦3

2∗3
𝐼0
1 =

10

24

1

0

1

0
 

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

2

6
−
7

12
∗
7

12

√10
24
−(

7

12
)
2
∗√

10

24
−(

7

12
)
2
= −0.09 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(23) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = 20 < 𝑥 < 𝑦, 0 < 𝑦 < 1 

= 0𝑜.𝑤 

Example (14) 

Example (15) 
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𝐹𝑖𝑛𝑑: 𝜌𝑥𝑦 

Result:         

f(x,y)=2          0<x<y ; 0<y<1 

f(x)=∫ 2𝑑𝑦 = 2𝑦𝐼𝑥
1 = 2 − 2𝑥

1

𝑥
 

f(y)=∫ 2𝑑𝑥 = 2𝑥𝐼0
𝑦
= 2𝑦

𝑦

0
 

E(x)=∫ 𝑥(2 − 2𝑥)𝑑𝑥 = ∫ (2𝑥 − 2𝑥2)𝑑𝑥 = 𝑥2 −
2𝑥3

3
𝐼0
1 =

1

3

1

0

1

0
 

E(y)= ∫ 𝑦(2𝑦)𝑑𝑦 = ∫ 2𝑦2𝑑𝑦 =
2𝑦3

3
𝐼0
1 =

2

3

1

0

1

0
 

E(xy)=∫ ∫ 𝑥𝑦(2)𝑑𝑥𝑑𝑦 = ∫ 𝑥2𝑦𝐼0
𝑦
= ∫ 𝑦2𝑦𝑑𝑦 = ∫ 𝑦3𝑑𝑦 =

𝑦4

4
𝐼0
1 =

1

4

1

0

1

0

1

0

𝑦

0

1

0
 

E(𝑥2)=∫ 𝑥2(2 − 2𝑥)𝑑𝑥 = ∫ (2𝑥2 − 2𝑥3)𝑑𝑥 =
2𝑥3

3
−
2𝑥4

4
𝐼0
1 =

1

6

1

0

1

0
 

E(𝑦2)= ∫ 𝑦2(2𝑦)𝑑𝑦 = ∫ 2𝑦3𝑑𝑦 =
2𝑦4

4
𝐼0
1 =

2

4
=

1

2

1

0

1

0
 

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

1

4
−
1

3
∗
2

3

√1
6
−(

1

3
)
2
∗√

1

2
−(

2

3
)
2
= 0.5 

 

3 – 6   Joint Moment Generating Function [j.m.g.f]:  

 

       Defn.: Let xxx p
,....,,

21
 be a p-dimensional r.v,s with j.p.d.f  ),....,,(

21 xxx p
f , and 

ttt p
,....,,

21
 be other variables , IF (ℎ𝑖 ) is positive number where )(

1 hth ii
−  , if the 

expectation exist for all real values of  𝑡𝑖  then the joint moment generating function of  

xxx p
,....,,

21
 is defined as follows :𝑀𝑥1,𝑥2,…,𝑥𝑝(𝑡1, 𝑡2, … , 𝑡𝑝) = 𝐸𝑒

𝑡1𝑥1+𝑡2𝑥2+⋯+𝑡𝑝𝑥𝑝 =

𝐸𝑒∑ 𝑡𝑖𝑥𝑖
𝑝
𝑖=1  

=

{
 
 

 
 ∑∑…∑𝑒∑ 𝑡𝑖𝑥𝑖

𝑝
𝑖=1 𝑓(𝑥1, … , 𝑥𝑝)𝑖𝑓𝑥1, … , 𝑥𝑝𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣

,𝑠

𝑥𝑝𝑥2𝑥1

∫ ∫ …∫ 𝑒∑ 𝑡𝑖𝑥𝑖
𝑝
𝑖=1 𝑓(𝑥1, … , 𝑥𝑝)𝑑𝑥1, … , 𝑑𝑥𝑝𝑖𝑓𝑥1, … , 𝑥𝑝𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣

,𝑠
𝑅𝑥𝑝𝑅𝑥2𝑅𝑥1

 

𝑡ℎ𝑒𝑛; 

𝑀𝑥1, … , 𝑥𝑝(𝑡1 = 0, 𝑡2 = 0,… , 𝑡𝑝 = 0) = 𝐸𝑒
0 = 1 

𝑎𝑛𝑑; 

𝑀𝑥1, … , 𝑥𝑝(𝑡1 = 0, 𝑡2 = 0,… , 𝑡𝑝 = 0) ≠ 0𝑡𝑖+1 = 0,… , 𝑡𝑝 = 0 = 𝐸𝑒𝑡𝑖𝑥𝑖 = 𝑀𝑥𝑖(𝑡) 
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Defn.: when p=2 , let x & y are two r.v,s ,with j.p.d.f  of 𝑓(𝑥, 𝑦) , and if the expectation 

exists for all values of )(
111 hth −  , )(

222 hth −  , where (ℎ1 , ℎ2 > 0) , then the 

joint m.g.f of  x & y  is defined by:- 

 

𝑀𝑥, 𝑦(𝑡1, 𝑡2) = 𝐸𝑒
𝑡1𝑥+𝑡2𝑦 =

{
 
 

 
 ∑∑𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)𝑖𝑓𝑥, , 𝑦𝑎𝑟𝑒𝑑𝑖𝑠𝑐. 𝑟. 𝑣 ,𝑠

∀𝑦∀𝑥

∫ ∫ 𝑒𝑡1𝑥+𝑡2𝑦𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦𝑖𝑓𝑥1, … , 𝑥𝑝𝑎𝑟𝑒𝑐𝑜𝑛𝑡. 𝑟. 𝑣
,𝑠

𝑅𝑥𝑅𝑦

 

𝑡ℎ𝑒𝑛; 

1)𝑀𝑥𝑦(𝑡1 = 0) = 𝐸𝑒𝑡1𝑥 = 𝑀𝑥(𝑡1) = 𝐸𝑒𝑡1𝑥 

𝑀𝑥𝑦(0 = 𝑡2) = 𝐸𝑒
𝑡2𝑦 = 𝑀𝑦(𝑡2) = 𝐸𝑒𝑡2𝑦 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(30) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦, 𝑧) = {

𝑒−𝑥−𝑦−𝑧         0 < 𝑥 < ∞

                         0 < 𝑦 < ∞

                         0 < 𝑧 < ∞

0                             𝑜. 𝑤

 

𝑏𝑒 𝑡ℎ𝑒 𝑗. 𝑝. 𝑑. 𝑓 𝑜𝑓 𝑟. 𝑣 ,𝑠(𝑥, 𝑦, 𝑧), 𝑡ℎ𝑒𝑛; 

1 2

1 2

1 2

1 2

1 2

2

1 2

1 2

2
21 2 1

01

( , )
2) ( )

( , )

( , )
( , )

;

( , )

( , )

( , ) (
3) ,

m k

m k

t x t y

x y

t x t y

Ry Rx

t x t ym k

x ym k

t x t ym k

Ry Rx

t t

Mxy t t
E xy

t t

xye f x y

E x y
xye f x y dxdy

In general

x y e f x y

E x y
x y e f x y dxdy

Mxy t t Mxy t
Ex Ex

t

+

+

+

 

+

= =


=

 




= 






= 



 
= =





 



 

1 2

1 2 1 2

2

2
01

2
21 2 1 2

2
0 02 2

2 2 2

, )

( , ) ( , )
4) ,

5) ( )

6) cov( , ) .

t t

t t t t

x

xy

t

t

Mxy t t Mxy t t
Ey Ey

t t

Ex Ex

x y Exy Ex Ey





= =

= = = =



 
= =

 

= −

= = −

Example (16) 
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𝐹𝑖𝑛𝑑:𝑀𝑥, 𝑦, 𝑧(𝑡1, 𝑡2, 𝑡3)? 

Result:  

f(x,y,z)=[
𝑒−𝑥−𝑦−𝑧      0 < 𝑥, 𝑦, 𝑧 < ∞
0                                       𝑜. 𝑤

] 

be the j.p.d.f of r.vs (x,y,z) then 

find : MX,Y,Z(t1,t2,t3)? 

Solved 

MX,Y,Z(t1,t2,t3)=E(𝑒−𝑡1𝑥−𝑡2𝑦−𝑡3𝑧)=∫ ∫ ∫ 𝑒−𝑡1𝑥−𝑡2𝑦−𝑡3𝑧 ∗
∞

0

∞

0

∞

0

𝑒−𝑥−𝑦−𝑧𝑑𝑥𝑑𝑦𝑑𝑧 =∫ 𝑒−𝑥(1−𝑡1)𝑑𝑥
∞

0
∗ ∫ 𝑒−𝑦(1−𝑡2)𝑑𝑦 ∗

∞

0
 

∫ 𝑒−𝑧(1−𝑡3)𝑑𝑧
∞

0
=
−𝑒−𝑥(1−𝑡1)

1−𝑡1
𝐼0
∞ ∗

−𝑒−𝑦(1−𝑡2)

1−𝑡2
𝐼0
∞ ∗

−𝑒−𝑧(1−𝑡3)

1−𝑡3
𝐼0
∞ = 

=
1

(1−𝑡1)
∗

1

(1−𝑡2)
∗

1

(1−𝑡3)
𝐼𝑡1,2,3=0 = 1 

        

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(31) : 𝑙𝑒𝑡𝑥&𝑦ℎ𝑎𝑣𝑒𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓; 

𝑓(𝑥, 𝑦) = {𝑒
−(𝑥+𝑦)                   0 < 𝑥 < ∞, 0 < 𝑦 < ∞

0                                              𝑜. 𝑤
 

1)𝐹𝑖𝑛𝑑      𝑡ℎ𝑒      𝑗. 𝑚. 𝑔. 𝑓 𝑜𝑓 𝑥&𝑦. 

2)𝐹𝑖𝑛𝑑𝑡ℎ𝑒 𝑐𝑜𝑣. 𝑐𝑜𝑒𝑓𝑓. 𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑥&𝑦.  

Result:         

f(x,y)=𝑒−𝑥−𝑦     0 < 𝑥 < ∞ ; 0 < 𝑦 < ∞ 

1)find the j.m.g.f of x & y 

Mx,y=E(𝑒−𝑡1𝑥−𝑡2𝑦) = ∫ ∫ 𝑒−𝑡1𝑥−𝑡2𝑦 ∗ 𝑒−𝑥−𝑦𝑑𝑥𝑑𝑦 =
∞

0

∞

0 ∫ 𝑒−𝑥(1−𝑡1)𝑑𝑥
∞

0
∗

∫ 𝑒−𝑦(1−𝑡2)𝑑𝑦 =
−𝑒−𝑥(1−𝑡1)

1−𝑡1
𝐼0
∞ ∗

−𝑒−𝑦(1−𝑡2)

1−𝑡2
𝐼0
∞ =

1

(1−𝑡1)
∗

1

(1−𝑡2)

∞

0
𝐼𝑡1,2=0 = 1 

2)find cov. Coeff between x & y 

E(x)=
𝜕𝑀𝑥,𝑦(𝑡1,𝑡2)

𝜕𝑡1
= (1 − 𝑡1)

−1(1 − 𝑡2)
−1𝑑𝑡1 = (1 − 𝑡1)

−2(1 − 𝑡2)
−1𝐼𝑡1,2=0 =

1 

E(y)= 
𝜕𝑀𝑥,𝑦(𝑡1,𝑡2)

𝜕𝑡2
= (1 − 𝑡1)

−1(1 − 𝑡2)
−1𝑑𝑡2 = (1 − 𝑡1)

−1(1 − 𝑡2)
−2𝐼𝑡1,2=0 =

1 

E(xy)= 
𝜕𝑀𝑥,𝑦(𝑡1,𝑡2)

𝜕𝑡2𝑡1
= (1 − 𝑡1)

−1(1 − 𝑡2)
−1𝑑𝑡2 = (1 − 𝑡1)

−2(1 −

𝑡2)
−2𝐼𝑡1,2=0 = 1 

Example (17) 
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E(𝑥2) =
𝜕𝑀𝑥,𝑦(𝑡1,𝑡2)

𝜕2𝑡1
= (1 − 𝑡1)

−1(1 − 𝑡2)
−1𝑑𝑡1 = (1 − 𝑡1)

−2(1 − 𝑡2)
−1 =

2(1 − 𝑡1)
−3(1 − 𝑡2)

−1𝐼𝑡1,2=0 = 2 

E(𝑦2) =
𝜕𝑀𝑥,𝑦(𝑡1,𝑡2)

𝜕2𝑡1
= (1 − 𝑡1)

−1(1 − 𝑡2)
−1𝑑𝑡1 = (1 − 𝑡1)

−1(1 − 𝑡2)
−2 =

(1 − 𝑡1)
−1 ∗ 2(1 − 𝑡2)

−3𝐼𝑡1,2=0 = 2 

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

1−1∗1

√2−(1)2∗√2−(1)2
= 0 

 

  

mailto:math3stat@gmail.com


2021  -Mathematical Statistics 2020       math3stat@gmail.com       

 

76 

 

D
ler

 H
us

sei
n K

ad
ir

 

D
ler

 H
us

sei
n K

ad
ir

 

 

3 – 7   Stochastic Independence:  

       Defn.: Let xxx p
,....,,

21
 be a p-dimensional r.v,s with joint p.d.f  ),....,,(

21 xxx p
f , and let 

𝑓(𝑥1), 𝑓(𝑥2),… , 𝑓(𝑥𝑝)  are the marginal p.d.f of xxx p
,....,,

21
 , then the r.v,s xxx p

,....,,
21

 

are said to be stochastically independent ; iff ;   

           1)𝑅(𝑥1, 𝑥2, … , 𝑥𝑝) = 𝑅(𝑥1). 𝑅(𝑥2). … . 𝑅(𝑥𝑝) 

2)𝑓(𝑥1, 𝑥2, … , 𝑥𝑝) = 𝑓(𝑥1). 𝑓(𝑥2).… . 𝑓(𝑥𝑝) = Π
𝑝

𝑖=1
𝑓(𝑥𝑖) 

Defn.: when p=2 ; let x & y be two r.v,s ,with j.p.d.f  of 𝑓(𝑥, 𝑦) , and let 𝑓(𝑥), 𝑓(𝑦)  be the 

marginal p.d.f of x & y respectively  then x & y are stochastically independent , iff ;   

    1)𝑅(𝑥, 𝑦) = 𝑅(𝑥). 𝑅(𝑦) 

𝑖. 𝑒: 𝑅[(𝑥, 𝑦) = −∞ < 𝑥, 𝑦 < ∞] = 𝑅[(𝑥:−∞ < 𝑥 < ∞]. 𝑅[(𝑦:−∞ < 𝑦 < ∞] 

2)𝑓(𝑥, 𝑦) = 𝑓(𝑥). 𝑓(𝑦)𝑤ℎ𝑒𝑟𝑒: 𝑅𝑥𝑦 = 𝑅𝑎𝑛𝑔𝑒𝑜𝑓𝑥&𝑦. 

𝑅𝑥 = 𝑅𝑎𝑛𝑔𝑒𝑜𝑓𝑥. 

𝑅𝑦 = 𝑅𝑎𝑛𝑔𝑒𝑜𝑓𝑦. 

𝑤ℎ𝑒𝑟𝑒𝑓(𝑥), 𝑓(𝑦)𝑎𝑟𝑒𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒𝑓𝑛. 

𝑖. 𝑒: 𝑓(𝑥), 𝑓(𝑦) > 0 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(32) : 𝑙𝑒𝑡𝑥&𝑦𝑎𝑟𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑤𝑖𝑡ℎ𝑗. 𝑝. 𝑑. 𝑓 

𝑓(𝑥, 𝑦) = {
8 𝑥𝑦        0 < 𝑥 < 1
                 0 < 𝑦 < 1
0                    𝑜. 𝑤

 

𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥&𝑦 𝑎𝑟𝑒 𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. ? 

Result:         

f(x,y)=8xy      0<x<1 ; 0<y<1 

show that x&y are stoch . indep? 

f(x)=∫ 8𝑥𝑦𝑑𝑦 =
8𝑥𝑦2

2
𝐼0
1 = 4𝑥

1

0
 

f(y)= ∫ 8𝑥𝑦𝑑𝑥 =
8𝑦𝑥2

2
𝐼0
1 = 4𝑦

1

0
 

E(x)=∫ 𝑥 ∗ 4𝑥𝑑𝑥 = ∫ 4𝑥2𝑑𝑥 =
4𝑥3

3
𝐼0
1 =

4

3

1

0

1

0
 

E(y)= ∫ 𝑦 ∗ 4𝑦𝑑𝑦 = ∫ 4𝑦2𝑑𝑦 =
4𝑦3

3
𝐼0
1 =

4

3

1

0

1

0
 

Example (18) 
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E(xy)= ∫ ∫ 𝑥𝑦 ∗ 8𝑥𝑦𝑑𝑥𝑑𝑦
1

0
= ∫ ∫ 8𝑥2𝑦2𝑑𝑥𝑑𝑦

1

0
= ∫ 𝑦2𝑑𝑦(

1

0

8𝑥3

3
𝐼0
1) =

1

0

1

0

∫
8

3
𝑦2𝑑𝑦 =

8

3
∗
𝑦3

3

1

0
𝐼0
1 =

8

9
 

E(xy)=E(x)*E(y) 
8

9
≠
4

3
∗
4

3
     𝑡ℎ𝑢𝑠 𝑑𝑜 𝑛𝑜𝑡 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 

Theorm  1 : 

                 IF x&y are stochastically independent r.v,s 

                       𝑝(𝑎 < 𝑥 < 𝑏, 𝑐 < 𝑦 < 𝑑) = 𝑝(𝑎 < 𝑥 < 𝑏). 𝑝(𝑐 < 𝑦 < 𝑑) 

                 For evry 𝑎 < 𝑏, 𝑐 < 𝑑 , where 𝑎, 𝑏, 𝑐𝑎𝑛𝑑𝑑are constant.    

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(33) : 𝑙𝑒𝑡𝑥&𝑦𝑏𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑤𝑖𝑡ℎ 

𝑓(𝑥, 𝑦) = {
𝑥 + 𝑦       0 < 𝑥 < 1,0 < 𝑦 < 1
0                                𝑜. 𝑤

 

𝐼𝑠 𝑥&𝑦 𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. 𝑜𝑟  𝑛𝑜𝑡 𝑏𝑦 𝑢 𝑠𝑖𝑛 𝑔 𝑡ℎ𝑒𝑜𝑟𝑚(1) 

Result:         

f(x,y)=x+y       0<x<1 ; 0<y<1 

is x & y stoch indep . or not by using theorem 1 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y)=∫ (𝑥 + 𝑦)𝑑𝑥 = 𝑥𝑦 +
𝑥2

2
𝐼0
1 = 𝑦 +

1

2

1

0
 

let a=0   b=
1

2
    ,   𝑐 = 0    𝑑 =

1

3
 

Pr(a<x<b,c<y<d)=Pr(a<x<b)*Pr(c<y<d) 

=∫ ∫ (𝑥 + 𝑦)𝑑𝑥𝑑𝑦 = ∫ (𝑥 +
1

2
)𝑑𝑥 ∗ ∫ (𝑦 +

1

2
)𝑑𝑦

1

3
0

1

2
0

1

3
0

1

2
0

 

=∫ (𝑥𝑦 +
𝑦2

2
)𝐼0

1

3
1

2
0

𝑑𝑥 =
𝑥2

2
+
𝑥

2
𝐼0

1

2 ∗
𝑦2

2
+
𝑦

2
𝐼0

1

3 

=∫ (
𝑥

3
+

1

18
)𝑑𝑥 =

3

8
∗
2

9

1

2
0

 

=
𝑥2

3∗2
+

𝑥

18
𝐼0

1

2 =
3

8
∗
2

9
 

15

216
≠
3

8
∗
2

9
 𝑑𝑜 𝑛𝑜𝑡 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 

 

Theorm  2 : 

                 IF x&y are two independent r.v,s with j.p.d.f F(x,y) , and F(x)&F(y)    

Example (19) 
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                 are c.d.f of x&y respectively m then; x & y sto. Indep. , iff ; 

                                           

                                                              F(x,y)=F(x).F(y) 

Theorm  3 : 

                 IF x&y are two independent r.v,s with j.p.d.f f(x,y) , and let f(x)&f(y)   

                 are two marginal p.d.f and let u(x)&u(y) be two function  of x&y   

                 then; x & y sto. Indep. , iff ; 

                                                              E[u(x).u(y)]= E[u(x)].E[u(y)] 

 Result:         

1)are x &y independent 

 

Y             

X 

0 1 2 Sum y 

-1 0 1

4
 0 1

4
 

0 1

4
 0 1

4
 

2

4
 

1 0 1

4
 0 1

4
 

Sum x 1

4
 

2

4
 

1

4
 1 

E(x)=∑ 𝑥𝑝(𝑥) = 0 ∗
1

4
+
2

4
+ 2 ∗

1

4
= 12

0  

E(y)= ∑ 𝑦𝑝(𝑦) = −1 ∗
1

4
+ 0 ∗

2

4
+
1

4
= 01

−1  

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥, 𝑦) = 0 + 1 ∗ −1 ∗
1

4
+ 1 ∗ 1 ∗

1

4
+ 0 = 01

−1
2
0  

E(xy)=E(x)*E(y) 

0=1*0   thus are independent 

2) Calculate Pxy? 

E(𝑥2)=∑ 𝑥2𝑝(𝑥) = 02 ∗
1

4
+
2

4
+ 22 ∗

1

4
=

6

4
=

3

2
2
0  

E(𝑦2)= ∑ 𝑦2𝑝(𝑦) = −12 ∗
1

4
+ 0 ∗

2

4
+
1

4
=

2

4
=

1

2
1
−1  

(34) : . . . & ;

1
( , ) (0,0) , (1,1) , (1, 1) , (2,0)

( , ) 4

0 .

1) & 2) .xy

Example let the j p d f of x y be

x y
f x y

o w

Are x y independent Calculate 


= −

= 


Example (20) 
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Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

0−1∗0

√
3

2
−(1)2∗√

1

2
−(0)2

= 0 

 

 

 

 

Result: 

    f(x,y)=4x(1-y)    0<x<1; 0<y<1 

f(x)=∫ (4𝑥 − 4𝑥𝑦)𝑑𝑦 = 4𝑥𝑦 −
4𝑥𝑦2

2
𝐼0
1 = 4𝑥 − 2𝑥

1

0
= 2𝑥 

f(y)=∫ (4𝑥 − 4𝑥𝑦)𝑑𝑥 =
4𝑥2

2
−
4𝑦𝑥2

2
𝐼0
1 = 2 − 2𝑦

1

0
= 2 − 2𝑦 

Pr(0<x<
1

3
; 0 < 𝑦 <

1

3
) = 𝑝𝑟 (0 < x <

1

3
) ∗ 𝑝𝑟(0 < 𝑦 <

1

3
) 

=∫ ∫ (4𝑥 − 4𝑥𝑦)𝑑𝑥𝑑𝑦 = ∫ 2𝑥𝑑𝑥 ∗ ∫ (2 − 2𝑦)𝑑𝑦
1

3
0

1

3
0

1

3
0

1

3
0

 

=∫ (2𝑥2 −
4𝑦𝑥2

2
𝐼0

1

3)𝑑𝑦 = 𝑥2
1

3
0

𝐼0

1

3 ∗ 2𝑦 − 𝑦2𝐼0

1

3 

=∫
2

9
+
2𝑦

9
𝑑𝑦 =

1

9

1

3
0

∗
5

9
 

=
2𝑦

9
+
2𝑦2

9∗2
𝐼0

1

3 =
5

9
∗
1

9
            

5

81
=

5

9
∗
1

9
 

5

81
=
5

9
∗
1

9
 𝑦𝑒𝑠 𝑖𝑛𝑑𝑒𝑝 𝑠𝑡𝑜𝑐ℎ 

     

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(37) : 𝑙𝑒𝑡𝑥&𝑦𝑏𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑤𝑖𝑡ℎ𝑗. 𝑝. 𝑑. 𝑓 

𝑝(𝑥, 𝑦) = {
4𝑥𝑦0 < 𝑥, 𝑦 < 1
0𝑜. 𝑤

 

𝐼𝑠𝑥&𝑦𝑎𝑟𝑒𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. &𝑓𝑖𝑛𝑑𝑝𝑟(0 < 𝑥 <
1

2
, 0.3 < 𝑦 < 0.8) 

Result:   

 P(x,y)=4xy         0<x<1 ;0<y<1 

Find Pr(0<x<
1

2
 , 0.3 < 𝑦 < 0.8) =? 

f(x)=∫ 4𝑥𝑦𝑑𝑦 =
4𝑥𝑦2

2
𝐼0
1 = 2𝑥

1

0
 

,1 1
(35) : (0 ,0 ); . & . . .

3 3

4 (1 ) 0 1 , 0 1
( , )

0 .

& . .

Example Find pr x y if the r v s x y have the j p d f

x y x y
f x y

o w

show that x y are stoch indep

   

−    
= 


Example (21) 

Example (22) 
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f(y)= ∫ 4𝑥𝑦𝑑𝑥 =
4𝑦𝑥2

2
𝐼0
1 = 2𝑦

1

0
 

Pr(0<x<
1

2
 , 0.3 < 𝑦 < 0.8) = 𝑃 (0 < x <

1

2
 ) ∗ 𝑃(0.3 < 𝑦 < 0.8) 

=∫ ∫ 4𝑥𝑦𝑑𝑦𝑑𝑥 = ∫ 2𝑥𝑑𝑥
1

2
0

∗ ∫ 2𝑦𝑑𝑦
0.8

0.3

0.8

0.3

1

2
0

 

=∫
4𝑥2𝑦

2
𝐼0
0.5𝑑𝑦 = 𝑥2𝐼0

0.5 ∗ 𝑦2𝐼0.3
0.80.8

0.3
 

=∫
𝑦

2
𝑑𝑦 = 0.25 ∗ 0.55

0.8

0.3
 

=
𝑦2

4
𝐼0.3
0.8 = 0.25 ∗ 0.55 

=0.1375=0.1375 yes are stoch indep 

   

   𝐸𝑥𝑎𝑚𝑝𝑙𝑒(38) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = {𝑒
−(𝑥+𝑦)     𝑥, 𝑦 ≥ 0
0                   𝑜. 𝑤

 

𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥&𝑦 𝑎𝑟𝑒 𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. 𝑢 𝑠𝑖𝑛 𝑔 𝑏𝑦 𝑡ℎ𝑒𝑜𝑟𝑦 4 

                               𝑀𝑥, 𝑦(𝑡1, 𝑡2) = 𝑀𝑥, 𝑦(𝑡1, 0).𝑀𝑥, 𝑦(0, 𝑡2) 

Mx,y=E(et1x+t2y) 

 

Result:  

   f(x,y)=e−x−y     x, y ≥ 0 

Mx,y=E(et1x+t2y) = ∫ ∫ et1x+t2y ∗ e−x−ydxdy =
∞

0

∞

0 ∫ e−x(1−t1)dx
∞

0
∗

∫ e−y(1−t2)dy =
−e−x(1−t1)

1−t1
I0
∞ ∗

−e−y(1−t2)

1−t2
I0
∞ =

𝟏

(𝟏−𝐭𝟏)
∗

𝟏

(𝟏−𝐭𝟐)

∞

0
It1,2=0  

Mx(t1)= 
1

(1−t1)
∗

1

(1−t2)
It2=0 = (𝟏 − 𝐭𝟏)

−𝟏 

My(t2)= 
1

(1−t1)
∗

1

(1−t2)
It1=0 = (1 − t2)

−1 

Mxy(t1t2)=Mx(t1)*My(t2) 

(1-t1)-1(1-t2)-1=(1-t1)-1(1-t2)-1 yes are stoch indep     

 

Theorm  4 : 

                 IF x&y be two r.v,s with j.p.d.f f(x,y) , and let f(x)&f(y) be two   

                 marginal p.d.f x&y respectively , let Mx,y(t1,t2) denoted the j.m.g.f   

                distn ,  then x&y are stochastically Independent , iff ; 

Example (23) 
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                               𝑀𝑥, 𝑦(𝑡1, 𝑡2) = 𝑀𝑥, 𝑦(𝑡1, 0).𝑀𝑥, 𝑦(0, 𝑡2) 
 

2 2,

1 21 2
(39) : & . ( , ) & ( , )

, & . . 0 .xy

Example let x y be two r v s with N M N M

respectively and let x y be stoch indep show that 

  

=
 

Result:     

𝑁(𝑀2, 𝜎2
2)𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑙𝑒𝑦, 𝑙𝑒𝑡 𝑥&𝑦 𝑏𝑒 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑃𝑥𝑦 = 0. 

Cov(x,y)=E(x-M1)*(y-M2)=E(xy-M1y-M2X+M1M2) 

Exy-M1Ey-M2Ex+M1M=Exy-M1M2-M1M2+M1M2=Exy-M1M2 

Hence : x & y are indep. Then Exy=Ex*Ey thus cov(x,y)=Ex*Ey-M1M2 

Cov(x,y)=Ex*Ey-M1*M2 

              =M1*M2-M1*M2=0 

Pxy=
𝑐𝑜𝑣(𝑥,𝑦)

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

0

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
= 0 

     

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(40) : 𝐼𝐹𝑥&𝑦𝑎𝑟𝑒𝑡𝑤𝑜𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡𝑟. 𝑣 ,𝑠 

𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐸(𝑥𝑦) = 𝐸𝑥. 𝐸𝑦 

Result 

E(xy)=E(x)*E(y) 

Let x & y are discrete r.vs 

Thus Exy=∑ ∑ 𝑋𝑖𝑌𝑖 ∶ 𝑃(𝑥𝑖, 𝑦𝑖)∀𝑥∀𝑦  

Because x & y are indep . then  

P(Xi,Yi)=P(Xi)*P(Yi) 

=EX*Ey 

Note  

1)if x & y indep, then fxy=0 

2)If Exy=0 then not necessary to here X & Y indep. 
 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(41) : 𝑙𝑒 

𝑓(𝑥) = {
𝑥 + 𝑦                           0 < 𝑥 < 1, 0 < 𝑦 < 1

0                                                       𝑜. 𝑤
 

                              𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥&𝑦 𝑎𝑟𝑒 𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. 𝑏𝑦 𝑢 𝑠𝑖𝑛 𝑔 𝑡ℎ𝑒𝑜𝑟𝑚4 

Example (24) 

Example (25) 

Example (26) 
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Result 

f(x,y)=x+y       0<x<1 ; 0<y<1 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y)=∫ (𝑥 + 𝑦)𝑑𝑥 = 𝑥𝑦 +
𝑥2

2
𝐼0
1 = 𝑦 +

1

2

1

0
 

E(x)=∫ 𝑥 (𝑥 +
1

2
) 𝑑𝑥 = ∫ (𝑥2 +

𝑥

2
) 𝑑𝑥 =

𝑥3

3
+

𝑥2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

E(y)= ∫ 𝑦 (𝑦 +
1

2
) 𝑑𝑦 = ∫ (𝑦2 +

𝑦

2
) 𝑑𝑦 =

𝑦3

3
+

𝑦2

2∗2
𝐼0
1 =

7

12

1

0

1

0
 

E(xy)=∫ ∫ 𝑥𝑦(𝑥 + 𝑦)𝑑𝑦𝑑𝑥 = ∫ (
𝑥2𝑦2

2
+
𝑥𝑦3

3
)𝐼0
1𝑑𝑥 = ∫ (

𝑥2

2
+
𝑥

3
) =

𝑥3

6
+

1

0

1

0

1

0

1

0
𝑥2

6
𝐼0
1 =

2

6
 

E(xy)=Ex*Ey 
2

6
≠
7

12
∗
7

12
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(42) : 𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑡ℎ𝑒𝑟. 𝑣 ,𝑠𝑥&𝑦𝑤𝑖𝑡ℎ𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓 

𝑓(𝑥) = {
12𝑥𝑦(1 − 𝑦)             0 < 𝑥 < 1,0 < 𝑦 < 1
0                                                  𝑜. 𝑤

 

𝑎𝑟𝑒 𝑠𝑡𝑜𝑐ℎ𝑎𝑠𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑖𝑛𝑑𝑒𝑝. 

Result  

f(x,y)=12xy-12x𝑦2    0 < 𝑥 < 1; 0 < 𝑦 < 1 

f(x)=∫ 𝑓(𝑥, 𝑦)𝑑𝑦 = ∫ (12𝑥𝑦 − 12𝑥𝑦2)𝑑𝑦 = 6𝑥𝑦2 − 4𝑥𝑦3𝐼0
11

0

1

0
= 2𝑥 

f(y)= ∫ 𝑓(𝑥, 𝑦)𝑑𝑥 = ∫ (12𝑥𝑦 − 12𝑥𝑦2)𝑑𝑥 = 6𝑥𝑦2 − 6𝑋2𝑦2𝐼0
11

0

1

0
= 6𝑦 − 6𝑦2 

F(x)=∫ 2𝑥𝑑𝑥 = 𝑥2𝐼0
𝑥 = 𝑥2

𝑥

0
 

F(y)= ∫ (6𝑦 − 6𝑦2)𝑑𝑦 = 3𝑦2 − 2𝑦3𝐼0
𝑦
= 3𝑦2 − 2𝑦3

𝑦

0
 

F(x,y)=∫ ∫ (12𝑥𝑦 − 12𝑥𝑦2)𝑑𝑥𝑑𝑦 = ∫ (6𝑥2𝑦 − 6𝑥2𝑦2)𝐼0
𝑥𝑑𝑦 =

𝑦

0

𝑥

0

𝑦

0

∫ (6𝑥2𝑦 − 6𝑥2𝑦2)𝑑𝑦 = 3𝑥2𝑦2 − 2𝑥2𝑦3𝐼0
𝑦
= 3𝑥2𝑦2 − 2𝑥2𝑦3

𝑦

0
 

F(x,y)=F(x)*F(y) 

3𝑥2𝑦2 − 𝑥2𝑦3 = 2𝑥2(3𝑦2 − 2𝑦3) 𝑎𝑟𝑒 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 

  

Example (27) 
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Conditional probability   

 

𝑝(𝐴/𝐵) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
; 𝑃(𝐵) > 0 

𝑝(𝐵/𝐴) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐴)
; 𝑃(𝐴) > 0 

𝑇ℎ𝑒𝑛 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐵). 𝑃(𝐴/𝐵) 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴). 𝑃(𝐵/𝐴) 

 

3-8   Conditional   Distribution Function 

IF x& y are two r. v 's, with j. p. d. f   f (x, y); then the conditional distribution function of 

x given that Y=y is defined as ; 

𝑓(𝑥/𝑌 = 𝑦) =
𝑓(𝑥,𝑦)

𝑓(𝑦)
, 𝑓(𝑦) > 0  

and the con. Dist fun. Of Y given that X=x defined as ; 

𝑓(𝑦/𝑋 = 𝑥) =
𝑓(𝑥, 𝑦)

𝑓(𝑥)
, 𝑓(𝑥) > 0 

Where f(x) & f(y) are the marginal p. d. f of x& y respectively if x& are two r. v 's , then 

con. Probability of ;  

  𝑝(𝑎 ≤ 𝑥 ≤ 𝑏/𝑌 = 𝑦) = ∑ 𝑝(𝑥/𝑌 = 𝑦)𝑏
𝑥=𝑎 𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑑𝑖𝑠𝑡. 

∫ 𝑓(𝑥/𝑌 = 𝑦)𝑑𝑥𝑖𝑓𝑥&𝑦𝑎𝑟𝑒𝑐𝑜𝑛𝑡.
𝑏

𝑎

 

Remark : 

If x& y are two indep  r. v 's , then  

𝑓(𝑥/𝑦) =
𝑓(𝑥, 𝑦)

𝑓(𝑦)
=
𝑓(𝑥). 𝑓(𝑦)

𝑓(𝑦)
= 𝑓(𝑥) 

𝑓(𝑦/𝑥) =
𝑓(𝑥, 𝑦)

𝑓(𝑥)
=
𝑓(𝑦). 𝑓(𝑥)

𝑓(𝑥)
= 𝑓(𝑦) 

 

Review 

Probability 

Stage (2) 
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Properties of the conditional p. d. f 

  F(x/y) is a p. d. f 

• 0 ≤ 𝑓(𝑥/𝑦) ≤ 1 

• ∑ 𝑓(𝑥/𝑦) = 1∀𝑥 𝑓𝑜𝑟𝑑𝑖𝑠𝑐𝑟. 𝑣′𝑠 

∫ 𝑓(𝑥/𝑦)𝑑𝑥 = 1𝑓𝑜𝑟𝑐𝑜𝑛. 𝑟. 𝑣′𝑠
ℜ𝑥

 

proof: 

∫ 𝑓(𝑥/𝑦)𝑑𝑥 = 1
𝑅𝑥

 

= ∫
𝑓(𝑥, 𝑦)

𝑓(𝑦)𝑅𝑥

𝑑𝑥 =
1

𝑓(𝑦)
∫ 𝑓(𝑥, 𝑦)𝑑𝑥
𝑅𝑥

=
1

𝑓(𝑦)
. 𝑓(𝑦) = 1 

Also  

=∑𝑓(𝑥/𝑦) = 1

∀𝑥

 

∑
𝑓(𝑥, 𝑦)

𝑓(𝑦)
∀𝑥

=
1

𝑓(𝑦)
∑𝑓(𝑥, 𝑦) =

1

𝑓(𝑦)
. 𝑓(𝑦) = 1

∀𝑥

 

 

Example(47) : let x& y be two r.v ′s with j. p. d. f 

𝑓(𝑥, 𝑦) = {
2                      0 < 𝑥 < 𝑦 < 1
0                              𝑜. 𝑤

 

Find: 

1. 𝑝(𝑥 <
1

2
)2. 𝑝𝑟(𝑦 <

1

3
)3. 𝑝𝑟(𝑥 <

1

2
/𝑦 =

3

4
) 

4. 𝑝𝑟(𝑦 <
1

3
/𝑥 =

1

6
)5. 𝑝𝑟(𝑥 <

1

2
, 𝑦 <

3

4
)6. 𝑝𝑟(𝑥 =

1

2
/𝑦 =

1

3
) 

Result  

f(x,y)=2          0<x<y<1 

f(x)=∫ 2𝑑𝑦 = 2𝑦𝐼𝑥
1 = 2 − 2𝑥

1

𝑥
 

f(y)=∫ 2𝑑𝑥 = 2𝑥𝐼0
𝑦
= 2𝑦

𝑦

0
 

1)Pr(X<
1

2
) =? 

Pr(X<
1

2
) = ∫ 𝑓(𝑥)𝑑𝑥 = ∫ (2 − 2𝑥)𝑑𝑥 = 2𝑥 − 𝑋2𝐼0

1

2 = 1 −
1

4
=

3

4

1

2
0

1

2
0

 

Example (28) 
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2) Pr(Y<
1

3
) = ∫ 𝑓(𝑦)𝑑𝑦 = ∫ (2𝑦)𝑑𝑦 = 𝑦2𝐼0

1

3 =
1

9

1

3
0

1

3
0

 

3)Pr(X<
1

2
/y=

3

4
) =

𝑓(𝑥,𝑦)

𝑓(𝑦=
3

4
)
=

2

2∗
3

4

= ∫
4

3
𝑑𝑥 =

4𝑥

3
𝐼0

1

2 =
2

3

1

2
0

 

4) Pr(y<
1

3
/x=

1

6
) =

𝑓(𝑥,𝑦)

𝑓(𝑥=
1

6
)
=

2

2−2∗
1

6

= ∫
6

5
𝑑𝑥 =

6𝑥

5
𝐼0

1

3 =
2

5

1

3
0

 

5) ) Pr(x<
1

2
/y<

3

4
) =? 

f(x,y)=∫ ∫ 2𝑑𝑥𝑑𝑦
𝑦

0
= ∫ 2𝑥𝐼0

𝑦
𝑑𝑦 = ∫ 2𝑦𝑑𝑦 = 𝑦2𝐼0

3

4 =
9

16

3

4
0

3

4
0

3

4
0

 

6)P(x=
1

2
/y=

1

2
) = 0   𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑐𝑜𝑛𝑡𝑖𝑜𝑛𝑢𝑠 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(48) : 𝐿𝑒𝑡 

𝑓(𝑥, 𝑦) =
𝑥 + 2𝑦

18
                𝑦 = 1,2𝑥 = 1,2 

Find : 

1. cond. P. d. f of x given y=1 [f(x)/y=1] 

2. cond. P. d. f of y given x=2 [f(y)/x=2] 

3. if x &y are indep r.v 's  

Result 

f(x,y)=
𝑥+2𝑦

18
    𝑦 = 1,2: 𝑥 = 1,2 

1)cond.p.d.f x given y=1{f(x/y=1)}? 

f(y)=∑
𝑥+2𝑦

18
=

3+4𝑦

18
2
1  

f(x)= ∑
𝑥+2𝑦

18
=

2𝑥+6

18
=

𝑥+3

9
2
1  

thus f(x/y=1)=
𝑓(𝑥,𝑦=1)

𝑓(𝑦=1)
=

𝑥+2(1)

18
3+4(1)

18

=
𝑥+2

7
 

2)cond.p.d.f y given x=2{f(y/x=2)}? 

f(y/x=2)=
𝑓(𝑥,𝑦=2)

𝑓(𝑥=2)
=

2+2(𝑦)

18
2(2)+6

18

=
2+2𝑦

10
 

3) if x & y are indep r.vs? 

Y                 X 1 2 Sum y 

1 3

18
 

4

18
 

7

18
 

2 5

18
 

6

18
 

11

18
 

Example (29) 
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Sum x 8

18
 

10

18
 1 

E(x)=∑ 𝑥𝑝(𝑥) = 1 ∗
8

18
+ 2 ∗

10

18
=

28

18
2
1  

E(y)= ∑ 𝑦𝑝(𝑦) = 1 ∗
7

18
+ 2 ∗

11

18
=

29

18
2
1  

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥, 𝑦) =
3

18
+ 1 ∗ 2 ∗

5

18
+ 2 ∗ 1 ∗

4

18
+ 2 ∗ 2 ∗

6

18
=

45

18
2
1

2
1  

45

18
≠
28

18
∗
29

18
 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒(49) :let x&y be two r. v ′s with follow in j. p. d. f 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

find  

1. con. P.d.f of y given x=1  p(y/x=1) 

2. con. P.d.f of x given y=2   p(x/y=1) 

3. if x &y  are indep  

Result 

Example 49) let x & y are two r.vs with j.p.d.f following 

Y                   

X 

0 1 Sum y 

0 0 1

8
 

1

8
 

1 1

8
 

2

8
 

3

8
 

2 2

8
 

1

8
 

3

8
 

3 1

8
 0 1

8
 

Sum x 4

8
 

4

8
 1 

1)con.p.d.f of y given x=1 

y   x 0                 1          f(y) 

 

0 

 

1 

 

2 

 

3 

0                
1

8
         

1

8
               

2

8
 

2

8
               

1

8
 

1

8
               0                   

1

8
 

3

8
 

 

3

8
 

 

1

8
 

f(x) 
4

8
             

4

8
 1 

   

Example (30) 

mailto:math3stat@gmail.com


2021  -Mathematical Statistics 2020       math3stat@gmail.com       

 

88 

 

D
ler

 H
us

sei
n K

ad
ir

 

D
ler

 H
us

sei
n K

ad
ir

 

f(y/x=1)=
𝑓(𝑥=1,𝑦=0)

𝑓(𝑥=1)
=

1

8
4

8

=
1

4
 &

𝑓(𝑥=1,𝑦=1)

𝑓(𝑥=1)
=

2

8
4

8

=
2

4
&
𝑓(𝑥=1,𝑦=2)

𝑓(𝑥=1)
=

1

8
4

8

=

1

4
&
𝑓(𝑥=1,𝑦=3)

𝑓(𝑥=1)
=

0
4

8

= 0  

f(y/x=1)=

[
 
 
 
 
 
 
1

4
      (1,0)

2

4
       (1,1)

1

4
      (1,2)

0       (1,3)
0         𝑜. 𝑤]

 
 
 
 
 
 

 

2)con.p.d.f of x given y=2? 

f(x/y=2)=
𝑓(𝑥,𝑦=2)

𝑓(𝑦=2)
  &

𝑓(𝑥=0,𝑦=2)

𝑓(𝑦=2)
=

2

8
3

8

=
2

3
&
𝑓(𝑥=1,𝑦=2)

𝑓(𝑦=2)
=

1

8
3

8

=
1

3
 

f(x/y=2)=[

2

3
        (0,2)

1

3
       (1,2)

0        𝑜. 𝑤

] 

3)if x & y stoch indep? 

E(x)=∑ 𝑥𝑝(𝑥) = 0 +
4

8
=

4

8
1
0  

E(y)= ∑ 𝑦𝑝(𝑦) = 0 +
3

8
+ 2 ∗

3

8
+ 3 ∗

1

8
=

12

8
3
0  

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥, 𝑦) = 0 + 1 ∗ 1 ∗
2

8
+ 1 ∗ 2 ∗

1

8
+ 1 ∗ 3 ∗ 0 =

4

8
3
0

1
0  

4

8
≠
4

8
∗
12

8
 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(50) :let x& y having the following j. 𝑝. 𝑑. 𝑓 

𝑓(𝑥, 𝑦) = 21𝑥2𝑦30 < 𝑥 < 𝑦 < 1 

𝑓𝑖𝑛𝑑; 𝑓(𝑥), 𝑓(𝑦), 𝑓(𝑥/𝑌 = 𝑦), 𝑓(𝑌/𝑋 = 𝑥) 

Result  

f(x,y)=21𝑥2𝑦3     0 < 𝑥 < 𝑦 < 1 

1)f(x)=∫ 21𝑥2𝑦3𝑑𝑦 =
21𝑥2𝑦4

4
𝐼𝑥
1 =

21𝑥2

4
−
21𝑥6

4

1

𝑥
   

𝑓(𝑥) [
21𝑥2

4
−
21𝑥6 

4
        0 < 𝑥 < 1

0                               𝑜. 𝑤
] 

2)f(y)= ∫ 21𝑥2𝑦3𝑑𝑥 =
21𝑥3𝑦3

3
𝐼0
𝑦
= 7𝑦6

𝑦

0
 

Example (31) 
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𝑓(𝑦)∫ 21𝑥2𝑦3𝑑𝑥 = 21𝑦3
𝑥3

3
𝐼0
1 = 7𝑦3

1

0

 

3)f(x/Y=y)? 

f(x/Y=y)=f(x/y)=
𝑓(𝑥,𝑦)

𝑓(𝑦)
=

21𝑥2𝑦3

7𝑦3
= 3𝑥2 

4)f(y/X=x)? 

f(y/X=x)=f(y/x)=
𝑓(𝑥,𝑦)

𝑓(𝑥)
=

21𝑥2𝑦3

21𝑥2

4
−
21𝑥6

4

=
4𝑦3

1−𝑥4
 

 
 

3-9  Conditional  Cumulative  Distribution   Function [cond . c. d. f] 

Let x&y are two r.v's with cond p.d.f of x given that Y=y ,then the con .c.d.f of x given 

thatY =y is defined; 

𝐹(𝑋/𝑌 = 𝑦) =

{
 
 

 
 ∑𝑝(𝑋/𝑌 = 𝑦)𝑓𝑜𝑟𝑑𝑖𝑠𝑐. 𝑣. 𝑟′𝑠

𝑥

−∞

∫ 𝑓(𝑋/𝑌 = 𝑦)𝑑𝑥𝑓𝑜𝑟𝑐𝑜𝑛𝑡. 𝑟. 𝑣′𝑠
𝑥

−∞

 

  

And similarty : 

𝐹(𝑌/𝑋 = 𝑥) =

{
 
 

 
 
∑𝑝(𝑌/𝑋 = 𝑥)𝑓𝑜𝑟𝑑𝑖𝑠𝑐. 𝑣. 𝑟′𝑠

𝑦

−∞

∫ 𝑓(𝑌/𝑋 = 𝑥)𝑑𝑦𝑓𝑜𝑟𝑐𝑜𝑛𝑡. 𝑟. 𝑣′𝑠
𝑦

−∞

 

 

Then if x& y are conti    m nuous r. v 's then; 

𝑓(𝑋/𝑌 = 𝑦) =
𝑑

𝑑𝑥
𝐹(𝑋/𝑌 = 𝑦) 

𝑓(𝑌/𝑋 = 𝑥) =
𝑑

𝑑𝑦
𝐹(𝑌/𝑋 = 𝑥) 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(55) 𝐿𝑒𝑡 

𝑓(𝑥, 𝑦) = {
𝑥 + 𝑦0 < 𝑥, 𝑦 < 1
0𝑜.𝑤

 

Find  F(Y/X)? 

Result 

Example (32) 
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f(x,y)=x+y    0<x<1;0<y<1 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y/x)=
𝑥+𝑦

𝑥+
1

2

 

find F(𝑦, 𝑥)? 

F(x/y)=∫ 𝑓
𝑦

0
(y/x) 𝑑𝑦 =∫

𝑥+𝑦

𝑥+
1

2

𝑑𝑦 =
1

𝑥+𝑦
(𝑥𝑦 +

𝑦2

2
𝐼0
𝑦
) =

𝑥𝑦+
𝑦2

2

𝑥+
1

2

𝑦

0
 

 

 𝐸𝑥𝑎𝑚𝑝𝑙𝑒(56) 𝐿𝑒𝑡 

𝐹(𝑥, 𝑦) =
𝑥 + 𝑦

21
𝑥 = 1,2,3𝑦 = 1,2 

= 0𝑜.𝑤  

Find ; F(Y/X) 

Result 

f(x,y)=
𝑥+𝑦

21
    𝑥 = 1,2,3  ; 𝑦 = 1,2 

find F(y/x) 

j.p.d 

Y             

X 

1 2 3 Sum y 

1 2

21
 

3

21
 

4

21
 

9

21
 

2 3

21
 

4

21
 

5

21
 

12

21
 

Sum x 5

21
 

7

21
 

9

21
 1 

f(y/x) 

Y             

X 

1 2 3 

1 2

5
 

3

7
 

4

9
 

2 3

5
 

4

7
 

5

9
 

F(y/x) 

Y             

X 

1 2 3 

y<1 0 0 0 

1≤ 𝑦 <2 2

5
 

3

7
 

4

9
 

𝑦 ≥ 2 1 1 1 

Example (33) 
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3-10 Conditional Expectation and Variance    
 

• Conditional Expectation 

Let x& y be two r. v 's with con. P. d. f f(x/y) , then let g(x,y) be a fun. Of two r. v 's , 

then the cond. Expectation of g(x,y) given that Y=y is defined to be ; 

𝐸[𝑔(𝑥, 𝑦)/𝑌 = 𝑦] = {
∑ 𝑔(𝑥, 𝑦)𝑓(𝑥/𝑦)𝑑𝑖𝑠𝑐.∀𝑥

∫ 𝑔(𝑥, 𝑦)𝑓(𝑥/𝑦)𝑑𝑥𝑐𝑜𝑛𝑡.
𝑅𝑥

   

     𝐸[𝑔(𝑥, 𝑦)/𝑋 = 𝑥] = {
∑ 𝑔(𝑥, 𝑦)𝑓(𝑦/𝑥)𝑑𝑖𝑠𝑐.∀𝑦

∫ 𝑔(𝑥, 𝑦)𝑓(𝑦/𝑥)𝑑𝑦𝑐𝑜𝑛𝑡.
𝑅𝑦

 

As special case of g(x,y)=x, we define  

E(X/Y=y), which is called the con. Mean of x given that Y=y is defined as; 

𝐸(𝑋/𝑌 = 𝑦) = {
∑ 𝑥𝑓(𝑋/𝑌 = 𝑦)𝑑𝑖𝑠𝑐∀𝑥

∫ 𝑥𝑓(𝑋/𝑌 = 𝑦)𝑐𝑜𝑛.
𝑅𝑥

   

And if g(x,y)=Y ; then; 

𝐸(𝑌/𝑋 = 𝑥) =

{
 
 

 
 ∑𝑦𝑓(𝑌/𝑋 = 𝑥)𝑑𝑖𝑠𝑐

∀𝑦

∫ 𝑦𝑓(𝑌/𝑋 = 𝑥)𝑐𝑜𝑛.
𝑅𝑦

 

and if g(x,y)=x2  ; then  

E[X2/Y=y] is called the squares mean of given that Y=y 

𝐸[𝑋2/𝑌 = 𝑦] =

{
 
 

 
 ∑𝑋2𝑓(𝑋/𝑌 = 𝑦)𝑓𝑜𝑟𝑑𝑖𝑠𝑐.

∀𝑥

∫ 𝑋2𝑓(𝑋/𝑌 = 𝑦)𝑑𝑥𝑓𝑜𝑟𝑐𝑜𝑛𝑡.
𝑅𝑥

 

In general case E[Xr/Y=y] is called con. Moment of order (r) about original of variable x 

given that Y=y . 

𝐸[𝑋𝑟/𝑌 = 𝑦] =

{
 
 

 
 ∑𝑋𝑟𝑓(𝑋/𝑌 = 𝑦)𝑓𝑜𝑟𝑑𝑖𝑠𝑐.

∀𝑥

∫ 𝑋𝑟𝑓(𝑋/𝑌 = 𝑦)𝑑𝑥𝑓𝑜𝑟𝑐𝑜𝑛𝑡.
𝑅𝑥

 

• Conditional variance  
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V(X/Y=y)=E[X2/Y=y]-[E(X/Y=y)]2 

V(Y/X=x)=E[Y2/X=x]-[E(Y/X=x)]2 

Remark : 

𝐸[𝑋/𝑌] ≠ 𝐸[
𝑥

𝑦
] 

𝑤ℎ𝑒𝑟𝑒𝐸[𝑋/𝑌] = ∫𝑋𝑓(𝑥/𝑦) 𝑑𝑥 

𝑏𝑢𝑡𝐸(
𝑥

𝑦
) = ∫∫

𝑥

𝑦
𝑓(𝑥, 𝑦) 𝑑𝑥𝑑𝑦 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(57) :let f(x,y)=x+y  0<x<1    0<y<1     

Find      1.E(y/x)      2.v(y/x) 

Result 

f(x,y)=x+y     0<x<1 ; 0<y<1 

f(x)=∫ (𝑥 + 𝑦)𝑑𝑦 = 𝑥𝑦 +
𝑦2

2
𝐼0
1 = 𝑥 +

1

2

1

0
 

f(y)=∫ (𝑥 + 𝑦)𝑑𝑥 = 𝑥𝑦 +
𝑥2

2
𝐼0
1 = 𝑦 +

1

2

1

0
 

f(y/x)=
𝑥+𝑦

𝑥+
1

2

 

1)E(y/x)? 

E(y/x)=∫ 𝑦𝑓(𝑦
𝑅𝑦

/x)dy=∫ 𝑦 ∗
𝑥+𝑦

𝑥+
1

2

𝑑𝑦 =
1

𝑥+
1

2

(
𝑥𝑦2

2
+
𝑦3

3
𝐼0
1)

1

0
=

3𝑥+2

3

2𝑥+1
=
3𝑥+2

6𝑥+3
 

2)v(y/x)? 

V(y/x)=E(𝑦2/x)-(E(y/x))2 

E(𝑦2/x)=∫ 𝑦2 ∗
1

0

𝑥+𝑦

𝑥+
1

2

𝑑𝑦 =
1

𝑥+
1

2

(
𝑥𝑦3

3
+
𝑦4

4
𝐼0
1) =

4𝑥+3

6

2𝑥+1
=

4𝑥+3

12𝑥+6
 

V(y/x)= 
4𝑥+3

6

2𝑥+1
− (

3𝑥+2

3

2𝑥+1
)

2

=
4𝑥+3

12𝑥+6
−
9𝑥2+12𝑥+4

(6𝑥+3)2
=

24𝑥2+30𝑥+9−(18𝑥2+24𝑥+8)

2(6𝑥+3)2
=

6𝑥2+6𝑥+1

2(6𝑥+3)2
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(58) :let  

𝑓(𝑥, 𝑦) =
𝑥 + 2𝑦

18
(𝑥, 𝑦) = (1,1), (1,2)(2,1), (2,2) 

= 0𝑜. 𝑤 

Find  E[Y/X]. V[Y/X]               

Example (34) 
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Result  

f(x,y)=
𝑥+2𝑦

18
   (𝑥, 𝑦) = (1,1)(1,2)(2,1)(2,2) 

Y                 X 1 2 Sum y 

1 3

18
 

4

18
 

7

18
 

2 5

18
 

6

18
 

11

18
 

Sum X 8

18
 

10

18
 1 

f(y/x) 

Y                  

X 

1 2 

1 3

8
 

4

10
 

2 5

8
 

6

10
 

1)E(y/x)? 

E(y/x=1)=∑ 𝑦𝑓(𝑦2
1 /𝑥 = 1) = 1 ∗

3

8
+ 2 ∗

5

8
=

13

8
 

E(y/x=2)= ∑ 𝑦𝑓(𝑦2
1 /𝑥 = 2) = 1 ∗

4

10
+ 2 ∗

6

10
=

16

10
 

E(y/x)= 
13

8
+
16

10
=

129

40
= 3.225 

2)V(y/x)=v(y/x=1)+v(y/x=2) 

E(𝑦2/x)=∑ 𝑦2𝑓(𝑦2
1 /𝑥 = 1) =

3

8
+ 22 ∗

5

8
=

23

8
 

E(y2/x=2)= ∑ 𝑦2𝑓(𝑦2
1 /𝑥 = 2) = 1 ∗

4

10
+ 22 ∗

6

10
=

28

10
 

V(y/x=1)=E(y2/x=1)-(E(y/x=1)2=
23

8
− (

13

8
)
2
=

15

64
 

V(y/x=2)=E(y2/x=2)-(E(y/x=2)2=
28

10
− (

16

10
)
2
=

24

100
 

V(y/x)=v(y/x=1)+v(y/x=2)= 
15

64
+

24

100
=

759

1600
 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(59) :let x& y have the joint p.d.f f(x,y) 

 (x,y) (0,0) (0,1) (1,0) (1,1) (2,0) (2,1) 

F(x,y) 1/18 3/18 4/18 3/18 6/18 1/18 

Find 

1. f(x)    2.f(y)    3.Ex      4.Ey    5.Pxy     6.F(x,y)     

2. 7.E(x/y)   8.E(y/x)     9.F(x/y)   10. F(y/x)   11.V(x/y)  12.sto. Indep. Or not ? 

Result  

Example (35) 
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X,Y (0,0) (0,1) (1,0) (1,1) (2,0) (2,1) 

f(x,y) 1

18
 

3

18
 

4

18
 

3

18
 

6

18
 

1

18
 

1)f(x)? 

Y            X 0 1 2 Sum Y 

0 1

18
 

4

18
 

6

18
 

11

18
 

1 3

18
 

3

18
 

1

18
 

7

18
 

Sum x 4

18
 

7

18
 

7

18
 1 

f(x)=

[
 
 
 
 
4

18
           𝑥 = 0

7

18
           𝑥 = 1

7

18
          𝑥 = 2

0              𝑜. 𝑤 ]
 
 
 
 

 

2)f(y) 

f(y)=[

11

18
           𝑦 = 0

7

18
           𝑦 = 1

0               0. 𝑤

] 

3)E(x)=? 

E(x)=∑ 𝑥𝑝(𝑥) = 0 +
7

18
+ 2 ∗

7

18
=

21

18
=

7

6
2
0  

4)E(y)? 

E(y)= ∑ 𝑦𝑝(𝑦) = 0 +
11

18
+ 1 ∗

7

18
=

7

18
1
0  

5)Pxy? 

E(xy)=∑ ∑ 𝑥𝑦𝑝(𝑥, 𝑦) = 0 + 0 + 1 ∗ 1 ∗
3

18
+ 0 + 2 ∗ 1 ∗

1

18
=

5

18
2
0

1
0  

E(y2)= ∑ 𝑦2𝑝(𝑦) = 0 +
11

18
+ 12 ∗

7

18
=

7

18
1
0  

E(x2)=∑ 𝑥2𝑝(𝑥) = 0 +
7

18
+ 22 ∗

7

18
=

35

18
2
0  

Pxy=
𝐸𝑥𝑦−𝐸𝑥∗𝐸𝑦

√𝐸𝑥2−(𝐸(𝑥))
2
∗√𝐸𝑦2−(𝐸(𝑦))

2
=

5

18
−
21

18
∗
7

18

√35
18
−(

21

18
)
2
∗√

7

18
−(

7

18
)
2
= −0.472 
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6)F(x,y)? 

          X        

Y 
x< 0 0≤ 𝑥 < 1 1 ≤ 𝑥 < 2 x≥ 2 

y< 0 0 0 0 0 

0≤ 𝑦 < 1 0 1

18
 

5

18
 

11

18
 

y≥ 1 0 4

18
 

11

18
 1 

7)E(x/y)? 

F(x/y) 

Y 0 1 2 

0 1

11
 

4

11
 

6

11
 

1 3

7
 

3

7
 

1

7
 

E(x/y)=E(x/y=0)+E(x/y=1) 

E(x/y=0)=∑ 𝑥𝑓(𝑥2
0 /y=0)=0+1 ∗

4

11
+ 2 ∗

6

11
=

16

11
 

E(x/y=1)=∑ 𝑥𝑓(𝑥2
0 /y=1)=0+1 ∗

3

7
+ 2 ∗

1

7
=

5

7
 

E(x/y)= 16
11
+ 5

7
=

167

77
 

 

8)E(y/x)=E(y/x=0)+E(y/x=1)+E(y/x=2) 

 

f(y/x) 

Y 0 1 2 

0 1

4
 

4

7
 

6

7
 

1 3

4
 

3

7
 

1

7
 

E(y/x=0)=∑ 𝑦𝑓1
0 (𝑦/x=0)=0+

3

4
∗ 1 =

3

4
 

E(y/x=1)=∑ 𝑦𝑓1
0 (𝑦/x=1)=0+

3

7
∗ 1 =

3

7
 

E(y/x=2)=∑ 𝑦𝑓1
0 (𝑦/x=2)=0+

1

7
∗ 1 =

1

7
 

E(y/x)=
3

4
+
3

7
+
1

7
=

37

28
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9)F(x/y)? 

Y             

X 
x< 0 0≤ 𝑥 < 1 1 ≤ 𝑥 < 2 x≥ 2 

0 0 1

11
 

5

11
 1 

1 0 3

4
 

6

7
 

7

7
= 1 

10)F(y/x) 

Y             

X 
0 1 2 

y< 0 0 0 0 

0≤ 𝑦 < 1 1

4
 

4

7
 

6

7
 

y≥ 1 1 7

7
= 1 

7

7
= 1 

11)v(x/y)? 

E(x/y=0)=∑ 𝑥𝑓(𝑥2
0 /y=0)=0+1 ∗

4

11
+ 2 ∗

6

11
=

16

11
 

E(x/y=1)=∑ 𝑥𝑓(𝑥2
0 /y=1)=0+1 ∗

3

7
+ 2 ∗

1

7
=

5

7
 

V(x/y)=v(x/y=0)+v(x/y=1) 

V(x/y=0)=E(𝑥2/y=0)-(E(x/y=0)2=
28

11
− (

16

11
)
2
=

52

121
 

E(x2/y=0)=∑ 𝑥2𝑓(2
0 x/y)=0+

4

11
+ 22 ∗

6

11
=

28

11
 

V(x/y=1)=E(x2/y=1)-(E(x/y=1)2= 1 − (
5

7
)
2
=

24

49
 

E(x2/y=1)=∑ 𝑥𝑓(𝑥22
0 /y=1)=0+1 ∗

3

7
+ 22 ∗

1

7
=

7

7
= 1 

V(x/y)=v(x/y=0)+v(x/y=1)= 
52

121
+
24

49
=

5452

5929
= 0.9195 

12)stoch indep? 

E(xy)=E(x)*E(y) 
5

18
≠
21

18
∗
7

18
 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑠𝑡𝑜𝑐ℎ 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 
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Exercise of Chapter Three 

   𝐸𝑥𝑎𝑚𝑝𝑙𝑒(5) : 𝑙𝑒𝑡 

𝑓(𝑥1, 𝑥2) = {
4𝑥1𝑥20 < 𝑥1 < 1
0 < 𝑥2 < 1
0𝑜.𝑤

 

𝑏𝑒𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥1&𝑥2. 

𝐹𝑖𝑛𝑑: 

1)𝑝(0 < 𝑥1 <
1

2
,
1

4
< 𝑥2 < 1) 

2)𝑝(𝑥1 = 𝑥2) 

3)𝑝(𝑥1 < 𝑥2) 

4)𝑝(𝑥1 ≤ 𝑥2) 

     𝐸𝑥𝑎𝑚𝑝𝑙𝑒(6) : 𝑙𝑒𝑡𝑡ℎ𝑒𝑝𝑟𝑜. 𝑠𝑒𝑡𝑓𝑢𝑛. 𝑝(𝐴)𝑜𝑓𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑥&𝑦𝑏𝑒. 

𝑝(𝐴) =∑∑𝑓(𝑥, 𝑦), 𝑤ℎ𝑒𝑟𝑒𝑓(𝑥, 𝑦) =
1

52
, (𝑥, 𝑦)

𝐴

∈ 𝐴 

𝐴 = {(𝑥, 𝑦); (𝑥, 𝑦) = (0,1), (0,2),… , (0,13), (1,1), … , (1,13),… , (3,1),… , (3,13)} 

𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑝(𝐴) = 𝑝[(𝑥, 𝑦) ∈ 𝐴] 

𝑎)𝑤ℎ𝑒𝑛𝐴 = {(𝑥, 𝑦); (𝑥, 𝑦) = (0,4), (1,3), (2,2)} 

𝑏)𝑤ℎ𝑒𝑛𝐴 = {(𝑥, 𝑦); 𝑥 + 𝑦 = 4, (𝑥, 𝑦) ∈ 𝐴} 

 
      

 

 

 

 

                                                                                                                    

 

(14) : & . . . ;

0 4 , 1 5
( , ) 96

0 .

: ( ) , ( )

Example IF x y having the j p d f as

xy
x y

f x y

o w

Find f y f x


   

= 


Exer. (1) 

 

Exer. (2) 

Exer. (3) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒(18) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = {
2𝑥0 < 𝑥 < 1,0 < 𝑦 < 1
0𝑜.𝑤

 

𝐶𝑜𝑚𝑝𝑢𝑡𝑒: 𝐸(𝑥 + 𝑦)𝐸(𝑥 + 𝑦)2 − [𝐸(𝑥 + 𝑦)]2 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(19) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = 20 < 𝑥 < 𝑦, 0 < 𝑦 < 1 

= 0𝑜.𝑤 

𝐹𝑖𝑛𝑑: 1)𝐸𝑥2)𝐸𝑦3)𝐸𝑥𝑦 

  

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(24) : 𝑙𝑒𝑡𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥&𝑦 

𝑓(𝑥, 𝑦) = {
1

4
(𝑥, 𝑦) = (0,0), (1,1), (1,−1), (2,0)

0𝑜. 𝑤

 

𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑐𝑜𝑣( 𝑥, 𝑦)𝑎𝑛𝑑𝜌𝑥𝑦 . 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(25) : 𝑙𝑒𝑡𝑥&𝑦ℎ𝑎𝑣𝑒𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 

(𝑥, 𝑦)𝑓(𝑥, 𝑦) 

(0,0)(1,6) 

(1,0)(2,6) 

(1,1)(2,6) 

(2,1)(1,6) 

(15) : . . . & :

0 , 0
( , )

0 .

: 1) ( ) , 2) ( ) 3)

x y

Example let the j p d f of x y be

e x y
f x y

o w

Find E x E y Exy

− −      
= 


Exer. (4) 

Exer. (5) 

Exer. (6) 

Exer. (7) 

Exer. (8) 
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0𝑜.𝑤 

𝐹𝑖𝑛𝑑𝑜𝑟𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑡ℎ𝑒𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑥&𝑦 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(26) : 𝑙𝑒𝑡𝑥&𝑦𝑎𝑟𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠ℎ𝑎𝑣𝑒𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓 

𝑓(𝑥, 𝑦) = {
1

3
(𝑥, 𝑦) = (0,0), (1,1), (2,2)

0𝑜. 𝑤

 

𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑡ℎ𝑒𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑥&𝑦. 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(27) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) =
1

3
(𝑥, 𝑦) = (0,0), (1,1), (2,0) 

= 0𝑜. 𝑤 

𝐹𝑖𝑛𝑑: 𝜌𝑥𝑦 . 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(28) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) =
1

3
(𝑥, 𝑦) = (0,2), (1,1), (2,0) 

= 0𝑜. 𝑤 

𝐹𝑖𝑛𝑑: 𝜌𝑥𝑦 . 

 

 

 

 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(36) : 𝑙𝑒𝑡𝑥&𝑦𝑏𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑤𝑖𝑡ℎ𝑗. 𝑝. 𝑑. 𝑓 

𝑝(𝑥, 𝑦) = {
1

16
𝑥, 𝑦 = 1,2,3,4

0𝑜. 𝑤

 

𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑥&𝑦𝑎𝑟𝑒𝑠𝑡𝑜𝑐ℎ. 𝑖𝑛𝑑𝑒𝑝. 

(29) : & . . . ;

0
( , )

0 .

: , ,

y

xy

Example let x y have the following j p d f

e x y
f x y

o w

Find Ex Ey 

−    
= 


Exer. (9) 

Exer. (10) 

Exer. (11) 

Exer. (12) 

Exer. (13) 

mailto:math3stat@gmail.com


2021  -Mathematical Statistics 2020       math3stat@gmail.com       

 

100 

 

D
ler

 H
us

sei
n K

ad
ir

 

D
ler

 H
us

sei
n K

ad
ir

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(43) : 𝑙𝑒𝑡 

𝑓(𝑥, 𝑦) = 2𝑒−𝑥−𝑦0 < 𝑥 < 𝑦, 0 < 𝑦 < ∞ 

= 0𝑜.𝑤 

𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑥&𝑦𝑎𝑟𝑒𝑟. 𝑣 ,𝑠𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡𝑜𝑟𝑛𝑜𝑡. 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(44) : 𝑙𝑒𝑡 

𝑓(𝑥1, 𝑥2, 𝑥3) = {
1

4
(𝑥1, 𝑥2, 𝑥3) = (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,1,1)

0𝑜.𝑤

 

𝑙𝑒𝑡𝑓𝑖𝑗(𝑥𝑖 , 𝑥𝑗) =
1

4
(𝑥𝑖 , 𝑥𝑗) = [(0,0), (1,0), (0,1), (1,1)] 

𝑓𝑖(𝑥𝑖) =
1

2
𝑥𝑖 = 0,1𝑖 ≠ 𝑗 

𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑡ℎ𝑒𝑟. 𝑣 ,𝑠𝑎𝑟𝑒𝑖𝑛𝑑𝑒𝑝.  

 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(46) : 𝐿𝑒𝑡 

𝑓(𝑥1/𝑥2) = 𝐶1
𝑥1

𝑥2
2 0

< 𝑥1 < 𝑥2

< 1 

= 0𝑜. 𝑤 

And 𝑓(𝑥2) = 𝐶2𝑥2
40 <

𝑥2 < 1 

Find 

1. the value of 𝐶1&𝐶2 

2. 𝑓(𝑥1, 𝑥2) 

3. 𝑝(
1

4
< 𝑥1 <

1

2
/𝑥2 =

5

8
) 

4. 𝑝𝑟(
1

4
< 𝑥1 <

1

2
) 

𝑝𝑟(
1

4
< 𝑥2 <

1

2
)        

,(45) : & . , . . .

1
(0,0) , (2,1)

18

3
(0,1) , (1,1)

18

4
( , ) (1,0)

18

6
(2,0)

18

0 .

1) & .

2) .xy

Example let x y be two r v s haning j p d f

p x y

o w

Are x y are indep

Find 









= 







Exer. (15) 

Exer. (16) 

Exer. (17) 

Exer. (18) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒(51) :let x& y betwo 𝑟. 𝑣′𝑠𝑤𝑖𝑡ℎ 

𝑓(𝑥/𝑦) =
2𝑥 + 4𝑦

1 + 4𝑦
0 < 𝑥 < 1 

0 < 𝑦 < 1 

𝑎𝑛𝑑𝑓(𝑦) =
1

2
(1 + 4𝑦)0 < 𝑦 < 1  

Find 

1. j. p. d.f of x& y 

2. show that f(x/y) is       

 

3. 𝐸𝑥𝑎𝑚𝑝𝑙𝑒(52) :let x& y having the following j. 𝑝. 𝑑. 𝑓 

     f(x,y)=x+y       0<x<1      0<y<1 

1. marginal p.d.f of x. 

2. marginal p.d.f of y 

3. conditional p.d.f of (y/x) 

4. 𝑓(𝑦/𝑥 =
1

2
) 

5. x& y are stoc .indep? 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(53) :let x& y having the following j. 𝑝.𝑚. 𝑓 

𝑝(𝑥, 𝑦) =

{
 
 

 
 
1
12⁄ (1,2)(3,2)

2
12(2,2)(3,3)(1,3)⁄

4
12⁄ (2,4)

 Find  

 

 

1. J. c. d. f 

2.  p(x=2/y=3) 

3. p(y/x=2)        

 

Exer. (19) 

Exer. (20) 

Exer. (21) 

Exer. (22) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒(54) :let x& y having the following j. 𝑝. 𝑑. 𝑓 

𝑓(𝑥, 𝑦) =
𝑒−2

𝑥! (𝑦 − 𝑥)!
𝑥 = 0,1, . . . , 𝑦𝑦 = 0,1, . . . . . 

= 𝑜𝑜.𝑤 

Find : 

1. 𝑡ℎ𝑒𝑚. 𝑔. 𝑓𝑀𝑥𝑦(𝑡1, 𝑡2)𝑜𝑓𝑡ℎ𝑒𝑗. 𝑑𝑖𝑠𝑡. 

2. compute the mean & variance , and the corr. Coff. x&y 

3. determine the conditional p.d.f of (x/y). 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(60) :let f(x,y)=2     0<x<y<1 

                =0         o.w 

Find   1.E(x/y) 

     2.E(y/x) 

     3.v(x/y) 

   4.v(y/x) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(11) : 𝑙𝑒𝑡𝑡ℎ𝑒𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥&𝑦𝑏𝑒: 

𝑝(𝑥, 𝑦) = {

𝑥𝑦2

30
𝑥 = 1,2,3

𝑦 = 1,2
0𝑜.𝑤

 

𝐹𝑖𝑛𝑑: 𝑓(𝑥), 𝑓(𝑦)? 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(12) : 𝑙𝑒𝑡𝑥&𝑦𝑎𝑟𝑒𝑡𝑤𝑜𝑟. 𝑣 ,𝑠𝑤𝑖𝑡ℎ: 

𝑓(𝑥1, 𝑥2) = {
𝑒−(𝑥+𝑦)0 < 𝑥 < ∞, 0 < 𝑦 < ∞

0𝑜.𝑤
 

𝐹𝑖𝑛𝑑: 

1)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑝. 𝑑. 𝑓𝑜𝑓𝑥. 

2)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑝. 𝑑. 𝑓𝑜𝑓𝑦. 

3)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑐. 𝑑. 𝑓𝑜𝑓𝑥. 

4)𝑇ℎ𝑒𝑚𝑎𝑟𝑔 𝑖 𝑛𝑎𝑙𝑐. 𝑑. 𝑓𝑜𝑓𝑦. 

5)𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡𝑓(𝑥, 𝑦)𝑖𝑠𝑎𝑗. 𝑝. 𝑑. 𝑓𝑜𝑓𝑥&𝑦. 

 

Exer. (23) 

Exer. (24) 

Exer. (25) 
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