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3—1 Joint Distribution:
IF (X, X, X,)@re r.vs defined on the sample probability space , then the

(Xy» Xz X,) I8 called p-dimensional r.v's .

* Joint probability density function [J.p.d.f]

(Xor Xpreeer X,) Is defined to be:

f(x1,x2,...,xp) =p{ X ;= X1, X ;= Xooe0s Xp=Xp}
Or

vx1Vvx2 vXp

Rx1 Rx2 Rxp

0 o.W

A

* The properties of the joint probability density function.

1- 0 < f(xl,xz, ...,Xxp < 1) in =1 = 1,2, e, P

p = No. of variables

2- ZZ"'Zf(Xsz ...... X,) =1

vx1 Vx2 VXp

O C— 0

b
[ 10 %;)dxdx, cont.

IFp=2 ;Then p(a <x, <b,c<x,<d)=

Zb:ZC: f(x,y) disc.

Def™ IF (X,. X, X,)are a p-dimensional r.vs ; Then the Joint pro.density fun. Of

DIDIN I LA S for dist r.vs
f(x1, X2,...,xp) =9 | [ o] f(XoXoreos Xp)lpr---dnd e fOr cont. rv's
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Def".. IF p=2, let x and y are two r.v's then

=> > p(xy) if x&y are discrete rv's
VX vy
= Hf(x, y)dydx if x&y are continuous r.v's
RxRy
1) 0< f(x,y)<1 VXY

2) ZVxZVyf(xiy) =1

Example (1
ple (1) Example(1)| letthej.p.d. foftwor.v'sx, &x,isdefinded
X; +x
121 2x, =1,2,3
f(xlixZ) = X, = 1’2
O0o.w
Dp(x = 1,x, = 2)
2)provep(xq,xy)isj.p.d. fof xq, x,
Result:
_ _y_ XatXp _ 142 3 1
Pr(X1=1,X2=2)= 21 21 21 7

4- 1 p=1; Then the j.p.d.fis called (univariate p.d.f) if p=2 ; Then the j.p.d.f is a fun.
of tow r.vs and it is called (Bivariate) p.d.f if(p>2) ;Then the j.p.d.f is called
(Multivariate p.d.f)

f(x,y)=p(X=x ,Y=Yy)

j flx,y)dydx =1
Rx YRy

2) prove p(X1,X2) is j.p.f of x1 & x2?

24x, . 3+x; 1+1 , 2+1 341 142 242 342

X1+X, 1+x,
y3ys = + + =— =t + =+ ===
21 21 21 21 21 21 21 21 21 21
21
- = 1
21

Example (2) et

fxy,x,) = e 14320 < x,x, < 0

2067
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= 0o.w

Dp(x1 = 2,x; = 3)

2)p(1<x,<20<x,<2)
3)checkthej.p.d. fof xq,x,

Result:
1) Pi(x1=0 ,x2=1)=0
2)Pr(1<x1<2,0<x2<2)?
Pr (1<x1<2, 0<x,<2) :flz foz e~ (X1t%2) dx. dx, = flz e ¥1dx, *
foz e ¥2dx, = —e¥1[Z x —e¥2[ =  (—e?—(—e ) x(—e2—(—e?)) =

(—e 2 +e Hx(—e?+1)
3) Check the j.p.d.f x1, x2?
Solved/
=f0°° foooe‘(x1+x2)dx1dx2 = foooe‘xl dx, * foooe"‘dez = —e1[P x —e*2° = (—e™® —
(—e™ ) * (e =(=e))=0+D*O0+D=1x+1=1

Example (3) ]:Three coins are tossed ,let x denoted the coins the number of heads
that occur on the first two coins ; let y denoted the number of tails that occur
on the last two coins.and the j.p.d.f of x& y[i.e Find f(X,y)] show that
f(x,y)isa j.pd.f of x&y.

Result:

Let h=head and t=tail
Sample space=[(hhh), (ttt), (htt), (thh), (tht), (hth), (tth), (hht)]

y 0 1 2 Sumy
0 1 1 2
8 8 8
1 1 2 1 4
8 8 8 8
2 1 1 | 2
8 8 8
Sum x E f z 1
8 8 8

D D fay =

rang y rang x

f(0,0)+f(0,1)+f(0,2)+f(1,0)+f(1,1)+f(1,2)+f(2,0)+f(2,1)+f(2,2)=

N U,
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g4t t,1, 2,1, 1,1 _
=0+t ottt ot +0=1

Example (4) et
flx,y)=6x?y0<x<10<y<1

31
Find:p(0 <x < 1’3 <y<2)
Result:

f(x, y)=6x’y 0<x<1,0<y<1
Find: P (0<x<%,% <y<2)=? Out range

\

3 3 3
fx, y)=[3 [ 6x2y dxdy = [ I f(x,y)dx + [ ] f(x,y) dxdy =
3 3
2 2\ ¥ o . 33 , 12\ 27 8 3
6(?18)*7’;”— (@ —0)*(1 -3 )=t =

3 — 2 Joint Cummulative Distribution F" (j.c.d.f):

Let (X, X, X,) Is defined to be a p-dimensional r.vs iff three exists function
F (X, Xy X,) 5 SUCh that

F (X, Xy, X)) = p(Xlsxl,Xzsxz,...,Xp £xp)
Xy X,

Xp
=2 2 P(X X, X)) if x, are discrete rv's

—00 —00

1=12,...,p

= [ .. fXoXprr Xp)d @l r--ndy,  if X arecontinuous rv's

equivalent to the knowlege of f(xy, X1 X ,)-
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Special case :- let x&y are two r.vs ; then the jointly continuous dist". f". F(x,y) is defined

as ;

Y .5 p(x,y)ifx&yaredis.

F(x,y) = X<xY< = :
(x,y) =pr( X y) {f—yoo f_xoof(x, y)dxdyifx&yarecon.

and

_ 0%F(xy) .
flx,y) = Drydy If x&yarecont.

* The properties of the (j.c.d.f).
1- 0<F(x;,x,)<1)

2- F (x4, x,) is continuous function to the right hand it's non-decreasing f".
if a, < a,, b; < b, where a4, a,, by, b, are numbers then:
F(ay, by) < F(az by) < F(ay, by)
F(—,%)=]im F(X.%,) =0 , F(x,,—©) =|jm F(X.,X,) =0

X—>—0 X—>—0

3- F(o0,0) =]im F (%, %) =1, F(=0,—0) = |im F(X..%,) =0

4-  |limF(u%)=F(x,) and , [IMF(x,x%,)=F(x)
5- let a, b, c,d are real constant, if (a < b)&(c < d) and let F (x4, x;,) be the

j.c.d.fof x; &x, then; pr(a < x; < b,c <x, < d)

Example (5) et
f(x,y,z) =e 0 < x,y,z <
=0 0.w

Find:thej.c.d. fofx, y&z.
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Result:

F(x,y,z):foxe‘xdx * foye‘ydy * foze—zdz = —e X[} x —e
1-e™A-eY)1—-e?)

0 x<0,y<0;,z<0
F(x,y,2)=| 1—e™)(1—-eY)(1—-e7%) 0<x,y,z<o
1 (x,y,2)—> oo

Example (6) et

— X O<x<3, 2<y<4
F(xy)=19 “X(y-X) y
0 o.W

Find: the jcd.f of x&y=(2)pr(0<x<1,2<y<3).

Result:

find:1) the j.c.d.f of x &y 2)Pr(0<x<l,2<y <3)
1)

x Yy
1
F(x,y)jj—(xy—xz)dydx
0

y
1_[ x A _1(x%y* X3y
9 glo)dy=gl—2 73
2
1 x*y* x’y , 2x°
= — — — + —
9(4 3 X t3)
x<0y<2
i vy o 0 .
F(x,y)—9(4 3 x+3) 0<x<32<y<4
1 x=>3;y=>4

2)

Pr(0<x<12<y < 3) = F(1,3) — F(OZ)——(——l 1+—) 0=—

_ylgz "

e 21§ =

11
08

220G
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3 —3 The Marginal probability Distribution F".:

Def".: let x & y are two r.vs with (j.p.d.f) , then f(x)&f (y) are called the marginal

p.d.f of x &y respectively, which can be defined as follows:-

Yvy f(x,y)ifx&yaredisc.r.v's

fRyf(x' y)dyifx&yarecont.r.v's } if m.p.d.fof x

f(X)={

Yvx f(x, V)ifx&yaredisc.r.v's

fof(x, y)dxif x&yarecont.r. v's} it mp.dfofy

f(Y)={

Example (7) Example(9)| considerthebi var i atefunction

x+y0<x<10<y<1
O0o.w

fooy) =1
Find:
1Themarginalp.d. fofx.
2)Themarginalp.d. fofy.
3)Thejoint c.d.fofx&y.
4 M arginalc.d. fofx.

1 1
5)pr(0<x<§;0<y<z).

6)showthatf (x,y)isaj.p.d. fofx&y.
Result:
1)the marginal pdf of x?
2
f(X):fol(x+y)dy = xy+y713 =x+%—0 =x+%
2)the marginal pdf of y?

_ 1 x? 1 1 1
Fy)=J, x+ydx =—+xylg =-+y—-0=y+-
3) The joint c.d.f of x &y?

2 2 2
FGY)=Jy Jo (e +y)dady = [ (xy +2)dx = =2+ 2=
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0 x<0y<0
2 2
Foy)=[=E+2-  0<x<L0<y<1

1 x=1Ly=>1
4)marginal cdf of x?

0 x<0
2

F(x):x?+§ 0<x<1
1 x=>1

B)Pr(0<x<; 0 < y < 5)?

11 1\2 1 1 [1)\?
FG D —FO0 =) «5++() 3535
6)show that f(x,y) is j.p.d.f of x &y?

_ [ 1 _ X Xy _ X2 x o _ X% %
F(X)—fo(x+2)dx—2+210—2+2 0—2+2

_rl (1 . 1 y2 1 _ 1 1 3 2 X1
=, Jy c+y)dxdy = [y +D)Mgdx = [[x+- = +21F =
Example (8) : Find the marginal p.d.f of x&y from:
" o 1 2 sum
X
0 0 1 1 2
8 8 §
1 2 1
1 8 8 8 4
S 8
8 8 2
2 —
8
sum | = 4 2 ;
8 8 8
Result:
y x| 0 1 2 Sum y=f(y)
0 0 1 1 2
8 8 8
1 1 2 1 4
8 8 8 8
2 1 1 0 2
8 8 8

N
_|_
N |-
Il
—
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Sumx=f(y) | 2 | 4 2 1
8 8 8
_2 - _2 -
5 x=0 P y=0
4 4
foo=a ¥ fy=[s Y71
2 _ 2 _ >
8 X = 8 Y=
-0 0.W- -0 0.W-
Example (9) let
a 1_82yx =1,2
fan=11,
Oo.w
Find:1—f(x,y)2 — f(x)
3-f4-Fx)
5—-F(y)
Result:
Df(x,y)?
f(xy)= >
2)f(x)?
_vo2Xx+2y  x+2(1) | x+2(2) _ 2x+6 _ x+3
f()21+318 ~ 18 18 18 9
x —
ﬂ@[ x=12
0.w
3?2 2 1+2(y) . 242(y) 3+4
_ o2 Xt y _ +2(y +2(y) _ 3+4y
fly)= 23&4 18 18 18 18
ﬂW[ . yzLﬂ
0.w
4)F(X)"
0 x <1
Pl =t F=|t 1<x<2
1 2<x
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5)F(y)?
0 y<l1
4y+3 7 7
FO)Si— =5  FOo)el 1<y<2
1 y =2

3 — 4 Expectation Joint Mathematical:

Def™.: Let .. X, X, be ap-dimensional r.vs with j.p.d.f f(x,x,... X,), then the
expected value of a p-dimensional function g(x,. X, X,) denoted by E[g(x,. X, X,)] IS

given by :

E[g(xy, .., xp)]
(zz Zg(xl,.. X)) f (X1, X2, ey X)) if X9, X3, o0, Xparedisc. 7. v's

X1 X2

f f j G(x1, ey Xp) f (X1, X2, e, Xp)if X1, X3, oo, Xparecont.r. v's
Rxq YRx, Rxp

Def".: let x & y are two r.v:s with (j.p.d.f) , then f(x, y), then the expected value of a
function of two variables g(x, y) is defined as follows:-

Zy Y90,V f(x,y)ifx,yaredisc.r.v's

Elg(x,y)] = { Jay Jre 9@ ) f (x,y)dxdyifx, yarecont.r. v's

Example (10) ]: let
x+y

x =123
_ 21 "
f(x'y)_ y=1,2

O0o.w
Find: Ex,Ey, Exy, E(2x + 3y), E(4x — 2y)

Result:

fxy)==2 x =123;y =12

§>§>
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_ x+y x+1 xX+2 2x+3
f(x)=)Y3—= = —

VA, B E, 2L,
—\3XTY Y y y y
f()Y)(— )21 1 a1 ” =
1)E(X)?
E(x)=Y3 x 2x+3_1*w+2*w+3 2(3)+3 _ 46
21 21 21 21
2)E(y)?
) (3_/) 2 2+y 2+1 2+2 11
E(Y)—ZH’*T: 1 = —+2 — ==
3)E(xy)?
Eoy)=2i Sy 2 =1+ 120 4 14222 424122 4 24222 4 34
125 +3x222 =2
21
4)E(2x+3y)7
2E(X)+3E(y)= 2* +3 : _%
5)E(4-2y)?
Solved
—gx36 _ 5 11 _ 118
4E(x)-2E(y)-4"<21 2 * =

Example (11) tthej.p.d. fofx&yisdefinedas;

x+y0<x<10<y<1
O0o.w

feoy) =1
Find: 1)Ex2)Ey3)Exy4)E (2x + 4y)5)Exy?
Result:

_rl y2 1 1
f()=J, (x + y)dy = xy + =15 = x +

1

f(Y):fol(x +y)dx = xy + %213 =y4-

2

1)E(x)? o

1 1 1 -
0=y w1 5) = ) (2 4 ) e = S 5506 =
2)E(y)=?

1 1 3
)= 1} (y +2)ay = L7 + D)y = Z 4 ot = 2
3)E(x,y)?
2 2
EGu)=ly Jo 2+ y)dydx = [+ 500 = [T+ =T Sal =
A)E(2x+4y)?
2E(x)+4E(y):2*1—72 + 4 1_72 _42_21

12 6
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2,,3 4 2
S)E(xy?) = [ [3 xy*(x + y)dydx = [[ 22+ 2 jf = L X=Xy
x? 1 __ 17

g 0 T 7

\ 220G



mailto:math3stat@gmail.com

/ math3stat@gmail.com Mathematical Statistics 2020-2021 \

3 —5 Covariance & Correlation Coefficient:

Def".: Let x & y be two r.vs with the marginal p.d.fof X &y, f(x)&f(y), and the
j-.p.d.fof f(x,y) then the Correlation Coefficient between x & y denoted by p,,, is defined

to be:-

cov ariance(x,y)

correlation(x,y) =

Yvar iancex.\/var iancey

cov(x,y)

5 o)
e, = G MO~ My)
" JE(@x— M2 JE(y — M,)?
_ Exy — M. M,
Pry = JEx% — (Ex)2.\/Ey? — (Ey)?
Exy — Ex.Ey
Pxy =

JVEx? — (Ex)2.\[Ey? — (Ey)?

where: g,: —isthes tan d arddeviationof x.

gy: —isthes tan d arddeviationofy

Example (12) [Example(20)} let
X+
32

p(x,y) = yx =12y =1234

=0o.w
Findthecorrelationcoef ficientbetweenx&y.

Result:

P(xy)="2 x=12;y=1234

X 1 2 |3 |4 | Sum x=f(x)
1 2 | 3|45 14

32 32 32 32 32
2 3 A58 18

352 372 392 %% 32
Sum y=f(y) = =55 1

Find correlation between of x &y .

EX)=X%xp(x) = 1p(1) + 2p(2) = 1 % g 428 _25

32 16

N PR,
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E(x?) = Y2x2p(x) = 12p(1) + 22p(2) = 1 * * 14 + 4 . ‘1*2
E(y)=X1yp(¥) = 1p(1) + 2P(2) + 3p(3) + 4p(4) =42+ +3x—+

11 90
4 X —_—= —

32 32
E(y?) = 2p(y) = 12p(1) + 22P(2) + 32p(3) + 4%p(4) = =+ 4+ — +
9k =+ 16 %= =2

32 32 16

E(xy)=X1X%2xyp(x,y) =1+ 1p(1,1) + 1% 2p(1,2) + 1 * 3p(1,3) + 1 =

Ap(1,4) + 2 * 1P(2,1) + 2 * 2P(2,2) + 2 * 3p(2,3) + 2 * 4p(2,4) =312+ 2 x

43kt Ak o+ 25 oA+ 6B ==
32 32 32 8

\_

Exy—Ex+*E =582
ny: xyz X*BY - — 8 16 16 > — _0_037
42 25 145 45
(@) [eye-(eon)® [ (2) ()
Example (13) t  Find: p,,
X |1 2 3 sum
1 |2 4 3 9
15 15 15 1_5
1 1 kil 6
2 15 15 15 e
15
3 5 7
sum | = — P 1
Result
1 2 3 Sumy
X
1 2 4 3 9
15 15 15 15
2 1 1 4 6
15 15 15 15
Sum x 3 > 7 1
15 15 15
_ _ 3 S 7 _34
E(X)=Y3 xP(x) = + 2% + 3x— =
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2y = Y13 42 —i 2,5 32,7 _86
(1) = Xtp(e) = 4 2 3 =

E(y)= Zlyp(y) ——+2 21_7

15_15 5.,
2 __ 2,0 335
E(y?) = p(y) =+ 2 *15_1§ 4 1
—_\'2 _ 2 1 4 1
E(XV)Z xypg-y)—lsﬂ 2 —+2x1x—+2x2%—+3x1x
49 34 7
i e = —L 155 02468

ooy fer-Goy B Q)

Example (14) t

x+y 0<x<10<y<1
0o.w

ey =1

Find: py,
Result:
f(xy)=x+y  0<x<1;0<y<l
f(x)=J, G + y)dy = xy + %213 =x+-
f(Y):fol(x +y)dx = xy + %213 —y+1
co0mf (e = ) (4D = T 4 55
E(y)=f1y(y+1)dy = [} (y? + X)dy _y?+y_, _7
E(xy)= f f xy(x + y)dydx = fl" v:

_ . _ox* o x® 410
aﬂ*-%x(x5%“—%(x+?wu—zﬁﬁz%—z
_ 1 1 1 y? oyt oy 4 10
E02)=ly y? (v +3)dy =1 (v° + %) dy =%+ 50 =
2 7 7

e (@) Eyr-(E) () R-(2)

Example (15) t
fl,y)=20<x<y,0<y<1

= 0o.w
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Find: py,
Result:
f(x,y)=2 0<x<y ; O<y<1
f(X):fx1 2dy = 2yIl =2 — 2x
f(y)=[ 2dx = 2xI] = 2y
E()=J; x(2 — 2x)dx = [ (2x — 2xD)dx =x2 - 213 =
1 1 2 3 2
E(Y)= J, y2y)dy = [ 2y*dy = 213 = =
E(xy)—f f xy(Z)dxdy—f x2yly _f y ydy—f yidy =213 =+

2x4 1

E(x?)= f x?(2 — 2x)dx —f (2x?% — 2x3)dx = —3__1& _1

3 4 6
1

E(?)= [, y2(2y)dy = [, 2y3dy = Tlo =2=

Py Exy—Ex+*Ey _ %—é*é — 05

\/Exz_(E(x))z*\/EyZ_(E(y))z \/%_(&)2*\/%_@)2

3 —6 Joint Moment Generating Function [j.m.q.fl:

Def".: Let x,, X, X, be @ p-dimensional r.vs with j.p.d.f f(x,x,.... x,), and
t,t,- 1, be other variables , IF (h; ) is positive number where (-h, <t,<h)) , if the

expectation exist for all real values of ¢t; then the joint moment generating function of

Xr Xors X, 1 defined as follows 1My, o (1, tp, ooy tp) = Eef1 02Xt =

EeXi tixi

zz Zezl 18X f (x, y Xp)if xq1, .., xparedisc.r.v's

X1 X2

f f j ezi=1tixif(x1,...,xp)dxl,...,dxpifxl,...,xparecont.r.v's
Rxq YRx, Rxp

then;
Mxl, ...,xp(t1 = O,tz = 0, ey tp = 0) = Eeo =
and;

Mxy, ..., x,(t; = 0,t, = 0,...,t, = 0) # 0t;4; = 0,...,t, = 0 = Ee'™i = Mx;(t)
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Def".. when p=2, let x & y are two r.vs ,with j.p.d.f of f(x,y) , and if the expectation
exists for all values of (-h,<t,<h) , -h,<t,<h, ,where (hy ,h, > 0),thenthe

joint m.g.fof x &y is defined by:-

(z Z ettty £ (x y)ifx,, yaredisc.r.v's

Mx,y(tl; tz) = Feli¥ttz2y — vx Vy
f fet1X+tz3’f(x,y)dxdyifx1,...,xparecont.r.v's

then;
DMxy(t, = 0) = Eer™* = Mx(t,) = Eet¥
Mxy(O = tZ) = Fet2V = My(tz) = Eet2y
2
) E(xy)= o“Mxy(t,,t,)
ot, ot,
ZZ Xyet1x+t2y f (X, y)
E(x,y)=< . )
( y) J‘ J‘ Xyet1x+t2y f (X, y)dXdy
Ry Rx
Ingeneral;
T3 x"yke Y £ (X, y)
m ,k VX vy
EX y - m k
j J‘meketlx +oy f(X, Y)dXdy
Ry Rx
3) Ex= ML) - aMxy(tlt) |
ot t,=t,=0 toty=0
_ OMxy(t,t, 82Mx tt
oot t, ty=t,=0 ot; =, =0
5) o2 =Ex?—(Ex)’
6) Oy = COV(X! y) = EXy — EX. Ey
Example (16) t
e V7  0<x<o
— 0<y<w
fxy.2) = 0<z<w
0 0.w

be the j.p.d.f of r.vs(x,y,z),then;
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Find: Mx,y, z(ty,t,, t3)?

Result:
_[e7¥Y7 0<x,y,z<o
f(x,y,z)—[ 0 O.W]

be the j.p.d.f of r.vs (x,y,z) then

find : Mx Y, z(t,t2,t3)?
Solved

MXlYaZ(tl’t2’t3):E(e_tlx_tzy_t3z):fooo fooo fooo e tix—t2y—13Z 4
e XV Zdxdydz = fooo e X(1=t) dx % f0°° e~Y(1-t2) gy «

—x(1-t -y(1-t -z(1-t
(% g7t gp=¢ ) gy e o et
0 - lo *————lo *—/———lo T
1—t4 1-t, 1—tg
1 1 1
=1

:(1_t1) * (1—t2) * (1—t3) It1,2,3:0

*

Example (17) Example(31)|: letx&yhavethej.p.d. f;

-(x+y)

_Je 0<x<ml<y<ow
xX,y) =

ey {0 o.w

DFind the j.m.g.f of x&y.
2)Findthe cov. coeff.betweenx&y.
Result:

fxy)=e™7 0<x<o0;0<y<o
Dfind the j.m.gfofx &y
MX,y:E(e_tlx_tzy) — fooo J.Ooo p—t1X—t2Y 4 e—x—ydxdy _ fooo e X(1-t) dx

foo e—J’(l—tz)dy = e yoy | e Y07 o 1 1
0

o * 0o = * Iy
1-t4 1-t; (1-t1) (1-tz) "12=0
2)find cov. Coeff between x & y
aMx,y(tl'tz)

=1

5 ot2t1
tz) It1,2=0 =1

EX)=—"0 = (1=t (A —tx)7Hdt; = (1 —t)7*(1 = tz)_lltm:o =
1

OMx,y(t,t — _ — -
E(y)= 2200 = (1 - 1) (1 — ) Nty = (1 —t) 7 (L — )%y,
1
E(xy)= 52 B8 = (1 - )7 (1~ ) Mdty = (1—6) 72 (1~

L §>§>§><w>/
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E(x?) = T2 = (1 - )M (1 — ) Mty = (1— )2 (1 — ;)71 =
2(1 - tl)_3(1 - tz)_11t1’2=0 - 2
E(y?) = 220 = (1 — 1)1 - ) Nty = (1— )T — t) % =
(1 - tl)_l * 2(1 - tZ)_31t1,2=0 - 2
P = Exy—Ex*Ey 1-1*1

Xy—

\/ExZ_(E(x))z*\/Eyz_(E(y))Z \/2_(1)2*\/2_(1)2
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3 — 7 Stochastic Independence:

Def".: Let x,, X, X, Pe a p-dimensional r.vs with joint p.d.f f(x,, x,.... x,), and let

are said to be stochastically independent ; iff ;
DR(xy, X2, s Xp) = R(x1). R(x2). ... R(Xp)

2)f (X1, X2 s Xp) = f(X1)- f(X2)-enn f2p) = iﬁl f(x:)
Def".: when p=2 ; let x & y be two r.vs ,with j.p.d.f of f(x,y),and let f(x), f(y) be the
marginal p.d.f of x & y respectively then x & y are stochastically independent , iff ;
DR(x,y) = R(x).R(y)
l.e:R[(x,y) =—0o<x,y <o =R[(x:—00 < x <o].R[(y: —0 < y < 0]
2)f(x,y) = f(x).f(y)where: Rxy = Rangeofx&y.
Rx = Rangeofx.
Ry = Rangeofy.
wheref (x), f (y)arenon — negativef™.
e f(x),f(y)>0
Example (18) etx&yaretwor.v'swithj.p.d. f

8 xy 0<x<1

fxy) = 0<y<l1
0 o.w

show that x&y are stoch.indep.?
Result:

f(x,y)=8xy  0<x<1;0<y<l
show that x&y are stoch . indep?

2
f(x):fo1 8xydy = SJCTyI(% = 4x
1 8yx?
f(y)= J, 8xydx = %I(} = 4y
4

3
E(X):folx x 4xdx = fol 4X2dx — 4%13 _ 5

1 1 4y3 4
E()= [, v * 4ydy = [ 4y*dy = =15 =

N »»@)
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Ecy)=[, [, xy*8xydxdy [, [} 8x2y?dxdy = [ ydy (—Io)—

18 8
yzdy_ *_10—6
E(xy)=EX)*E)
222 thus do ot stoch ind
8,412
\\\\\\\\\\\\\\\\\\\\\\\\\\ g 73ty ‘thusdomot stochinaep

IF x&y are stochastically independent r.v's
pa<x<bc<y<d)=pla<x<b)plc<y<d)
Forevry a < b,c < d , where a, b, canddare constant.
Example (19) tx&ybetwor.v'swith

x + 0<x<10<y<1
faen={"" s

Is x&y stoch. indep.or not by usin g theorm(1)
Result:

f(x,y)=x+y  0<x<1l;0<y<1
IS X & y stoch indep . or not by using theorem 1

- y: 1
fx)=J, x +y)dy =xy +=Ig =x +

_ 1 2 :
f(y)=/, (X+y)dx=xy+710=y+_

2
let a=0 b— , c=0 d——
r(a<x<b c<y<d) Pr(a<x<b)*Pr(c<y<d)

-fzf (x + Y)dxdy f (x + -)dx *f (y + -)dy

1
-f (xy+—)13dx + I2 —+ 13
3 2

=[G+ W9 =55
:xz-|-iIE=§>|<E
3¥2 18 0 8 9

15 ¢3 2d t stoch ind

— _*_

5167859 0 not stoch indep
Theorm 2

5
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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are c.d.f of x&y respectively m then; x & y sto. Indep. , iff;

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

IF x&y are two independent r.vs with j.p.d.f f(x,y) , and let f(x)&f(y)
are two marginal p.d.f and let u(x)&u(y) be two function of x&y
then; x & y sto. Indep. , iff;

E[u(x).u(y)]= E[u(x)].E[u(y)]

Example (20) letthe j.p.d.f of x&y be;

1
F(x,y)=14 (x,y)=(0,0), (1L,1), @0L-1), (2,0)
0 0.W

1) Are x & y independent 2) Calculate p,, .
Result:

1)are x &y independent

0 1 2 Sumy
X
-1 0 1 0 1
4 4
0 1 0 1 z
4 4 4
1 0 1 0 1
4 4
Sum x 1 2 1 1
4 4 4
E(X)=X5xp(x) = O*i+§+ 2 *i =1

1 2 1
EY)=XLiyp(y) = 1%+ 0%>+-=0

E(xy)=22 3L, xyp(,y) =0+ 1+ 157+ 1x1x7+0=0

E(xy)=E(X)*E(y)
0=1*0 thus are independent
2) Calculate Pyy?

1 2 1 6 3
E(x*)=X§x*p(x) = 0 *Z+§+22 N
E 2\— V1 2 42,1 2,1 _2_1
o )=221yp(y) = -1 *4+0*4 23173
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Exy—Ex*Ey 0—1%0 —0

\/Exz—(E(x))z*\/Eyz—(E(y))z B \/3—(1)2*J§—(o)2

ny:

Example (21) gjpqg pr(0<x<%,0<y<%); if the rvs x&y havethe j.p.d.f

4x(1- O<x<1l, O<y<1
f(x,y)={o( y) y
o.W
show that x & y are stoch. indep.
Result:
f(x,y)=4x(1-y) 0<x<l; 0<y<1
2
f(X)=f01(4x — 4xy)dy = 4xy — 4xTyI(} =4x — 2x = 2x

2 2
f(y)=f01(4x —4xy)dx = % — 4yzx }=2-2y=2-2y

1 1 1 1
Pr(O<X<§;O <y<§) =pr(0<x<§)*pr(0 <y<§)
1 1 1 1
=J3 [3(4x — 4xy)dxdy = [?2xdx * [3(2 — 2y)dy

1 1

1 2 1 1 1
=3 <2x2 —— 13) dy = x? I3 * 2y — y?I}

1 2y 1 5

=|3-—- —_— —_— — —

09+9(fy 99

_2y 2y 3 _5 1 s> _>5.1

_9+9*21 _9*9'::> 81 9 9
5 5 1 - coch
— = —x— yes indep stoc
81 9 97 P

Example (22) tx&ybetwor.v'swithj.p.d. f

dxy0 < x,y <1
pte) = (520 <

1
Isx&yarestoch.indep.&findpr(0 < x < > 03<y<0.8)
Result:

P(X,y)=4xy 0<x<1 ;0<y<1
Find Pi(0<x<Z ,0.3 <y < 0.8) =?

2
f(x)=f01 4xydy = 4xTyI(} = 2x

\_

§>§>
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2
fly)=J, 4xydx = 2-13 = 2y
P(0<x<;,03 <y < 0.8) =P(0<x<3)*P(0.3<y<08)
2 o8 £ 0.8
=J2 [, 24xydydx = J22xdx = [, 2ydy
=fon 52185 dy = x?18° « y2103
= °'8§dy = 0.25 * 0.55

103 = 0.25 = 0.55
—O 1375=0.1375 yes are stoch indep

Example (23)
fay) ={°

show that x&y are stoch.indep.u sin g by theory 4
Mx,y(ty,t;) = Mx,y(t;,0). Mx,y(0,t3)
MX,y:E(et1X+t2y)

e ) x>0
0.w

Result:

f(x,y)=e™™*Y x,y=>0
Mx y:E(et1X+t2y) — f°° f°° eUXttY x e~X~Ydxdy = f0°° a—X(1-t1) g %

e~X(1-t1) —eY(1-t2) 1 1
-y(1-t2) qy = o €7 o —
fo i dy mn 0 T 0 T i) (g s
1 _
MX(tl)— (1 t ) (1 _t )Itz 0o — (1 - tl) 1

1 _
My(t2)= (1_t1) (1_t2) It,=0 = (1 — 1) !

Mxy(t1t2)=Mx(t1)*My(t2)
(1-t1)1(21-t2)1=(1-t1)%(1-t2) yes are stoch indep

IF x&y be two r.vs with j.p.d.f f(x,y) , and let f(x)&f(y) be two
marginal p.d.f x&y respectively , let Mx,y(ts,t;) denoted the j.m.g.f
dist", then x&y are stochastically Independent , iff ;

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Mx,y(t;,t,) = Mx,y(ty,0). Mx,y(0,t,)

Example (24) let x&y be two rvs with =N(M,g.) &=NM,,g2)
respectively , and let x&y be stoch. indep. show that p, =0

Result:

N(M2,c2)respectivley, let x&y be stoch indep show that P, = 0.
Cov(x,y)=E(x-M1)*(y-M2)=E(xy-M1y-M2X+M1M?2)
Exy-M1Ey-M2Ex+M1M=Exy-M1M2-M1M2+M1M2=Exy-M1M2
Hence : x &y are indep. Then Exy=Ex*Ey thus cov(x,y)=Ex*Ey-M1M2
Cov(x,y)=Ex*Ey-M1*M2

=M1*M2-M1*M2=0
ny: cov(x,y) _ 0 =0
\/Exz—(E(x))z*\/Eyz—(E(y))z \/Exz—(E(x))z*\/EyZ—(E(y))z

Example (25) x&yaretwoindependentr.v's

prove that E(xy) = Ex.Ey
Result

E(xy)=E(X)*E(y)

Let x &y are discrete r.vs

Thus EXy=}.yy Xvx XiYi : P(xi, yi)

Because x & y are indep . then
P(Xi,Y1)=P(Xi)*P(Y1)

=EX*Ey

Note

1)if x & y indep, then fxy=0

2)If Exy=0 then not necessary to here X & Y indep.

Example (26)

x + 0<x<1l0<y<1
o) ={ ; Y

show that x&y are stoch.indep.by u sin g theorm4

N U,
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Result

f(x,y)=x+y  0<x<1;0<y<1
f(x)=], (c + y)dy = xy + y?zlg =x 4=
fW)=f G +y)dc=xy + S =y +2
il x(v+ Y= (v + ) x =2 2=
E(Y):foly(y+§)dy = fol(yz +%)dy _ Y Y pa_7

EGy)=); i xy(e + y)dydx = [} L+ 2Dy dx = [[E+H =2+

, 2 2 3 6
=2
s lo =73
E(xy)=Ex*Ey

2 » 7 7

[— — * —

6 12 12

Example (27) rowthatther.v'sx&ywiththej.p.d. f
_ (12xy(1—y) 0<x<10<y<1
fe =1, -

are stochastically indep.
Result
f(x,y)=12xy-12xy? 0<x<1;0<y<1
f(X):folf(x, y)dy = fol(lzxy — 12xy?)dy = 6xy? — 4xy31} = 2x
f(y)= folf(x,y)dx = f01(12xy — 12xy?®)dx = 6xy? — 6X?y?I; = 6y — 6)2
F(X):f(f 2xdx = x%I§ = x?
F(y)= [, (6y — 6y®)dy = 3y? — 2y°I3 = 3y? — 2y
Foy)=J [ (12xy — 12xy?)dxdy = [ (6x?y — 6x?y?)IFdy =
foy(6x2y — 6x%y?)dy = 3x%y? — 2x2y3I) = 3x2y? — 2x%y?®

F(X,y)=F(x)*F(y)
3x%y? — x%y3 = 2x%(3y?% — 2y3) are stoch indep

§>§>
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- Conditional probability

P(ANB)
P(B)

p(A/B) = :P(B) >0

P(AN B)
p(B/A) = W;P(
Then

: P(ANB) = P(B).P(.

P(ANB) = P(A).P(B/4)

it it aatraaaitayatraiataattraatrataiiaiateaiaataairraatraiaiiaaaieaiaaiaaiieaaiiriaasiiaiaiiesiasiasf

3-8 Conditional Distribution Function

IF x& yaretwor.v's, withj.p.d. f f(x,y); then the conditional distribution function of

X given that Y=y is defined as ;

f/Y =y =222 1) > 0

and the con. Dist fun. Of Y given that X=x defined as ;

fx,y)
f(x)

Where f(x) & f(y) are the marginal p. d. f of x& y respectively if x& aretwo r. v's, then

f/X=x)= f(x) >0

con. Probability of ;
pla<x<b/Y =y)=YP2_.p(x/Y =y)ifx&yaredist.

b
j f(x/Y = y)dxifx&yarecont.
a

Remark :

If x& y are two indep r.v's, then

f@y) f( )f(Y)_

Sy = =TT = )
\ Fy) _fO)FO) _
FO/n) = T i = FO)

v
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Properties of the conditional p. d. f
F(xly)isap.d.f
e 0Zf(x/y) <1
o Y. f(x/y)=1fordiscr.v's

f(x/y)dx = 1forcon.r.v's
Rx

proof:

. fx/y)dx =1
&y

Te B achy ASR Al “ Fgy O =1

f)

Also
= Z Fx/y) =1

F) R
T f(;v)zf( D= oy =1

Example (28) 't x&y be two r.v's with j. p. d. f

2 I<x<y<l1
fay =1 ey
Find:
1 1 1 3
l.p(x < E)Z.pr(y < §)3.pr(x < E/y = Z)
4.pr(y < 1/x = 1)5.pr(x < l,y < E)6.pr(x = l/y = 1)
3 6 2 4 2 3
Result

f(x,y)=2 O<x<y<1

f(x)= f 2dy = 2yIl =2 — 2x
f(y)= ny 2dx = 2xIJ = 2y
1)Pi(X<2) =?

1 1 1
PX<2) = J2f()dx = [2(2 — 2x)dx = 2x — X2I =

N 2R,
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1 E 3 3
2)PY<)) = [§ fDdy = [§(2y)dy = y*I; =

L3 _ SOy 2 ha_ax g 2
3P(X<-ly=3) = Fod 23 Zdx=—1I¢ =2

1
9

1o 1 fGy) _ 2 56, 6x.;3_ 2
4) P{y<z/x=7) = o Jezdx =15 =%

5) ) Pr(x<5ly<2) =?

3 3 3 3
n n " 2 9
t=(} 2 ey = E2xildy = 2y = 2 = 2

6)P(x:%/y:%) = 0 because contionus

Example (29) 't

x+ 2y
18

flx,y) = y=12x=1,2

Find :
1. cond. P. d. f of x given y=1 [f(x)/y=1]
2. cond. P. d. fof y given x=2 [f(y)/x=2]
3. ifx&yareindepr.v's

Result

fxy)=" y=12ix = 1,2

1)cond.p.d.f x given y=1{f(x/y=1)}?
_v2Xx+t2y 344y

e T e e

f(x)= 2302 = 20 =

1 18 = 18 9
x+2(1)

— _f( ’ =1) +2
thus f(xly=1)=""~—= = o5 ==
18
2)cond.p.d.fy given x=2{f(y/x=2)}?
2+42(y)
_on_Sy=2) _ "5 _ 242y
f(y/X_Z)_ f(x=2) - 2(2)+6 - 10

18
3) if x & y are indep r.vs?
Y 1 2 Sumy
1 3 4 7

18 18 18
2 5 6 11

18 18 18

N U,
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Sum x 8 10 1
818 10 28 18
2 _ 8 10 _ 28
E(X)=25xp(x) = 1% o + 2 « 1181_ 5
E()=Xyp(n) =1+ +2x—==

3 5 4 6 45
E(XY):Z% %X)’P(?C,)’)=E+1*2*E+2*1>I<E+2>I<Z>I<E=E

45 28 29

3 + 18 *1g @€ not stoch indep

\ 2209
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Example (30) :t x&y be two r. v's with follow in j. p. d. f

x |0 1 f(y)

1 1

o |0 5 5

1 2 3

8 8 2

F 1 8

8 8 3

1 —

2 13 0 8

1

3 8

f(x) |2 . 1
find

1. con. P.d.fof y given x=1 p(y/x=1)

2. con. P.d.f of x giveny=2 p(x/y=1)

3. ifx &y are indep

Result
Example 49) let x & y are two r.vs with j.p.d.f following
0 1 Sumy
X
0 0 1 1
8 8

1 1 2 3
8 8 8

2 z L 3
8 8 8

3 L 0 ks
8 8

Sum x 4 4 1
8 8

1)con.p.d.f of y given x=1

§>§>
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1 2 L
_f(x 1y 0 _58_1oflx=1y=1) 5 _ 2,5 f(x=1y=2) 3
f(y/X 1) x=1) % T4 flx=1) % 4 flx=1) g
1, flx=1y= 3)_2_0
4 fa=n 2T
1 ]
. ay
f(y/x=1)=
0 (1 3)
L0
2)con.p.d.f of x glven y=27?
2 1
_f(xy 2) o f(x=0y=2) 5 2, flx=1y=2) 5 _1
f(X/y 2) y=2) & f(y=2) o % 3 fly=2) g 3
§ (0,2)
f(xly=2)=|1
- (2
0 0.w

3)if x & y stoch indep?
EM)=X8xp(x) =0+ ==
1 12

— '3 _ E E 1_12
EW)=X3yp(») =0 +-+2%>+3%- ==

E(XY)ZZ(l)ngYP(X,)’)=0+1*1*§+1*2*%+1*3*0=§

412

4
§ § ) are not stoch indep

Example (31) Example(50)|let x& y having the following j.p.d. f

flx,y) =21x*y30<x <y <1

find; fCO, fO), f(x/Y =y), fY/X = x)
Result

f(x,y)=21x2y3 O<x<y<1

2
Df)=[) 21x2y3dy = 22X 1 = 200 2
21x%  21x°
f(x) 2 — 2 0<x<l1
0 0. W

2)f(y)= f()ylezy?’dx 21%13; = 7y°

§>§>
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1 3

f(y)j 21x%y3dx = 21y3%13 = 7y3
0

3)f(x/Y=y)?

CNef ALY 217y o
T/ Y =y)=f(xly)=—75 = == = 3x
4)f(y/X=x)?
2,,3 3
fyX=)=fyh)="173 = 7w = 15
4 4

3-9 Conditional Cumulative Distribution Function [cond . c. d. f]

Let x&y are two r.v's with cond p.d.f of x given that Y=y ,then the con .c.d.f of x given
thatY =y is defined,;

p(X/Y = y)fordisc.v.r's

Fx/Y =y) ={
Ik f(X/Y = y)dxforcont.r.v's

And similarty :

( y
ZP(Y/X = x)fordisc.v.r's
F(Y/X =x) =4{=

y
kf f(Y/X = x)dyforcont.r.v's

Then if x& y are conti  m nuous r. v 's then;

fX/Y =y) =—F(X/Y =)

d
fO/X = 2) = o F(V/X = )

Example(55)|Let

Example (32)

x+y0<x,y<1
0o.w

fooy) ={
Find F(Y/X)?
Result

N U,
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f(x,y)=x+ty 0<x<1;0<y<1
2
fly))="%

x+5
find F(y, x)?
2
(Y S gy = L (e 1 ) = 2
FOdY)=0y ) dy =f7 Sy = o (o + 5 1) =
Example (33) ’t
F XY - 1,2,3y = 1,2
(x'y) - 21 X = 1,4, y_ 4
= 0o.w
Find ; F(Y/X)
Result
fxy)==2 x=123;y =12
find F(y/x)
j.p.d
1 2 3 Sumy
X
1 2 3 4 9
21 21 21 21
2 3 4 > 12
21 21 21 21
Sum x S 7 2 1
21 21 21
f(y/x)
1 2 3
X
1 2 3 4
5 7 9
2 3 4 >
5 7 9
F(y/x)
1 2 3
X
y<1 0 0 0
1<y <2 2 3 4
5 7 9
y=>2 |1 1 1
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3-10 Conditional Expectation and Variance

e Conditional Expectation

Let x& y be two r. v 's with con. P. d. f f(x/y) , then let g(x,y) be a fun. Of twor.v's,
then the cond. Expectation of g(x,y) given that Y=y is defined to be ;

Yvx 9, ¥)f (x/y)disc.
S, 906, ) f (x/y)dxcont.

vy 9, ¥)f (v/x)disc.
Jzy 9CeV)f (v/x)dycont.

As special case of g(x,y)=x, we define

E[lgx,y)/Y =y] = {

E[lg(x,y)/X =x] = {

E(X/Y=y), which is called the con. Mean of x given that Y=y is defined as;

2vx Xf (X/Y = y)disc
EX/Y =y)= {foxf(X/Y = y)con.

And if g(x,y)=Y ; then;

z YF(Y/X = x)disc
EY/X=x)=3{"

j yf(Y/X = x)con.

Ry

and if g(x,y)=x? ; then
E[X?/Y=y] is called the squares mean of given that Y=y

ZXZ F(X/Y = y)fordisc.
E[X?/Y =y]={ "
L[ X2f(X/Y = y)dxforcont.

In general case E[X"/Y=y] is called con. Moment of order (r) about original of variable x
given that Y=y .

( Z XTF(X/Y = y)fordisc.

E[X"/Y =y] = J v
|f X"f(X/Y = y)dxforcont.
k Rx

e Conditional variance

N 2K,
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V(X/Y=y)=E[X?)Y=y]-[E(X/Y=Yy)]?
V(Y/X=xX)=E[Y?X=x]-[E(Y/X=X)]?
Remark :

X
EIX/Y] # EL]

whereE[X /Y] = fo(x/y) dx

b b
butE(;) = j j ;f(x, y) dxdy

Example (34) tf(x,y)=x+y 0<x<1l 0<y<1
Find 1.E(y/x) 2.v(y/x)
Result
f(x,y)=x+y 0<x<1l;0<y<l
1

1 2
f(x)=J, (x + y)dy = xy+y713 =x+3

_r1 x? 4 1
f(y)=/ G+ y)dx =xy + = 1F =y +3

2
f(y/x)="

X+
1)E(y/x)? L
2 3 x
E0= ey v ONy=ly y « Ty = 2 (S + 5 0) = 27a
2 2
2)V(y/x)?

V(y/X)=E(y2/x)-(E(y/X))? .

5 1o x+y 1 (xy3 y4 1) P 4x+3
= * —= =—|——*+— = =
E(y</x) fo y x_% dy x% 3 + 4 Io 2x+1  12x+6

4x+3 3x+2 \ 2 5
V(y/x)= —— — 3 _ Ax+3  9xP+12x44
y 2

2x+1 2x+1 12x+6 (6x+3)

24x%+30x+9—(18x%+24x+8) _ 6x%+6x+1

2(6x+3)2 2(6x+3)2

Example(58)|let

x+ 2y
= () = (LD, L)1), (22)

foy) =

= 0o.w

Find E[Y/X]. V[Y/X]
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Result
fxy)="2 (x,y) = (1L,1)(1,2)(2,1)(2,2)
Y 1 2 Sumy
1 3 4
18 18 18
2 5 il u
18 18 18
Sum X 8 10 1
18 18
f(y/x)
1 2
X
1 3 4
8 10
2 5 6
8 10
DE(y/x)?

\_

E(yx=1=2yf(y /x =1) = 1+ 2% =

E(y/x=2)= 33 yf(y/x—Z)—l*—+2*§ =
E(y/iX)= =+ = = = 3.225

2)V(y/X)=v(y/x=1)+v(y/x=2)
E(2X)=X2y2f(y /x = 1) ==+ 22«
E(y?/x=2)= X1
VI(yIx=1)=E(yx=1)-(E(ylx=1)>== — (3 )

V(y/x=2)=E(y?/x=2)-(E(y/x=2)?= __( ) E

V(y/x)=v(y/x=1)+v(y/x=2)= = + 2% = 7>2

64 100 1600

5_23

28
10 10

Example (35) %Yy have the joint p.d.f f(x,y)

Y R PSP

xy) 00 |01 (10 |1l |20 [(21)

F(xy) |1/18 |3/18 |4/18 |3/18 |6/18 |1/18

Find

1. f(x) 2.f(y) 3.Ex
2. 1.E(xly) 8.E(y/x)
Result

4.Ey 5Pxy 6.F(xy)

9.F(xly) 10.F(y/x) 11.V(xly) 12.sto. Indep. Or not ?

PP



mailto:math3stat@gmail.com

/ math3stat@gmail.com Mathematical Statistics 2020-2021 \

XY (00 |01 |10 |11 (20 [(21)
f(x,y) 1 3 4 3 6 1
18 18 18 18 18 18
1)f(x)?
0 1 2 SumY
0 1 4 6 11
18 18 18 18
1 3 3 1 7
18 18 18 18
Sum x 4 7 7 1
_ 18 18 18
- =
18
7
f(X)=1s x=1
Z X =2
18
L0 0.wW
2)f(y) _
u —0
18
f(y)=|~ _
(y) " y — 1
10 0.w]
3)E(x)="
7 7 21 7
4)E(y)? | o
— 1 _ -1 7 _ 7
E(y)=20yp(0) =0+ -+ 1x—=—
5)Pxy?
E(xy)=Ya235xyp(x,y) =0+0+1x1 *118+0+2 « 1*118=138

N— V1.2 _ U2, 7_7
E(y)=2oy p(y) =0+ s + 1% 15~ 8
2\=V"2 .2 _ 7 492, 7 _35
E0=Eip() = 0 2=
ny: Exy—ExxEy . 1s 18 18 — _0472

Jex-(eeor feve-eon?t - [A-(2)
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~

6)F(x.y)?

X
Y

X< 0

0<x<1

1<x<?2

y< 0

0

0<y<1

0

y> 1

0

ol =kl

| Bk @1 ©

7)E(xly)?
F(x/y)

Y

0

1

1
11
3

7

N wh |

NI RE| o

f(y/x)

77

E(x/y)=E(x/y=0)+E(x/y=1)
E(x/y=0)=Y2 xf (x/y=0)=0+1 * ﬁ + 2% 1;‘1
E(x/y=1)=X2 xf (x/ly=1)=0+1 = 3 + 2 % =
E(xly)=2+2=2

8)E(y/X)=E(y/x=0)+E(y/x=1)+E(y/x=2)

wi1wo |

16

11

Y

0

1

S WHEs | =

N WN

NI —~N oy

E(y/x=0)=X3 yf (y/x=0)=0+= * 1 =
E(y/X=1)=58 yf (yIx=1)=0+=* 1 =
E(y/x=2)=33 yf (y/x=2)=0+7+ 1 =
1 37

E(yX)=+2+2 ==

NIk wb |w
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12)stoch indep?
E(xy)=E(X)*E(y) .

18

7

Q)F(x/y)?
X< 0 0<x<1 |1<x<2|x=22
X
0 0 1 k) 1
11 11
1 0 3 6 71
4 7 7
10)F(y/x)
0 1 2
X
y< 0 0 0 0
o<y<i1 1 4 6
4 7 7 7 7
> 1 1 _ _
y= =1 -=1
11)v(xly)?
E(x/y=0)=X2 xf (x/y=0)=0+1 *—+ 2%~ —f
E(ly=1)=33 xf (x/y=1)=0+1 %"+ 2.+~ =§
V(x/ly)=v(x/ly=0)+v(x/y=1)

N Y _ Z—E_ 16)* _ 52
V/(x/y=0)=E(x2/y=0)-(E(x/y=0) (11) =2
E(x2ly=0)=X2 x2 f (x/y)= o+—+22 ==

2
V(x/y=1)=E(x2/y=1)- (E(x/y—1)2— 1-— (—) ==
E(ly=1)=Y5 xf (x*/y=1)=0+1x 2+ 22+ > =2 =1
V(x/ly)=v(x/y=0)+v(x/y= 1)-5 i; i:zz = 0.9195

E 18 are not stoch independent

§>§>
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Exercise of Chapter Three

Exer.
4x,x,0 <x; <1
f(x1,x) =10<x, <1
0o.w

bethej.p.d. fof x,&x,.
Find:

11
Dp(0 < x; <§,Z<x2 <1

2)p(x1 = x3)
3)p(x1 < x2)
p(x; < x3)
Exer. (2) 2tthepro.setfun.p(A)oftwor.v'sx&ybe.

1
pA) = ) ) f(xy)wheref (x,y) = 0=, (x,y) € 4
A

A={(x);(xy) = (01),(02),...,(0,13),(L,1), ..., (1,13), ..., (3,1)
computep(4) = p[(x,y) € A]

a)whenA = {(x,y); (x,¥) = (0,4),(1,3),(2,2)}

b)whenA = {(x,y);x +y =4,(x,y) € A}

Exer. 3) IF x&y having the j.pd.f as;

Xy
— O<x<4 , 1<y<5
f(x,y)=196 y
0 o.W
Find: f(y) , f(x

., (3,13))
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Exer. ) :letthej.pd.fof x&y be:

e O<x<w , O<y<oo
f(xy)={ o y

Find : 1) E(x) , 2) E(y) 3)Exy

EXer. ) Example(18)]: let

2x0<x<10<y<1
fay) = {Oo.w g

Compute: E(x + y)E(x + y)? — [E(x + y)]?

EXxer. )
flx,y)=20<x<y,0<y<1

= (0o.w

Find:1)Ex2)Ey3)Exy

Exer. @) || letthej.p.d. fof x&y

1
f(x, y) = Z (x' y) = (0'0)' (171)' (1' _1); (2,0)
O0o.w

calculate cov(x,y)andpy,,.

Exer_ (8) ‘: letx&yhavethej.p.d. fdiscrete

(6 y)f(xy)
(0,0)(1,6)
(1,0)(2,6)
(1,1)(2,6)
(2,1)(1,6)

\_ §>§>
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0o.w

Findorcalculatethecorrelationof coef ficientbetweenx&y

Exer. (9) xample(26)|: letx&yaretwor.v'shavethej.p.d. f

1
f(x,y) =43 *¥) =(0,0),(11),(22)
O0o.w

computethecorrelationofcoef ficientbetweenx&y.

EXer. (10
1
floy) = §(x, y) =(0,0),(1,1),(2,0)

= 0o.w

Find: pyy.

EXer. (11)
1
f@y) =3y =(02),(1,1),(2,0)

= 0o.w

Find: pyy.

EXer. 2 :let x&y have the following j.p.d.f;

e’ O<X<y<o

f(X,y)={

Find: Ex , Ey y Py

0 o.W

Exer. (13) x&ybetwor.v'swithj.p.d. f

1
0o.w

showthatx&yarestoch. indep.

§>§>
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EXer. (15)
flx,y)=2e7*"70<x<y,0<y<w
= 0o.w
showthatx&yarer.v'sindependentornot.
EXer. (16)
1
£ty 20, x3) = |7 O X2,25) = (0,0,0),(1,0,0), (0,1,0), (0,0,1), (1,1,1)

O0o.w
1
letfij Cxi, xp) = 7 (¢, %;) = [(0,0), (1,0), (0,1), (1,1)]
1 .
fi(x;) = Exi =0,1i #
showthatther.v'sareindep.

EXxer.@7) etx&y be two rvs, haning j.pd.f

1
— 0,00 , (21
18 0,0) , (21
3
18 0,1 , @) Example(46)|: Let
PO, Y) = { w.0) fGr/x) = €50
Y718 | R
E (2’0) < X1 < Xy
18
0 0.W <1
= 0o.w
1) Are x&y are indep. And f(x;) = C,x50 <
2) Flnd pxy . Xy <1
EXer. (18)
1. the value of C;&C,
2. f(x1,%2)

1 1 5
3. P <x1 <3 /x2=7)

1 1
4, pr(z <x; < 5)

1 1
pr(; <x<3)

N P,
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Exer. (19) Example(51)|let x& y betwo r. v'swith
_2x+4y 0<x<1
f/y) =7 Ty 0<%
0<y<l1

andf(y) =-(1+4y)0<y <1
Find

1. j.p.dfof x&y

2. show that f(x/y) is

EXer. (20)

f(x,y)=x+y
1.

O<x<1l O<y<1
marginal p.d.f of x.
. marginal p.d.fofy

2

3. conditional p.d.f of (y/x)

4 fO/x=3)

5. Xx& vy are stoc .indep?

EXer. (21
1,12)32)

p(6,y) =1 “/12(2,2)(3,3)(1,3) Find
k4/12 (2,4)

1. J.c.d.f
2. p(x=2/y=3)
3. ply/x=2)

\_ EXer. (22

ﬂ:let x& y having the following j.p.d. f

't x& y having the following j.p.m. f

§>§>
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|Example(54) |:let x& y having the followingj.p.d. f

-2

flx,y) = x=01,...,yy=0,1,.....

X (y = x)!
= 00.wW
Find :
1. them.g.fMxy(t;,t,)ofthej.dist.
2. compute the mean & variance , and the corr. Coff. x&y

3. determine the conditional p.d.f of (x/y).

Exer. s =2 0xy<l
=0 0.W
Find 1.E(x/y)
2.E(y/X)
3.v(xly)
4.v(y/X)
Exer. (24) tthej.p.d. fofx&ybe:
X 2
y=12
O0o.w

Find: f (x), f(y)?
EXer. (25) tx&yaretwor. v'swith:

Fxyx) = {8:’;”0 <x<w0<y<o
Find:

DThemarginalp.d. fofx.
2)Themarginalp.d. fofy.
3)Themarginalc.d. fofx.

4)Themarg inalc.d. fofy.

5)showthatf (x,y)isaj.p.d. fofx&y.

§>§>
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Ql)':0

fx5p)=1

-

B B =

Q3) Let

s )_(2m+2)

()" 5" a=y)"
proof’) f(x,y)lsthe].pdfofxandy.

0<x<% O<y <l

ow

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

1,3),(3,1),(2,3)

el G2 1)

Calculate correlation of coefficient between x & y
X & y are stochastic independent or not?
Find the mean[E(y/x)]?

Find the c.d.f F(y/x)?

-------------------------------------------------------------------------------------------------------------

2ay

W hich means I J.f (x;y)dxdy =1
00

o

05:9«,1 Qf Zuc[

0<x <y <2a

40 Marks

oars>( )

20 Marks

Dler Hussein Kadir ‘
The examiner
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