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CHAPTER (4)  

(Discrete Distribution)  

  

Subjects 

4 – 1   Discrete uniform  Distributions. 

4 – 2 Bernoulli Distribution. 

 4 – 3 Binomial Distribution. 

4 – 4   The Poisson Distribution. 

4 – 5   The  Geometric Distribution. 

4 – 6   Negative Binomial Distribution.              
4 – 7   The Hyper Geometric Distribution              
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Dler Hussein Kadir 

  

 

Is p.m.f of poison Dist. 

 

x 

P(x) 

1 2 3 4 

0.5 

1 

1.5 
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4 – 1   Discrete Uniform Distribution           𝑋~𝐷. 𝑢(𝑛) 

          

           A r.v is defined to have a discrete uniform Distribution. If p.m.f of x is given by: 

 

           𝑃(𝑥) = |

1

𝑛
𝑥 = 1,2, . . . , 𝑛

0𝑜. 𝑤

 

 

Where the parameter (n) is positive integer : 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Properties of uniform Distribution. 

 

1) If x has a uniform dist. Then the  c.d.f  of x F(x)  

 

𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥) = ∑ 𝑃(𝑥) = ∑
1

𝑛

𝑥
𝑥=1

𝑥
𝑥=1 =

𝑥

𝑛
 

    𝐹(𝑥) =

|

|

|

0𝑥 < 1
1

𝑛
1 ≤ 𝑥 < 2

2

𝑛
2 ≤ 𝑥 < 3

. .

. .

. .
𝑛

𝑛
= 1𝑥 ≥ 𝑛

 

 

2) Mean uniform Dist. 

 

 

x 

P(x) 

1 2 3 4 

1/n 

Is p.m.f of uniform Dist. 

Important Note 

All the distributions have the 

condition 
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E(x) =
𝑛+1

2
 

Note: ∑ 𝑥 =
𝑛(𝑛+1)

2
𝑛
𝑥=1 

E(x) =∑ 𝑥𝑝(𝑥) = ∑ 𝑥
1

𝑛
=

1

𝑛
∑ 𝑥 =

1

𝑛
∗
𝑛(𝑛+1)

2
=

𝑛+1

2
𝑛
1

𝑛
1

𝑛
1 

 

3) Variance of  x. 

𝑉(𝑥) =
𝑛2 − 1

12
 

Note: ∑ 𝑥2 =
𝑛(𝑛+1)(2𝑛+1)

6
𝑛
𝑥=1 

∑ 𝑥2𝑝(𝑥) = ∑ 𝑥2
1

𝑛
=

1

𝑛
∑ 𝑥2 =

1

𝑛
∗
𝑛(𝑛+1)(2𝑛+1)

6
=

(𝑛+1)(2𝑛+1)

6
𝑛
1

𝑛
1

𝑛
1) =2E(x 

(𝑛+1)(2𝑛+1)

6
− ( 

𝑛+1

2
)
2
=

(𝑛+1)(2𝑛+1)

6
−
𝑛2+2𝑛+1

4
==2  (E(x))-)2V(x) =E(x

2𝑛2+𝑛+2𝑛+1

6
−
𝑛2+2𝑛+1

4
=

𝑛2−1

12
 

 
4) The moment generating function (m.g.f) of uniform Dist. 

𝑀𝑥(𝑡) =
1

𝑛
∗
𝑒𝑡(1 − 𝑒𝑡𝑛)

1 − 𝑒𝑡
 

 

Note: ∑𝑟𝑥 =
𝑟(1−𝑟𝑛)

1−𝑟
 

Mxt=∑𝑒𝑡𝑥
1

𝑛
=

1

𝑛
∑(𝑒𝑡)𝑥 =

1

𝑛
∗
𝑒𝑡(1−𝑒𝑡𝑛)

1−𝑒𝑡
 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(1) :- Let x~ D.U (6) 

 

                        Find   𝐸(𝑥), 𝑉(𝑥),𝛭𝑥(𝑡) 
Solution  

Thus p(x) =
1

6
                   n=6 

1) E(x) =? 

E(x) = 
𝑛+1

2
=

6+1

2
=

7

2
 

2) V(x)? 

V(x) = 
𝑛2−1

12
=

62−1

12
=

35

12
  

3) Mx(t)? 
1

𝑛
∗
𝑒𝑡(1−𝑒𝑡𝑛)

1−𝑒𝑡
=

1

6
∗
𝑒𝑡(1−𝑒6𝑡)

1−𝑒𝑡
 t=xM 
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4 – 2 Bernoulli Distribution     X ~ br(p) 

 

 In probability theory and Statistics, the Bernoulli distribution, named after Swiss 

Scientist Jacob Bernoulli: is a discrete probability distribution, which takes value 1 with 

success probability q = 1- p. So if X is a random variable with this distribution, we have  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0 < 𝑃 < 1, 𝑃 ∈ 𝑅 
𝑋~𝑏𝑟(𝑝) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Properties of Bernoulli Distribution. 

1 1

( 1) 1 Pr( 0) 1

exp

( ; ) (1 )

0

. .

1

( ; ) 1 0

0

x x x x

where parameter p is between Zero and On

P x x q p

This can also be ressed as

p x p p p p q

otherwise

The p m f of this distribution is

p if x

p x p p if x

otherwise

− −

= = − = = − =

= − =

=


= − =



 

x 

P(x) 

0 1 

1 

q 

p 

0 1 0 1 

p=q 
p>q q>p 

q q q p 
p p 

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

……………………………………………

…………….……………………… 
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1)𝑐. 𝑑. 𝑓 

𝐹(𝑥) = {

0𝑓𝑜𝑟𝑥 < 0
𝑞𝑓𝑜𝑟0 ≤ 𝑥 < 1
𝑝 + 𝑞 = 1𝑓𝑜𝑟1 ≤ 𝑥

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2) Mean Bernoulli Dist. 

 

      

 𝛦(𝛸) = 𝑝 𝑝𝑟𝑜𝑜𝑓(4). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . )  

 

Proof :- 

 

 

 

 

 

 

 

 

 

 

 

 
 

3)Variance of   

 
P(x) 

0 1 

1 

p 

q 

p

xxp

p

x

=

+=

+=

=

=

=

=







=

=

=

E(x)                        

 

 p        )0(                      

q p  )1(    q p  )0(                      

   q p x                      

   p)-(1p x                      

            )(E(x)          

E(x)          

1-110-10

x-1x
1

0x

x-1x
1

0x

1

0
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      𝑉(𝛸) = 𝑝𝑞 𝑝𝑟𝑜𝑜𝑓(5). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

 

Proof :- 
               𝑣𝑎𝑟( 𝑥) = 𝑝 q 
               𝑣𝑎𝑟( 𝑥) = 𝐸𝑥2 − (𝐸𝑥)2 
                𝐸𝑥 = p    

                𝐸𝑥2 =∑𝑥2 𝑝(𝑥)

1

𝑥=0

    

                       = ∑𝑥2 𝑝𝑥 𝑞1−𝑥
1

𝑥=0

 

                      = (0)2 𝑝0 𝑞1−0  +   (1)2 𝑝1 𝑞1−1 
                      = 0 + 𝑝 
                      = 𝑝 
         ∴ 𝑣𝑎𝑟( 𝑥) = 𝑝 − 𝑝2 
                     = 𝑝(1 − 𝑝) 
                    = 𝑝𝑞 
          𝑣𝑎𝑟( 𝑥) = 𝑝 q 

 

 

4) The moment generating function (m.g.f) of uniform Dist. 

 

  

  𝛭𝑥(𝑡) = 𝑞 + 𝑝𝑒
𝑡         𝑝𝑟𝑜𝑜𝑓(6). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.w 

 

5) Mode ( Mo) 

𝑥 = {

0𝑞 > 𝑝
0,1𝑖𝑓𝑞 = 𝑝
1𝑖𝑓𝑞 < 𝑝

 

 

6)𝛼1"𝑆𝑘𝑒𝑤𝑛𝑒𝑠" 

𝛼1 =
𝑞 − 𝑝

√𝑝𝑞
 

                       𝑝𝑟𝑜𝑜𝑓(7). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.w 

𝛼1 =
𝐸(𝑥−𝜇)3

𝜎3𝑥
𝑆𝑘𝑒𝑤𝑛𝑒𝑠   

 

 

 

 
       𝑝𝑟𝑜𝑜𝑓(8). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.w 
 

2

2

2

7) " "

6 6 1

(1 )

Kurtosis

p p

p p




− +

=
−
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𝛼2 =
𝐸(𝑥 − 𝜇)4

𝜎4𝑥
𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠  

𝑁𝑜𝑡𝑒: 
𝜇 = 𝜇1 = 𝐸(𝑥) 
𝜇2 = 𝐸(𝑥2) 
𝜇3 = 𝐸(𝑥3) 
𝜇4 = 𝐸(𝑥4) 

 

 

8 − 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛                                 
 

• If  x1, x2,…, xn are independent identically distributed 

 (i.i.d) random variables.all Bernoulli distributed with success probability 

P. then 

𝑌 =∑𝑍𝑥~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝑝)

𝑛

𝑥=1

 

 

 

  

 

 

 

Solution  

P=
1

3
     , 𝑞 =

2

3
 

1) E(x) = 𝑝 =
1

3
   

2) V(x) = pq=
1

3
∗
2

3
=

2

9
 

 𝑞 + 𝑒𝑡𝑝 =
2

3
+
1

3
𝑒𝑡 t=x3) M 

 

 

 

 

 

 

 

Solution  

P=
1

2
   , 𝑞 =

1

2
    

1) pmf? 

1
(5) : ~ ( );

3

;

1) ( ) 2) ( ) 3) ( )
x

Example Let x br

Find

E x V x M t

−

1
(6) : ~ ( );

2

1) . . 2) ( ) 3)

4) ( ) 5) 6)
x

Example Let x br

Find p m f F x Mode

M t Kurtosis Skewnes

−

Example (2) 
Example (2) 

Example (3) 
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P(x) =[(
1

2
 )
𝑥
(
1

2
  )
1−𝑥

  𝑥 = 0,1

0                          𝑜. 𝑤
] 

2)cdf? 

 𝐹(𝑥) = [

0                              𝑥 < 0

∑ (
1

2
)
𝑥

(
1

2
)
1−𝑥

  0 ≤ 𝑥 < 1

1                               𝑥 ≥ 1

] = [

0                              𝑥 < 0
1

2
                     0 ≤ 𝑥 < 1

1

2
+
1

2
= 1               1 ≤ 𝑥

] 

3) Mode x=0 and x=1 because p=q 
1

2
+
1

2
𝑒𝑡t=x4) M 

5) Kurtosis 

=𝛼2𝑘𝑢𝑟𝑡𝑜𝑠𝑖𝑠 =
6𝑝2−6𝑝+1

𝑝𝑞
=

6(
1

2
)
2
−6(

1

2
)+1

1

2
∗
1

2

=

6

4
−
6

2
+1

1

4

=
−2

4
1

4

= −2 

6) Skweness   ∝1=
𝑞−𝑝

√𝑝𝑞
=

1

2
−
1

1

√
1

2
∗
1

2

= 0 

𝛼1𝑠𝑘𝑤𝑒𝑛𝑒𝑠𝑠 =
𝑞 − 𝑝

√𝑝𝑞
=

1
2
−
1
2

√1
2
∗
1
2

= 0 

 

 

 

 

 

 

 

 

Solution  

1) P(x)=[(
1

2
 )
𝑥
(
1

2
  )
1−𝑥

  𝑥 = 0,1

0                          𝑜. 𝑤
] 

2)cdf? 

F(x)=[

0                              𝑥 < 0

∑ (
1

2
)
𝑥
(
1

2
)
1−𝑥

  0 ≤ 𝑥 < 1

1                               𝑥 ≥ 1

] 

3) Mode x=0 and x=1 because p=q 

4) V(x)? 

V(x)=𝑝𝑞 =  
1

2
∗
1

2
=

1

4
 

5) Kurtosis 

1 1 1
(7) : ( ) ;

2 2 2

1) . . 2) ( ) 3)

4) ( ) 5) 6)

t

t

x

e
Example Let M t e or

Find

p m f F x Mode

V x Kurtosis Skewnes

+
− = + =Example (4) 
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=𝛼2𝑘𝑢𝑟𝑡𝑜𝑠𝑖𝑠 =
6𝑝2−6𝑝+1

𝑝𝑞
=

6(
1

2
)
2
−6(

1

2
)+1

1

2
∗
1

2

=

6

4
−
6

2
+1

1

4

=
−2

4
1

4

= −2 

6) Skweness 

𝛼1𝑠𝑘𝑤𝑒𝑛𝑒𝑠𝑠 =
𝑞 − 𝑝

√𝑝𝑞
=

1
2
−
1
2

√1
2
∗
1
2

= 0 
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4 – 3 Binomial Distribution           X ~ b(n,p) 
        

         In (n) trails, let the pr mm no.  of an event occurring in each trials, be equal to (p), 

and let all trials be independent. Then the density of the r.v. x (The number of occurrences 

in (n) trials are: 

         In other words : The total number of success in (n) indep. Bernoulli trial is a r.v x 

having a binomial dist. With probability . mass function . Is given by : 

         In other words : A r.v. X is said to have a binomial dist. If the p.d.f is given by : 

𝑝(𝑥; 𝑛, 𝑝) = 𝑃(𝑋 = 𝑥) = {
𝐶𝑥
𝑛𝑝𝑥𝑞𝑛−𝑥𝑥 = 0,1, . . . , 𝑛
0𝑜.𝑤

     

 

Where (n) and (p) positive parameter, such that (0 ≤ P ≤ 1). 

 

      n = No. of  items of  success in (n) trials. 

n – x = No. of  items of  failure in (n) trials. 

      P = No. of  success. 

      q = No. of  failure.  

 

* The properties of the Binomial dist. 
 

1)𝑐. 𝑑. 𝑓 

𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥) =

{
  
 

  
 
0𝑥 < 0
𝑞𝑛0 ≤ 𝑥 < 1

𝑛𝑝𝑞𝑛−11 ≤ 𝑥 < 2

𝑛𝑝𝑞𝑛−1 + 𝑐2
𝑛𝑝2𝑞𝑛−22 ≤ 𝑥 < 3

. .

. . }
 
 

 
 

∑𝐶𝑢
𝑛𝑝𝑢𝑞𝑛−𝑢𝑥 = 0,1,2, . . . , 𝑛

𝑥

𝑢=0

1𝑛 ≤ 𝑥

 

  

 
P(

0 1 

1 

2 3 n 
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2) Mean Binomial Dist. 

 

     𝛦(𝛸) = 𝑛𝑝 𝑝𝑟𝑜𝑜𝑓(9). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . )  

Proof :- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

3)Variance of x 

     

      𝑉(𝛸) = 𝑛𝑝𝑞 𝑝𝑟𝑜𝑜𝑓(10). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

 

Proof : 

 

np

xxp

np

n

x

m

y

y

n

x

n

=



+

+=

+

==

=

=

+=

=

==++==

+==







=

=











 

==

+

−=

=

+

=

=

= =

E(x)                 

 

  (1) np                     

q)(p np                     

     q)(p  q  p  C       (11) lowby        q  p  C  np                     

1)(m o.w                      

0-1)p(y                     

o.w                                                                                 

m,0,1,2,....y                 q  p  
y)!-(my!

m!
  np                   

x-ny-m                       

1x-1-n                                

1)-(x-1-n y -m                        

-1y       01y       1y     x       1-xy                         

1mn           1-nm                        

let                

q  p  
x)!-(n1)!-(x

1)!-(n
  np                      

   q  p  
x)!-(n1)!-x(x

1)!-n(n
  x                      

   q p   
x)!-(nx!

n!
  x                      

          q p C  x       )(E(x)          

E(x)          

m

m

nx-nxn

x

0

y-mym

y

0

y-my
1m

1

x-n1-x
n

0x

x-n11-x
1

0x

x-nx
1

0x

0

x-nxn

x

0x
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 npq   r(x)        va

p)-(1 np   r(x)        va

np  np -                    

(np) - np   nppn   ar(x)         v

 np   nppn                      

 np   q)(p nppn                      

               np   q  p  C  nppn                      

               np   q  p  
y)!-(my!

m!
  nppn                       

x-ny-m                       

-2y       02y       2y     x       2-xy                        

2mn           2-nm                        

let     

np    q p  
x)!-(n2)!-(x

2)!-(n
   p 1)-n(n       

pn     q p  
x)!-(n2)!-1)(x-x(x

2)!-1)(n-n(n
  )1(x        

pn     q p  
x)!-(nx!

n!
  )1(x        

q p C    q p C  x         

 q p C  x     q p C x  Ex

np Ex 

(Ex)- Ex  var(x)

npq    var(x)

2

2222

222

m222

y-mym

y

m

0

222

y-my
2m

2

222

x-n2-x
n

0x

2

x-n22-x
n

0x

x-nx
n

0x

x-nxn

x

n

0x

x-nxn

x

n

0x

2

x-nxn

x

n
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4) The moment generating function (m.g.f) of uniform Dist. 

 

  𝛭𝑥(𝑡) = (𝑝 + 𝑞𝑒
𝑡)𝑛           𝑝𝑟𝑜𝑜𝑓(11). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.W 

  

5)𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 
𝐼𝑓𝑋~𝑏(𝑛, 𝑝) 

𝑇ℎ𝑒𝑛𝑦 =
∑ 𝑥𝑖
𝑛
𝑖=1 ℎ𝑎𝑠𝑎𝑑𝑖𝑠𝑡. 𝑖𝑠𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙[𝑦~𝑏(∑𝑛 , 𝑝)]                                                                                      

    𝑝𝑟𝑜𝑜𝑓(12). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.W 
 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(9) : 𝐼𝑓ℎ𝑎𝑠𝑎𝑀𝑥(𝑡) = (
2

3
+
1

3
𝑒𝑡)5 

𝐹𝑖𝑛𝑑𝑡ℎ𝑒𝑝. 𝑑. 𝑓𝑜𝑓𝑋&𝑀𝑒𝑎𝑛&𝑉𝑎𝑟𝑖𝑛𝑐𝑒 

 

Solution  

1) p(x)=𝐶𝑥
5 (

1

3
)
𝑥
(
2

3
)
5−𝑥

  𝑥 = 0,1,2,3,4,5 

           =0                                o.w 

2)E(x)np=5*
1

3
=

5

3
 

3)v(x)=npq=
2

3
∗
1

3
∗ 5 =

10

9
 

 
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(12) : 𝑙𝑒𝑡𝑋~𝑏(𝑛, 𝑝)𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡 

1)𝐸(
𝑥

𝑛
) = 𝑝2)𝐸(

𝑥

𝑛
− 𝑝)2 =

𝑝4

𝑛
 

 

Solution  

 

1)E(
𝑥

𝑛
) = 𝑝 

=
𝐸(𝑥)

𝑛
=

𝑛𝑝

𝑛
= 𝑝 

2)E(
𝑥

𝑛
− 𝑝)2 =

𝑝𝑞

𝑛
 

=
𝐸(𝑥−𝑛𝑝)2

𝑛2
=

𝐸(𝑥2)−2𝑛𝑝𝐸(𝑥)+𝑛2𝑝2

𝑛2
=

𝑣(𝑥)(𝐸(𝑥2)−2𝑛𝑝∗𝑛𝑝+𝑛2𝑝2)

𝑛2
=

𝑛𝑝𝑞

𝑛2
=

𝑝𝑞

𝑛
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(13) : 𝑙𝑒𝑡𝑦𝑏𝑒𝑡ℎ𝑒𝑛𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑖𝑛(𝑛)𝑖𝑛𝑑𝑒𝑝. 

𝑒𝑥𝑝 𝑒 𝑟𝑖𝑚𝑒𝑛𝑡ℎ𝑎𝑣𝑖𝑛𝑔𝑝𝑟𝑜. 𝑜𝑓𝑠𝑢𝑐𝑐𝑒𝑠𝑠 

, 𝑝 =
2

3
, 𝑖𝑓𝑛 = 3𝑓𝑖𝑛𝑑: 𝑃𝑟( 2 ≤ 𝑦); 𝑖𝑓𝑛 = 5𝑓𝑖𝑛𝑑: 𝑃𝑟( 3 ≤ 𝑦) 

Solution  

Example (5) 

Example (6) 

Example (7) 
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P=
2

3
 , 𝑖𝑓 𝑛 = 3 𝑓𝑖𝑛𝑑 𝑝(2 ≤ 𝑦): 𝑖𝑓 𝑛 = 5 𝑓𝑖𝑛𝑑  𝑝(3 ≤ 𝑦) 

P(y) = 𝐶𝑦
3 (

2

3
)
𝑦
(
1

3
)
3−𝑦

    𝑦 = 0,1,2,3 

      =0                                  o.w 

P(y≥ 2) = 𝑃(2) + 𝑝(3) = 𝐶2
3 (

2

3
)
2
(
1

3
)
3−2

+ 𝐶3
3 (

2

3
)
3
(
1

3
)
3−3

=
20

27
 

P(y)= 𝐶𝑦
5 (

2

3
)
𝑦
(
1

3
)
5−𝑦

    𝑦 = 0,1,2,3,4,5 

      =0                                  o.w 

P(y≥ 3) = 𝑝(3) + 𝑝(4) + 𝑝(5) = 𝐶3
5 (

2

3
)
3
(
1

3
)
5−3

+ 𝐶4
5 (

2

3
)
4
(
1

3
)
5−4

+

𝐶5
5 (

2

3
)
5
(
1

3
)
5−5

= 0.79  

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(14) : 𝐼𝑓𝑦~𝑏𝑖𝑛(𝑛,
1

3
), 𝑎𝑛𝑑𝑙𝑒𝑡 𝑃𝑟( 𝑦 ≥ 1) ≥ 0.80 

𝑓𝑖𝑛𝑑(𝑛)? . 
 

Solution  

P(y)= 𝐶𝑦
𝑛 (

1

3
)
𝑦
(
2

3
)
𝑛−𝑦

 𝑥 = 0,1, … , 𝑛 

       =0                              o.w 

P(y≥ 1) = 1 − 𝑝(𝑦 < 1) = 1 − 𝑝(0) = 1 − 𝐶0
𝑛 (

1

3
)
0
(
2

3
)
𝑛−0

=

0.8       𝑡ℎ𝑢𝑠 𝐶0
𝑛 (

1

3
)
0
(
2

3
)
𝑛−0

= 0.2     𝑛 =
𝑙𝑛
2

3

𝑙𝑛0.2
= 3.96 ≈ 4   

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(15) : 𝐼𝑓𝑋~𝑏𝑖𝑛(2, 𝑝), 𝑎𝑛𝑑𝑦~𝑏(4, 𝑝) 

𝑖𝑓 𝑃𝑟( 𝑥 ≥ 1) =
5

9
𝑓𝑖𝑛𝑑 𝑃𝑟( 𝑦 ≥ 1). 

Solution  

P(x)= 𝐶𝑥
2(𝑝)𝑥(𝑞)2−𝑥 

𝑝(𝑥 ≥ 1) = 1 − 𝑝(𝑥 < 1)      =
5

9
=  1 − {𝐶0

2(𝑝)0(𝑞)2−0} =       
5

9
= 𝑝(1 − 𝑞2) 𝑝(𝑥 ≥ 1) = 𝑞2

= 1 −
5

𝑞
      𝑞 = √

4

𝑞
        𝑞 =

2

3
           ∴   𝑝 =

1

3
 

P(y)= 𝐶𝑦
4 (

1

3
)
𝑦
(
2

3
)
4−𝑦

 

Thus p(y≥ 1) = 1 − 𝑝(0) = 1 − 𝐶0
4 (

1

3
)
0
(
2

3
)
2−0

=
65

81
 

4 – 4 The Poisson Distribution               X ~ P(λ) 

Example (8) 

Example (9) 

mailto:math3stat@gmail.com


2021  -Mathematical Statistics 2020       math3stat@gmail.com       

 

119 

 

D
ler

 H
us

sei
n K

ad
ir

 

D
ler

 H
us

sei
n K

ad
ir

 

 

     Is the limiting  form of the binomial dist., when n →∞ and P→0. So that (np) is finite 

quantity such as (λ) in general if  n ≥ 50  and λ ≤ 5  it can be taken to be a case of Poisson 

dist. such event are know as are events . 

Applications :   

1 – Number of deaths from a disease such as heart. attack  

2 - The number of defective material per packing manufactured. 

3 – arrivals at a service counter. 

4 – The number of rail road accidents in same unit of time. 

Definition : A r.v. x is defined to have a Poisson dist. if the p.m.f of X given by: 

 

𝑃𝑟(𝑋; 𝜆) = 𝑃𝑟(𝑋 = 𝑥) = {
𝑒−𝜆𝜆𝑥

𝑥!
, 𝑥 = 0,1, . . .

0𝑜. 𝑤
    

 

Where the parameter (λ > 0) is a constant integer of fun. of any positive real number R+ 

[λ=np] 

 

Remark : Poisson : n large & p small 

                Binomial : n small  &  p large 

 
……………………

……  

……………………………………………………………………

……………………………………………………………………

……………………………………………………………………

……………………………………………………………………

……………………………………………………………………

……….…………………………………………………………

……………………………………………………………………

……………………………………………………………………

 

Is p.m.f of poison Dist. 

 

x 

P(x) 

1 2 3 4 

0.5 

1 

1.5 

2 

2.5 

3 

5 6 7 8 
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* Properties of a Poisson Dist.    X ~ P(λ) 
 

1)𝑇ℎ𝑒𝑐. 𝑑. 𝑓𝑜𝑓𝑋~𝑃(𝜆) 
 

𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥) =

{
 
 

 
 
0𝑥 < 0

∑
𝑒𝜆𝜆𝑢

𝑢!

𝑥

𝑢=0

𝑥 = 0,1,2, . . . ,∞𝑜𝑟0 ≤ 𝑥 ≤ ∞

1𝑥 → ∞

 

    

2) Mean Poisson Dist. 

 

     𝛦(𝛸) = 𝜆 𝑝𝑟𝑜𝑜𝑓(13). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . )  

Proof :- 

 
                                  E(𝑥) = 𝜆 

           E(𝑥) = ∑𝑥𝑝(𝑥)              

∞

𝑥=0

 

                  = ∑𝑥  
𝑒−𝜆𝜆𝑥

𝑥!
              

∞

𝑥=0

 

                  = 𝑒−𝜆∑𝑥  
𝜆𝑥−1+1

𝑥(𝑥 − 1)!
              

∞

𝑥=0

 

                  = 𝑒−𝜆∑  
𝜆𝑥−1𝜆1

(𝑥 − 1)!
              

∞

𝑥=0

 

                  = 𝑒−𝜆𝜆∑   
𝜆𝑥−1

(𝑥 − 1)!
            by low(12)   ∑

𝑟𝑥

𝑥!
= 𝑒𝑟

∞

𝑥=0

             

∞

𝑥=0

 

                  = 𝑒−𝜆 𝜆 𝑒𝜆 
      ∴    E(𝑥) = 𝜆 

 

3)Variance of x 

     

      𝑉(𝛸) = 𝜆 𝑝𝑟𝑜𝑜𝑓(14). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

 

 

Proof :- 

 

 
                            var(𝑥) = 𝜆 

           var(𝑥) = 𝐸𝑥2 − (𝐸𝑥)2 
𝐸𝑥 = 𝜆 

           𝐸𝑥2 =∑𝑥2𝑝(𝑥)

∞

𝑥=0
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                  = ∑𝑥2 − 𝑥 + 𝑥  
𝑒−𝜆𝜆𝑥

𝑥!

∞

𝑥=0

 

                  ⇒   ∑𝑥2 − 𝑥  
𝑒−𝜆𝜆𝑥

𝑥!
+   ∑𝑥  

𝑒−𝜆𝜆𝑥

𝑥!

∞

𝑥=0

∞

𝑥=0

 

                  ⇒   ∑𝑥(x-1)
𝑒−𝜆𝜆𝑥−2+2

𝑥(𝑥 − 1)(𝑥 − 2)!

∞

𝑥=0

+ 𝜆 

                  ⇒   𝑒−𝜆𝜆2∑ 
𝜆𝑥−2

(𝑥 − 2)!
+   

∞

𝑥=0

𝜆 

                  ⇒   𝑒−𝜆  𝜆2  𝑒𝜆 + 𝜆 
                  ⇒     𝜆2  + 𝜆 
     ∴    var(𝑥) = 𝜆2  + 𝜆 − 𝜆2 
     ∴    var(𝑥) = 𝜆 

4) The moment generating function (m.g.f) of uniform Dist. 

 

  𝛭𝑥(𝑡) = 𝑒
𝜆(𝑒𝑡−1)                    𝑝𝑟𝑜𝑜𝑓(15). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) H.W 

 

 

5)𝑇ℎ𝑒𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦𝑜𝑟𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 
𝑙𝑒𝑡𝑥1, 𝑥1, . . . , 𝑥𝑛𝑏𝑒𝑎𝑝𝑜𝑖𝑠𝑠𝑜𝑛𝑑𝑖𝑠𝑡. 𝑤𝑖𝑡ℎ𝜆1, 𝜆1, . . . , 𝜆𝑛𝑎𝑛𝑑𝑥′𝑠𝑎𝑟𝑒𝑖𝑛𝑑𝑒𝑝. 𝑇ℎ𝑒𝑛 

𝑦 = 𝑥1 + 𝑥2+. . . +𝑥𝑛ℎ𝑎𝑠𝑎𝑝𝑜𝑖𝑠𝑠𝑜𝑛𝑑𝑖𝑠𝑡. 𝑃𝑂(∑𝜆𝑖

𝑛

𝑖=1

) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(20) : 𝑙𝑒𝑡𝑋~𝑃(𝜆), 𝑎𝑛𝑑𝑀𝑥(𝑡) = 𝑒
4(𝑒𝑡−1) 

𝐹𝑖𝑛𝑑: 𝑃𝑟(𝑀 − 2𝜎 ≤ 𝑥 ≤ 𝑀 + 2𝜎)? 
 

Solution  

E(x)= 𝜆 = 4     and v(x)= 𝜆 = 4 

P(4-2*2≤x≤4+2*2)=P(0<x<8)= 

p(0)+p(1)+p(2)+p(3)+p(4)+p(5)+p(6)+p(7)+p(8) 
 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(21) : 𝑙𝑒𝑡 𝑃𝑟( 𝑥 = 1) = 2𝑃𝑟( 𝑥 = 2)𝑋~𝑃(𝜆)𝐹𝑖𝑛𝑑 𝑃𝑟( 𝑥 = 4) 

Solution  

P(x=1) = 
𝑒−𝜆∗𝜆1

1!
= 𝜆𝑒−𝜆 ,P(x=2)= 

𝑒−𝜆∗𝜆2

2!
=

𝜆2𝑒−𝜆

2
   

But p(x=1) = 2P(x=2) 

𝜆𝑒−𝜆 = 2 ∗
𝜆2𝑒−𝜆

2
       = 𝜆 − 𝜆2 = 0     𝜆(1 − 𝜆) = 0  𝜆 = 0 𝑜𝑟 𝜆 = 1  

Thus p(x=4) = 
𝑒−𝜆∗𝜆4

4!
=

𝜆4

4!
∗ 𝑒−𝜆 =

𝜆4

4!
∗ 𝑒−1 = 0.015 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(25) : 𝑋~𝑝𝑜𝑖(𝜆)𝑎𝑛𝑑𝑙𝑒𝑡 𝑃𝑟( 𝑋 ≥ 1) ≥ 0.99 

Example (10) 

Example (11) 

Example (12) 
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𝐹𝑖𝑛𝑑: 𝑡ℎ𝑒𝑣𝑎𝑙𝑢𝑒𝑜𝑓𝜆𝑎𝑛𝑑𝑤𝑟𝑖𝑡𝑒𝑝. 𝑑. 𝑓𝑜𝑓𝑋. 
Solution 

 P(𝑥 ≥ 1) = 1 − 𝑃(𝑥 < 1) = 1 − 𝑃(𝑥 = 0) = 0.99 thus P(x=0)=1-0.99=0.01 

  
𝑒−𝜆40

0!
= 0.01 𝑡ℎ𝑢𝑠 𝑒−𝜆 = 0.01   𝑙𝑛𝑒−𝜆 = 𝑙𝑛0.01   − 𝜆 = −4.6       𝜆 = 4.6  

𝑝(𝑥) = [
𝑒−4.6(4.6)𝑥

𝑥!
             𝑥 = 0,1, … . , ∞  

0                                              𝑂.𝑊

]    

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(26) : 𝑙𝑒𝑡𝑥1𝑏𝑒𝑎𝑟. 𝑣. 𝑤𝑖𝑡ℎ𝑃(4) 

𝑥2𝑏𝑒𝑎𝑛𝑜𝑡ℎ𝑒𝑟𝑟. 𝑣. 𝑤𝑖𝑡ℎ𝑃(3)𝑎𝑛𝑑𝑥1, 𝑥2𝑏𝑒𝑆𝑡𝑜𝑐. 𝑖𝑛𝑑𝑒𝑝. 

𝑙𝑒𝑡𝑦 = 𝑥1 + 𝑥2 

𝑓𝑖𝑛𝑑1)𝑇ℎ𝑒𝑝.𝑚. 𝑓𝑜𝑓𝑦. 2)𝑇ℎ𝑒𝑚𝑒𝑎𝑛𝑎𝑛𝑑 𝑣𝑎𝑟 𝑖 𝑎𝑛𝑐𝑒𝑜𝑓𝑦. 3)𝑇ℎ𝑒𝑚. 𝑔. 𝑓𝑜𝑓𝑦. Solution  

1)find pmf of y? 

     𝑥1~𝑃(4)     𝑥2~𝑃(3)   
Y~𝑝𝑜(𝜆) = ∴ 𝑦~𝑃(4 + 3) ∴ 𝑦~𝑃(7) 

𝑝(4) = [
𝑒−77𝑦

𝑦!
                              𝑦 = 1,2, … . , ∞

0                                                 𝑂.𝑊

] 

2)E(y)= 𝜆 = 7    𝑎𝑛𝑑    𝑉(𝑦) = 𝜆 = 7 

3)the m.g.f of y? 

Mxt=𝑒𝜆(𝑒
𝑡−1) = 𝑒7(𝑒

𝑡−1) 

4 – 5 Geometric Dist.                   X~ G(p) 
 

         Independent Bernoulli trial are performed until the first success appears, define X be 

the No. of trials needed to get the first success, then a r.v. x is defined to have Geometric 

Dist. If the p.m.f of x given by : 

𝑃(𝑥) = 𝑃(𝑥, 𝑝) = {
𝑝𝑞𝑥𝑥 = 0,1,2, . . .

0𝑜. 𝑤

 

Where the parameter (p) satisfies (0 ≤ P ≤ 1)  

X : No. of failed trials before getting the success trial. 

 

𝑝(𝑋 = 1) = 𝑆 = 𝑝 
𝑝(𝑋 = 2) = 𝑓𝑆 = 𝑞𝑝 
𝑝(𝑋 = 3) = 𝑓𝑓𝑆 = 𝑞2𝑝 
𝑝(𝑋 = 4) = 𝑓𝑓𝑓𝑆 = 𝑞3𝑝 

Example (13) 
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. 

. 

. 
𝑝(𝑋 = 𝑥) = 𝑓𝑓. . . 𝑓𝑆𝑋~𝐺(𝑝) 

 

* Properties of Geometric Dist.   

 
1)𝑇ℎ𝑒𝑐. 𝑑. 𝑓𝑜𝑓𝑋~𝐺(𝑝) 
 

𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥) =

{
 
 

 
 
0𝑥 < 0

∑𝑝𝑞𝑥 = 1 − 𝑞𝑥+1
𝑥

𝑢=0

0 ≤ 𝑥 < ∞

1𝑥 → ∞

 

   2) Mean Poisson Dist. 

 

     𝛦(𝛸) =
𝑞

𝑝
𝑝𝑟𝑜𝑜𝑓(16). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . )  

 

 

Proof :-16 
                                 E(𝑥) =

𝑞

𝑝
 

           E(𝑥) =∑𝑥𝑝(𝑥)    ⇒     ∑𝑥𝑝𝑞𝑥                  

∞

𝑥=0

           

∞

𝑥=0

 

                  ⇒   p ∑𝑥𝑞𝑥−1+1                  

∞

𝑥=0

 

                  ⇒   pq ∑𝑥𝑞𝑥−1                  

∞

𝑥=0

 

                  ⇒   pq ∑
𝜕

𝜕𝑞
𝑞𝑥                      

𝜕

𝜕𝑞
𝑞𝑥 = xqx-1             

∞

𝑥=0

 

                  ⇒   pq 
𝜕

𝜕𝑞
∑𝑞𝑥                      𝑏y low(2)    ∑ 𝑟𝑥

∞

𝑥=0

=
1

1 − 𝑟
             

∞

𝑥=0

 

 

 

                                     ⇒   pq 
𝜕

𝜕𝑞
  

1

1−𝑞
            ⇒   pq   

1

(1−𝑞)2
 

                  ⇒    
pq

𝑝2
 

              ∴    Ex =
𝑞

𝑝
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3)Variance of x 

     

      𝑉(𝛸) =
𝑞

𝑝2
𝑝𝑟𝑜𝑜𝑓(17). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

Proof :-17 
                            var(𝑥) =

𝑞

𝑝2
 

           var(𝑥) = 𝐸𝑥2 − (𝐸𝑥)2                    𝐸𝑥 =
𝑞

𝑝
 

           𝐸𝑥2 =∑𝑥2𝑝(𝑥)

∞

𝑥=0

 

                  ⇒ ∑𝑥2 − 𝑥 + 𝑥  𝑝(𝑥)            ⇒     ∑𝑥2 − 𝑥  𝑝(𝑥)

∞

𝑥=0

∞

𝑥=0

+ ∑𝑥  𝑝(𝑥)

∞

𝑥=0

       

                 ⇒ ∑𝑥(𝑥 − 1)𝑝𝑞𝑥 + 𝐸(𝑥)       ⇒     p∑𝑥(𝑥 − 1)𝑞𝑥
∞

𝑥=0

∞

𝑥=0

+ 
𝑞

𝑝
  

                 ⇒ 𝑝∑𝑥(𝑥 − 1)𝑞𝑥−2+2
∞

𝑥=0

+
𝑞

𝑝
 

                 ⇒ pq2∑𝑥(𝑥 − 1)𝑞𝑥−2
∞

𝑥=0

+
𝑞

𝑝
                       

𝜕

𝜕𝑞
𝑞𝑥 = 𝑥𝑞𝑥−1  

                 ⇒ pq2∑
𝜕2

𝜕2𝑞
𝑞𝑥

∞

𝑥=0

+
𝑞

𝑝
                              

𝜕2

𝜕2𝑞
𝑞𝑥 = 𝑥(x-1)𝑞𝑥−2      

                 ⇒ pq2
𝜕2

𝜕2𝑞
∑𝑞𝑥

∞

𝑥=0

+
𝑞

𝑝
                                    

                 ⇒ pq2
𝜕2

𝜕2𝑞
  

1

1 − 𝑞
+
𝑞

𝑝
                                    

                 ⇒ pq2
𝜕

𝜕𝑞
  

1

(1 − 𝑞)2
+
𝑞

𝑝
        

                 ⇒ pq2
𝜕

𝜕𝑞
  (1 − 𝑞)−2 +

𝑞

𝑝
                                    

                 ⇒ pq2(−2)  (1 − 𝑞)−3. (−1) +
𝑞

𝑝
                                    

                 ⇒
2pq2

(1 − 𝑞)3
 +
𝑞

𝑝
            ⇒    

2pq2

𝑝3
 +
𝑞

𝑝
                                                                    

                 ∴    Ex2 =   
2q2

𝑝2
 +
𝑞

𝑝
                    

               ∴    var(𝑥) =
2q2

𝑝2
 +
𝑞

𝑝
−
𝑞2

𝑝2
⇒
2q2 + 𝑝𝑞 − 𝑞2

𝑝2
 

                            ⇒     
𝑞2 + 𝑝𝑞

𝑝2
         ⇒     

𝑞(𝑞 + 𝑝)

𝑝2
             ⇒   ∴    var(𝑥) =

𝑞

𝑝2
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4) The moment generating function (m.g.f) of uniform Dist. 

 

  𝛭𝑥(𝑡) =
𝑝

1−𝑒𝑡𝑞
                   𝑝𝑟𝑜𝑜𝑓(18). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) HW 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(29) : 𝐿𝑒𝑡𝑋~𝐺(
1

4
) 

𝐹𝑖𝑛𝑑: 1)𝑝.𝑚. 𝑓𝑜𝑓𝑥. 2)𝐸(𝑥).3)𝑀𝑥(𝑡). 
Solution  

1)pmf of x? 

 𝑃(x;𝑝) = {
  p q𝑥                             𝑥 = 0,1,2, . . . .
0     𝑜. 𝑤

  

 P(x)=[
1

4
(
3

4
)
𝑥
         𝑥 = 0,1… .

0                         𝑜. 𝑤
] 

2)E(x)? 

E(x)=
𝑞

𝑝
=

3

4
1

4

= 3 

2)v(x)? 

V(x)= 
𝑞

𝑝2
=

3

4

(
1

4
)
2 = 12 

3)M𝑥(𝑡)=
𝑝

1−𝑞𝑒𝑡
=

1

4

1−
3

4
𝑒𝑡

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(31) : 𝐿𝑒𝑡𝑋~𝐺(𝑝)𝑎𝑛𝑑 𝑃𝑟(𝑋 ≥ 1) =
5

6
𝑓𝑖𝑛𝑑𝑃(𝑥)? 

Solution  

x~G(p)    P(x ≥ 1) =
5

6
 𝑓𝑖𝑛𝑑 𝑝(𝑥)? 

= 𝑃(𝑥 ≥ 1) = 1 − 𝑃(𝑥 < 1) = 1 − (𝑝(0)) =
5

6
 

       
1

6
p =         

5

6
p)=0(q-1 

 Thus 

𝑀𝑥(𝑡) =
𝑝

1 − 𝑞𝑒𝑡
=

1
6

1 −
5
6
𝑒𝑡

 

𝑝(𝑥) = [
1

6
∗
5

6
       𝑥 = 0,1,2,… . ,∞

0                                    𝑂.𝑊

] 

4 – 6 Negative Binomial Distribution             N.b(r,p) 
 

Example (14) 

Example (15) 
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         Independent Bernoulli trials are performed until (r) success, appear, Define the r.v. x 

is the number of failure trials before getting the r-th success trial, then a r.v. x is defined to 

have (N.B) if the p.d.f of x given by: 
 

  𝑃(𝑥) = {
𝐶𝑥
𝑥+𝑟−1𝑝𝑟𝑞𝑥, 𝑥 = 0,1,2, . . .

0𝑜. 𝑤

 

 

Where the parameters (r & p)  satisfy  r = 1,2,…     0 < p < 1 

x: No. of failure trials before getting the r-th success . 

r: No. of successes case . 

 

𝐼𝑓𝑥 = 0 → 𝑃𝑟( 𝑥 = 0) = {𝑠𝑠𝑠. . . 𝑠} 
𝑥 = 1 → 𝑃𝑟( 𝑥 = 1) = {𝑓𝑠𝑠𝑠. . . 𝑠} 
𝑥 = 2 → 𝑃𝑟( 𝑥 = 2) = {𝑓𝑓𝑠𝑠𝑠. . . 𝑠} 

 

* Properties of N.B. dist.  
    

    Let X be a r.v. have (N.B). Then 

 

 

 ; 

 

 

 

 

 

 
Proof :- 

 
                                  E(𝑥) =

𝑟𝑞

𝑝
 

           E(𝑥) =∑𝑥𝑝(𝑥)    ⇒     ∑𝑥𝐶𝑥
𝑥+𝑟−1𝑝𝑟𝑞𝑥                  

∞

𝑥=0

           

∞

𝑥=0

 

                                          𝐵𝑢𝑡    ⇒   [𝐶𝑥
𝑥+r-1 = (−1)𝑥𝐶𝑥

−𝑟]   
                  

⇒ 𝑝𝑟∑𝑥

∞

𝑥=0

(−1)𝑥𝐶𝑥
−𝑟𝑞𝑥 

1

1) . . . . :

0 0

( ) Pr( ) 0,1,...

1

r x r x

x

The c d f of N B dist

x

F x X x p C q x

x

+ −




= = = =


→
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⇒ 𝑝𝑟∑𝑥

∞

𝑥=0

𝐶𝑥
−𝑟(−𝑞)𝑥 ⇒ 𝑝𝑟∑𝑥

∞

𝑥=0

−𝑟!

𝑥! (−𝑟 − 𝑥)!
(−𝑞)𝑥 

⇒ 𝑝𝑟∑𝑥

∞

𝑥=0

−𝑟(−𝑟 − 1)!

𝑥(𝑥 − 1)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−1+1 

⇒ 𝑝𝑟∑

∞

𝑥=0

−𝑟(−𝑟 − 1)!

(𝑥 − 1)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−1(−𝑞)1 

⇒ 𝑟𝑞𝑝𝑟∑

∞

𝑥=0

(−𝑟 − 1)!

(𝑥 − 1)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−1(1)−𝑟−𝑥 

⇒ 𝑟𝑞𝑝𝑟∑

∞

𝑥=0

(−𝑟 − 1)!

(𝑥 − 1)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−1(1)−𝑟−𝑥 

      𝑙𝑒𝑡         m = -r-1             y = x-1           m-y = -r-1-(x-1) 
                                             x =  y + 1                    =  -r-x 
                                                   y + 1 = 0      ∴  y = -1 

⇒ 𝑟𝑞𝑝𝑟 ∑

∞

𝑦=−1

𝑚!

𝑦! (𝑚 − 𝑦)!
(−𝑞)𝑦(1)𝑚−𝑦 

⇒ 𝑟𝑞𝑝𝑟∑

∞

𝑦=0

𝐶𝑦
𝑚(−𝑞)𝑦(1)𝑚−𝑦         ⇒ 𝑟𝑞𝑝𝑟(1 − 𝑞)𝑚 

⇒ 𝑟𝑞𝑝𝑟(𝑝)−𝑟−1          ⇒    𝑟𝑞𝑝𝑟𝑝−𝑟𝑝−1 
             

                                 ∴     Ex =  
rq

𝑝
                     

 

 
Proof :- 
                                  var(𝑥) =

𝑟𝑞

𝑝2
 

            
                 
        

                                          var(𝑥) =
𝑟𝑞

𝑝2
 

           var(𝑥) = 𝐸𝑥2 − (𝐸𝑥)2                    𝐸𝑥 =
𝑟𝑞

𝑝
 

           𝐸𝑥2 =∑𝑥2𝑝(𝑥)

∞

𝑥=0

              

⇒     ∑𝑥2 − 𝑥 + 𝑥  𝑝(𝑥)      ⇒ ∑𝑥2 − 𝑥 𝑝(𝑥)  +∑𝑥 

∞

𝑥=0

 𝑝(𝑥)     

∞

𝑥=0

           

∞

𝑥=0

       

                   ⇒ ∑𝑥(𝑥 − 1)𝐶𝑥
𝑥+𝑟−1𝑝𝑟𝑞𝑥 +   𝐸x             But  [𝐶𝑥

𝑥+r-1 = (−1)𝑥𝐶𝑥
−𝑟]     

∞

𝑥=0
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                   ⇒ 𝑝𝑟∑𝑥(𝑥 − 1)(−1)𝑥𝐶𝑥
−𝑟𝑞𝑥 +   

𝑟𝑞

𝑝
              

∞

𝑥=0

⇒      𝑝𝑟∑𝑥(𝑥 − 1)𝐶𝑥
−𝑟(−𝑞)𝑥 +   

𝑟𝑞

𝑝
            

∞

𝑥=0

                

                   ⇒ 𝑝𝑟∑𝑥(𝑥 − 1)
−𝑟!

𝑥! (−𝑟 − 𝑥)!
(−𝑞)𝑥 +   

𝑟𝑞

𝑝
                      

∞

𝑥=0

       

                   ⇒ 𝑝𝑟∑𝑥(𝑥 − 1)
−𝑟(−𝑟 − 1)(−𝑟 − 2)!

𝑥(𝑥 − 1)(𝑥 − 2)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−2+2 +   

𝑟𝑞

𝑝
                      

∞

𝑥=0

       

                   ⇒ 𝑝𝑟𝑞2𝑟(𝑟 + 1)∑
(−𝑟 − 2)!

(𝑥 − 2)! (−𝑟 − 𝑥)!
(−𝑞)𝑥−2 +   

𝑟𝑞

𝑝
                      

∞

𝑥=0

 

           let      m = -r-2                y = x-2                   m-y = -r-2-x + 2                 m-y = -r-x     

                   ⇒ 𝑝𝑟𝑞2(𝑟2 + 𝑟)  ∑   
𝑚!

𝑦! (𝑚 − 𝑦)!
(−𝑞)𝑦(1)𝑚−𝑦 +   

𝑟𝑞

𝑝
                      

∞

𝑦=−2

 

                  o.w    p(-1 and -2)                                                               

                    ⇒ 𝑝𝑟𝑞2(𝑟2 + 𝑟)  ∑   𝐶𝑦
𝑚(−𝑞)𝑦(1)𝑚−𝑦 +   

𝑟𝑞

𝑝
                      

∞

𝑦=0

 

                    ⇒ 𝑟2𝑝𝑟𝑞2 + 𝑟𝑝𝑟𝑞2 (1-q)𝑚 +
𝑟𝑞

𝑝
            ⇒      ( 𝑟2𝑝𝑟𝑞2 + 𝑟𝑝𝑟𝑞2) (𝑝)-r-2 +

𝑟𝑞

𝑝
           

                   ⇒      ( 𝑟2𝑝𝑟𝑞2 + 𝑟𝑝𝑟𝑞2) p-r-2 +
𝑟𝑞

𝑝
   

                   ⇒       𝑟2  𝑝𝑟−𝑟−2  𝑞2  +   𝑟  𝑝𝑟−𝑟−2 𝑞2  +   
𝑟𝑞

𝑝
             

⇒       𝑟2  𝑝−2  𝑞2  +   𝑟  𝑝−2 𝑞2  +   
𝑟𝑞

𝑝
                                     

        ∴    Ex2 =    𝑟2  (
𝑞

𝑝
)
2

  +   𝑟 (
𝑞

𝑝
)
2

 +   
𝑟𝑞

𝑝
                    

        ∴    var(𝑥) =  𝑟2  (
𝑞

𝑝
)
2

  +   𝑟 (
𝑞

𝑝
)
2

  +   
𝑟𝑞

𝑝
− (

𝑟𝑞

𝑝
)
2

 

                       ⇒     𝑟 
𝑞2

𝑝2
  +    𝑟 

𝑞

𝑝
              ⇒       𝑟 

𝑞

𝑝
[
𝑞

𝑝
+ 1] 

                      ⇒       𝑟 
𝑞

𝑝
[
𝑞 + 𝑝

𝑝
]                ⇒       𝑟 

𝑞

𝑝
[
1

𝑝
]        ⇒   ∴    var(𝑥) =

𝑟𝑞

𝑝2
   

 

HW 

6) Additive Property  

 

    Let x1, x2,…, xn be a r.v. and indep. such that  

 

  

 

HW 

~ . ( , ), 1,2,...,

(22).(......................................)

ii
X N B r p i n

proof

= 
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Remark : If in negative Binomial. Dist. r = 1, then the N.B. density specializes to the 

geometric  

 

 

 

 

 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(32) : 𝐿𝑒𝑡𝑋~𝑁. 𝐵(6,0.4), 𝑡ℎ𝑒𝑛𝑓𝑖𝑛𝑑: 

1)𝑝(𝑥). 
2)𝑀𝑒𝑎𝑛&𝑉𝑎𝑟𝑜𝑓𝑥. 
3)𝑇ℎ𝑒𝑚. 𝑔. 𝑓𝑜𝑓𝑥. 
4)𝑃𝑟( 𝑥 ≥ 1). 

Solution  

1)P(x)? 

P(x)= {  C𝑥
𝑥+r-1  p𝑟 q𝑥           𝑥 = 0,1,2, . . . .

0                                           𝑜.𝑤
 

P(x)={
  C𝑥

𝑥+5  (0.4)
6
 (0.6)

𝑥
           𝑥 = 0,1,2, . . . .

0                                                    
𝑜.𝑤

 

2)mean and var of x? 

E(x)=
𝑟𝑞

𝑝
=

6∗(0.6)

0.4
= 9 

V(x)= 
𝑟𝑞

𝑝2
=

6∗(0.6)

(0.4)2
= 22.5 

3)Mxt=(
𝑝

1−𝑞𝑒𝑡
)
𝑟
= (

0.4

1−0.6𝑒𝑡
)
6

 

4)𝑝(𝑥 ≥ 1) = 1 − 𝑝(𝑥 < 1) = 1 − 𝑝(𝑥 = 0) = 1 − [𝐶0
5 (0.4)6(0.6)0] =

0.996 
 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(33) : 𝐿𝑒𝑡𝑋1~𝑁.𝐵(7,0.5)𝑎𝑛𝑑𝑋2~𝑁.𝐵(5,0.5)𝑎𝑛𝑑 

𝑦 = 𝑥1 + 𝑥2𝑓𝑖𝑛𝑑: 1)𝑇ℎ𝑒𝑑𝑖𝑠𝑡. 𝑜𝑓𝑦, 𝑎𝑛𝑑𝑤𝑟𝑖𝑡𝑒𝑡ℎ𝑒𝑝. 𝑑. 𝑓𝑜𝑓𝑦. 
2)𝑀𝑒𝑎𝑛&𝑣𝑎𝑟 𝑜 𝑓𝑦. 

Solution  

𝑁𝐵(7,0.5), 𝑥2~𝑁𝐵(5,0.5)   𝑦 = 𝑥1 + 𝑥21X 

1)Dist y pdf? 

Solve/ y~𝑁𝐵(12,0.5) 

xxx

x

xrrx

x

pqqpCxP

rwhere

xqpCxP

==

=

== −+

)(

1

,...1,0)( 1

Example (16) 

Example (17) 
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P(y)= {  C𝑦
𝑦+r-1  p𝑟 q𝑥            𝑥 = 0,1,2, . .

0                                       𝑜. 𝑤
 

P(y)= {  C𝑦
𝑦+11  0.512 0.5𝑥            𝑦 = 0,1,2, . .

0                                               𝑜. 𝑤
  

 2)E(y) & V(y)? 

E(x)=
𝑟𝑞

𝑝
=

12∗(0.5)

0.5
= 12 

V(x)= 
𝑟𝑞

𝑝2
=

12∗(0.5)

(0.5)2
= 24 

 

4 – 7  The Hyper Geometric Dist.     X~H.G(N,k,n) 
 

           Suppose that (n) objects are to be dram at random, one at time from a collection of 

(N) objects (k) of one kind and (N – k ) of another kind. The one kind of objects will be 

thought of as a ((success)) and coded (1) : the other kind is coded (0); then a r.v. x is 

defined to have a hyper geometric dist. if the p.m.f of x given by :- 

 

𝑃(𝑋) = 𝑃(𝑋;𝑁, 𝑘, 𝑛) = {

𝐶𝑥
𝑘𝐶𝑛−𝑥

𝑁−𝑘

𝐶𝑛
𝑁

𝑥 = 0,1, . . . , 𝑛

0𝑜.𝑤

 

 

Where N,k,n are parameter such that N ≥ n, N ≥ k and N, k, n are all positive integer         

X ~ H.G(N, k, n). 

 

* Remark : 

                      X=a, a+1, …, b 

                      a = max(0,n – (N – k))  

                      b = min( n, k) 

               

* Properties of H.G Dist.  

  

   1)𝐹(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥) = {|

0𝑥 < 0

∑
𝐶𝑢
𝑘𝐶𝑛−𝑢

𝑁−𝑘

𝐶𝑛
𝑁 𝑥 = 0,1, . . . , 𝑛𝑥

𝑢=0

1𝑥 ≥ 𝑛

 

 

 

 

2)𝑇ℎ𝑒𝑚𝑒𝑎𝑛: 

𝐸(𝑥) = 𝑘(
𝑛

𝑁
)𝑝𝑟𝑜𝑜𝑓(23). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

3)𝑇ℎ𝑒 𝑣𝑎𝑟( 𝑥) 

0

0

k

x
If k X C

N k n

 → =

−  →

mailto:math3stat@gmail.com


2021  -Mathematical Statistics 2020       math3stat@gmail.com       

 

131 

 

D
ler

 H
us

sei
n K

ad
ir

 

D
ler

 H
us

sei
n K

ad
ir

 

𝑉(𝑥) =
𝑛𝑘

𝑁
(1 −

𝑘

𝑁
)(
𝑁 − 𝑛

𝑁 − 1
)𝑝𝑟𝑜𝑜𝑓(24). (. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ) 

4)𝑇ℎ𝑒𝑚. 𝑔. 𝑓𝑜𝑓𝑋𝑛𝑜𝑡𝑒𝑥𝑖𝑠𝑡. 

 

Proof :- 23 

 

         E(𝑥) =
𝑛𝑘

𝑁
 

           E(𝑥) =∑𝑥𝑝(𝑥)    ⇒     ∑  𝑥  
𝐶𝑥
𝑘  Cn-x

𝑁-k

𝐶𝑛𝑁
                   

𝑛

𝑥=0

           

𝑛

𝑥=0

 

                  ⇒   
1

𝐶𝑛𝑁
  ∑  𝑥  

𝑘!

x!(k-x)!
   Cn-x

𝑁-k             

𝑛

𝑥=0

 

                  ⇒   
1

𝑁!
n!(N-n)!

  ∑  𝑥  
𝑘!

𝑥(x-1)! (k-x)!
   Cn-x

𝑁-k             

𝑛

𝑥=0

 

                  ⇒   
1

𝑁(𝑁 − 1)!
𝑛(n-1)! (N-n)!

  ∑   
𝑘(𝑘 − 1)!

(x-1)! (k-x)!
   Cn-x

𝑁-k             

𝑛

𝑥=0

 

                  ⇒   
𝑘

𝑁
𝑛

1

𝐶𝑛−1
N-1

  ∑    Cx-1
k-1 Cn-x

𝑁-k            

𝑛

𝑥=0

 

                  ⇒   
nk

𝑁
   ∑    

𝐶x-1
k-1 Cn-x

𝑁-k

𝐶𝑛−1
N-1

            

𝑛

𝑥=0

 

                          
        let   n∗ = n-1            N∗ = N-1          k∗ = k-1           x∗ = x-1 
               n  =   n∗ + 1         N  =    N∗ + 1      k =  k∗ + 1          x  =   x∗ + 1  
                                                                                             x∗ + 1 = 0    ∴    x∗ = -1   

                   ⇒   
nk

𝑁
   ∑    

𝐶𝑥∗
𝑘∗  C𝑛∗-x∗

𝑁∗-k∗

𝐶𝑛∗
𝑁∗

             

𝑛∗+1

𝑥∗=-1

  x∗ = 0,1,2,....,n∗                    

                  ⇒   
nk

𝑁
   ∑    

𝐶𝑥∗
𝑘∗  C𝑛∗-x∗

𝑁∗-k∗

𝐶𝑛∗
𝑁∗

               ∴   

𝑛∗

𝑥∗=0

  ∑𝑝(𝑥)

𝑛

𝑥=0

= 1                                                 

         ∴     Ex =  
nk

𝑁
                     

 

Proof :- 24 

                                  var(𝑥) =
𝑟𝑘

𝑁
(1 −

𝑘

𝑁
) (

𝑁−𝑛

𝑁−1
) 

           var(𝑥) = 𝐸𝑥2 − (𝐸𝑥)2                    𝐸𝑥 =
𝑛𝑘

𝑁
 

                 
        

𝐸𝑥2 =∑𝑥2𝑝(𝑥)

𝑛

𝑥=0

              ⇒     ∑𝑥2 − 𝑥 + 𝑥  𝑝(𝑥)                

𝑛

𝑥=0

 

                   ⇒ ∑𝑥2 − 𝑥 𝑝(𝑥)  +∑𝑥 

𝑛

𝑥=0

 𝑝(𝑥)     

𝑛

𝑥=0
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                   ⇒ ∑𝑥(𝑥 − 1)
𝐶𝑥
𝑘𝐶𝑛−𝑥

𝑁−𝑘

𝐶𝑛𝑁
+   𝐸x          

𝑛

𝑥=0

       

                   ⇒
1

𝐶𝑛𝑁
∑𝑥(𝑥 − 1)

𝑘!

𝑥! (𝑘 − 𝑥)!
𝐶𝑛−𝑥
𝑁−𝑘 +   

𝑛𝑘

𝑁
                    

𝑛

𝑥=0

 

                   ⇒
1

𝑁!
𝑛! (𝑁 − 𝑛)!

∑𝑥(𝑥 − 1)
𝑘(𝑘 − 1)(𝑘 − 2)!

𝑥(𝑥 − 1)(𝑥 − 2)! (𝑘 − 𝑥)!
𝐶𝑛−𝑥
𝑁−𝑘 +   

𝑛𝑘

𝑁
                    

𝑛

𝑥=0

 

                   ⇒
1

𝑁(𝑁 − 1)(𝑁 − 2)!
𝑛(𝑛 − 1)(𝑛 − 2)! (𝑁 − 𝑛)!

∑
𝑘(𝑘 − 1)(𝑘 − 2)!

(𝑥 − 2)! (𝑘 − 𝑥)!
𝐶𝑛−𝑥
𝑁−𝑘 +   

𝑛𝑘

𝑁
                    

𝑛

𝑥=0

 

                   ⇒
𝑘(𝑘 − 1)

𝑁(𝑁 − 1)
𝑛(𝑛 − 1)

1

𝐶𝑛−2
𝑁−2∑𝐶𝑥−2

𝑘−2𝐶𝑛−𝑥
𝑁−𝑘 +   

𝑛𝑘

𝑁
                    

𝑛

𝑥=0

       

                   ⇒
𝑘(𝑘 − 1)𝑛(𝑛 − 1)

𝑁(𝑁 − 1)
∑

𝐶𝑥−2
𝑘−2𝐶𝑛−𝑥

𝑁−𝑘

𝐶𝑛−2
𝑁−2 +   

𝑛𝑘

𝑁
                    

𝑛

𝑥=0

 

  
                   
             let   n∗ = n-2            N∗ = N-2          k∗ = k-2           x∗ = x-2 
                    n  =   n∗ + 2         N  =    N∗ + 2      k =  k∗ + 2          x  =   x∗ + 2  
                                                                                                    x∗ + 2 = 0    ∴    x∗ = -2  

                   ⇒
𝑛𝑘(𝑘 − 1)(𝑛 − 1)

𝑁(𝑁 − 1)
∑

𝐶𝑥∗
𝑘∗𝐶 n∗−𝑥∗

𝑁∗−𝑘∗

𝐶𝑛
𝑁∗

+   
𝑛𝑘

𝑁
                    

 n∗

𝑥∗=0

 

                   ⇒
𝑛𝑘(𝑘 − 1)(𝑛 − 1)

𝑁(𝑁 − 1)
 +   

𝑛𝑘

𝑁
         ⇒     ∴     

𝑛𝑘(𝑘 − 1)(𝑛 − 1) + (𝑁 − 1)𝑛𝑘

𝑁(𝑁 − 1)
  

         ∴    Ex2  =   
𝑛𝑘(𝑛 − 1)(𝑘 − 1) + 𝑁𝑛𝑘 − 𝑛𝑘

𝑁(𝑁 − 1)
           

         𝑣ar(𝑥)  =   
𝑛𝑘(𝑛 − 1)(𝑘 − 1) + 𝑁𝑛𝑘 − 𝑛𝑘

𝑁(𝑁 − 1)
 - (

𝑛𝑘

𝑁
)
2

       

         𝑣ar(𝑥)  =   
𝑛2𝑘2 − 𝑛𝑘2 − 𝑛2𝑘 + 𝑛𝑘 + 𝑁𝑛𝑘 − 𝑛𝑘

𝑁(𝑁 − 1)
 -  
𝑛2𝑘2

𝑁2
          

                    =   
𝑁𝑛2𝑘2 −𝑁𝑛𝑘2 −𝑁𝑛2𝑘 + 𝑁𝑛𝑘 + 𝑁2𝑛𝑘 − 𝑁𝑛𝑘 − (𝑁 − 1)𝑛2𝑘2

𝑁2(𝑁 − 1)
         

                    =   
𝑁𝑛2𝑘2 −𝑁𝑛𝑘2 −𝑁𝑛2𝑘 + 𝑁𝑛𝑘 + 𝑁2𝑛𝑘 − 𝑁𝑛𝑘 − 𝑁𝑛2𝑘2 + 𝑛2𝑘2

𝑁2(𝑁 − 1)
   

                    =   
−𝑁𝑛𝑘2 −𝑁𝑛2𝑘 + 𝑁2𝑛𝑘 + 𝑛2𝑘2

𝑁.𝑁(𝑁 − 1)
             

⇒    
𝑛𝑘[−𝑁𝑘 − 𝑁𝑛 + 𝑁2 + 𝑛𝑘]

𝑁. 𝑁(𝑁 − 1)
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                      ⇒    
𝑛𝑘[−𝑁𝑘+𝑁2−𝑁𝑛+𝑛𝑘]

𝑁.𝑁(𝑁−1)
       ⇒    

𝑛𝑘[−𝑁(𝑘+𝑁)+𝑛(−𝑁+𝑘)]

𝑁.𝑁(𝑁−1)
 

                ⇒    
𝑛𝑘[𝑛(𝑘 − 𝑁) − 𝑁(𝑘 − 𝑁)]

𝑁.𝑁(𝑁 − 1)
        ⇒    

𝑛𝑘[𝑘 − 𝑁][𝑛 − 𝑁]

𝑁.𝑁(𝑁 − 1)
 

                 ⇒    
𝑛𝑘[−(𝑁 − 𝑘)][−(𝑁 − 𝑛)]

𝑁.𝑁(𝑁 − 1)
         ⇒    

𝑛𝑘(𝑁 − 𝑘)(𝑁 − 𝑛)

𝑁.𝑁(𝑁 − 1)
 

                  ⇒   
nk

𝑁
 
𝑁 − 𝑘

𝑁
 
N-n

N-1
 

      

     ∴       var(𝑥)  =  
nk

𝑁
 (1-

𝑘

𝑁
) (
𝑁 − 𝑛

𝑁 − 1
) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(34) : 𝐴𝑏𝑜𝑥𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠(20)𝑏𝑎𝑙𝑙𝑠[12𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠&8𝑤ℎ𝑖𝑡𝑒𝑏𝑎𝑙𝑙𝑠], 

𝑤𝑒𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑8𝑏𝑎𝑙𝑙𝑠𝑓𝑟𝑜𝑚𝑡ℎ𝑖𝑠𝑏𝑜𝑥𝑎𝑡𝑟𝑎𝑛𝑑𝑜𝑚𝑎𝑛𝑑𝑤𝑖𝑡ℎ𝑜𝑢𝑡𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡. (𝑙𝑒𝑡𝑥𝑛𝑜. 𝑜𝑓𝑎𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠) 
𝑓𝑖𝑛𝑑: 1)𝑝.𝑚. 𝑓𝑜𝑓𝑋. 2)𝑀𝑒𝑎𝑛&𝑉(𝑥).3)𝑃𝑟( 𝑥 ≥ 2).  
Solution  

1)Pmf ?N=20    

𝑃(x;N,k,𝑛) = {    
𝐶𝑥
𝑘  Cn-x

𝑁-k

𝐶𝑛
𝑁            𝑥 = 0,1,2, . . . . , 𝑛

  0                                    𝑜.𝑤
  

𝑃(x;N,k,𝑛) = {    
𝐶𝑥
8  C8-x

12

𝐶8
20            𝑥 = 0,1,2, . . . . ,8

  0                                    𝑜. 𝑤

 

2) E(x) & v(x)? 

E(x)=
𝑛𝑘

𝑁
=

8∗8

20
= 3.2 

  var(𝑥) =  
nk

𝑁
 (1-

𝑘

𝑁
) (
𝑁 − 𝑛

𝑁 − 1
) =

8 ∗ 8

20
(1 −

8

20
) (
20 − 8

20 − 1
) = 1.21 

3)P(x≥ 2) = 1 − 𝑃(𝑥 < 2) = 1 − (𝑃(0) + 𝑝(1)) = 1 − (
𝐶0
8  C8

12

𝐶8
20 +

𝐶1
8  C7

12

𝐶8
20 ) =

0.94577 
 

 

 

 

 

 

 

Solution  

 

1) The p.m.f of x & range of x? 

N=10  k=3   N-k=7   n=3 

(35) : (10) [3 &7 ],

3 , .

. 1) . . & . 2) .

Example A box contains lights bulbs are defective are non defective

if draw bulbs at random with out replacement and let x represent No of defective

bulbs in drawn sample find The p m f of X the range of X The pro

o int . 3) & var .

4)Pr(1 3), Pr(0 2), Pr( 4), Pr(2 3).

f each po in the range Mean iance of X

x x x x    =  

Example (18) 

Example (19) 
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𝑃(x;N,k,𝑛) = {    
𝐶𝑥
𝑘  Cn-x

𝑁-k

𝐶𝑛
𝑁            𝑥 = 0,1,2, . . . . , 𝑛

  0                                    𝑜.𝑤
  

𝑃(x;N,k,𝑛) = {    
𝐶𝑥
3  C3-x

7

𝐶3
10            𝑥 = 0,1,2,3

  0                                    𝑜. 𝑤

 

2) The probability each point? 

P(x=0)= 
𝐶0
3  C3

7

𝐶3
10 =

35

120
 

P(x=1)= 
𝑪𝟏
𝟑  C2

𝟕

𝑪𝟑
𝟏𝟎 =

𝟔𝟑

𝟏𝟐𝟎
 

P(x=2)= 
𝑪𝟐
𝟑  C1

𝟕

𝑪𝟑
𝟏𝟎 =

𝟐𝟏

1𝟐𝟎
 

P(x=3)= 
𝑪𝟑
𝟑  C0

𝟕

𝑪𝟑
𝟏𝟎 =

𝟏

𝟏𝟐𝟎
 

3) Mean and Var. of x? 

E(x) = E(x)=
𝒏𝒌

𝑵
=

𝟑∗𝟑

𝟏𝟎
=

𝟗

𝟏𝟎
 

  var(𝒙) =  
nk

𝑵
 (1-

𝒌

𝑵
) (
𝑵 − 𝒏

𝑵 − 𝟏
) =

𝟑 ∗ 𝟑

𝟏𝟎
(𝟏 −

𝟑

𝟏𝟎
) (
𝟏𝟎 − 𝟑

𝟏𝟎 − 𝟏
) =

𝟒𝟗

𝟏𝟎𝟎
 

 ≤ 𝟑) = 𝑷(𝒙 = 𝟐) + 𝒑(𝒙 = 𝟑) =
𝑪𝟐
𝟑  C1

𝟕

𝑪𝟑
𝟏𝟎 +

𝑪𝟑
𝟑  C0

𝟕

𝑪𝟑
𝟏𝟎 =

𝟐𝟐

𝟏𝟐𝟎
(1<xr4)P 

≤ 𝒙 < 𝟐) = 𝑷(𝒙 = 𝟎) + 𝒑(𝒙 = 𝟏) =
𝑪𝟎
𝟑  C3

𝟕

𝑪𝟑
𝟏𝟎 +

𝑪𝟏
𝟑  C2

𝟕

𝑪𝟑
𝟏𝟎 =

𝟗𝟖

𝟏𝟐𝟎
(0rP 

(x=4)= not have resulte because r bigger than n if used.rP 

≤ 𝒙 < 𝟑) = 𝑷(𝒙 = 𝟐) =
𝑪𝟐
𝟑  C1

𝟕

𝑪𝟑
𝟏𝟎 =

𝟐𝟏

𝟏𝟐𝟎
 (2rP 
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Exercise of Chapter Four 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(2) :- Let x~ D.U(7) 

                     Find 

                           

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(10) : 𝐼𝑓ℎ𝑎𝑠𝑎𝑀𝑥(𝑡) = (
1

3
+
2

3
𝑒𝑡)5 

𝐹𝑖𝑛𝑑; 
1)𝑡ℎ𝑒𝑝. 𝑑. 𝑓𝑜𝑓𝑋2)𝑀𝑒𝑎𝑛3)𝑉(𝑥)4)𝑃𝑟(𝑀 − 2𝜎 < 𝑋 < 𝑀 + 2𝜎) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(11) : 𝑙𝑒𝑡𝑋𝑏𝑒𝑎𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙𝑑𝑖𝑠𝑡𝑋~𝑏(7,
1

2
) 

𝐹𝑖𝑛𝑑: 1)𝑝. 𝑑. 𝑓𝑜𝑓𝑋2)𝑀𝑒𝑎𝑛&𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 
3)𝑇ℎ𝑒𝑀. 𝑔. 𝑓𝑜𝑓𝑋4)𝑃𝑟( 0 ≤ 𝑋 ≤ 1)5)𝑃𝑟(𝑋 = 5) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(16) : 𝑙𝑒𝑡𝑋~𝑏(𝑛, 𝑝), 𝑙𝑒𝑡𝑦 = 𝑛 − 𝑥 

𝑠ℎ𝑜𝑤𝑡ℎ𝑎𝑡: 
1)𝑦~𝑏(𝑛, 𝑞) 
2)𝑓𝑖𝑛𝑑 𝑐𝑜𝑣( 𝑥, 𝑛 − 𝑥) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒17 : 𝑙𝑒𝑡𝑥1, 𝑥2, 𝑥3𝑏𝑒𝑎𝑟𝑎𝑛𝑑𝑜𝑚𝑠𝑎𝑚𝑝𝑙𝑒𝑠𝑝𝑎𝑐𝑒3𝑎𝑛𝑑𝑖𝑠𝑚𝑢𝑡𝑢𝑎𝑙𝑙𝑦𝑖𝑛𝑑𝑒𝑝. 

ℎ𝑎𝑣𝑒𝑠𝑎𝑚𝑒𝑑𝑖𝑠𝑡. 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. [𝑐. 𝑑. 𝑓. 𝐹(𝑥)]𝑎𝑛𝑑, 
𝐿𝑒𝑡𝑦 = 𝑚𝑖𝑑𝑑𝑙𝑒𝑣𝑎𝑙𝑢𝑒𝑜𝑓𝑥1, 𝑥2, 𝑥3𝑙𝑒𝑡𝑋𝑖 ≤ 𝑦, 𝑖 = 1,2,3 

1) & ( )

2)Pr( )

3)Pr( )

4) & 2 3

x

x x

Mean Var x

x

x

Mean Variance of y x



   



−   +

= +

(3) : . . (8)

:1) . . 2) . . 3) & ( )

4)Pr( 4) 5)Pr( 3).

Example Let X be a r v with D U

Find p d f c d f Mean V x

x x

−

 

 

(4) : ~ . ( ) &

& tan

Example Let x D U n find the mean Var of

y a bx where a b are real cons t

−

= +

( )

1 2

3
8 : ~ ( );

4

1)Pr( )? 2) ( )?
r

Example Let x br

Find X p x   

−

   −

Exer. (1) 

Exer. (2) 

Exer. (3) 

Exer. (4) 

Exer. (5) 

Exer. (6) 

Exer. (7) 

Exer. (8) 
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𝑖𝑠𝑡ℎ𝑒𝑖 − 𝑡𝑛𝑡𝑟𝑖𝑎𝑙𝑜𝑓𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑖𝑛𝑑𝑝. 𝑑. 𝑓𝑜𝑓𝑦? 
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(18) : 𝑙𝑒𝑡𝑦~𝑏𝑖𝑛(𝑛,
1

4
), 𝑎𝑛𝑑 𝑃𝑟( 𝑦 ≥ 1) ≥ 0.70 

𝑓𝑖𝑛𝑑(𝑛)?. 
  

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(22) : 𝑙𝑒𝑡𝑋𝑏𝑒𝑎𝑟. 𝑣. ℎ𝑎𝑠𝑎𝑃𝑜𝑖𝑠𝑠𝑜𝑛𝑑𝑖𝑠𝑡. 𝑤𝑖𝑡ℎ𝜆 = 3 

𝐹𝑖𝑛𝑑: 𝑃𝑟( 𝑥 = 2), 𝑃𝑟( 𝑥 ≤ 3), 𝑃𝑟( 𝑥 ≥ 5), 𝑃𝑟( 4 ≤ 𝑥 ≤ 8) 
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(23) : 𝑙𝑒𝑡𝑋𝑏𝑒𝑎𝑟. 𝑣. , 𝑎𝑛𝑑𝑙𝑒𝑡𝑝.𝑚. 𝑓𝑓(𝑥)𝑏𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒𝑜𝑛𝑒𝑎𝑛𝑑 

𝑜𝑛𝑙𝑦𝑜𝑛𝑒𝑡ℎ𝑒𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡 𝑒 𝑔𝑒𝑟𝑠, 𝑔𝑖𝑣𝑒𝑛𝑡ℎ𝑎𝑡: 

𝑓(𝑥) =
4

𝑥
𝑓(𝑥 − 1)𝑥 = 1,2,3, . . . 

𝑓𝑖𝑛𝑑𝑓(𝑥). 
 
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(24) : 𝑙𝑒𝑡𝑋ℎ𝑎𝑣𝑒𝑎𝑝𝑜𝑖𝑠𝑠𝑜𝑛𝑑𝑖𝑠𝑡. 𝑤𝑖𝑡ℎ𝑀 = 100𝑐ℎ𝑦𝑏𝑦ℎ𝑒𝑣′𝑠𝑖𝑛𝑞𝑢𝑎𝑙𝑖𝑡𝑦 

𝑡𝑜𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛 𝑠 𝑖𝑠𝑎𝑙𝑜𝑤𝑒𝑟𝑏𝑜𝑢𝑛𝑑. 𝑓𝑖𝑛𝑑: 𝑃𝑟( 75 < 𝑥 < 125)?.  

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(27) : 𝑖𝑓𝑥ℎ𝑎𝑠𝑝𝑜𝑖𝑠𝑠𝑜𝑛𝑎𝑛 𝑃𝑟(𝑋 = 0) =
1

2
 

𝑤ℎ𝑎𝑡𝑖𝑠𝐸(𝑥)? 
 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(28) : 𝐿𝑒𝑡𝑥~𝑝(𝜆) 

𝑥 0 1 2 3 4 5 6 7
𝑝(𝑥) 50 160 130 90 66 4 0 0

 

𝐹𝑖𝑛𝑑1)𝐸(𝑥)2)𝑉(𝑥)3)𝑝.𝑚. 𝑓4)𝑀𝑥(𝑡) 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒(30) : 𝐿𝑒𝑡𝑋~𝐺(𝑝)𝑎𝑛𝑑 𝑃𝑟(𝑋 ≥ 2) = 0.25 

𝐹𝑖𝑛𝑑: 1)𝑝.𝑚. 𝑓𝑜𝑓𝑥. 
2)𝐸(𝑥)&𝑉(𝑥). 
3)𝑀𝑥(𝑡). 

 

 
 
 
 
 
 

(36) :5

(52) , . . . ( )

.

:1) . . . 2) . (4) .

3) ( .) . 4)

Example card are drawn without replacement from an ordinary

pack of cards if r v x represent the No of red diamond in drawn

sample k

Find The p m f of x The pro that cards are red

At more two red dia card Me & ( ).an Var of x

Exer. (9) 

Exer. (10) 

Exer. (11) 

Exer. (12) 

Exer. (13) 

Exer. (15) 

Exer. (16) 

Exer. (17) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒(37) : 𝐴𝑏𝑜𝑥𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠(20)𝑏𝑎𝑙𝑙𝑠[12𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠&8𝑤ℎ𝑖𝑡𝑒𝑏𝑎𝑙𝑙𝑠], 

𝑤𝑒𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑8𝑏𝑎𝑙𝑙𝑠𝑓𝑟𝑜𝑚𝑡ℎ𝑖𝑠𝑏𝑜𝑥𝑎𝑡𝑟𝑎𝑛𝑑𝑜𝑚𝑎𝑛𝑑𝑤𝑖𝑡ℎ𝑜𝑢𝑡𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡. 

𝐹𝑖𝑛𝑑𝑡ℎ𝑒𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦𝑜𝑓: 

1)𝑑𝑟𝑎𝑤𝑖𝑛𝑔𝑡ℎ𝑟𝑒𝑒𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

2)𝑎𝑡𝑙𝑒𝑎𝑠𝑡𝑡𝑤𝑜𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

3)𝑎𝑡𝑚𝑜𝑠𝑡𝑡𝑤𝑜𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

4)𝑙𝑒𝑠𝑠𝑡ℎ𝑎𝑛𝑡𝑤𝑜𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

5)𝑁𝑜𝑡𝑚𝑜𝑟𝑒𝑡ℎ𝑎𝑛𝑡𝑤𝑜𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

6)𝑚𝑜𝑟𝑒𝑡ℎ𝑎𝑛𝑓𝑜𝑢𝑟𝑟𝑒𝑑𝑏𝑎𝑙𝑙𝑠. 

 

 

  

Exer. (18) 
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