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4 —1 Discrete Uniform Distribution X~D.u(n)

A r.v is defined to have a discrete uniform Distribution. If p.m.f of x is given by:

P(x) ="

Oo.w

Where the parameter (n) is positive integer :

(0

P(X) |

1/n

N A R

Is p.m.f of uniform Dist.

* Properties of uniform Distribution.

1) If x has a uniform dist. Then the c.d.f of x F(x)

F(x) = Pr(X <x) =Y¥  P(x) = X¥o - =27 7777mmoooom-oocemooooooooog
0x < 1 o Important Note |
“1<x<2 i All the distributions have the !
“2<x<3 | condition i

FG=1.. : :

| 2 p)=1 |
T=1x2=n : i
n 1

2) Mean uniform Dist.
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n+1
E(x) =—-
n(n+1)
Note: »:2_ ” -
1 1 1 nn+1 n+1

E(x) :lep(x) = ;‘xzzz " x = k===

3) Variance of x.
Vi) — n?—1

> 12 (n+1)(2n+1)

nn+ n+
Note: ¥7_, x2 = -
E(Xz) :Z sz(x) _ Z,fxz 1 _ %Z?xz _1 N n(n+1)6(2n+1) _ (n+1)22n+1)
(2. 2_(n+1)(2n+1) _(n+1)\? _ (n+D)@n+1)  nP+2n+l

V(x) SEOO)-E() 2= 22 — (12) = i

2n?+n+2n+1  n?+2n+1 _ n?-1

6 4 12

4) The moment generating function (m.g.f) of uniform Dist.

MO 1 et(1—e™)
= — Xk
x n 1—et
) x _ r(1-r™)
Note: ). r ——1 .
_ytxl _ Ly ey _ 1, ef-e™)
Mxt—ze n Z(e ) 1—et

[Example(1)]:- Let x~ D.U (6)

Find E(x),V(x), M (t)

Solution
Thus p(x) :% n=6
1) E(x) =7
E(X) = n+l _ 641 _ 7

2 T 2
DV@V
V(X) _n 2-1 _ 62-1 _ 35

12 12
3) Mx(t)’7
M=t 5 £0=e™) 1 ef(1-e®)
n 1—-et 6 1-et

§>§>
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4 — 2 Bernoulli Distribution X ~ br(p)

In probability theory and Statistics, the Bernoulli distribution, named after Swiss
Scientist Jacob Bernoulli: is a discrete probability distribution, which takes value 1 with

success probability g = 1- p. So if X is a random variable with this distribution, we have

where parameter p is between Zero and On
P(x=1)=1-Pr(x =0)=1-g=p
This can also be expressed as

p(x;p)=p (L-p)~ =p g~
0 otherwise

The p.m.f of this distribution is

p if x =1
p(x;p)=91-p if x =0

0 otherwise
0O<P<1,PE€
X~br(p)

- I
1
o>p 0=( p>q
q
p
q P q P q p

X
\ 0 1 0 1 0 1 /

* Properties of Bernoulli Distribution.

N WP,
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Dc.d.f
Oforx <0

F(x) =<5qfor0 <x<1
p+q=1forl <x

P(X)
1 °
p
q [ o

2) Mean Bernoulli Dist.

EX)=pProof(4). (ceeerieeia e )

E() =p
E(x) = Z xp(x)

1
= 2 xpa-p*
x=0
1
— ZX px ql—x
x=0

= (0) p°g™ + @) p'g™
= 0 +p

E)=p

3)Variance of

N PP
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[VE) = palproof (5). Coveeeenvveeeeiiiieciccc, )
var(x) =pq
var(x) = Ex? — (Ex)?
Ex=p
Ex? = Z x% p(x)

1
2 X 41-Xx

:szq

x=0
02p° ¢ + (D*p'q'?

<

Q

=
”én T
= < o

var(x) =pq

4) The moment generating function (m.g.f) of uniform Dist.

M, (t) = q + pet PTOOF(6). (oeveeeeee e ) Hw

5) Mode ( Mo)

0g>p
x =10,1ifqg =p
lifq <p
6)a,"Skewnes"
q—p
A = —
v Pq
PTOOf (7). (oo ) Hw
a; = E(z—;”)s}Skewnes
7) «,"Kurtosis"
o _BP T —OP L 0F(8) (e, ) Hw

© p@-p)

N 2§»<§y
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_E(x -t
==

Kurtosis

Note:

u=

H1 = E(x)

po = E(x?*)
ps = E(x®)
pq = E(x*)

8 — Addition

n

,'  If x1, Xo,..., Xn are independent identically distributed
- (i.i.d) random variables.all Bernoulli distributed with success probability
~P. then

Y = Z Z,~Binomial(n,p)

x=1

1
Example (2) —Let x ~br (g)

Find ;
DE (x)

Solution

2V (x)

— _2
P= 1a=3 )
DEX)=p =7

1 2
2) V(X) =pg=; * 3
3) Mut=q + etp =

2
9

et

wilN ||

+

WK

Example (3) —Let x ~bl’(%);

Find 1)p.m.f
HM, (t)

2)F(x)
5)Kurtosis

Solution

-1 _1
P_z 4 =3

1) pmf?

///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

Example (2)

3IM, (1)

3)Mode

6)Skewnes

re
re
re
S
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71 X 1 1-x
=) G)  x= 0'1]
-0 0.w
2)cdf?
-0 x <0 (1) x<O0
F(x)=2(%)x(%)1_x0Sx<1 = |z O=sx<1
[ 1 x>1 %-l—%: 1 1<x
3) Mode x=0 and x=1 because p=q
4) Myt=> + e
5) Kurtosis
2 1 6 6 -2
2_ 6(=) —-6(z)+1 -—2+1 =
:azkurtosis _ 6p“—6p+1 — (2) . 1(2) —4 i+ _%: -2
N a 2
4P _ 21 _
6) Skweness o¢;= i~ i 0
2 2
1.1
a;skweness = 1°P_2 2 _ 0
VP4 1.1
2 2
1 1 1+e'
Example(4) - Let M (t)==+=¢e'or = ;
Find
Dp.mf 2)F (x) 3)Mode
4V (x) 5)Kurtosis ~ 6)Skewnes
Solution

1) p(x):[G )

0
2)cdf?
0

N
1

G)" == o]

1

2

o.w

x <0
1-x
) 0<x<1
x=>1

3) Mode x=0 and x=1 because p=q

4) V(x)?

V(X)=pq =
5) Kurtosis

N |-

*k

N |~
|



mailto:math3stat@gmail.com

/ math3stat@gmail.com Mathematical Statistics 2020-2021 \

1\2 /1 6 6 -2
. 6D%2—61+1 6|l-) —6(=)+1 —+1 —
=aykurtosis = i g (2) - 1(2) =42 =2 =2
pq —*= = =
22 4 4
6) Skweness
1 1
q9—pP 2 2
a;skweness = -2 2 _
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4 — 3 Binomial Distribution X ~Db(n,p)

In (n) trails, let the pr mm no. of an event occurring in each trials, be equal to (p),
and let all trials be independent. Then the density of the r.v. x (The number of occurrences
in (n) trials are:

In other words : The total number of success in (n) indep. Bernoulli trial is a r.v x
having a binomial dist. With probability . mass function . Is given by :

In other words : A r.v. X is said to have a binomial dist. If the p.d.f is given by :

Cip*q"*x=0,1,...,n

p(np) =PX =x) = {OO_W

Where (n) and (p) positive parameter, such that (0 <P <1).

n = No. of items of success in (n) trials.
n—x = No. of items of failure in (n) trials.

P = No. of success.

g = No. of failure.

* The properties of the Binomial dist.

De.d. f

(0x <0

q"0<x<1

npq" 11 <x <2 x

F(x) =Pr(X <x) = ynpq"* + cJp?q" 22 < x < 3 z Copiq™x = 0,1,2,...,n
. u=0

\In<x
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2) Mean Binomial Dist.

‘E(X) =NPPTroof(9). (cvvrrrrii i )

E(X) =np
E00 =2 000 = 2 Clp*a”

n-x

L n! «
X
- Z x!(n-x)! P-4

x=0
\ n(n _1)I X-1+1 o n-x
= X X(X-1)1(n - X)! a

% (n-l)' X1 n-x
npg(; (x-l)!(n-x)!p a

let
m=n-1 = n=m+1
y=x-1 = x=y+l1 = y+1=0 .. y=-1
m-y=n-1-(x-1)
=n-1-x+1
m-y=n-X

m+1

= np Y qmY y=0,1.2,..,m
y_zl y'(m y)'

oW
ply=-1)=0
ow(m+1)

n

= np>. CJ p’ g™ bylow(1l) > C} p* g™
=0

x=0

= np(p+q)"
= np@)"

E(X) =np

3)Variance of x

[V = npqlproof (10). (..o )

=(p+0q)"
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var(x) = npq
var(x) = Ex’ - (Ex)*
Ex=np

EX*=Yx'C'p'q” = Yx —x+x C'p'q™

= Zn:xz—x C pxq”‘x+2n:x Clp g™

n |
= 2 X(x-1) T P*g” + np

x!(n -x)!
n B n(n-1)(n-2)! 22
= 20 - P & TP
= -y A g

0 (x-2)!(n-x)!
let
m 2 = n=m+2
y=Xx-2 = X=y+2 = y+2=0 . y=-2
m n

) , 2 m! -
= n'p’—np° > ﬁquunp
= yl(m-y)!
= n'p’-np’Y. CI p’ g™+ np
= np’—np*(p+q)" + np
= n’p’—np’+ np
var(x) = n’p’ —np° + np-(np)’

= -np°+np
var(x) = np (1-p)
var(x) = npq
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4) The moment generating function (m.g.f) of uniform Dist.

M, (t) = (p + get)" Proof(11). (ovnereiii e ) HW
5)Addition
IfX~b(n,p)
Theny =
* 1 x; hasadist.isbinomial[y~b(},n,p)]
Proof(12). (coveveee ) HW

NNNNNNNNNNNNNANNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN

) [fhasaM(t) = C+3et)s

Example (5
Findthep.d. fof X&Mean&Varince
Solution
X 5—x
1) p(x)=C2 (g) @ x=012,34,5

=0 0.W
2)E(x)np=5*= =2
1

IV(X)=Npg=s %7+ 5 = =

Example (6) 2tX~b(n,p)showthat
4

DEG) = p2)EC - p)* =5

n
Solution
DER) =p
_E@) _np _
—==—=

X rq
E(—-p)* ==
_E(x-np)?> _ E(x?)-2npE(x)+n?p?
 n2? B n2 n2 nz2 n

_ v(x)(E(x?)-2npsnp+n?p?) _ npq _ pq

Example (7) 2tybethenumberofsuccessin(n)indep.
exp e rimenthavingpro. of success

2
P = §,i]"n =3find: Pr(2 <y);ifn=5find: Pr(3 <y)
Solution

29
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P=2,if n=3 find p(2 < y):if n =5 find p(3 <)

=)' (Q) y-012:
=0 o.W

P2 =r@+p® =G () () +a@) () =%

Po)=cs (2) (2) y=012345
=0 0.W

Py23) =p@) +p® +p® =3 (2 (3) +c (D) (@) -

cs(5) (5) =07

. 1
Example (8) fy~bin(n,3),andlet Pr(y 2 1) = 0.80

find(n)?.
Solution
Po)=cz(2) () x=01..n

=0 0.W
Py=1)=1-py<D=1-p(0)=1-Cy G)O @n-o —
08 enusp () (" =02 2= =396~ 4

Example (9) fX~bin(2,p),andy~b(4,p)

5
if Pr(x=21) = §find Pr(y = 1).
Solution

P(X)= Cz(p)*(q)*~*
perzD=1-psD = 2 -

_, 5 |4 2 o1
S B [T P
_ 1\Y [2\*7Y
PW)=¢5 (5) (3)
1 0 2 2—0 65
Thuspy=1) =1-p(0) =1-Cy (5) (5) ~ 81
4 — 4 The Poisson Distribution X~ P@)

O »1

5
=1-{GGP°W@> %= -=p0-¢)pxz1)=q°
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Is the limiting form of the binomial dist., when n —oo and P—0. So that (np) is finite
quantity such as (1) in general if n>50 and A <5 it can be taken to be a case of Poisson
dist. such event are know as are events .

Applications :

1 — Number of deaths from a disease such as heart. attack

2 - The number of defective material per packing manufactured.
3 —arrivals at a service counter.

4 — The number of rail road accidents in same unit of time.

Definition : A r.v. x is defined to have a Poisson dist. if the p.m.f of X given by:

e~ X —01
PT(X;A)=PT(X=x)={T:x— 1.
0o.w

Where the parameter (1 > 0) is a constant integer of fun. of any positive real number R*

[A=np]

Remark : Poisson : n large & p small
Binomial : nsmall & p large

A
/o) N
3
2.5
2
1.5
X
05 ¢ I ? o
1 2 3 4 5 6 7 8

\_

§>§>



mailto:math3stat@gmail.com

/ math3stat@gmail.com Mathematical Statistics 2020-2021 \

* Properties of a Poisson Dist. X ~P()
1)Thec.d. fofX~P (1)

(0x<0
= e
F(x)=Pr(X<x)= 2 ” x=012,...,00r0 < x <

u=0
1x - o©

2) Mean Poisson Dist.

|E(X) = APTroof(13). (cevrrieieii e )

E(x)=4

0

B() = ) ()

5=0
R
= X
x!
o0

x=0
Ax—1+1
— oA
—¢ Z X x(x—1)!
x=0
_ e—/‘L lx_lﬂl
—1)!
=1 (x—1)! )
x—1 x
- e"l)lz A by low(12) Zr— —er
(x—1)! x!
x=0 x=0
=e et
E(x) =21
3)Variance of x
V(X) = AProof (14). (cvoeevveniieiiieccee e, )

var(x) = 4
var(x) = Ex? — (Ex)?
Ex=21

Ex? = Z x2p(x)

x=0
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o0

5 e )*
= xX“—x+x
x!
x=0, o
Alx Alx
= QxS Qe
x=0

d e~ Ayx- 2+2
D)+
=z Z"(X )x(x D=2
x=0
i Ax—z
)2 A
> e x—2)! +
x=0
= e 2et+2
= 22 +2
wovar(x) =A% 41— 22
~ var(x) =

4) The moment generating function (m.g.f) of uniform Dist.

M, (t) = e?e'-D PIOOF(15). (oveeeeereeeee e, Y H.W

5)Theadditivepropertyoraddition
letx,, xq,...,x,beapoissondist. withA,, A4,..., A,andx'sareindep.Then
n

y = x1 + x,+... +x,hasapoissondist. P, (z A)
i=1

Example (10) 2tX~P (1), andM,(t) = e*©"~D
Find:Pr(M — 20 <x <M+ 20)?

Solution

E(xX)=24=4 andv(X)=1=4
P(4-2*2<x<4+2*2)=P(0<x<8)=
P(0)+p(1)+p(2)+p(3)+p(4)+p(5)+p(6)+p(7)+p(8)

Example (11) 2t Pr(x =1) = 2Pr(x = 2)X~P(A)Find Pr(x = 4)

QUIULIVII

~241 o= -2

PO=1) =S8 = de? P(x=2)= o = 2

But p(x= 1) 2P(x 2)
) /'12 -1
—_ _ —_ _ 2 f— — - = —

Ae™" = /12 :>—/1 A OE>/1(1 A)=0A1=00ri=1
w14 4 4
Thus p(x=4) = £ A —1'*8_)“:%*6_1—0015

Example (12) ~p01(/1)andlet Pr(X=1)>=0.99

)
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Find: thevalueofAdandwritep.d. fof X.
Solution

Px>1)=1-P(x<1)=1-P(x =0) = 0.99 thus P(x=0)=1-0.99=0.01
e~240

——=001thuse™ =001 lne™ = n0.01%—-1=-46 1=46

8_4'6(4.6)x
p(x) = X! * =01, 00
0 0w

Example (13) 2txibear.v.withP(4)

x,beanotherr.v.withP(3)andx;, x,beStoc. indep.

lety = x; + x,
find1)Thep.m. fofy.2)Themeanand var i anceofy.3)Them. g. fofy. Solution
1)find pmf of y?

x,~P(4) x,~P(3)
Y~po(A) =~ y~P(4 + 3) . y~P(7)

e 77V
() = |7y y =120
0 o.w
2 E(Y)=A=7 and V(y)=A1=7

3)the m.g.f of y?
Mxt:e}t(et—l) — e7(et—1)

4 — 5 Geometric Dist. X~ G(p)

Independent Bernoulli trial are performed until the first success appears, define X be
the No. of trials needed to get the first success, then a r.v. x is defined to have Geometric

Dist. If the p.m.f of x given by :

pq*x =0,1,2,...
P(x) = P(x,p) =

0o.w

Where the parameter (p) satisfies (0 <P < 1)

X : No. of failed trials before getting the success trial.

p(X=1)=S5=
p(X=2)=fS=qp
p(X=3)=ffS=q°p
p(X=4)=fffS=q°p
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p(X = x) = ff...FSX~G(p)

* Properties of Geometric Dist.

1)Thec.d. fofX~G(p)

(Ox <0

X
F(x)=Pr(X<x) = qux=1—qx+10Sx<oo
I

u=0
klx —
2) Mean Poisson Dist.
EX) = % PTOOF(16). (evrveeeeee i )

PIGOI16
EQ) =7

00

B() = ) w() =
x=0OO

= p Z qu—1+1
x=0

= pq Z xq*!
x0=00
x=0 o
a x
= Pq —Z q
aq x=0

= d 1
PAd 5, 15

Z xpq”

x=0

=

(1-q)?
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3)Variance of x

PTroof(17). (oeeeeee )
q
var(x) = 02
var(x) = Ex? — (Ex)? Ex = %
Ex? = szp(x)
:>Zx2—x+xp(x) = sz—xp(x)+ pr(x)
Jg.fO x=0OO x=0
:>Zx(x—1)pqx+E(x) = pr(x—l)qx 1
— - p
x=0 x=0
x-242 4 4
=>pr()€— Dgq + -
— p
x—OOO
2 x—2 q a X x—1
= pq Zx(x—l)q + 359 = X4
x=0
— 92 92
2 _ -2
Pq % x }_9 320 * =x(x-1)q*
x=0 w
0?2 q
2_— X £
P57 ), T+
) x—O1 q
0
2~ _ - 41
pd aazq 1 1q+p
q
= pg’o— +-
aaq A1-q? p
q
=pgi— 1-q)7?+-
r ( ) > q
=>pq*(-2) A-)>.(-1)+ .
2pq®* q 2pq* q
= - — +=
1-9 P 4 4
2
Ex? = iz +1
p 2 P 2 2 2
29° q q° 29°+pq—q
var(x) =— +——— =
(x) 2 2 p  p? p?
q° +pq q(q +p) ) . q
= > = — = . Var(x) ==
p p p
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4) The moment generating function (m.g.f) of uniform Dist.

M, (t) = 1—qu PTOOF(L8). (oo, ) HW

Example (14) etX~G (i)
Find: 1)p.m. fofx.2)E(x).3)M,(t).

Solution
1)pmf of x?
X —
P(x: 1 Pq x=0,1,2,....
(x:p) {9 -
1/(3
0 0.w
2)E(x)?
3

E(x):% =4=3
2)V(x)?

3
V(x):% i =12

Example (15) etX~G(p)and Pr(X = 1) = 2 findP (x)?
SOIuUtion

Xx~G(p) P(x=1)= g find p(x)?

=P(x=>1)=1-P(x< 1):1_(p(0))=§
5 1
1'(0I°|0)=g|:{> p=-
Thus
1
_ p _ G
MX(t) - 1_qet - 1_§et
6
1 5 B
p(x) = g*g x=012,...,00
0 0.W
4 — 6 Negative Binomial Distribution N.b(r,p)
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Independent Bernoulli trials are performed until (r) success, appear, Define the r.v. x
is the number of failure trials before getting the r-th success trial, then a r.v. x is defined to

have (N.B) if the p.d.f of x given by:

CXt1pTq*,x = 0,1,2,...
P(x) =
0o.w

Where the parameters (r & p) satisfy r=1,2,... 0<p<I
x: No. of failure trials before getting the r-th success .

r: No. of successes case .

Ifx =0- Pr(x =0) = {sss...5}

x=1->Pr(x=1)={fsss...s}

x=2-Pr(x=2)={ffsss...s}
* Properties of N.B. dist.

Let X be a r.v. have (N.B). Then

DThecd.f of N.B dist.:
(0 X <0

F(x)=Pr(X =x)=3 p"' 2 C g x =0,1,...

1 X —o0
2) The mean of X : i
E(x) _ prodal D consrsnnsnnnnsnss)
p
EQ) =-1

[ee] 0

B = ) ap() = ) xCFTpq
x=0

x=0

But = [CF*!=(-1)"C"]

= prz x(=D*CG:Tq”
x=0
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OO

- —r(—=r—1)!
ip; x=—D!(—r—
RN (—=r — 1!
= rap Z =Dl (=1 —%)!

= rgp Z C (=P ()"
y:
=rqp"(p)7 "

r
Ex=—q

p
3)The variance of X :
" Vit )= 7(1

p’

var(x) = ;—Z

var(x) = ;—Z

var(x) = Ex? — (Ex)? Ex =—

o0

Ex? = z x2p(x)
x=0

> Z x(x— DCX" p"g* + Ex

=>p" sz "—p*=p" z m( q)*

—r(—=r—1)! 1t
atd z x(x =D (—r— x)!(_q) "

po ) (="
(—)* ()7

(-r— D! x— —r—x
= rgp Z i O

let =-r-1 y =x-1 m-y = -r-1-(x-1)
X = y-|-1 = -rX
y+1=0 .y=-1
= rgp” Z e @

=>rqp"(1—q)™

= rqp'pp7!

Proof (20).(ceeeeeee e

> sz—x+xp(x) =>Zx2—xp(x)+2x p(x)
x=0 x=0 x=0

But [CF*! = (—=1)*C;"]
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T
N prz x(x = D(=1)*C;Tq” + ?q
x=0

T N - rq
> p Zx(x—l)cm—q)u -

|
= pr Zx(x—l)ﬁ( o+

—r(—=r—1)(—r —2)! . rq
4 Z’“x‘“ e 0T

(—=r—=2)! rq
=>p"¢*r(r+1 -2+ —
p q-r( );:0("_2)!(_’”_")!( q) >
let m=-r-2 y = x-2 m-y = -r-2-x + 2 m-y = -r-X

= pTgA(r? +7) Z CaP@m+

ow p(-1land- 2)

o]

'(m !

_ rq
:>T2 2_|_ Cm_ylmy+_
P r);y<q><> .
= r’p"q* +rp"q* (1-9™ + % = (r*p’q® +rpTg?) ()T + %
= (r*pq*+71p g pTi + %q
= 7'2 pr—r—Z q2 + r pr—r—z q2 + E
T'qp
= r? P q + rp q + ?
q 2 2 T'q
re (=
O @y
_ 2 (1 4 M_ (M
Var(x)—rzp) +r(p) + > (p)
= rq—z + 1 = g+ 1]
p s P plp
q[q+p q . _n
= r E[T] = r E 5] = .~ var(x) = 2
NThe mgfof X
Proof (21).( o)
HW
6) Additive Property
Let X1, X2, ..., xn be a r.v. and indep. such that
DX . ~N.BQr,,p), 1=12..n
Proof (22).(...cccceevveieeeiiiiiee e, ) Hw

)
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Remark : If in negative Binomial. Dist. r = 1, then the N.B. density specializes to the
geometric

P(x)=C* p" q* x=01,.
where r=1

P(x)=C; pq* =pq*

Example (16) etX~N.B(6,0.4),thenfind.:

Dp(x).
2)Mean&Varofx.
3)Them.g. fofx.
| 4)Pr(x = 1).
Solution
1P(x)?
P(x):{ il prgt x=012,....
0 0.wW
CXT (0.4)° (0.6)" x=01.2,....
PX)=10
0.W
2)mean and var of x?
E(X):ﬂ _ 6x(0.6) _ 9
p 0.4
_rq _ 6x(0.6) _
V(x)= = 0w 22.5

r _ 6
3)l\/l)(t:(l—lc)let) - (1—%2&)
Mp(x=21)=1-px<1)=1—-px=0)=1-][C3 (0.4)°(0.6)°] =

0.996

Example (17) etX;~N.B(7,0.5)andX,~N.B(5,0.5)and

y =x1 + x,find: 1)Thedist.of y, andwritethep.d. fofy.
2)Mean&varo fy.
Solution

XiNB(7,0.5),x,~NB(5,0.5) y =x; + x,
1)Dist y pdf?
Solve/ y~NB(12,0.5)

§>§>
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y+r-1 r .x _
P(y):{ Cy™ pq x =0,1,2,..
0 11 12 A ex 0.w
(Yt 05205 =0,1,2,..
PO)={ & Y
0 0.W
2)E(y) & V(y)?
E()=Rd = 203 _ 4
p 0.5
_1q _ 12x(05) _
V(x)= = o2 = 24

4 —7 The Hyper Geometric Dist.  X~H.G(N,k,n)

Suppose that (n) objects are to be dram at random, one at time from a collection of
(N) objects (k) of one kind and (N — k ) of another kind. The one kind of objects will be
thought of as a ((success)) and coded (1) : the other kind is coded (0); thenar.v. x is
defined to have a hyper geometric dist. if the p.m.f of x given by :-

P(X)=P(X;N,k,n)={ Ci

Where N,k,n are parameter such that N >n, N >k and N, k, n are all positive integer
X ~H.G(N, k, n).

* Remark : k _
X=a a+1 .. b If k<X —»C =0
a = max(0,n — (N - k)) N -k <n -0
b =min(n, k)

* Properties of H.G Dist.

Ox <0
ckeN-k
X ubn-u _
U=0" N x=01,...,n
n

DF(x) =Pr(X <x) = {

1x > n

2)Themean:

E(x) = k(%)proof(ZS). oo )
3)The var(x)

N »»)(%
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~

nk k. N—n
V() =5 (1= D (—)proof (24). (.

4)Them. g. fof Xnotexist.

Proof :- 23

..................................... )

. _ nk
() =
n Ck CNk
B@) = ) () = Z =
x=0
1 k!
o N-k
v Z ¥ k)l
= ) |
= ; Z x k— N-k
N! x(x-1)! (k-x)!
n!(N-n)! *=°
R 1 k(k—1)! Nk
N(N —1)! x-D! (kx)! "
n(n-1)T(N-n)! *=°
n
k 1
k-1 ~N-k
= WCN'l Cx 1 ng
— =1 %0
n n
nk Gt O
= N cN-1
x=0 n-1
let n* =n-1 N* = N-1 k* = k-1 x* =x-1
n = n"+1 N = N4+1 k=k"+1 x = x"+1
x*+1=0 x*=-1
TL*+1 * * 1%
nk Ck* CN* k*
- X Z x ' x* = 0,1,2,..0"
N CcN
x**=_1 n
n * * 1,% n
nk CQIC(* C.rl\l,*_)]({*
= m Z CTIZQ* Zp(x) =1
x*=0 x=0
Ex — nk
TN
Proofis 24
rk k N—n
var() =3 (1-3) G5)
nk
var(x) = Ex? — (Ex)? Ex = mn

n

Ex? = szp(x)
:Ex —xp(x) +Zx p(x)

= Zx —x+x p(x)
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CkCN k
:>Zx(x—1) %
nk

1 k! Nk
§Zx(x— 1) (k= )|Cnx+ N

x=0
n

. 1 Zx(x—l) k(k—D)(k=2)! oy, Tk

N! x(x—D(x—=2)(k—x)! ™~ N
nl (N —n)! *=°
1 S k(k—1)(k—2)! . nk
7T N - DN =2)! (x—Z)!(k—x)!Crly_’g(-l_ N

nn—1(n-— 2)'(N n)! *=0

L k-1 1 ch sonk . Mk

"NIN-D V2
nn-—1)
k(k — Dn(n — 1) s Ck2¢N-F  nk
NN-1) 4o Y
let n* =n-2 N* = N-2 k* = k-2 X" =x-2
n = n"+2 N = N+4+2 k=k"+2 X = X" +2

x*+2=0 «~ x*=-2
nk(k —1)(n—1) ~x~ CKcN-K ,
NN-1) L o N

nk(k—l)(n—l)x_ nk - nk(k—1)(n—1) + (N - Dnk
NN-T) N T ° N(N — 1)
nk(n—1)(k—1) + Nnk — nk
Ex?
N(N — 1)
nk(n—1)(k — 1) + Nnk —nk  mk\’
vart) = NV —1) (%)
_ n?k? —nk? —n’k +nk + Nnk —nk  n®k?
var(x) = NV = 1) Nz
_ Nn?k? — Nnk? — Nn’k + Nnk + N?nk — Nnk — (N — 1)n*k?
B N2(N —1)
Nn?k? — Nnk? — Nn?k + Nnk + N*nk — Nnk — Nn?k? + n%k?
B N2(N —1)
—Nnk? — Nn?k + N?nk + n?k?
B N.N(N — 1)
nk[—-Nk — Nn + N2 + nk]
B N.N(N —1)
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nk[-Nk+N2—Nn+nk| N nk[-N(k+N)+n(—N+k)]
N.N(N-1) N.N(N-1)

nk[n(k —N) — N(k — N)] R nk[k — N][n — N]
N.N(N —-1) N.N(N —1)

nk[—(N — K)][-(N —n)] R nk(N —k)(N —n)
N.N(N—-1) N.N(N —1)

nk N — k N-n

N N N-1

i = 7 (1) (=)

Example (18) boxcontains(20)balls[12redballs&8whiteballs],

wesetectewovunsfromthisboxatrandomandwithoutreplacement. (letxno. of aredbal
find: Dp.m. fofX.2)Mean&V (x).3) Pr(x = 2).

Solution
1)Pmf 2N=20
ck o _
POGNkR) = { G
0 0.wW
CE C% ~
P(X;N,k,n) — T X = 0,1,2,....,8
0 o.wW

2) E(X) & v(x)?
E()=mk = 22— 37

N 20

(x) = nk (1 k)(N—n>_8*8(1 8)(20—8)_121
VaRw = v ') \W=1) " 20 20/\20-1) ~ 7"
cg c cd C

IPx=2)=1-P(x<2)=1—-(PO)+p(1)=1—( chog + 168207 =
0.94577

Example (19) box contains (10) lights bulbs [3 are defective &7are non defective ],

if draw 3bulbs at random with out replacement, and let x represent. No of defective
bulbs in drawn sample.find 1)The p.m.f of X &the range of X . 2)The pro.

of each pointin the range. 3)Mean & variance of X .

4P <3), Pr(0 < x <2), Pr(x =4), Pr(2 <x <3).

1) The p.m.f of x & range of x?
N=10 k=3 N-k=7 n=3

Vs)

N »»)@
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cf O
P(xNkn) =] —ai x=012,....,n
0 0.wW
C3 Cix
P(Nkn) =4 ~¢io x=0123
0 0.wW

2) The probability each point?

POx=0)= L = 5
P(x=1)= Ciggz - 16230
P(x=2)= C%%S? - 12210
P(x=3)= Ciggg - 1;0

3) Mean and Var. of x?

k 3%3 9
£ = B0 = 55 = 73

var () — n_k(l-f)(N_")=3*3(1 3>(10—3)= 49

N N/\N -1 10 - 10/\10 -1 100
c3c] 3l 22
HP(1<x<3)=Px=2)+p(x=3) =5 +—"15 =
cl cl 120
c3cl ¢3c] o8
P(0£x<2)=Px=0)+px=1) = 2%03 + 2%02 =—
Pr(x=4)= not have resulte because r bigger than n if used.
¢ cl 21
P2<x<3)=Px=2)= i‘%"l =0
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Exercise of Chapter Four

Exer. (1) tx~D.U(@)
|_|||d

1)Mean &Var (x)

2)Pr(x >u,)

Pr(u—o,<x <u+o,)
4)Mean &V ariance of y =2+3x

 Exer. (2) i—Let X be arv with D.U (8)

Find:1) pd.f 2)cd f 3)Mean &V (x)
4)Pr(x <4)  5)Pr(x >3).

Exer.(3) -Let x ~DU (n)find the mean &Var of

y =a-+bx [where a &b are real cons tant |

Exer. (4) ‘:—Let X ~br(g);

Find 1)Pr(X <a,)? 2p, (<X <pu-a)?

i m— (5‘)" 'I]ThasaM () = (—+ e'f)5

1)thep d.fofX2)Mean3)V(x)4) Pr(M — 20 < X < M + 20)

Exer. (6) letXbeabinomialdistX~b(7, %)

Find: 1)p.d. fofX2)Mean&Variance
3)TheM.g.fofX4) Pr(0 <X <1)5)Pr(X =5)

Exer.(7) letX~b(n,p),lety =n—x

showthat:

Dy~b(n,q)
2)find cov(x,n — x)

Exer. (8) txy, Xz, x3bearandomsamplespace3andismutuallyindep.

havesamedist. function.|[c.d. f.F(x)]and,
Lety = middlevalueofx,x,, x3letX; <y,i =1,2,3

N »»)(%
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isthei — tntrialofsuccessfindp.d. fofy?

. 1
Exer. (9) lety~bin(n,,),and Pr(y =2 1) =2 0.70
find(n)?.

Exer. (10) letXbear.v.hasaPoissondist.withA =3
Find: Pr(x = 2),Pr(x <3),Pr(x =25),Pr(4 <x <8)

Exer. (11) letXbear.v.,andletp.m.ff(x)bepositiveoneand
onlyonethenonnegative int e gers, giventhat:

fx) = %f(x - Dx=123,...
findf (x).

Exer. (12) letXhaveapoissondist.withM = 100chybyhev'sinquality

todeter min s isalowerbound. find: Pr(75 < x < 125)?.

Exer. (13) ifxhaspoissonan Pr(X = 0) =

whatisE (x)?

N |-

~

Exer. (15) Letx~p(2)

x 0 1 2 3 4 5 6
0

7
p(x) 50 160 130 90 66 4 0

Find1)E(x)2)V(x)3)p.m. f4)M,.(t)

Exer. (16) LetX~G(p)and Pr(X =2) =0.25
Find:1)p.m. fofx.
2)E(x)&V (x).
3)M,.(t).

Exer.(17)  :5card are drawn without replacement from an ordinary

pack of (52)cards,if rv.x represent the No.of red (diamond) in drawn
sample k.
Find :1)The p.m.f of x. 2)The pro.that (4) cards are red .
| SO
\_  3)At more two red (dia.)card. 4)Mean &Var of (x). )
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Exer. (18) oxcontains(20)balls[12redballs&8whiteballs],

weselected8ballsfromthisboxatrandomandwithoutreplacement.
Findtheprobabilityof:

1)drawingthreeredballs.

2)atleasttworedballs.

3)atmosttworedballs.

4)lessthantworedballs.

5)Notmorethantworedballs.

6)morethanfourredballs.
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Name.' ......................................................................... 3'-’ ID Exam
Code & Grou Monthly Exam Sub.: Mathematical Statistics
- Chapter (4) Date:- 5 — 5- 2011
Department of Statistics e Ol ek
Ql) Let x ~b7’(1,p) show that a = a_P ,Q, ="Skewnes " 25 Marks \

Let x ~H G(28,n,k)
: 2
Q) knowing that E(x)=1 and V (x )= o

Find n,k?

Q) Letx ~bin(n,p) and;

A (O] L | 2
14 2 | 2 |1

Find 1) My()?  2) p(x>2) 3) pdx<v(x))

Q) :If
DM (1) =4(25-30e" +9e*)"
4 2
2IM L (t)=(———
) xZ() (l_2et +e2t)
2-2" . _
(M, ,¢t)=(—=)"
e’ —e
Find:

1) p.m.f for each of them.

2) E(x;). E(x). E(x3).
2) V(x1). V(x3). V(x3).

Dler Hussein Kadir
The examiner

.............................................................................................................

.............................................................................................................

.............................................................................................................

% f % 05‘;&5 _of zuc[

25 Marks >

25 Marks >

25 Marks

100
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