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Chapter One 

      This chapter reviews the basic ideas you need to start calculus. 

A- Classifing the number 

1- N = { 1,2,3,…} is called  a set of Natural numbers and denoted by N . 

2- Z= { 1,2,3,…} { 0} { -1,-2,-3,…} is called  a set of Integer numbers and denoted by (Z) .  

3- Q={a/b; a,bZ and b≠0} is called a set of rational numbers and denoted by Q. 

4- Irrational number (Irr) : A number can not be  written as form a/b where a,bZ is called 

irrational number sush as √2 , √5 ,e, π . The set of all irrational numbers denoted by Irr  . 

5- R=Q Irr  is called  a set of Real numbers and denoted by R . 

6-  C={a+b i; a,bR and 𝑖2 = −1} is called a a set of Complex numbers and denoted by C .   

Order properties: The order properties allow us to compare the size to any real numbers .   

The order properties are: 

(1)  For any a and b , either a≤b or b≤a 

(2)  If a≤b and b≤a  then a=b 

(3)  If a≤b and b≤c  then a≤c 

(4)  If a≤b then a+c≤b+c 

(5)  If a≤b  and 0≤c then ac≤bc 

(6)  If a≤b  and c<0 then ac ≥ bc  

(7)   a<b  a+c<b+c and a-c<b-c for every real number c  

(8)   a<b and c >0 ac<bc 

(10) If a<b  and c<0 then ac > bc 

(11)  If a and b are both positive or both negative , then  

(i) if a<b , then 1/b<1/a   (ii) a<x<b , then 1/b<1/x< 1/a    

 



 

 
 

 

We next see that our new notion of exponentiation satisfies certain familiar rules. 

Theorem : If a,d>0 and a,b,c,d R then  

(1)  ab+c = ab ac                               ( 2)    ab-c = ab/ac              (3)          (ab)c = abc 

(4)  ab=d if and only if a=d1/b  (provided b≠0)                       (5)         (ad)c=ac dc  

Notation                                           Set description                             

------------                                         ----------------------              

(a,b)                                                   {x: a<x<b}                          

[a,b]                                                   {x: a≤x≤b}                           

[a,b)                                                   {x: a≤x<b}                          

(a,b]                                                   {x: a<x≤b}                            

(a,∞)                                                  {x: a<x }                               

(−∞,b)                                               {x: x<b}                               

[a,∞)                                                  {x: a≤x }                              

(−∞,b]                                               {x: x≤b}                               

Absolute value : The  absolute value  of a number x, denoted by |𝑥|, is defined by the formula 

|𝑥|=x if x≥0    

|𝑥|=-x if x<0  
 

Remark: If a any positive real number, then :  

(1) |𝑥|=a if and only if  x=a or x=-a 

(2)  |𝑥|<a if and only if –a<x<a 

(3) |𝑥|≤a if and only if –a≤x≤a  

(4)  |x|>a if and only if x>a or –x>a  

(5) |𝑥|≥a if and only if x≥a or –x≥a 

(6) √𝑎2  =|𝑎| , for every real number a  

 

Theorem : if x,yR , then show that  

(i) |𝑥|2=x2 



 

 
 

(ii) |𝑥𝑦|=|𝑥||𝑦| 

(iii) |𝑥/𝑦|=|𝑥|/|𝑦| 

Proof : (i) If x≥0 then |𝑥|=x thus |𝑥|2=x2 . 

If x<0 then |𝑥|=-x thus |𝑥|2=x2 . In both case we get |𝑥|2=x2 

(ii)|𝑥𝑦|2=(xy)2=x2 y2=|𝑥|2 |𝑦|2=(|𝑥| |𝑦|)2 we take square root of both sides we get |𝑥𝑦|=|𝑥||𝑦|  

(iii) |𝑥/𝑦|2=(x/y)2=x2/ y2= |𝑥|2 /|𝑦|2=(|𝑥|/ |𝑦|)2 we take square root of both sides we get    

|𝑥/𝑦|=|𝑥|/|𝑦|  

Theorem : For all real numbers x,y show that  

(i) |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|                                (ii) |𝑥 − 𝑦|  ≥ ||𝑥| − |𝑦|| 

Proof: (i) |𝑥 + 𝑦|2=(x+y)2=x2+y2+2xy≤ |x|2 + |x|2 + 2|𝑥||𝑦|=(|𝑥| + |𝑦|)2. 

Since |𝑥 + 𝑦| and |𝑥|+|𝑦| are both non negative numbers, so we take square root of booth sides 

we get  |𝑥 + 𝑦| ≤ |𝑥| + |𝑦| 

(ii) |𝑥 − 𝑦|2=(x-y)2=x2+y2-2xy≥ |x|2 + |x|2 − 2|𝑥||𝑦|=(|𝑥| − |𝑦|)2                                                                                     

we take square root of both sides we get |𝑥 − 𝑦|≥||𝑥| − |𝑦||. 

Example(1): Solve the equalion |𝑥 − 3|=2 

Solution:  |𝑥 − 3|=2   x-3=2 or -(x-3)=2     x=5 or x=1  S={5,1}. 

Example(2): Solve the equation |9𝑥| − 11=x 

Solution: |9𝑥| − 11=x  9x-11=x or -9x-11=x   8x=11 or -10x=11 

x=11/8 or x=-11/10   S={11/8 , -11/10}. 

Example(3): Solve the inequality |𝑥 − 3|> 4 

Solution: |𝑥 − 3|> 4  x-3>4 or - (x-3) >4   x>7  or x<-1  S=(-∞,-1)(7, ∞) 

Example(4): Solve the inequality -|𝑥 − 5|<-7 

Solution: -|𝑥 − 5|<-7   |𝑥 − 5|> 7   𝑥 − 5 >7 or −(𝑥 − 5) > 7 

x>12  or –x+5>7  x>12  or –x>2  x>12  or x<-2   S=(-∞,-2)(12, ∞) . 

Example(5): Solve the inequality |3𝑥 + 1| ≤ 4  

Solution: |3𝑥 + 1| ≤ 4   − 4 ≤ 3𝑥 + 1 ≤ 4  −5/3 ≤ 𝑥 ≤1  S= [-5/3,1] . 

Example(6) : Solve the inequality |
2

𝑥
− 10| <2  



 

 
 

Solution: |
2

𝑥
− 10| <2  -2 <

2

𝑥
− 10 < 2  

8 <
2

𝑥
 < 12   1/8>x/2>1/12  ¼ > x> 1/6  S=(1/6,1/4)  

Example(7) : Solve the inequality |2𝑥 − 5| < |𝑥 + 4| 

Solution: |2𝑥 − 5| < |𝑥 + 4| , since x≠-4 then divided both side by |𝑥 + 4| , then weget 

|2𝑥 − 5|/|𝑥 + 4| < 1    |(2𝑥 − 5)/(𝑥 + 4)| < 1 

-1<
2𝑥−5

𝑥+4
< 1  , since x≠-4 then we have only two cases x<-4 and x>-4  

Case 1 if x>-4 then -1(x + 4) < 2𝑥 − 5 < 1(x+4)  

-x − 4 < 2𝑥 − 5 <(x+4)    -x − 4 < 2𝑥 − 5 𝑎𝑛𝑑 2𝑥 − 5 <(x+4) 

x>1/3 and x<9   1/3 < 𝑥 < 9   S1=(1/3,9) 

Case 2 if x<-4 then -1(x + 4) > 2𝑥 − 5 > 1(x+4)  

-x − 4 > 2𝑥 − 5 >(x+4)   -x − 4 > 2𝑥 − 5 𝑎𝑛𝑑 2𝑥 − 5 > (x+4)  

x<1/3 and x>9  , this is imposible , then S=(1/3,9) 

Example(8) : Solve the inequality |3𝑥 + 1| < 2|𝑥 − 6|  

Solution: |3𝑥 + 1| < 2|𝑥 − 6| , since x≠6 then divided both side by |𝑥 − 6|,  then weget 

|3𝑥 + 1|/|𝑥 − 6| < 2   |(3𝑥 + 1)/(𝑥 − 6)| < 2  

-2<
3𝑥+1

𝑥−6
< 2  ,  since x≠6 then we have only two cases x<6 and x>6  

Case 1: if x>6 , then -2(𝑥 − 6) < 3𝑥 + 1 < 2(𝑥 − 6)   

-2x + 12 < 3𝑥 + 1 < 2x-12  -2x + 12 < 3𝑥 + 1𝑎𝑛𝑑 3𝑥 + 1 < 2x-12 

x>11/5 and x<-13 this is imposible 

Case 2: if x<6 , then -2(𝑥 − 6) > 3𝑥 + 1 > 2(𝑥 − 6)  -2x + 12 > 3𝑥 + 1 > 2x-12   

-2x + 12 > 3𝑥 + 1𝑎𝑛𝑑 3𝑥 + 1 > 2x-12  x<11/5 and x>-13    S=(-13,11/5) 

Example (9): Solve the  inequalities  use the result √𝑎2  =|𝑎| as a property :  

(1)   4<x2<9                                                  (2) ( x+3)2< 2  

Solution:(1) 4<x2<9  2<|𝑥|<3  2<x<3 or 2<-x<3  2<x<3 or -3<x<-2  S=(-3,-2)(2, 3)  

(2) ( x+3)2< 2|𝑥 + 3| < √2  - √2  < x+3 <√2   S=(-3- √2, −3 + √2) 

Example(10):Solve the inequality  (x-2) (5-x)>0 



 

 
 

Solution: Since (x-2) (5-x)>0 , then  ((x-2)>0 and (5-x) >0) or((x-2)<0 and (5-x) <0) 

If  (x-2)>0 and (5-x) >0   x>2 and x<5 2<x<5  S1=(2,5) . 

If  (x-2)<0 and (5-x) <0   x<2 and x>5 which is a contraduction .  

Hence S=(2,5) 

Example(11): Solve the inequality  (x-2) (5-x)<0 

Solution: Since (x-2) (5-x)<0 , then ((x-2)>0 and (5-x) <0) or((x-2)<0 and (5-x) >0) 

If  ((x-2)>0 and (5-x) <0)  x>2 and x>5 5<x   S1=(5,∞) 

If  ((x-2)<0 and (5-x) >0)   x<2 and x<5  x<2   S2=(-∞,2) 

Hence  S=(-∞,2)  (5,∞) 

Example(12): Solve the inequality  (x-2) (5-x)≥0 

Solution: We have only two cases 

Case1 (x-2) (5-x)=0 , then x=2 or x=5 then S1={2,5} 

Case2  (x-2) (5-x)>0 , then  ((x-2)>0 and (5-x) >0) or((x-2)<0 and (5-x) <0) 

If  (x-2)>0 and (5-x) >0   x>2 and x<5 2<x<5 → S2=(2,5) 

If  (x-2)<0 and (5-x) <0   x<2 and x>5 which is a contraduction 

S=(2,5) {2,5} =[2,5] 

Example(15):Solve the inequality  (x-2) (5-x) ≤ 0 

Solution: We have only two cases 

Case1 (x-2) (5-x)=0 then x=2 or x=5 then S1={2,5} 

Case2  (x-2) (5-x)<0 , then ((x-2)>0 and (5-x) <0) or((x-2)<0 and (5-x) >0) 

If  ((x-2)>0 and (5-x) <0)  x>2 and x>5 5<x → S2=(5,∞) 

If  ((x-2)<0 and (5-x) >0)   x<2 and x<5  x<2 → S3=(-∞,2) 

Hence  S==(-∞,2)  (5,∞) {2,5}=(-∞,2]  [5,∞)  

Exercise H.w: Solve the  inequalities  in excersize 1-5 

(1)   |6𝑥 − 3|<5               (2) |3 − 1/𝑥|< ½         (3)  |(𝑥 + 1)/2|>1          (4)     3< |𝑥 + 1|< 6    

(5) |𝑥 + 4|<|2𝑥 − 6|       (6) x2-x = 0                 (7) (x-2) (x-6) ≥0             (8) (x-1) (4-x) ≤ 0 

 

Example: graph each of the following inequality 



 

 
 

(a) x=2     (b) y= -3    (c) x ≥ 0    (d) y=x     (e) y ≥ x     (f) |𝒙|≥1 

 

Example: graph each of the following inequality 

(a) x=0     (b) y= 0    (c) y<0     (d) x ≥ 1 and y2      (e) 𝒙 = 𝟑        (f) |𝒙| =5 



 

 
 

 

Section 2 : Function and Graphs of Second-Degree Equations and Trigonometric function 
 

Function: Let A and B be two non empty sets.A correspondence which associates each element 

xA with unique element yB, is called a function or mapping and generally denoted by 

f:A→B.Moreover Ais called domain and Bis called co-domain. 

f(A) =  { yB ; there exist xA such that f(x)=y }={ yB ; f(x)=y , for some xA }  will be 

called range or image of f ,denoted by f(A). 

Example: Let A={1,2,3,4} , B ={ 1,2,3,4,5} and f:A→B defined by f(x) =x+1 , then 

f(A) =  { 2,3,4,5}   

 

Some important notes to find the domain of the function 

1- If a function is a polynomial then Df=R 



 

 
 

2- If f(x)= h(x)/g(x) where each of h(x)and g(x) are polynomial then Df={xR; g(x)≠0} 

For example if f(x)=(3x2+5)/(x2-1)  , then (x2-1)=0 x=-1 or x=1 , then Df=R-{-1,1} 

3- If a function is of the form f(x)=h(x) /√g(x)  , then Df={xR; g(x)>0} 

4- If a function is of the form f(x)= √f(x)/g(x) , then Df={xR; f(x)/g(x)≥0} 
 

Example: Verify the domains and ranges of these functions. 

(1) f(x)= 1+x2                                  (2) f(x)= 1-√𝑥 

Solution: (1) domain =R ; range=[1,∞)    (2) domain =[0,∞)  ; range = (−∞, 1] 

A- Identifying Functions; There are a number of important types of functions frequently 

encountered in calculus. We identify and briefly summarize them here. 

1- Linear Functions: A function of the form  f(x)= mx+b, for constants m and b, is 

called a linear function. 

2- Power Functions : A function f(x)=xn where a is a constant, is called a power function. 

 

3-  Polynomials :A function p is a polynomial if  p(x)= an xn+ an-1 xn-1+…+ a1 x1+a0 

where n is a nonnegative integer and the numbers a0, a1,..., an are real constants. 

4- Algebraic Functions: An algebraic function is a function constructed from polynomials 

using algebraic operations (addition, subtraction, multiplication, division, and taking roots) 

5- Trigonometric Functions: such as sine and cosine functions. 

6- Exponential Functions: Functions of the form  f(x)= ax  , where the base  a>0 is a 

positive constant  and a≠ 1,  are called exponential functions.  

7- Logarithmic Functions: These are the functions  f(x)= loga
x , where the base a≠ 1is 

a positive constant. 



 

 
 

8- Rational Functions : A rational function is a quotient or ratio of two polynomials: 

f(x)=p(x)/q(x) where p and q are polynomials. The domain of a rational function is the set of 

all real x for which q(x)≠0. 

9-Transcendental Functions:  

These are functions that are not algebraic. They include the trigonometric, inverse 

trigonometric, exponential, and logarithmic functions. 

Example:  Identify each function given here as one of the types of functions we have discussed.                  

Keep in mind that some functions can fall into more than one category. 

(1) f(x)=1+x-(1/2) x5                                      (2) g(x)=7𝑥  

(3) h(z)= 𝑧7                                                   (4) y(t)=sin(𝑡 − 5) 

Solution:  

(1) f(x)=1+x-(1/2) x5  is a polynomial of degree 5 

(2) g(x)=7𝑥 is an exponential function with base 7 

(3) h(z)= 𝑧7 is a power function 

(4) y(t)=sin(𝑡 − 5) is a trigonometric function. 

Example(2) H.w: Identify each function given here as one of the types of functions . 

( a)  f(x)= 7-3x                                  (b)g(x)=√𝑥
3                                    (c) h(x)=(x+1)/(x+2)  

(d) r(x)=8x                       (e)√𝑧7                 (f) y=log12 𝑥                             (g) y=sin 𝑥  

Step function : A function f:X→R is called step function if f(x)=⟦𝑥⟧ where we defined ⟦𝑥⟧ by 

greatest integer less than or equal to x   , so that Df=R and Rf=Z . 

For example 

if 0≤x≤1 then ⟦𝑥⟧=0 

if 1≤x<2 then ⟦𝑥⟧=1 

if 2≤x<3 then ⟦𝑥⟧=2 

if -1≤x<0 then ⟦𝑥⟧=-1 

if -2≤x<1 then ⟦𝑥⟧=-2 

 



 

 
 

 

Example(1): find the set of solutionof  ⟦𝑥⟧2=⟦𝑥⟧ 

Solution: ⟦𝑥⟧2=⟦𝑥⟧⟦𝑥⟧2-⟦𝑥⟧=0 ⟦𝑥⟧ (⟦𝑥⟧-1)=0  ⟦𝑥⟧ = 0 or (⟦𝑥⟧-1) =0  

 ⟦𝑥⟧ = 0 or ⟦𝑥⟧ = 1 0≤x<1 or 1≤x<2  S=[0,1)[1,2)=[0,2) 
 

Example(2): find the set of solution of  ⟦𝑥⟧2-3⟦𝑥⟧=-2 . 

Solution :  ⟦𝑥⟧2-3⟦𝑥⟧=-2⟦𝑥⟧2-3⟦𝑥⟧ +2=0 (⟦𝑥⟧ − 1)(⟦𝑥⟧-2)=0 

(⟦𝑥⟧ − 2) = 0 or (⟦𝑥⟧-1) =0  ⟦𝑥⟧ = 2 or ⟦𝑥⟧ = 1 

2≤x<3 or 1≤x<2  S=[2,3)[1,2)=[1,3) 

Example(3): find the set of solutionof  ⟦1/(2𝑥 + 1)⟧=1 

Solution:  ⟦1/(2𝑥 + 1)⟧ = 11 ≤
1

2𝑥+1
< 2 1/2  < 2x+1 ≤1 

-1/2<2x≤0  -1/4<x≤0   S=(-1/4,0] 
 

Example(4): find the set of solutionof  |⟦𝑥⟧|<2 

Solution: |⟦𝑥⟧| < 2− 2 < ⟦𝑥⟧ < −2   ⟦𝑥⟧ = −1 or ⟦𝑥⟧ = 0 or ⟦𝑥⟧ = 1 

-1≤x<0 or  0≤x<1 or 1≤x<2   S=[-1,0) [0,1)[1,2)=[-1,2) 
 

Definition: A function f:X→R is called an  

even function if f(-x)=f(x)  for all xX 

odd function if f(-x)= -f(x)  for all xX 
 

 



 

 
 

Example (1): In 1–4, say whether the function is even, odd, or neither. Give reasons for your 

answer. 

1. f(x)=x2+1                                                               (2) f(x)=x2+x 

(3) g(x)= x3+x                                                            (4)  g(x)=x4+3x2-1 

Solution: 

1: Since f(x)=x2+1= f(x)=(-x)2+1=f(-x), then the function is even. 

2:Since [f(x)=x2+x]≠[ f(-x)=(-x)2-x] and [[f(x)=x2+x]≠[-f(x)=-x2-x], then the function is neither 

even nor odd 

3:Since  g(-x)= -x3-x=- g(x) , so the function is odd 

4:Since g(x)=x4+3x2-1=(-x)4+3(-x)2-1=g(-x), thus the function is even. 
 

 

Example(2): 

Can a function be both even and odd? Give reasons for your answer. 

Solution:  Yes, f(x)=0 is both even and odd. 

 

Example (3) H.w:  

Assume that ƒ is an even function, g is an odd function, and both ƒ and g are defined on the 

entire real line Which of the following(where defined) are even? odd? 

(a)fg      (b) f/b    (c) g/f       (d) f2=f f     (e) g2=g g    (f) f ∘ g      (g) g ∘ f    (h) f ∘ f          (i) g ∘ f   
 

 

 

 

 

 

 

 

 

 



 

 
 

Definition : A function ƒ(x) is called periodic function if there is a positive number p such that 

f(x+p) = f(x) for every value of x. The smallest such value of p is the period of ƒ. 
[ 

        This section reviews the basic trigonometric functions. The trigonometric functions are 

important because they are periodic. For an angle 𝜃 the six trigonometric function are defined 

as ratio of length of sides of right as follows:   

                                                                              

                                                            hypotenuse 

                                                                                                 Opposite 

                                                                        Adjacent 

Sin x = opposite / hypotenuse,   cos x= adjacent / hypotenuse   and    tan x= opposite / adjacent 

csc x= 1 / sin x  ,      sec x = 1 / cos x     and     cot x = 1/ tan x  .   Moreover 

Sin x = x – x3  / 3 +  x5  / 5 - x7  / 7 + x9  / 9 + … 

Cos  x = 1 – x2  / 2 +  x4  / 4 - x6  / 6 + x8  / 8 + … 

 

 



 

 
 

 



 

 
 

 

 



 

 
 

 

𝜋/180° =S/A , where S radians measure and A degree measure, is the relation between radians 

measure and A degree measure 

Example: Write 65° as radians measure  

Solution:  𝜋/180° =S/A  𝜋/180° =S/65°  S=65° 𝜋/180° = 13 𝜋/36      

Example: write 13 𝜋/36 as degree measure 

Solution:  𝜋/180° =S/A  𝜋/180° =(13 𝜋/36)/A A=(180° / 𝜋) (13 𝜋/36) =65°  

 

 



 

 
 

 

Definition: 

 

Example: prove that lim
x→1

 f(x) =5 , where f(x)=2x+3  

Solution:  Step( 1 ) |x − a| < δ → |x − 1| < δ → −δ < 𝑥 − 1  < δ→ −δ + 1 < 𝑥  < δ+1 

Step (2)|f (x) − L| ε → |(2x + 3) − 5|→=|2x − 2|→2|x − 1|→ |x − 1|/2→ 

satiesfies −/2 < 𝑥 − 1  < /2  →−


2
+ 1 < 𝑥  < /2 +1  

|f (x) − L|=|(2x + 3) − 5|=|2x − 2|=2|x − 1| < 2 
ε

2
=  ε , we get  lim

x→1
 f(x) =  5  

Example: prove that lim
x→5

 f(x) =5 where f(x) = x   

Solution: |f (x) − L|=|x − 5|  , take δ= ε then ∀ xDf  such that 0<|x − 5| < δ satiesfies 

|f (x) − L|=|x − 5|   <  ε , we get  lim
x→1

 f(x) =5    

Example: Let f(x)=bx+c  where b≠0  prove that  lim
x→a

 f(x) =b a + c  

Solution: |f (x) − L|=|bx + c – (b a +  c)|=|bx − ba|=b|x − a| 



 

 
 

Take δ= ε/b then ∀ xDf such that 0<|x − a| < δ satiesfies                                                                     

|f (x) − L|=|(bx + c) − (b a +  c)|=|bx − ba|=b|x − a| < b 
ε

b
=  ε , we get  lim

x→a
 f(x) = ba + c  

Theorem:  If the limit of f:D→R exist, then its unique (If lim
x→a

 f(x)=L1 and lim
x→a

 f(x)=L2 , then 

L1=L2) 

Proof: If L1≠L2 , so |L1 − L2|> 0 take ε=(1/2) |L1 − L2|. 

Since lim
x→a

 f(x)=L1 , then there exist δ1 >0 such that  0 < |x − a| < δ1     |f(x)-L1|<  ε …(1) 

Since  lim
x→a

 f(x)=L2, then there exist δ2 >0 such that 0 < |x − a| < δ1    |f(x)-L2|<  ε …  (2)  

|L1 − L2|=|L1 − f(x) + f(x) − L2| < |f(x) − L1| + |f(x) − L2| < ε + ε=2 ε=2 (1/2)|L1 − L2| 

So |L1 − L2|< |L1 − L2| which is contradiction. Hence L1=L2  .  

Theorem : Let f:D1→R and g:D2→R  be a function and D1D2 ≠ . 

If lim
x→a

 f(x)=L1 and lim
x→a

 g(x)=L2 , then : 

(1) lim
x→a

 (f(x)+ g(x))= lim
x→a

 f(x)+ lim
x→a

 g(x)= L1 + L2  

(2) lim
x→a

 (f(x) g(x))= lim
x→a

 f(x) lim
x→a

 g(x)= L1  L2  

(3) lim
x→a

 (f(x)/ g(x))= lim
x→a

 f(x)/ lim
x→a

 g(x)= L1 / L2  where L2≠0 and g(x)≠0  

Proof(1): Since lim
x→a

 f(x)=L1,then for every ε/2 >0 there exist δ1 >0 such that  

0 < |x − a| < δ1 |f(x)-L1|<  ε/2  …..(1) 

Since lim
x→a

 g(x)=L1,then for every ε/2 >0  there exist δ2 >0 such that 

 0 < |x − a| < δ2 |g(x)-L2|<  ε/2  ……(2)        take δ=min{ δ1 , δ1}and xD1 D2 : 

 0 < |x − a| < δ  |(f(x)+g(x))-(L1 + L2)| < |f(x) − L1| + |g(x) − L2|< ε/2 + ε/2= ε 

Hence lim
x→a

 (f(x)+ g(x))= lim
x→a

 f(x)+ lim
x→a

 g(x)= L1 + L2 . 

Example: (1)  lim
x→2

  5 x +3 = 5 ×2+3 =15         

(2)  lim
x→2

  (x2 -4)/(x-2) =  lim
x→2

  (x -2)(x+2) /(x-2) =  lim
x→2

 x+2 =4 

(3)   lim
x→−3

  (x+3) /(x2+4x+3) =   lim
x→−3

  (x+3) /(x+3) (x+1) =   lim
x→−3

 1/(x+1) = 1/(-3+1) =- ½ 

(4)   lim
x→9

  (√x -3)/(x-9) =  lim
x→9

  (√x -3)/ ((√x -3) (√x +3))=  lim
x→9

 1/ (√x +3)= 1/(√9 +3)=1/6 



 

 
 

(5)   lim
x→a

 (xn-an) /(x-a) =  lim
x→a

 (x--a) (xn-1+ xn-2 a+xn-3 a2+xn-4 a3+…+ x1 an-2+ an-1)/(x-a)  

=  lim
x→a

 (xn-1+ xn-2 a+xn-3 a2+…+ x1 an-2+ an-1) =(an-1+ an-2 a+an-3 a2+…+ a1 an-2+ an-1) = nan-1 

 

Theorem 

 

Example:  𝑙𝑖𝑚
𝑥→1

 ⟦𝑥⟧ does not exist because 𝑙𝑖𝑚
𝑥→1−

  ⟦𝑥⟧ =0 and  𝑙𝑖𝑚
𝑥→1+

⟦𝑥⟧ =1 which is not equal . 



 

 
 

(1)  f(x)  =
3 𝑥 < 1
5 𝑥 ≥ 1

 has no limit at x=1 by  𝑙𝑖𝑚
𝑥→1−

 f(x) = 3 and  𝑙𝑖𝑚
𝑥→1+

 f(x) = 5                                

which is not equal .  

 

Example: Find the limits in 16–18. 

 

Solution: 



 

 
 

 

 

Theorem : prove that    𝐥𝐢𝐦
𝐱→𝟎

 sin𝐱 /𝐱 =1 

Theorem : prove that    𝐥𝐢𝐦
𝐱→𝟎

 (cos x -1)/x =0 

Proof:  𝑙𝑖𝑚
𝑥→0

 (cos x -1)/x =  𝑙𝑖𝑚
𝑥→0

 - 2 (sin(x/2))2/x =  𝑙𝑖𝑚
       𝑥→0

 sin(x/2)/(x/2)  𝑙𝑖𝑚
       𝑥→0

 sin(x/2) =-1 ×0=0 

Examples: 



 

 
 

 

 



 

 
 

Theorem: (L, Hopital Theorem ) 

 

Example :  (1)    𝑙𝑖𝑚
𝑥→𝑎

 (xn-an) /(x-a) = 𝑙𝑖𝑚
𝑥→𝑎

 nxn-1=nan-1 (by using L, Hopital Theorem) 

(2)    𝑙𝑖𝑚
𝑥→0

 sin x / x =  𝑙𝑖𝑚
𝑥→0

 cosx =cos 0=1 (by using L, Hopital Theorem) 

(3)   𝑙𝑖𝑚
𝑥→0

  (x2+x)/x =  𝑙𝑖𝑚
𝑥→0

 2x+1 =1 (by using L, Hopital Theorem) 

(4)   𝑙𝑖𝑚
𝑥→2

  (x2 -4)/(x-2) =  𝑙𝑖𝑚
𝑥→2

 2x = 4 

(5)   𝑙𝑖𝑚
𝑥→2

  (x2 -4x)/(x2-2x) =   𝑙𝑖𝑚
𝑥→2

  (x2 -4)/(x-2) (by using L, Hospital Theorem) =  𝑙𝑖𝑚
𝑥→2

 2x = 4 

(6)   𝑙𝑖𝑚
𝑥→0

 (1/x – 1/sin x ) =  𝑙𝑖𝑚
𝑥→0

 (sin x –x )/ (x sin x) (by using L, Hopital Theorem) 

= 𝑙𝑖𝑚
𝑥→0

(cos x -1)/(sin x+ x cos x)(by using L,Hopital Theorem)=𝑙𝑖𝑚
𝑥→0

(-sinx )/(2 cos x –x sinx )=0 

Example: In 1–26, use Hopital’s Rule to evaluate the limit: 

(1) lim
𝑥→2

 (x-2)/ (x2-4)                (2)   𝑙𝑖𝑚
𝑥→0

    ( sin 5x) / x    (3)  𝑙𝑖𝑚
𝑥→

    (5x2-3x)/ (7x2+1)   

(4)   𝑙𝑖𝑚
𝑥→1

 (x3-1)/(4x3-x-3)       (5)   𝑙𝑖𝑚
𝑥→1

 (1- cos x) /x2       (6)   𝑙𝑖𝑚
𝑥→

 (2x2+3x)/(x3+x+1) 



 

 
 

 

Solution: 

 



 

 
 

 



 

 
 

 

Definition: 

 



 

 
 

Example: Show that  

 

 

Theorem: If f : D → R is a rational function such that   

f(x) = (an xn + an-1 xn-1 +… +a0 ) /(bm xm + bm-1 xm-1 +… +b0 )  where n, m  𝛧+{0},  then  

𝑙𝑖𝑚
𝑛→∞

𝑓(𝑥) = 
𝑎𝑛/𝑏𝑚 𝑖𝑓 𝑛 = 𝑚

0 𝑖𝑓 𝑛 < 𝑚
 𝑜𝑟 −  𝑖𝑓 𝑛 > 𝑚

  

Proof: f(x) = (an xn + an-1 xn-1 +… +a0 ) /(bm xm + bm-1 xm-1 +… +b0 ) = 

 xn (an + an-1 x-1 +… +a0 / xn) / (xm (bm + bm-1 x-1 +… +b0 / xm )) , we have only three cases 



 

 
 

case 1: 𝑖𝑓 𝑛 = 𝑚 , then 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑥) = 𝑙𝑖𝑚
𝑛→∞

𝑥n(an + an-1 x-1 +… +a0 / xn) / (xm (bm + bm-1 x-1 +… +b0 

/ xm )) = 𝑙𝑖𝑚
𝑛→∞

 (an + an-1 x-1 +… +a0 / xn) /(bm + bm-1 x-1 +… +b0 / xm ) = an / bn . 

case 2: 𝑖𝑓 𝑛 > 𝑚 , then 

 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑥) = 𝑙𝑖𝑚
𝑛→∞

𝑥n(an + an-1 x-1 +… +a0 / xn) / (xm (bm + bm-1 x-1 +… +b0 / xm )) = 𝑙𝑖𝑚
𝑛→∞

𝑥𝑛−𝑚  

 𝑙𝑖𝑚
𝑛→∞

 (an + an-1 x-1 +… +a0 / xn) /(bm + bm-1 x-1 +… +b0 / xm ) =  𝑜𝑟 −  . 

case 3: 𝑖𝑓 𝑛 < 𝑚 , then 

 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑥) = 𝑙𝑖𝑚
𝑛→∞

𝑥n(an + an-1 x-1 +… +a0 / xn) / (xm (bm + bm-1 x-1 +… +b0 / xm )) =  𝑙𝑖𝑚
𝑛→∞

1/

𝑥𝑚−𝑛  𝑙𝑖𝑚
𝑛→∞

 (an + an-1 x-1+… +a0 / xn) /(bm + bm-1 x-1 +… +b0 / xm )=  0 × (an  / bm) = 0  

Hence 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑥) = 
𝑎𝑛/𝑏𝑚 𝑖𝑓 𝑛 = 𝑚

0 𝑖𝑓 𝑛 < 𝑚
 𝑜𝑟 −  𝑖𝑓 𝑛 > 𝑚

 

Example: In 47–56, find the limit of each rational function (a) as x→ (b) as x→ -:

 

 

Solution: 

 



 

 
 

 

Example:  

 

Solution: 



 

 
 

 

Theorem: 

 

Example: 

 

 



 

 
 

 

 

 

 

 

 

 

 

Definition: 



 

 
 

 

Example:  

 

Definition: 



 

 
 

 

Definition: A line y=b is a horizotal asymptote if   𝑙𝑖𝑚
𝑥→ ∞

𝑓(𝑥) = b or 𝑙𝑖𝑚
𝑥→ −∞

𝑓(𝑥) = b 

Example: find the verticale asymptote and horizotal asymptote  of f(x)=1/x if exist . 

Solution: Since 𝑙𝑖𝑚
𝑥→ 0+

1/𝑥 = ∞ then the verticale asymptote of f(x)=1/x is a line x=0 . 

Since 𝑙𝑖𝑚
𝑥→ ∞

𝑓(𝑥) =  𝑙𝑖𝑚
𝑥→ ∞

  1/x =0 , then the horizotal asymptote is a line y=0 . 

 

Example: find the verticale asymptote and horizotal asymptote of f(x)=x+3 / x+2 if exist 

Solution: Since 𝑙𝑖𝑚
𝑥→ −2+

𝑥 + 3 / 𝑥 + 2  = ∞ then the verticale asymptote of f(x)=1/x is a line x=-

2 . Since 𝑙𝑖𝑚
𝑥→ ∞

𝑓(𝑥) =  𝑙𝑖𝑚
𝑥→ ∞

  x+3 / x+2 = 1 , then the horizotal asymptote is a line y=1 . 



 

 
 

 

Example: find the verticale asymptote and horizotal asymptote  of f(x)= (2x2+3)/x 

Solution:Since lim
x→ 0+

  (2x2+3)/x = ∞ then the verticale asymptote of f(x)= (2x2+3)/x is a line 

x=0 .Since lim
x→ ∞

f(x) =  lim
x→ ∞

(2x2+3)/x =∞ , then f has not  horizotal asymptote.  

Example: find the verticale asymptote and horizotal asymptote  of f(x)= x/(x-1) 

Solution:Since lim
x→ 1+

  x/(x-1)= ∞ then the verticale asymptote of f(x)= x/(x-1)is a line x=1 . 

Since lim
x→ ∞

f(x) =  lim
x→ ∞

 x/(x-1) = 1 , then the horizotal asymptote is a line y=1 .  

Definition: 

 

Continuity test: 



 

 
 

 

Example: discuss the continuity of f(x) =  
𝑥2 𝑖𝑓 𝑥 < 3

𝑥 + 6 𝑖𝑓 𝑥 ≥ 3
  at x=3 . 

Solution: 

(1) f(3) = 3+6 = 9 

(2) 𝑙𝑖𝑚
𝑥→ 3+

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 3+

 𝑥 + 6 = 9  

(3) 𝑙𝑖𝑚
𝑥→ 3−

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 3+

 𝑥2  = 9  

f(3) = 𝑙𝑖𝑚
𝑥→ 3+

𝑓(𝑥)= 𝑙𝑖𝑚
𝑥→ 3−

𝑓(𝑥) Hence f is continuity at x=3 

Example: discuss the continuity of f(x) =  
(𝑥2 − 4)/(𝑥 − 2) 𝑖𝑓 𝑥 ≠ 2

4 𝑖𝑓 𝑥 = 2
 at x=2 . 

Solution:(1)f(2) = 4 

(2) 𝑙𝑖𝑚
𝑥→ 2+

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 2+

(𝑥2 − 4)/(𝑥 − 2) = 𝑙𝑖𝑚
𝑥→ 2+

x+2 =4 

(3) 𝑙𝑖𝑚
𝑥→ 2−

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 2−

 (𝑥2 − 4)/(𝑥 − 2)= 𝑙𝑖𝑚
𝑥→ 2−

x+2 = 4 

f(3) = 𝑙𝑖𝑚
𝑥→ 2+

𝑓(𝑥)= 𝑙𝑖𝑚
𝑥→ 2−

𝑓(𝑥) . Hence f is continuity at x=2 

 

Example: discuss the continuity of f(x) =  (𝑥2 − 4)/(𝑥 − 2) 𝑖𝑓 𝑥 ≠ 2 , at x=2 

Solution:(1)f(2) is undefined  

(2) 𝑙𝑖𝑚
𝑥→ 2+

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 2+

(𝑥2 − 4)/(𝑥 − 2) = 𝑙𝑖𝑚
𝑥→ 2+

x+2 =4 

(3) 𝑙𝑖𝑚
𝑥→ 2−

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 2−

 (𝑥2 − 4)/(𝑥 − 2)= 𝑙𝑖𝑚
𝑥→ 2−

x+2 = 4 

f has a limit at x=2 but not continuity at x=2 because f(2) is undefined 

Example: discuss  the continuity of f(x) =  
2/(𝑥 − 1) 𝑖𝑓 𝑥 ≠ 1

0 𝑖𝑓 𝑥 = 1
 ,   at x=1 

Solution: (1) f(1) = 0 



 

 
 

(2) 𝑙𝑖𝑚
𝑥→ 1+

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 1+

2/(𝑥 − 1) =   

(3) 𝑙𝑖𝑚
𝑥→ 1−

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 1−

 2/(𝑥 − 1) = -  

Hence f is not  continuity at x=1because the limit of f at x=1 does not exist. 

Example: If f(x)=  
𝑎𝑥 − 𝑏 𝑖𝑓 𝑥 > 1

2𝑏𝑥 − 𝑎 + 1 𝑖𝑓 𝑥 < 1
1 𝑖𝑓 𝑥 = 1

  is a continuos funxtion at x=1 then find the value 

of a and b . 

Solution: (1) f(1) = 1 

 (2) 𝑙𝑖𝑚
𝑥→ 1+

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 1+

𝑎𝑥 − 𝑏 = a-b  

(3) 𝑙𝑖𝑚
𝑥→ 1−

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→ 1−

 2𝑏𝑥 − 𝑎 + 1 = 2b-a+1 

Since f is a continuos funxtion at x=1 then a-b=2b-a+1=1  then 

 a-b=1 ….(1) 

2b-a+1=1 … (2) 

Solve equation (1) and (2) we get a=2 and b=1 

Example: If f(x)=  𝑎𝑥 + 3 𝑖𝑓 𝑥 ≠ 1
𝑥 if x = 1

  is a continuos funxtion at x=1 then find the value of a . 

Solution: (1)f(1) = 1   

(2) lim
x→ 1+

f(x) = lim
x→ 1+

ax + 3 = a+3 

(3) lim
x→ 1−

f(x) = lim
x→ 1−

 ax + 3 = a+3 

Since f is a continuos funxtion at x=1 then a+3=a+3=1  then  a+3=1, hence a=-2 

 

Example: 



 

 
 

  

 

Solution: 



 

 
 

 

 

Solution: 



 

 
 

 

 

 

Theorem: 

 

 


