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Chapter One

This chapter reviews the basic ideas you need to start calculus.
A- Classifing the number
1- N={1,2,3,...} iscaled aset of Natural numbers and denoted by N .
2- 7= {1,2,3,...}3u{ 0tu{ -1,-2,-3,...} iscaled aset of Integer numbers and denoted by (Z) .
3- Q={alb; abeZ and b0} is called a set of rational numbers and denoted by Q.

4- Irrational number (1) : A number can not be written as form a/b where abeZ is called

irrational number sush as+v/2 , V5 ,e n . The set of al irrational numbers denoted by I, .
5- R=Qu | iscaled aset of Real numbers and denoted by R .
6- C={atbi;abcRandi? = —1} iscaled aaset of Complex numbers and denoted by C .
Order properties. The order properties allow us to compare the size to any real numbers .
The order properties are:

(1) For any a and b, either a<b or b<a

(2) If a<b and b<a then a=b

(3) If a<b and b<c then a<c

(4) If a<b then a+c<b+c

(5) If a<b and 0<c then ac<bc

(6) If a<b and c¢<0 then ac > bc

(7) a<b = atc<b+c and a-c<b-c for every real number c

(8) a<b and c>0= ac<bc

(10) If a<b and c<0 then ac > bc

(11) If aand b are both positive or both negative , then

(i) if a<b, then I/b<l/a (ii) a<x<b, then 1/b<l/x< l/a



We next see that our new notion of exponentiation satisfies certain familiar rules.

Theorem : If a,d>0 and a,b,c,d R then

(1) ae=aa (2) ac=a/a 3 (@)c=a°
(4) &=d if and only if a=d'® (provided b+0) (5) (ad)®=a’ d°

Notation Set description

(ab) {x: a<x<b}

[ab] {x: a<x<b}

[a,b) {x: a<x<b}

(a,b] {x: a<x<b}

(a) {x:ax}

(=20,b) {x: x<b}

[a,0) {xrasx}

(—o0,b] {x: x<b}

Absolutevalue : The absolute value of a number x, denoted by |x|, is defined by the formula

|x|=x if x>0

|x|=-x if x<O

Remark: If aany positive real number, then :
(1) |x|=aif and only if x=aor x=-a
(2) |x|<aif and only if —a<x<a
(3) |x|<a if and only if —a<x<a
(4) [x|>aif and only if x>aor —x>a
(5) |x|>a if and only if x>a or —x>a

(6)Va? =|a|, for every real number a

Theorem : if x,yeR , then show that

(i) Ixl=x?



(i) lxyl=lxllyl
(i) |x/yl=lx|/lyl
Proof : (i) If x>0 then |x|=x thus |x|>=x?.
If x<0 then |x|=-x thus |x|>=x? . In both case we get |x|?=x?
(i) |xy|2=(xy)?=x? y?=|x|? |y|%=(]x| |y])? we take square root of both sides we get |xy|=|x]|y|
(iii) [x/y|>=(xIy)?>=x3 y?=|x|? /|y|=(Ix]|/ |y])? we take square root of both sides we get
Ix/y1=lx/1yl
Theorem : For all real numbers x,y show that
() lx+yl<lIxl+]yl (i) lx = yI =|lx| = |yl|
Proof: (i) |x + y|?=(x+y)*=x?+y?+2xy< [x|? + |x|* + 2|x]|y|=(|x| + [yD?
Since |x + y| and |x|+|y| are both non negative numbers, so we take square root of booth sides
weget [x +y| < [x] + [yl
(i) x — yIP=(x-y)?=x*+y?2xy> [x]? + [x]? = 2|x||y|=(|x] — |y])?
we take sguare root of both sideswe get |x — y|2||x| — |y||.
Example(1): Solvethe equalion [x — 3]|=2
Solution: |x — 3|=2 < x-3=2 0or -(x-3)=2 < x=5o0r x=1 = S={5,1}.
Example(2): Solvethe equation |9x| — 11=x
Solution: |9x| — 11=X < 9x-11=x or -9x-11=x <> 8x=11or -10x=11
x=11/8 or x=-11/10 = S={11/8, -11/10}.
Example(3): Solvetheinequality |x — 3|> 4
Solution: |[x —3|>4 < x-3>4 or - (x-3) >4 < x>7 or X<-1= S=(-00,-1) (7, )
Example(4): Solvetheinequality -|x — 5|<-7
Solution: -|[x = 5|<-7 @ |[x =5]>7< x—=5>70or—(x —5)>7
x>12 or —Xx+5>7 < x>12 or —x>2 < x>12 or x<-2 = S=(-00,-2)U(12, ) .
Example(5): Solvetheinequality |3x + 1| < 4
Solution: [3x + 1| <4 <—-4<3x+1<4o-5/3<x <1=S=[-5/31].

Example(6) : Solvethe inequality |> — 10| <2



Solution: |2 - 10| <2 -2 <2—-10 <2
8 <= <12 < 1UB>X/2>1/12 < Ya> x> 1/6 = S=(1/6,1/4)

Example(7) : Solvetheinequality |2x — 5| < |x + 4|
Solution: |2x — 5| < |x + 4], since x#-4 then divided both side by |x + 4| , then weget
|12x = 5|/|x+4| <1 =|2x—-5)/(x+4)| <1

2x—5
x+4

Caselif x>-4then-1(x+ 4) < 2x — 5 < 1(x+4)

-1<

< 1 , since x#-4 then we have only two cases x<-4 and x>-4

X—4<2x—-5<(Xx+4) o -x—4<2x—5and 2x —5 <(xt+4)

x>1/3and x<9 = 1/3<x <9 = $5=(1/3,9)

Case2if x<-4then-1(x + 4) > 2x — 5 > 1(x+4)

X—4>2x—-5>X+4) ©-x—4>2x—5and 2x — 5 > (xt4)

x<1/3 and x>9 , thisisimposible, then S=(1/3,9)

Example(8) : Solvetheinequality |3x + 1| < 2|x — 6|

Solution: |3x + 1| < 2|x — 6] , since x#6 then divided both side by |x — 6|, then weget
B3x+1|/|x—6] <2 = |Bx+1)/(x—6)| <2

3x+1
x—6

-2< < 2, since x#6 then we have only two cases x<6 and x>6

Casel: if x>6,then-2(x —6) <3x+ 1< 2(x —6)

2x+12<3x4+1<2X-12< -2x+ 12 < 3x + land 3x + 1 < 2x-12

x>11/5 and x<-13 thisisimposible

Case2: if x<6,then-2(x —6) >3x +1>2(x —6) < -2x+ 12> 3x+ 1 > 2x-12

-2x+ 12 > 3x + land 3x + 1 > 2x-12 < x<11/5and x>-13 = S=(-13,11/5)

Example (9): Solvethe inequalities usethe result vVa? =|a| asaproperty :

(1) 4<x%<9 (2) (x+3)%< 2

Solution:(1) 4<x?<9 = 2<|x|<3 = 2<x<3 or 2<-x<3 & 2<x<3 or -3<x<-2 = S=(-3,-2)U(2, 3)
(2) (x+3)%< 2= |x + 3| <V2 = - V2 <x+3<V2 = S=(-3-V2,-3 +2)
Example(10): Solve the inequality (x-2) (5-x)>0



Solution: Since (x-2) (5-x)>0, then ((x-2)>0 and (5-x) >0) or((x-2)<0 and (5-x) <0)
If (x-2)>0 and (5-x) >0 < x>2 and x<5& 2<x<5 < $=(2,5) .

If (x-2)<0and (5-x) <0 < x<2 and x>5 which is a contraduction .

Hence S=(2,5)

Example(1l): Solvetheinequaity (x-2) (5-x)<0

Solution: Since (x-2) (5-x)<0, then ((x-2)>0 and (5-x) <0) or((x-2)<0 and (5-x) >0)
If ((x-2)>0 and (5-x) <0) <> x>2 and x>5< 5<X = $;=(5,00)

If ((X-2)<0and (5-x) >0) < x<2 and x<5 < x<2 = S,=(-0,2)

Hence S=(-,2) U (5,00)

Example(12): Solvetheinequality (x-2) (5-x)>0

Solution: We have only two cases

Casel (x-2) (5-x)=0, then x=2 or x=5 then $;={ 2,5}

Case2 (x-2) (5-x)>0, then ((x-2)>0 and (5-x) >0) or((x-2)<0 and (5-x) <0)

If (x-2)>0and (5-x) >0 < x>2 and X<5& 2<x<5 — $,=(2,5)

If (x-2)<0 and (5-x) <0 < x<2 and x>5 which is a contraduction

S=(2,5)u {2,5} =[2,5]

Example(15): Solve the inequality (x-2) (5-x) <0

Solution: We have only two cases

Casel (x-2) (5-x)=0 then x=2 or x=5 then $,={ 2,5}

Case2 (x-2) (5-x)<0, then ((x-2)>0 and (5-x) <0) or((x-2)<0 and (5-x) >0)

If ((x-2)>0 and (5-x) <0) < x>2 and x>5< 5<x — S,=(5,0)

If ((x-2)<0 and (5-x) >0) < x<2 and Xx<5 < x<2 —» S3=(-0,2)

Hence S==(-00,2) U (5,00)u {2,5}=(-00,2] U [5,0)

Exercise H.w: Solvethe inequalities in excersize 1-5

(1) |6x —3|<5 (2) |13 —1/x|<% ) |(x+1)/2>1 (4 3<|x+1|<6
(5) |x + 4|<|2x — 6] (6)x>x=0 (7) (x-2) (x-6) >0 (8) (x-1) (4-x) <0

Example: graph each of the following inequality
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Example: graph each of the following inequality
(@ x=0 (b)y=0 (c)y<0 (d)x>1andy<2 (e x=3 ) |x| =5
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Section 2 : Function and Graphs of Second-Degree Equations and Trigonometric function

Function: Let A and B be two non empty sets.A correspondence which associates each element

xeA with unique element yeB, is called a function or mapping and generally denoted by

f:A—B.Moreover Ais called domain and Bis called co-domain.

f(A) = { yeB ; there exist xeA such that f(x)=y }={ yeB ; f(x)=y , for some xeA } will be

called range or image of f ,denoted by f(A).

Example: Let A={1,2,34} , B ={ 1,2,3,4,5} and f:A—B defined by f(x) =x+1, then

f(A) = { 2,3,4,5}

This is 2 function This is a function
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1- If afunctionisapolynomial then Di=R
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2- If f(X)= h(x)/g(x) where each of h(x)and g(x) are polynomial then D={xeR; g(x)#0}

For exampleif f(x)=(3x2+5)/(x*-1) , then (x>-1)=0 =x=-1 or x=1 , then Di=R-{-1,1}

3- If afunction isof the form f(x)=h(x) /\/@ , then Di={xeR; g(x)>0}

4- 1f afunction is of the form f(x)= \/f(x) /g(x) , then Di={xeR; f(x) /g(x)=0}

Example: Verify the domains and ranges of these functions.
(1) f(x)= 1+x2 (2) f(x)= 1-Vx

Solution: (1) domain =R ; range=[1,0) (2) domain =[0,x) ; range = (—o0, 1]

A- ldentifying Functions; There are a number of important types of functions frequently
encountered in calculus. We identify and briefly summarize them here.

1- Linear Functions: A function of the form f(x)= mx+b, for constantsmand b, is

called alinear function.

». Power Functions: A function f(x)=x" where a is a constant, is called a power function.

3. Polynomials:A function pisapolynomial if p(x)=an X™ a1 X"+, .+ a3 xM+ag

where n is a nonnegative integer and the numbers &y, &, ..., &, are real constants.
4- Algebraic Functions: An agebraic function is afunction constructed from polynomials
using algebraic operations (addition, subtraction, multiplication, division, and taking roots)
5- Trigonometric Functions. such as sine and cosine functions.
6- Exponential Functions: Functions of the form f(x)=a , wherethebase a>0isa
positive constant and a# 1, are called exponential functions.
7- Logarithmic Functions. These are the functions f(x)=logs* , where the base a# lis

a positive constant.



8- Rational Functions : A rationa function is a quotient or ratio of two polynomials:
f(X)=p(x)/q(x) where p and q are polynomials. The domain of arational function is the set of
al real x for which q(x)#0.

9-Transcendental Functions:

These are functions that are not agebraic. They include the trigonometric, inverse

trigonometric, exponential, and logarithmic functions.

Example: Identify each function given here as one of the types of functions we have discussed.

Keep in mind that some functions can fall into more than one category.

(1) f(x)=1+x-(1/2) x° (2) g(x)=7*
(3) h(2)=z" (4) y(t)=sin(t — 5)
Solution:

(1) f(x)=1+x-(1/2) x*> isapolynomia of degree 5
(2) g(x)=7* is an exponentia function with base 7
(3)h(z2)=z" isapower function

(4)y(t)=sin(t — 5) isatrigonometric function.

Example(2) H.w: Identify each function given here as one of the types of functions.

(&) f(x)=7-3x (b)g(x)=Vx (©) h(x)=(x+1)/(x+2)
(d) r(x)=8" (e)Vz7 () y=log,, x (9) y=sinx

Step function : A function f:X—R is caled step function if f(x)=[x] where we defined [[x] by
greatest integer less than or equal tox , so that Ds=R and Ri=Z .

For example

if 0<x<1 then [[x]]=0

if 1<x<2 then [x]=1

if 2<x<3 then [[x]]=2

if -1<x<0 then [x]=-1

If -2<x<1 then [x]=-2



Example(1): find the set of solutionof [x]>=[x]
Solution: [x]%=[x]=[x]?>[x]=0 =[x] ([x]-1)=0 <> [x] = 0 or ([x]-1) =0
[x] = 0or [x] = 1< 0<x<1 or 1<x<2 < S=[0,1)U[1,2)=]0,2)

Example(2): find the set of solution of [x]2-3[x]=-2.

Solution : [x]2-3[x]=-2=[x]?-3[x] +2=0 =([x] — 1)([x]-2)=0
(Ix] =2) =00r ([x]-1) =0 = [x] = 20r [x] =1

2<x<3 or 1<x<2 < S$7[2,3)U[1,2)=[1,3)

Example(3): find the set of solutionof [1/(2x + 1)]=1

Solution: [1/(2x + D] = 11 < —— < 2 1/2 <2x+1 <I
-1/2<2x<0 < -1/4<x<0 < S=(-1/4,0]

Example(4): find the set of solutionof |[[x]|<2

Solution: |[x]| < 2=—-2<[[x] < -2 =[x]=—-1or[[x]=0or[x] =1
-1<x<0 or 0<x<I1 or 1<x<2 < S=[-1,0)u [0,1)U[1,2)=][-1,2)

Definition: A function f:X—R iscalled an

even function if f(-x)=f(x) for al xeX
odd function if f(-x)=-f(x) for al xeX



Example (1): In 1-4, say whether the function is even, odd, or neither. Give reasons for your

answer.,

1. f(x)=x?+1 (2) f(x)=x?+x

(3) g(x)= x>+x (4) g(x)=x*+3x*-1
Solution:

1: Since f(x)=x?+1= f(x)=(-x)?+1=f(-x), then the function is even.

2:Since [f(X)=x?x]#[ f(-X)=(-x)?-x] and [[f(X)=x>+x]#[-f(X)=-x?-X], then the function is neither
even nor odd

3:Since g(-x)= -x3-x=- g(X) , so the function is odd

4:Since g(X)=x*3x2-1=(-x)*+3(-x)?>-1=g(-x), thus the function is even.

Example(2):
Can afunction be both even and odd? Give reasons for your answer.
Solution: Yes, f(x)=0 is both even and odd.

Example (3) H.w:
Assume that f is an even function, g is an odd function, and both f and g are defined on the

entire real line Which of the following(where defined) are even? odd?
@fg Ofb (@of (AfF=ff (g=gg (f)feg (9 gef (N)fof (i)gef



Definition : A function f(X) is called periodic function if there is a positive number p such that
f(x+p) = f(x) for every value of x. The smallest such value of p isthe period of f.

This section reviews the basic trigonometric functions. The trigonometric functions are

important because they are periodic. For an angle 6 the six trigonometric function are defined
asratio of length of sides of right as follows:

hypotenuse

Opposite

Adjacent
Sin x = opposite/ hypotenuse, cos x= adjacent / hypotenuse and tan x= opposite/ adjacent
cscx=1/sinx , secx=1/cosx and cotx=1/tanx . Moreover
Sinx=x-x3/31+ x> /51 -xX" [N +x° /9 +...

Cos X=1-x2/21+ x* /41 -x8/61+x8/8!+...
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Trigonometric Functions

Radian Measure

e
{‘Tu e

5]
Circle of rad™

=—=H or I;:F.

3.
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1

80 = 7 radians.

S
/60 0o
1
The angles of two common triangles, in degrees
and radians.

m/180° =S/A , where S radians measure and A degree measure, is the relation between radians
measure and A degree measure

Example: Write 65° as radians measure

Solution: 7/180° =S/A = n/180° =S/65° = S=65° 7/180° = 13 /36

Example: write 13 /36 as degree measure

Solution: 7/180° =S/A = 1/180° =(13 72/36)/A =A=(180° / ) (13 71/36) =65°
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Definition:
Let fix) be defined on an open interval about xg. except possibly at xg itself. We
say that the limit of f(x) as x approaches xy is the number L. and wnite

lim Slx) = L,

i, tor every number e == U, there exists a corresponding number & = U such that
for all x,
0 < jx—xa| =< & _— | Flx) — L] <= &E.
s -
S liem
£ |l-_|"|'|l m FeiorT
7 — m
For all =
i e
—

Example: prove that }(1_r)r11 f(x) =5, where f(x)=2x+3

Solution: Step(1) [x—a|<d—-|x—1[<d>-8<x—-1 <6>-0+1<x <o+1
Step Q)If (X) — Llke > |(2x + 3) — 5|<C—>=[2x — 2|<{>2|x — 1|<C— |x — 1|<(/2—>
siesfies (/2 <x—1 <{/2 »>—2+1<x <(/2+1

If (X) —L|=|(2x + 3) = 5|]=|2x — 2|=2|x — 1| < 2 2 = g, weget )l(i_r)rll f(x)=5

Example: prove that }(I_I)rsl f(x) =5 where f(x) = x

Solution: |f (X) — L|=|x — 5] , take 6= € then V xeDs such that O<|x — 5| < § satiesfies

If (X) —LI=|lx—5] < &,weget }gr} f(x) =5

Example: Let f(x)=bx+c where b#0 prove that Liir;f(x) =ba+c

Solution: [f (X) — LI=[bx + c - (ba + c)|=|bx — ba|=b|x — a]



Take 6= ¢/b then V xeDs such that O<|x — a| < & satiesfies

If (X) —L|=|(bx+c) —(ba + c)|=|bx —bal=b|x —a| < b E = g,weget }(1—121 f(x) =ba+c
Theorem: If thelimit of f:D—R exigt, then itsunique (If }gr; f(x)=L1 and }(1_r)x; f(x)=L2, then
L1=L2)

Proof: If L1#L,, s0 |L; — L, |> Otake e=(1/2) |L; — L,]|.

Sincelim f(x)=L;, thenthereexist §; >0 suchthat O<|[x —a <d; = [f(X)-L;|< €...(1)

X—a

Since lim f(X)=Lo, thenthereexist §;, >0 suchthat 0< [x —a| < d; = [f(X)-Ly|< €... (2)

X—a
|L; — Lp|=[Ly — f(x) + f(x) — Ly| < [f(x) — Lq| + [f(x) — Ly| <& +e=2e=2(1/2)|L; — L,
So |[L; — L,|<|L; — L, | which is contradiction. Hence L1=L .
Theorem : Let f:D1—>R and g:D,—R be afunction and D1nD, #J .
If lim f(xX)=L1 and lim g(x)=L., then:
X—a X—a
(D) lim (f(x)+ g(x))=1lim f(x)+ lim g(x)=L1 + L»
X—a X—a X—a
(2) lim (f(x) g(x))=1lim f(x) lim g(X)=L1 L»
X—a X—a X—a
(3) lim (f(x)/ g(x))=1lim f(x)/ lim g(x)= L1/ L, where L,#0 and g(x)#0
X—a X—a X—a
Proof(1): Sincelim f(x)=L1,then for every /2 >0 there exist §; >0 such that
X—a
O<|x—a<d=f(X)-Li< €/2 .....(1)
Sincelim g(x)=Ly,then for every €/2 >0 there exist 6, >0 such that
X—a

O<|x—a<d=g(X)-Ly|< €/2 ...... (2) take 5=min{ 9, , 6;}and xeD1 D, :
0<x—al <8 = [(f()+g00)-(Ls + L) < [f0) — Ly| + 1800 — Lol<e/2 +¢/2= ¢
Hencelim (f(x)+ g(x))=lim f(x)+ lim g(x)=L1 + L.
Example: (1) lirg 5x+3=5x%2+3 =15
X—

(2) lirg (X2 -4)/(x-2) = 1ir12n (X -2)(x+2) /(x-2) = linzn X+2 =4
(3) lim (x+3) /(x*+4x+3) = lim (x+3) /(x+3) (x+1) = lim 1/(x+1) = 1/(-3+1) =- %

x—>—3 x—-3 x—>=3

(4) lim (Vx -3)/(x-9) = lim (Vx -3) ((Wx -3) (Vx +3))= lim 1/ (Vx +3)= 1/(v/9 +3)=1/6



(5) lim (x"-a") /(x-a) = lim (x-a) (X" x™2 a+x™3 &2+x™ &+.. .+ xt a2+ a)/(x-a)
X—a X—a

= lim (X" X2 akx™3 @+ + xb a2+ @l) =(al+ a2 avdld @+ + al @+ d) = nat

X—a

¥
OEFIHITIOMNS Right-Hand, LoTl-Mand Limit:
We soy that f{x} kas right-hand limit L ot v, ard amites
bm_ fix] = L [ See Figume 215
[ h_ﬂ.l if for every monher € = 0} there exists 8 corresponding number & = 0 such thai
for all x
I ST dies
in here LR o = | fied — L] = &
A W say that § has lelt-Rand limit L a0 vp. and wiike
; A o . L ok
i alls g g :Irrg fix) = L { 5oz Figure 1.26)
[ e . .
R -'I:L-ﬂ - il for every munber & = {0 there axists 0 corresponding number 5 = 0 such tha
———— fior all x
¥ . = :
& Iy Ty & X I G i 11 —_ I.”"I:‘ Ll <,

FIGURE 2.2% Inlervals msocialed with
thee definities of nzhi-hand liemit,
EXAMPLE 3 Applying the Definition to Find Delta

¥ Pronee that

lemy ; = [l
r—=l

Sofutien Lete > Obogiven Here s = Qand £ = 0, so we want bo fued 2 8 = 0 zuch

Ld g b for all
5l -
L L i 0=z § = | Wax — 0] =<,
i i e
(I
L == x= i =2 ".:-L:r.
forollx # xp Siquearing both sidos of this last inequaliny gives
1t e
._|:i.--. =g i ) fh=—x < &
s § o Trwachoosed = & we have
0 - [ . Falf
B fa = yx=i=¥¢ == "k = E.
FIGEIRE .24  Imiervals mxocinisd with M=
the definitice of kxfi-hand Timit, . -
b << x << g = I%'s — ) =&

Theorem

A function f(x) has a limit as x approaches ¢ if and only if it has left-hand and
right-hand limits there and these one-sided limits are equal:

lim f(x) = L = lim f(x) =L and lim f(x) = L.

X—*C X—>C X—*C

Example: lirrlz [x] does not exist because lir{z_ [x] =0 and li’{k [x] =1 which is not equal .
X— X— X—



3 x<1 - _ . _ : —
QD f(x) = 5 ox>1 has no limit at x=1 by agiql— f(x) =3 and ,fi’{k f(x)=5

which is not equal .

3 EXAMPLE 2  Limts of the Function Graphed 1n Figume 2.24

- ¥ = fixl Alx = I lim—ot fix) = 1,
i 2 L lim,—g- fix) and lim.— fix) do not exist The fincton is not de-
|. _#E fined to the left of x = 0

t‘&_ i Alx = L lim, = fix) = Oeventhough fi1) = 1,
- "'1 1 : t z bim, 3+ fix) = L,

Iim,—; f(x) does oot exist. The right- and left-hand limits are not

FIGURE 2,24  Craph of the: fusction equal.
in Example 2 Atx = 2: lim—z- fix) = 1,

Link,—p+ fix} = 1,

Birnh—=3 jix} 1 even though f12) = 2.
Alx =% lith—z- fix)} = lim—s f(X) = lim—s flx) = fl3) = 2,
ALy = 4 lim—y Fix} = | éventhough fi4) = 1,

b fix) and lim,—s fix] do nof exist The funchon 15 not de-
Tinesdf to the nghi of x = 4,

Example: Find the limitsin 16-18.

F s _ _,r'f 2
% T V& — V5h~+ 11h + 6

h—1 h
17 i 3! o b2 b. i 3 x + 2|
. Tl ey T L
x(x — 1 x(x — 1
8 2 fmr w1 b 1)
=1 |x— 1] 31— [x—= 1]

Solution:



: Sh— 5 4 B : M5 — R Fh T P
15 By V¥ v’.r: h+6 _  fimy (-. f V_F; 1Th+ } {k_ + /S 4 Vb m)
h= h =0 WB+ ' 4 11h+ &
= lim fi— [ 4 L+ & — Lim —hiSh+ 11} i+ . 1t
I.—l I hli:..."E: JEh-'- 11h 4 l.'\lJ h — h{.-,I'E| \l."i]-l.' 18k I‘!'\'J '.‘.l:f'l' '-'I'I .I\l_l'.fl

17. {a) : lim_ (x + 315:;_,1_.1 = lim_ {(x -|-.:5]::+,§1' (lx+2=x+2forx > -2)
= |lim (x4+3)=(-2)+3=1
L s T
M tm k3 A = aim D [FE57] (142 = —(x + Dfor v < -2)
= Iim (X4+3=1=={=24+3)==]
L A
= =
18 (@) fim el = gy Yite—1) (x— 1 =x—1forx =1)
= lim V= /2
A
: -'ir-.—l:_ . I i — 1) = . r

=l V& =2

AR |
| N :sin%

/I

Theorem : provethat lim sinx /x =1
x—0

Theorem : provethat lim (cosx -1)/x =0
x—0

Proof: lim (cosx -1)/x = lim - 2 (Sn(x/2))¥x = lim sin(x/2)/(x/2) lim sin(x/2) =-1 x0=0
x—0 x—0 x—0 x—0

Examples:



Jim "T"ETE = lim  HE = (where x = +/20)

lim SH0E — iy Ksinkl g4 L“""" — k- lim ¢ —f.] =k {where & = ki)
f—D [ — 0 L f— i givp -9
lim 222 = L lim 25 = 2 fim 2R = § lim  HRE = (where 8 = 3v)
y—f) Fy—an Ty ¥ Fp_n @ * 1
5 | : i ek - L= A —
G im i = lim (Lo —4 Ny —11;— ( i i,._) =1-1=1 {where @ = 3h)
fim oI gy GEw) lim A0 im, otk lim Zxindx 1. 2=2
H —s (F Y, 1 L T e ] ReURIX ToE L X — 1j I = oL

€. o= = . + I 1 o= "
Jim 2 =2 lim Lm. =2 lim igemt 35 (ttgnn r.n-.r) (m) =21-1-1=12

: R T o R T % ., 1 Ik 2x -1
Jim e =0 (s ) = 'l: S ( . mi} z-1)h=3
i ' Tyl = [ LTS S SIS ey - Y (NEa AL S ]
u“—Tu GXeol X)ose IX) = u'ﬂ!'c: L = 1@1” (Frosx- 22— - ) =3-1-1=3
. ol LCOmE 4 N =t = L 1 ]
Jm Siosx — 4, (sivems + mkces) {?.ﬁ ) + JHm i

: e
= lim () - Jim (k) + lim {:m__) = (1IN + | =2

. L T 1 R Y ' % | 1 f simx 1 1

lim =0t = dim {3 =3+ 3 (7)) =0—3+5(1)=0

; i L

lam M-_- lin H0€ — | gincef =1 —cost — Oast— 0
L— [} P u L | — 0 #

sin (=im hi sim i 1

lim = [im
h—( =nh g—n ¥

since f = sinh — OGash —

. gnf 3 sin & gy 1 ' sin @ X PR | =
H.]T'_]” sind T H]E-I“ {5.1HEEJ - 2_:] == Elll]]l @ 7 &nd } R I ) I =

= B IR s sini 3k 4x 5y _ F o3 Al S5 4% EEN- ok Rl A |
lim '__Jl“n{_' ) =% him (sg&. Ay _2.1.1=2

x —s () Einy sim4x 5y 4 X — -1 win Ay 4
. ton 3x __ gz sin 3w i = 1= win fx 1 HEee T
,JT%; ETET ,Jmiu cos 3K sin F!n;j ,_IE]“ [cm AL @inBs 3x H}
B T [ AN 3-1 o i’ 73]
e | H.IE:]I'I' ::ﬂ.'ﬁ h; { :I I:;anc; = F 1-1-1= "

him Sin 3y et 5y _ limg & dyvin Sy com 3y lim =m Xy sim 4¥ o Sy 345y
y— 0  ¥eordy y— () ¥ 0034y sin Iy ¥ — 0 ¥ T 4y

- i, (5) (52) (%) (85) B =111 1- B = §




Theorem: (L, Hopital Theorem)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val [ containing a, and that g'(x) # O on/ifx # a. Then

. fx) - Fhx)
lim = lim

r—a g[.\'} x—a g’{x} ’

assuming that the limit on the right side exists.
Example: (1) lim (x"-&") /(x-a) = lim nx™1=na™! (by using L, Hopital Theorem)
X—a X—a
(2) limsinx/x = lim cosx =cos 0=1 (by using L, Hopital Theorem)
x—0 x—0
(3) lim (x?+x)/x = lim 2x+1 =1 (by using L, Hopital Theorem)
x—0 x—0
(4) lim (X?-4)/(x-2) = lim2x =4
xX—2 xX—2
(5) lim (x2-4x)/(x?-2x) = lim (x?-4)/(x-2) (by using L, Hospital Theorem) = lim 2x =4
x—>2 x—2 x—2
(6) lim (Ux—-1sinx) = lim (sinx—x)/ (xsinx) (by using L, Hopital Theorem)
x—0 x—0

= lirré(cos x -1)/(sin x+ x cos x)(by using L,Hopital Theorem):lin%(-si nx )/(2 cosx —x sinx )=0
xX—> x—>

Example: In 1-26, use Hopital’s Rule to evaluate the limit:
(1) lim (x-2)/ (x-4) (2) lim (sinb5x)/x (3) lim (5x%-3x)/ (7x*+1)
xX—>2 x—0 X—0

(4) lirln (x3-1)/(4x3-x-3)  (5) lirln (1- cosx) Ix?2  (6) lim (2x2+3x)/(x3+x+1)
X— X— X—0



T I =
A0 x5 — aF
7. Hm = #. MWm Soew
. sim & . 1l — zinx
T — 0 W T T T oosax
T Lire sinx — cos X 12 Firm cosy — .5
B xa—rmrid P TI'_-"I—'Il * r— i3 e 1'I'..'..-.'!'I
3. = [ ? - S
- J.—I"!l.J."-"I."II Ch 2)mﬂ_¥ 14 :]ﬂ!il N T'\v_."';
2xT — (3x + 1yWx + 2 Wind 4+ 5 — 3
s, = ~
15 Jim X —1 1o, s = y
L 4 - 1 0 =0 —
17. Hm ke .Ij u. a = 0 15, HmL]
W =il N ] —=dk :J
o xloeoex — 1) o ‘i fa + A — ®inda
0, e e e i,
- _,I'--nmn sy — X - .I}I—-n #
T — 1
21, 'Eirrl. M n o positive integer
iy 2 1|m 25 lim {x — wxT + %)
== el
1 ix — 5
: T S
24 l_n_n ¥ Tan g z =—!-'l-‘-.- e
sin Ta
6. _-.I.'_-u tan 11x
Solution:
' i p=d 1 =3 =2 = .
1. I'Hbpital: Jim 2=5 = o T mﬁlf.f.“ A= lim oty = lim =1
t iRl i aim 51 __ 5o Sx A . I Ein 5y _ ipdx _ 5.7 .—
2 IHbpial: lim S5 = eS| —Sor lim S =5 lim 5= 5.1=35
| T R -] x == [
4
' . Su' 3w 1k C AR | spfo3x - e S |
3' ]Hﬁpl[ﬂl :1&“_!_\: Tl T ]:Il.m-,: ]-‘IH = “—In_'\: 14— T “r:q_li.mx Tx 41 _:II—H}':.: ;r — 7

L [ =1 _ B i’ -l . _ — L)% +x+ L)
4. IHopital: lim or—rs = Wm iy = T o Jim s = 1"_']"1 =D a s3]

iz +x+1] =3
I““I TEP o e i T
5. I'Hbpital: lim L=S50 — Jim &% — |jm 2% Lo lim lsies o im | (ogerlilbess
pits x— D ¥ w0 &y 2 ey x — 1) X i
- a3 - unsyrmmnyf_ 1y _ 1
= Mmoo ey = MM [{ 5 H““”]] e
3P

'+ 3 An+3

6. |'Hipital; Jdim, SRS = im0y = lim A —for tim, E:I-::-ul = lim,_ 1-|l—'-!|- _ 1



11,

|

12,

Jim, S5 — Jim, A= —

X ﬂ"ﬂ;:

lim

®x— mid

lim
L |

L

% —= i

AT

x —= s

1

2n—m ___ 2 Y PP
Cod K HEIE""’ — &l A b g 2
i
cogd =1 __ 1
e T —1 —1
| — minx L — AN L
I + o 2% = Iln_.ll_ o —2 % Ew H_Ert;‘_r-j
iy ]
S0 K — 0K suwd % 4 sl X 3
—_— o = [ —
R S Ill'l'l_ i — ] 1=
I §o—s i
1
ooE E lim —=hy W :,%.:'F

min x

—df gog 2L



13,  lim —{:b.— T)tan X = lim A-ZIand _ gy E-MEeRrARAMTL _ gy

& —+ 4T K e Ty X ==t TS D il

A -k

= -y - . il K iR F -
I4, xlu_n" :—5‘_7; Im'.|r —-"—j :TII'_I‘l“ i}.-u-L- =0

= Lt £ e o T o . Ot —dut P mtigw ‘“'___I". — FSm
15, lom | = 11|r'|:1_| — = |“:|-|1 —_—t = ]
L 1w
T S o ot Tia® + 5] 12n) I |
. :I“."";I e e :I“."'E —_— ,Ifl_."l_l_. m =

F o 8B4 l]-u_ s - _ . g :
I7. lim, x L =y =y 7. where a = 0,

IH gim & — &b r\:r-l

— A -"’"" - | =Mreual 101 _ &
I3, 1'1% - Iu'r-,.J Im'-,..r .|II:I"L A i -5
L e —_EF - = hi i | T— ' ' | — b = - | . - i = o, —
t"-" I'_'Fﬂ .:.:.J i — lln'lh LE |=rh.'x‘q.'\|-l — IIE.'T:I Lo ln-.im: Ll — 1'tl_l'l.'l.] '||:‘1.I|'-:":"-|l1 = Ih_'.“n bl :r“:hu'\-h'i — _I!_ = :'t
P dalm bl - sinn . woalp -+hj —opsd
200, hll_n|11ﬂ —_ = h]@“ s =i
21 T1i y "," 1': - rIiﬂ'lI M— nnFIimI - — an. where nis a positive integer,
- J-= . v IHegials mle % - = s e !
2l (1) = i () = (B = b (- VA do e
i 1 — i
. i S = & — S xE || el ) = Pl — i — R
23.  lm Ii:r. 5 —1-1} L lim [:.'4. 2i4x I:“'FIL _1) o i e o Jlim > :
T = — & | rHopiurs mie
—-.;I'.I'_ﬂ'._.; ||-|F-'.Jl—_ T[umm
24. lim 1l:|n|: } |||'|1 i 1 lrm TP hul. hm  zec?{2] = sec®l =
R —F 00 . X — O - L -y =
5. Fim 2 b lim 2 il
oy w0 —EA42 N — = Ta—1

] AWML P L. 7
26, lim. ohes — 0 Fermig — 0D 31

Definition:
1. We say that fix]) has the limit L as v approaches imfinity and write
Jim flx) = L
if, for every puimber & 2= 0, there oxists a corregponding i ber AF such that
for all x
xr = A = | Flxd — L] = .
2. Wi say that fix) has the limit £ as vy approaches minws infinity and write
Jm fG0 = L

if. for every number « = O there existe a corresponding number A such that
toe all x

x = N e [fx) — L] = £



Example: Show that

. 1 . 1
= = |} _— =
(@) ‘l_lr.Tl X () 1-_11.'31. % 0.
Solution
(m) Lete == 0 begiven. We must find a number Af such that for all x
s | |
x> M = x 0 = x| ==

The implication will hold if M = 1/e or any larger positive number (Figure 2.32).
This proves lim, . (1/x) = 0.

(b} Let e = 0 be given. We must find a number & such that for all x

1
x

The implication will hold if N = —1/e or any number less than —1 /¢ (Figure 2.32).
This proves limy .« (1/x) = 0. ]

x=N ==

My nmaiig w il

".'. posve numbeer £ s,
| the griph snters 1
I | this band st x = 2
i = |
and s=lays
5
L
, J_ ¥ E
E e — 2 S
'\-\.__\__
| N o= ! -
=
— i 7] I =X
izt
K = '\-1‘

- 2 - I- - - - - =
Mo matter what \
positive number € &5}
the graph enters

1
this band a1 x = —2 H
andd slavs

Theorem: If f : D »> Risarationa function such that

f(X) = (an X" + a1 X" +... +ag ) /(b XM + brs X™ 4. +bo) wheren, m e Z*U{0}, then

an/bm ifn=m
lim f(x) = 0 ifn<m
e wor—o ifn>m

Proof: f(X) = (@ X" + a1 X" +... +ag ) /(bm X™ + by X™ +... +bg ) =

X" (an + anr X+ +ag/ X /(XM (b + b X +... +bo / X™)) , we have only three cases



cael:if n =m,then lim f(x) = limx"(a, + a1 X1 +... +ag/ X") / (X™ (bm + bypa X2 +... +bg
n—>0o n—->0oo
XM)) = lim (8 + @na XL +... +a0/ X" /(D + Dt X2 +... +bo/ X™) = &/ by .
n—>0o

case2:if n > m,then

lim f(x) =limx"(@ + a1 X1 +... +ag/ X") / (X" (b + by X1+, +bo / X™)) = lim x™™™
Nn—>00 n—->oo

n—-oo

lim (8 + @ X1 +... +ag / X") /(bm + bre X1 +... +bg / XM ) =0 07 — 0 .

n—>0oo
case3:.if n <m,then

lim f(x) =limx"(@, + a1 X1 +... +ag/ X" / (X" (b + by X1 +... +bo / X™)) = lim 1/
n—-oo n—-oo n—>oo
x™ ™ lim (8n+ @na X ... +ag/ X") /(bm + b X1+, +bo/ X™)= 0% (&, / bm) =0

n—-oo
an/bm ifn=m
Hence lim f(x) = 0 ifn<m
n—oo .
wor—o ifn>m

Example: In 47-56, find the limit of each rational function (a) as x— (b) as x— -o:

) 2x + 3 ) 2y
47. Fiz) —— 4%, FixT) - -
x x° x= 4+ x4+ 7
40 _.f|.-|-| —_— -I;.'._I_.]..'. =K. _.f|.-|-| —_ '}':‘;.I__
- LB e it 2
=1, J T =3 (x) i
5l. hix) e 582 mix AT ——
xt | + By h i il + 1
- : 10x° + x* + 31
53. gix) = =
X
- Ox* + x
54. hix) = —; s
X+ 5 —x+6
= —2x3 — 2x + 3
55. hlx) = — =
Ix" + 3x° — 5x
4
. —X
56. hix) = — ~ =
xT—Tx + Tx= + 9
Solution:
. Iy + 3 : 24 : ] E
47. (a) "JIEle T — ﬂ!ll;']:lh Tt (b) £ (same process as parl (a))
v gt & T 4 4 I:'IL'I |
48. {(a) lim =1 = |im = 2
k=1 W LA g i R— I_'_IT-"-._

{h) 2 (same process as parl (a))



49. (a) lim_ itl = lim T;?— =0 (b) 0 (same process as part (a))

3 7
- x+7 g wigm
50. (a) 3Ll_lrzrnm 515 = xll.mm f;r_ =0 (b) 0 (same process as part (a))
51. (a) _lim_ ﬁ = lim_ f%l_fr_ =7 (b) 7 (same process as part (a))
52. (a) lim m = lim_ IT,—I_;—,'— =0 (b) 0 (same process as part (a))
: o . Byl
53. (a) lim 1 dx 3l — gim T ¥ —
X = OO0 X X = o0

(b) 0 (same process as part (a))

9+

" |
- Ox' +x = = =l me ik
. @) L0 o s T L 3
(b) 2 (same process as part (a))
. ot —2x 43 . “2-Z+5 2
55. (@) (lim, 5t = lim, St =3
(b) —_% (same process as part (a))
: —xt o . =i o
36. () I e mre — s Tl gl -
(b) —1 (same process as part (a))
Example:
IV x +x 2 + Vi
37. lim : = 58. lim ————
=00 2L — —*0d 3 . W
- 5/ I =
: 'x— Nx - +
59, Jim = i 6. lim n A =
e — 1..‘..._-1_ + 1.":_"1_ T e x L __ o
T i Tk IR W — % 3
: 2x X F . o S5x + 3
6l. lim : i 62, lim e
y—22 LB L 3y + Vi w00y - Wt —-4

Solution:



. R4z . [.—':Il[:-':l_ ; SR L {L.}Il_
7l TEE = Am S =0 Mmoo m =L TS
5 :H—I': P | —x = 1 l— o
9. lim f—*’—ﬁ_-v.; Al . lim_ 7R |
AR . g K
6l 1!I-’-nx TRl 1|_1I!'I'.I = e
4 v =gt i Iy! __,.l._l-+,"_l"_
6L lim, Srenrs =il T =%
/'3 — 5 - 1 ._.'_1'51'} = ]
62 x_ﬁj"—-: Tz —4 -[ll_x L1 5
Theorem
H T
1. him IIL’ =i}
Fp—=

2. lim Wa =1

i —i
3. lim xY" =1 (x = 0)
B —
4. lim x" =10 (x| =< 1)
ﬂ-_-l"'l.
+ X o —n X 3
. 0
6. ﬂl_u:lL P (any x)
Example:

2 lim —
n|ll‘l'{ _ (003" = |

L :l m o 17
oA (1 h5) =

- Lyn . ]
I'IJLI*:IE‘H_": [I-— F:' _nli':"x [I+‘n—‘] _— g}

i A% 10n = _lm. 100 .pl/o — 1.1 = |
— ek L — o



o HITL wn? = Ll {v/_j

lim 3bm

: 35 1/ ) 1 1
WP, (R) =T = = 1

lim_[Inn—In+ D] = lim_In(525) =In ( lim_ 525) =In1=0

n— oo

lim v/4"n= lim 4%n=4-1=4
n— oo n— oo
lim (%)Uﬂ""} = lim_exp(pgIn(y)) = lim_exp ("5™t) =’
. 130 . 1\ N
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Definition:



1. We say that fix) approaches infinity as x approaches x. and write
Iim flx) = oo,

X=Xy
if for every positive real number B there exists a corresponding & = 0 such
that for all &

0 <= |¥ — xg| = & = flx) = B.
2. We =av that fix) approaches negative infinity as x approaches ;. and write

lim fix) = —oo,

B I 1]
if for every negative real number — £ there exists a corresponding & = 0 such
that for all x

0= |[x — -"-'nl == & = ,Ir't.l"l = — .
Example:

Prove that lim iz = X
x—0 X

Solution Given B = 0, we want to find & > 0 such that

0 < |x—0 <8 implies izi“:s B.
X

Now,

L~ B  ifandonlyifx? < &

x B
or, equivalently,
V'B
Thus, choosing 8 = 1/ \#’E (or any smaller positive number), we see that
|x| < & implies Lz > Lz = B,
X O
Therefore, by definition,
. 1
lim — = o0
x—0 x=

Definition:



A line x = a 15 a vertical asymptote of the graph of a function v = flx) if either

lim flx) = £ or lim f{x) = o0,

¥ 'y 7
Definition: A liney=bisahorizotal asymptoteif lim f(x)=bor lim f(x)=b
X—> O X—> — 00

Example: find the verticale asymptote and horizotal asymptote of f(x)=1/x if exist .

Solution: Since lirg+ 1/x = oo then the verticale asymptote of f(x)=1/x isalinex=0.
x—>
Since lim f(x) = lim 1/x =0, then the horizotal asymptoteisaliney=0.
X—> O X—> O
Yerucal asymplole ]

Horizontal | N
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Example: find the verticale asymptote and horizotal asymptote of f(x)=x+3/ x+2 if exist
Solution: Since lim  x + 3 / x + 2 = oo then the verticale asymptote of f(x)=1/x isaline x=-

x— =2t

2.39ince lim f(x) = lim x+3/x+2=1,thenthe horizotal asymptoteisaliney=1.
X—> O X—> O
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Example: find the verticale asymptote and horizotal asymptote of f(x)= (2x2+3)/x

Solution: Since Xllrg+ (2x?+3)/x = oo then the verticale asymptote of f(x)= (2x?+3)/x isaline
x=0.Since Xango f(x) = Xlergo (2x?+3)/x =00 , then f has not horizotal asymptote.

Example: find the verticale asymptote and horizotal asymptote of f(x)= x/(x-1)
Solution:Since lim, x/(x-1)= oo then the verticale asymptote of f(x)=x/(x-1)isalinex=1.

x—> 1%
Since lim f(x) = lim x/(x-1) =1, then the horizotal asymptoteisaliney=1.
X—> 0O X—> 00
Definition:

Interior point: A function y = f(x) is continuous at an interior point ¢ of its
domain if

lim f(x) = f(c).

X—>C
Endpoint: A function y = f(x) is continuous at a left endpoint a or is
continuous at a right endpoint b of its domain if

lim f(x) = f(a) or _Iing_ flx) = f(b). respectively.

x—aq

Continuity test:



A function f(x) is continuous at x = ¢ if and only if it meets the following three
conditions.

1.  f(c) exists (¢ lies in the domain of f)
2. lim, f(x) exists (f has a imit as x — ¢)
3. lime—. f(x) = f(c) (the limit equals the function value)

x?  ifx<3

x+6 ifx>3 33

Example: discuss the continuity of f(x) =

Solution:
(Df()=3+6=9
@) Jim, 1) = Jim, x+6=9
(3) lim f(x)=1lim x* =9
x— 3~ x— 3%
f(3) = lim f(x)= lim f(x) Hencef iscontinuity at x=3
x— 3% x— 3~

_(x* =4/ (x-2) ifx#+2 _, _
)= 4 if x = 2 A2

Example: discuss the continuity of f(x

Solution:(1)f(2) =4

(2) lim f(x)=1lim (x* —4)/(x —2) = lim x+2=4
x— 2% x> 2% x> 27t

(3) lim f(x)=1lim (x> —4)/(x —2)= limx+2=4
xX— 27 xX— 27 xX— 27

f(3) = lim. f(x)= lim f(x).Hencef iscontinuity at x=2
x— 2% x—> 2~

Example: discuss the continuity of f(x) = (x> —4)/(x —2) if x # 2, at Xx=2
Solution: (1)f(2) is undefined
(2) lim f(x) =lim (x? —4)/(x — 2) = lim x+2=4

x— 2t x— 2t x— 2%

(3) lim_f(x) = lim (x? —4)/(x = 2)= lim x+2=4

xX— 2~
f has alimit at x=2 but not continuity at x=2 because f(2) is undefined

2/(x—1) ifx#1

0 ifr=1 &%

Example: discuss the continuity of f(x) =

Solution: (1) f(1) =0



(Z)xl—l>nll+f(x) :xl—i>n11+2/(x o 1) =
(3) lim f(x)=lim 2/(x—1)=-o

Hencef isnot continuity at x=1because the limit of f at x=1 does not exist.

ax —b ifx>1
Example: If f(x)= 2bx —a+ 1 if x <1 isacontinuos funxtion at x=1 then find the value
1 ifx=1

of aandb.

Solution: (1) f(1) =1

(Z)xl—i>n}+ f(x) :xl_i>1§z+ax —b=ab

(3)xl_i>n11_ f(x) =xl_i>rr11_ 2bx —a+1=2b-atl

Sincef isacontinuos funxtion at x=1 then a-b=2b-a+1=1 then
ab=1....(1)

2b-a+1=1 ... (2)

Solve equation (1) and (2) we get a=2 and b=1

ax+3 ifx+1

=1 is a continuos funxtion at x=1 then find the value of a.

Example: If f(X)=

Solution: (D)f(1) =1

(2) X1_1)rr11+ f(x) :Xl_1>rr11+ax +3=at3

(3) lim f(x) =lim ax+ 3 =at3
X—> 1" X—> 1"

Since f is a continuos funxtion at x=1 then a+3=a+3=1 then a+3=1, hence a=-2

Example:



x= — 1 —l == i
2 ik o= 1
flx) = [, x = |
— 2% I = & =2 2
0, 2 x o=l 3

graphed in the accompanying figure.

¥ o=:

5. a. Does f{—1) exist?
b. Does lim,—. —;+ fl(x) exist?
c. Does limy—w—y+ filx) = f(—1)7
d. Is fcontinuousat y = —17?
6. a. Does f(l) exist?
b. Does lim,—y flx) exist?
c. Does lim,_; fAlx) = f(1)7?

d. Is f continuousat x = |7
7. a. Is f defined at x = 27 (Look at the definition of f.)
b. Is f continuous at x = 29

8. At what values of ¥ is f continuous?
9. What value should be assigned to f(2) to make the extended func-
tion continuous atx = 27
10. To what new value should #(1) be changed to remove the discon-
tinuity?

Solution:



5. (a) Yes (b) Yes, Iim1 f(x) =10
H__
(c) Yes (d) Yes
6, (a) Yes fil)=1 (b) Tcﬁ.x]ilul fix)="2
(¢) No (d) No
7. (a) No (bl No

8, [—1,0)uU(0,1)U(L,2)U(2,3)

9. fi2i=0, sim.:elliﬂg fix)==-22+4=0= lim £X)

X — 3

10. [(1) should be changed 10 2 = 3':lim] fix)
Continuity from Graphs

In Exercises -4, say whether the function graphed 1s continuous on
[—1. 3]. It not, where docs it 1ail to be continuous and why?!

1. 2.
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Solution:

[E¥]



1. No, discontinuous at x = 2, not defined at x = 2

2. No, discontinuous atx = 3,1 = lint;!} a(x) == 8(3) = 1.5
X —

3. Continuous on [—1. 3]

r

4. No, discontinuous atx = 1, 1.5 = l'm% k(x) £ limI K(x)=10
X = x

Theorem:

If the functions f and g are continuous at x = ¢, then the following combinations
are continuous at x = c.

1. Sums: ils=

2. Differences: f—&

3. Products: f-e

4. Constant multiples: k- f, for any number k

5. Quotients: f/g provided g(c) # 0

6. Powers: f5, provided it is defined on an open interval

containing ¢, where r and s are integers

[f f is continuous at ¢ and g 1s continuous at f(c¢), then the composite g © f is
continuous at c.



