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RELABILITY : refers to the consistency and dependability of a system , process or 

measurement , it is an essential concept in various fields , including engineering , 

statistics ,psychology and more reliability can be understood in several different 

contexts . 

Qualitative Definition: A reliability may be defined as the probability of a device 

to operate for a given period of time, without failure under a given operating 

conditions; for a given interval [0,t] . 

Quantitative Definition: 

Let T be a life length (or time to failure) of a component then the reliability is: 

R(t) = Pr (T > t) 

 

Properties of Reliability function: 

1- Decreasing function. 

2- R(∞) = 0 

3- R(0) = 1 

4-𝑅(𝑡) in terms of p. d. f  f(t)   may be written as 

R(t) = ∫ f(u)du

∞

t

 

5-R(t) in terms of c.d.f  F(t)   may be expressed as 

R(t) = 1 − 𝐹(𝑡) 

6-Unreliability function Q(t) 

𝑄(t) = Pr(T ≤ t) 

R(t) + Q(t) = 1 
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What it means to say R(t)=0.90 ? 

It means that 10 percent will fail of the identical items under the same working  

condition in the interval [0,t]. 

Reliability function or survival function: 

The life time (T) is non negative r.v. 

 

R(t) = Pr(T > t) 

         = Pr(a component survives after age t) 

R(t) = ∫ f(u)du

∞

t

 

 

Distribution Function: 

𝐹(t) = Pr(T ≤ t) 

         = Pr(failure of a compenent time ≤ t) 

𝐹(t) = ∫ f(u)du

t

0

 

𝐹(t) = Q(t) = 1 − R(t) 

 

Probability of  Failure (Failure Density function) : 

The probability of failure may be defined as the unconditional probability of failure 

in the time interval (∆t) between (t) and (t + ∆t). 

  

𝑓(t) = Pr(t < T ≤ t + ∆t) 
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Hazard function: 

The hazard function may be defined as the conditional probability at a component 

to fail in the interval (∆t), between (t and t + ∆t) given that it has not failed until 

time (t) this may be expressed as:. 

Z(t) = 𝑃(𝑡 < 𝑇 ≤ (𝑡 + ∆𝑡)/𝑇 > 𝑡) 

Z(t) = 
𝑃(𝑡<𝑇≤(𝑡+∆𝑡))

𝑃(T>t) 
 

Z(t) =
f(t)

R(t)
 

 

General  Expression of Reliability 

 𝒁(𝒕) =
𝒇(𝒕)

𝑹(𝒕)
 

Z(t) =
−R(t)́

   R(t)
 

∫ Z(s)ds

t

0

=  ∫
−R(s)́

   R(s)
ds

t

0

 

∫ Z(s)ds

t

0

= −ln R(s) |
t

0
 

----------------------------------------------------------------------------------- 

Special case 

𝑖𝑓 𝑍(𝑠) 𝑖𝑠 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡     →       𝑍(𝑠) = 𝜆  

𝑅(𝑡) = 𝑒- ∫ 𝑍(𝑠)𝑑𝑠
𝑡

0 = 𝑒− ∫ 𝜆 
𝑡

0
𝑑𝑠 = e−λt 

𝑓(𝑡) = 𝑍(𝑡) ∗ 𝑅(𝑡) 

f(t) = λe−λt 
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Empirical Reliability: 

NO : Number of a component under the test. 

NS(t) : Number of survival component up to time t. 

NF(t) : Number of  failure  component up to time t. 

P̂Survival = 𝑅(t) =
NS(t)

NO
  

P̂Failure = 𝑄(t) =
N𝐹(t)

NO
 

NO = NS(t) + NF(t) 

Mean time to failure (MTTF): 

Is the mean time to the first failure (non repairable device). 

MTTF = E(t) = ∫ tf(t)dt

∞

0

= ∫ R(t)dt

∞

0

 

Mean time between failure (MTBF): 

Is the expected time between two successive failure (repairable component). 

1

𝑀𝑇𝐵𝐹
= ∑

1

𝑀𝑇𝑇𝐹𝑖

𝑛

𝑖=1

 

𝑀𝑇𝐵𝐹 = 𝑀𝑇𝑇𝐹 =
1

𝜆
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Theorem: 

𝑬(𝑻) = ∫ 𝑹(𝒕)
∞

𝟎

𝒅𝒕 

Proof: Left hand 

𝐸(𝑡) = ∫ 𝑡𝑓(𝑡)𝑑𝑡

∞

0

 

          = − ∫ 𝑡 𝑅́(𝑡)
∞

0
𝑑𝑡                 𝐿𝑒𝑡:   𝑢 = 𝑡  𝑑𝑢 = 𝑑𝑡 

                                                         𝑑𝑣 = −𝑅́ (𝑡)𝑑𝑡   𝑣 = −𝑅(𝑡) 

𝐸(𝑡) = −𝑡 𝑅(𝑡) |
∞
0

+ ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 

𝐸(𝑡) = −∞ 𝑅(∞) − 0 𝑅(0) +  ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 

∴ 𝐸(𝑡) = ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 

Right hand 

∫ 𝑅(𝑡)
∞

0

𝑑𝑡 = ∫ [∫ 𝑓(𝑠)𝑑𝑠
∞

𝑡

] 𝑑𝑡

∞

0

 

𝐿𝑒𝑡:   𝑢 = ∫ 𝑓(𝑠)𝑑𝑠
∞

𝑡
  𝑑𝑢 = −𝑓(𝑡)𝑑𝑡 

       𝑑𝑣 = 𝑑𝑡   𝑣 = 𝑡 

∫ 𝑅(𝑡)
∞

0

𝑑𝑡 = 𝑡 ∫ 𝑓(𝑠)𝑑𝑠 |
∞
0

∞

𝑡

+ ∫ 𝑡𝑓(𝑡)𝑑𝑡

∞

0

 

        = 0 + ∫ 𝑡𝑓(𝑡)𝑑𝑡
∞

0
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∴ ∫ R(t)dt

∞

0

= ∫ tf(t)dt

∞

0

= 𝐸(𝑡) 

In special case 

If   𝑍(𝑡) = 𝜆 

𝑅(𝑡) = 𝑒−𝜆𝑡   

𝑓(𝑡) = 𝜆𝑒−𝜆𝑡 

𝐸(𝑡) = ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 

𝐸(𝑡) = ∫ 𝑒−𝜆𝑡  
∞

0

𝑑𝑡 =
−1

𝜆
𝑒−𝜆𝑡 |

∞
0

 

          =
−1

𝜆
𝑒−𝜆(∞) +

1

𝜆
𝑒−𝜆(0) =

1

𝜆
 

𝐸(𝑡) =
1

𝜆
= 𝑀𝑇𝑇𝐹 

Theorem: 

Let T be a time to failure of an item then the distribution of T is exponential, 

If and only if the failure rate is constant?𝟏 −

𝑻~ 𝐞𝐱𝐩(𝝀)              →       𝒁(𝒕)𝒊𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝟐 − 𝒁(𝒕) =

𝝀  𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕    →      𝑻~ 𝒆𝒙𝒑(𝝀) 

 

1 − 𝑻~ 𝐞𝐱𝐩(𝝀)              →       𝒁(𝒕)𝒊𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

 Z(t) =
f(t)

R(t)
 

f(t) = λe−λt 

R(t) = P(T ≥ t) = ∫ f(s)ds
∞

t

 

        = ∫ λe−λsds
∞

t
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        = −e−λs|
∞
t

 

        = e−λt 

Z(t) =
λe−λt

e−λt
= λ            constant Z(t) 

 

𝟐 − 𝐙(𝐭) = 𝛌  𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭    →      𝐓~ 𝐞𝐱𝐩(𝛌) 

𝑍(𝑡) = 𝜆             𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑅(𝑡) = 𝑒- ∫ 𝑍(𝑠)𝑑𝑠
𝑡

0 = 𝑒− ∫ 𝜆 
𝑡

0
𝑑𝑠 = e−λt 

𝑓(𝑡) = 𝑍(𝑡) ∗ 𝑅(𝑡) 

f(t) = λe−λt 

Example(1) 

If Z(t) = 3 ∗ 10−5     find: 

1- R(t) for 100 hours. 

2- What is the reliability equal MTTF? 

Solution 

Z(t) = λ = 3 ∗ 10−5      constant 

1 − 𝑅(𝑡) = 𝑒−𝜆𝑡 

𝑅(𝑡 = 100) = 𝑒−3∗10−5∗100 = 𝑒−3∗10−3
= 0.99 

2 − 𝑅(𝑡 = 𝑀𝑇𝑇𝐹)=? 

𝑀𝑇𝑇𝐹 = 𝐸(𝑡) = ∫ 𝑅(𝑡)
∞

0

𝑑𝑡 

𝐸(𝑡) = ∫ 𝑒−𝜆𝑡  
∞

0

𝑑𝑡 =
−1

𝜆
𝑒−𝜆𝑡 |

∞
0

 

          =
−1

𝜆
𝑒−𝜆(∞) +

1

𝜆
𝑒−𝜆(0) =

1

𝜆
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𝑀𝑇𝑇𝐹 =
1

𝜆
 

𝑅 (𝑡 =
1

𝜆
) = 𝑒−𝜆𝑡 = 𝑒−𝜆∗

1

𝜆 = 𝑒−1=0.37 

Example(2) 

Assume that (5000) items are put under the test, and if failure rate is constant 5 ∗

10−4  find: 

1- Reliability for 500 hour. 

2- NS(t) for 500 hours. 

3-Nf(t) for 500 hours. 

Solution/ 

𝑁𝑂 = 5000  𝑖𝑡𝑒𝑚𝑠 

𝜆 = 𝑍(𝑡) = 5 ∗ 10−4 

1 − 𝑅(𝑡) = 𝑒−𝜆𝑡 

𝑅(𝑡 = 500) = 𝑒−5∗10−4∗500 

= 𝑒−0.25 = 0.78 

2 − 𝑁𝑆(𝑡) = 𝑅(𝑡) ∗ 𝑁𝑂 

= 𝑒−0.25 ∗ 5000 = 3900 

3 − 𝑁𝐹(𝑡) = 𝑁𝑂 − 𝑁𝑆(𝑡) 

      = 5000 − 3900 = 1100 

 

Example(3): 

If  𝜆=0.01 parameter of exponential distribution and R(t)=0.90,  

Find: t [the number of hours as a system operated] 

Solution: 

𝑅(𝑡) = 𝑒−𝜆𝑡 
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0.90 = 𝑒−0.01∗𝑡 

𝐿𝑛(0.90) = −0.01 ∗ 𝑡 

𝑡 =
−𝐿𝑛(𝑜. 90)

0.01
= 10.5 ℎ𝑜𝑢𝑟𝑠 

 

Example(4): 

If the Reliability for 100h equal to 0.99 find the failure rate: 

Solution: 

𝑅(𝑡 = 100) = 𝑒−𝜆𝑡=  0.99 

𝑒−𝜆100 = 0.99 

𝐿𝑛(0.99) = −𝜆100 

𝜆 =
−𝐿𝑛(𝑜. 99)

100
= 0.00003 

 

 


