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Lecture - 3

Inclined Surface
Stress Invariants
Maximum Shear Stress
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Stresses on Inclined Plane

Normal and shear stresses on inclined sections

To obtain a complete picture of the stresses in a bar, we must
consider the stresses acting on an “inclined” (as opposed to a
“‘normal”) section through the bar.

Inclined section Normal section

L U G-
Because the stresses are the same throughout the entire bar, the
stresses on the sections are uniformly distributed.

P Inclined Normal
section section




I Dr. Feirusha Kakshar, UKH I

Stresses on Inclined Plane

2D view of the normal section

(but don’t forget the thickness perpendicular to the page)

Y|

y

2D view of the inclined section

Area A /

P «+—
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Stresses on Inclined Plane

Specify the orientation of the inclined section pg by the angle 0
between the x axis and the normal to the plane.

y| N n
0
P+——x }<\ »P
PN
“Normal section” 8 = 0° Left face 6 = 180°
Top face 6 = 90° Bottom face 6 = 270° or -90°

Y|

el <j§

The force P can be resolved into components:
Normal force N perpendicular to the inclined plane, N = P cos 0
Shear force V tangential to the inclined plane V=P sin 0
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Stresses on Inclined Plane

If we know the areas on which the forces act, we can calculate
the associated stresses.

Y|
SNTx o Y| N
e
area |—X area |—X \l
A ™ / A ™ / \
area (A/ cos/e) N area (A/ cos’le) AN

Force N  Pcosd P
Area Area A/cosd A

cos’@

O, =

o, =0, COS°0 = ?"(1 +c0s20) ¢

Force -V —-Psiné P .
T, = = = =——singd cos ¢
Area Area A/cosé@

r,=—0, sin@ cos @ = —%(sin 26) <



I Dr. Feirusha Kakshar, UKH

Stresses on Inclined Plane

Maximum stresses on a bar in tension

P +«—— O < —> P
a b
Ox O, = Onax= P 1A
S e
a
No sh t
0O shear sitresses P |:| <> P
a b
c,/2
6 = 45° Angle Gy Ty
- 0 =45° c,/2 -G,/2
0 =135° o,/2 c,/2
Trnax = Ox/2 0 =-45° o,/2 c,/2
0 = 225° o,/2 -0,/2
o,/2

b

In case b (0 = 45°), the normal stresses on all four faces are the
same, and all four shear stresses have equal and maximum

magnitude.
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Stresses on Inclined Plane

e As it was noted, if the loaded body is in equilibrium, then any of
its cut parts must also be in equilibrium, i.e. the principal vector
and the principal moment of all loads applied to this part must
be equal to zero. This also applies to the surface of the body. In
general, the surface of a body, like any of its elementary plane, is
inclined to coordinate axes.

* An external load may be applied to this surface. Therefore, it is
necessary to establish a relationship between the projections of
the external load (external stress) on a small inclined plane and
the stresses arising at the faces parallel to the coordinate Planes.
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Stresses on Inclined Plane

Extract from the body the elementary tetrahedron Oabc (Fig.) with the
planes Oa = dx, Ob = dy, and Oc = dz. For the inclined plane abc, draw the
normal vectorv .

Denote the cosines of its inclination angles with the x, y, and z coordinate
axes, respectively: cos(x, v), cos(y, v) and cos(z, v), i.e. the cosines of the
angles between the external normal v and the x, y, and z coordinate axes,
respectively, through |, m, and n: cos(x, v) =1, cos(y, v) = m and cos(z, v) = n.

T, dAcos(7 }J_}’ -
b
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Stresses on Inclined Plane

e Suppose the total external stress is p, then its
components will be Xv, Yv, and Zv.

* If we denote the area of the inclined face abc by dA,
then the areas of the faces coinciding with the
coordinate planes will be, respectively:

AOab o dA N, o,dAcos(x,v

AObC —_ dA ’ Z,

AO — dA ‘m rxszco?(,
ac -

The equilibrium equation on the x-axis, i.e. ¥ X =0:
XydA —o,dA- 1l — 1y dA-m—1,,dA-n=0.

Xy = 0xl + Tym + Ty, 1



Stresses on Inclined Plane
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* Inthe same way, we get the other two equations with respect to the y and z axes.

Xy, = ol +1,m+ 7)1,
Y, = Tyl + oym + 17,m;
Zy, =Tul+1,,m+o,n

In the case of a plane stress state, we will have:

Xy = oxl + 1oym;
Y, =Tyl + aym.}

10
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Principal Stresses and Stress Invariants

Investigation of the stress state at the point
of the body.
By equation

Xy = 0xl + 1,m + Ty,
Y, = 1yl + oym + 1,m;
Zy, =Thul+1,ym+o,n

It is possible to compute the stress
components Xv, Yv, and Zv of the stress pv
at any inclined plane.

The total stress pv is computed as the
geometric sum of these components Xv, Yv,
and Zv:

p, = X2+ Y2+ Z2

11



Principal Stresses and Stress Invariants

* Decompose the obtained total stress pv into its
components along the normal v and along the
plane of the face, i.e. into the normal ov and
the shear tv stress (Fig.).

l Dr. Feirusha Kakshar, UKH I

The normal stress ov is calculated as the sum
of the projections of the components Xv, Yv
and Zv on the v axis.

o, =X,"l+Y, m+Z,'n

Xy = 0xl + 15,m + Ty,
Y, = Tyl + oym+ 1,n;
Zy =Tyl +1,m+ o,n.

g, = (Jxl + Tyym + rxzn) L+ ('ryxl +o,m + ryzn) -m + (szl + T,ym + crzn) ‘n

or

o, = o, l*+0o,m? + o,n* + 21, Im+27,,mn + 2rzxnl.‘ 1
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Principal Stresses and Stress Invariants

* The shear stress is calculated from a right-angled triangle according to the

Pythagorean theorem: 2 9 2
Ty =Dy — 0y

This formula only gives the value of the shear stress, but does not specify
its direction is in the plane of the site.

Find the component of the shear stress in
the plane with the normal v in the given
direction n with direction cosines 11, m1,
nl (Fig. ). Since the directions of vand n are
mutually perpendicular, their direction
cosines, known from analytic geometry:

[l +mm;+nn; =0
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Principal Stresses and Stress Invariants

* The desired shear stress is equal to the sum of the projections of the
stress components Xv, Yv, Zv on the direction of n

Ty = XL +Yymy + 2,0y
Substituting here the values of the constituents Xv, Yv, and Zv :

Ty = (O’xl + T,ym + szn) -l + ('ryxl +o,m+ 'ryzn) ‘my + (szl +1,ym+on) n=
oxlli+oymmy + o,nny + 1y, (Imy + Iym) + 7,,(mny + mny) + 1, (nly + Iny)

If we take tv = 0 in the expression (below), we get that pv = ov, i.e. on the
principal plane the total stress pv coincides with the normal ov in magnitude
and direction. 2 — a2 2
Ty =Py — 0Oy
Using the condition tv = 0, we determine the value of the principal stresses and the
position of the principal planes. Let's denote the principal stress with the letter o.
By projecting the o onto the coordinate axes, we find its components

X,=0-l, Y, =0-m, Z,=0"n



l Dr. Feirusha Kakshar, UKH I

Principal Stresses and Stress Invariants

Xy =0y l+7Ty m+1,,n
X,=o0'l, Y,=0-m, Z,=0-n Yv=ryx-l+ay-m+ryz-n;

\FZV=TZX-Z+TZy-m+JZ-n.

o'l=0,"l+7Ty, m+1, N
0"Mm =Ty, l+o, - m+1y),"n;
O N=Ty l+1T,,-m+o, n

(0p,—0) l+71,, m+1,-n=0;
ryx-l+(ay—0)-m+ryz-n=0;
Ty "L+ T, -m+(0,—0) n=0. 15
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In our case, the system can't have a zero I=m=n=0 solution:

> +m*+n*=1

Therefore, the system can have solutions at zero determinant

(ox —0) Txy Txz
Tyx (cry — cr) Tyz =0
Tzx Tzy (Jz R J)

or

(0, — 0)( oy — 0')(O'Z —0) + 2TyxTyyTyz — (O'y — U)szz -

( Ox — 0_)"':3222 _

Principal Stresses and Stress Invariants

 Three linear homogeneous equations with respect to /, m, and n were obtained.

(o, — O_)Txyz =

16

0



Principal Stresses and Stress Invariants

* After multiplying and grouping by powers of o, we get the cubic equation:
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OxTxy Txz
o3 — (ox + 0y, + O'Z)O'z + (JxO'y + 0,0, + 0,0, — 'ryxz - 'ryzz — rzxz)o — |Tyx OyTyz
TzxTzy Oy
or shorter 6> —5,62—-5,0—5;,=0
Where: Sl = 0y T Oy + o,
— 2 2 2
Sy = —0x0,, — 0,0, — 0,0, + Ty,° + Ty, + Tyy
— 2 2 2
S3 = 0x0y0; + 2TyxTy;Txz — OxTyz" — OyTyy” —0;Tyy
: . : . 1
To solve the cubic equation, we use the following substitution c=x+-5,
Equation would then take the form
_1 1e2
2 2 _ 2 P=3 (52 B 551)
Ty =Pv — Oy »x3+3px+3q=0

=0

1 1
q=——=S}+-5,5, -5,
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Principal Stresses and Stress Invariants

 Allthreeroots, 01, 62 and 03, are valid when the discriminant is negative:
A=p3+q*><0

If substitute the corresponding numerical values of the coefficients S1, S2, S3 into the
expressions for p and g, and then compute A, you can see that A is always negative. This
also follows from physical considerations: the principal stresses can only be real quantities.

At A<O, the so-called trigonometric method is used to solve the cubic equation

In this case, the roots of the below cubic equation can be represented as
follow
ollows 03 —8,06°-8,6-5,=0

X1 = 2+/|plcose, x, = 2./|plcos(p + 120°), x3 = 24/|p|cos(p — 120°),

_1 —4
¢ =;arccos —;.

Ip|2
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Principal Stresses and Stress Invariants

For the subsequent determination of the principal stresses 01, 62 and 03, the
determined values of the roots x1, x2 and x3 are substituted into the expression
below:

J=x+§51

Assuming: 01 = 0y = 03

To find the cosines of any principal stresses ci (i=1, 2, 3), we need to
insert its value into equations

(0y —0) L+ Ty Mm+7Ty, n=0;
Tyx-l+(ay—0)-m+ryz-n=0;
Ty L+ T, m+(0,—0) n=0.

and then solve together with equation 124+m2+n2=1

(0x—0) L+ Ty m+7y, n=0;
any two of them. For example: I _

[? +m?+n%=1.
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Principal Stresses and Stress Invariants

Cosines are found in the same way for the other two principal stresses.

The obtained cosine values correspond to the principal stresses, which are
mutually perpendicular, so the principal plane will be mutually perpendicular. This
proves that at any point of a stressed body it is possible to draw three mutually
perpendicular principal planes. In this particular case:

S1 = 01 + 0, + 03
S, = 0105 + 0,03 + 0307
S3 = 010,03

Obviously, the roots of the cubic equation cannot depend on the choice of
coordinate axes, therefore, its coefficients S1, S2, S3 must remain constant
when transforming the axes, i.e. they must essentially be invariants.

The first invariant is called the value

51 =0y t+o0y,+0, =01+ 0;+ 03

It shows that the sum of the normal stresses at the three mutually perpendicular
planes is a constant quantity.
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S3 = [YyxOylyz| = 0,0,0, + 2T, T),, Ty, — 0,7y, — 0O

Principal Stresses and Stress Invariants

* The second invariant is:

S, = Ox0y + 0,0, + 0,0, — 'ryxz — 'ryzz — 'rzxz = 010, + 0,03 + 030,

It is used in the theory of plasticity.

The third invariant is the quantity that is the determinant composed from the
stress tensor elements:

OxTxylxz

2 2 2
yxtyz ylzx —0z1T = 010303

TzxTzy 0z

21



Example

e The shown stresses act on the element at
the critical section of the cast-iron member
(in MPa). Check the strength of the

member.
The plane on which t=0 s principal plane

(perpendicular to z axis
Let show stress state on the other two planes in x0z plane f

0,40, r[.“"_“-" L 30450 ; |'[ -30-50)° - _,_I ” lf_
O max,min = '—.,"-*\| 7 a B /e 5 --\| ' - L 3

I Dr. Feirusha Kakshar, UK

4

o max

: "
=10+44,7 = 54.7 Omin = 10-44,7 = -34.7 ‘
Principal Stresses Check the results using sum of normal stresses

0)=54.7 0y =-34.7 63 =-70 Oy+0, +0. =0 +0; +03 = consl,
—-30+50-70=54.7-34.7-70 = -50.

21-Nov-23 22
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Maximum Shear Stress

The x, y, and z coordinate axes are 7
compatible with the directions of the
previously found principal stresses o1, 02,
03. Let's draw an arbitrary plane ABC with
the area dA and the normal v.

Let the total stress acting on this plane be
equal to pv, its componentsinthex, y, z
axes are equal to Xv, Yv and Zv, and the
normal and shear stresses at the plane dA
are equal to ov and tv. We have obvious
equations.

py =Xy +Y +Z)

2 — 2 2
pv_o_v'l'TV

23
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Maximum Shear Stress

X—l}:o-x'l+‘l-xy'm+‘l-len; p5=X5+YE+ZE
Y, = Tyx 4oy, m+1,,"n;

Zy =Ty L+ 71,9 m+o,-n. p2 = 02 + 12

X'V:O-l.l’ Yv=o-2.m’Zv=o-3.n

pe = ofl* + ofm* + o3n?

By projecting Xv, Yv, and Zv in the direction v, we get the expression for ov

Oy = Jllz + szz + Ugnz

24



Maximum Shear Stress
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pi = ofl* + ofm?* + oin* —

2 — 42 2
_: py =0y + T,

o, = 0¢1% + o,m? + o3n? — ‘
12 = 621% + 62m? + oin? — (011% + o,m? + 03n?)?

Substituting the equation n? =1 - [? - m?, obtained from the geometric relation
n? +l> + m?=1 we get the following expression for T2v.

15 = (0f — 03) I + (07 — 03)m* + 0§ — [(01—03)* + (0,—03)m* + 03]°

25
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Maximum Shear Stress

* Thus, the magnitude of the shear stress tv depends on two independent
variables I and m. To determine the extremum of this magnitude, it is
necessary to take the partial derivatives of tv by I and m and equate them
to zero:

2

"L = 2107 — 0% — 2(0, — 05)[(0, — 0)I? + (0, — 0x)m? + 03]} = 0,

a(fv)z

om

= 2m{o; — 05 — 2(0;, — 03)[(0; — 03)I* + (0, — 03)m* + 03]} = 0

After reducing the first equation by (o1 - 63) and the second by (02 - 63), we
get the following system of equations for finding the values I, m, n that satisfy
the conditions of the extremum of the shear stress tv:

l{oy — 03 — 2[(07 — 03)I* + (0, — 03)m?]} = 0,
m{o, — o3 — 2[(07 — 03)1* + (0, — a3)m?*]} = 0,
I?+m*+n*-1=0.
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Maximum Shear Stress

The conditions /=0 and n=1 correspond to the principal planes
where the shear stresses are zero.

If /70 and m=0, then the second equation is satisfied at any
values of /, and the first equation is satisfied at

g, — 03— 2(01 —03)1?°=0
From where 2P =1andl = + 1/\/2. Then, from the third
’+m?+n?—-1=0
Fornweget n = il/\/z'

The same can be obtained with /=0 and m#0 by the second
equation m=x1/{v2) and from the third equation n=x1/{v2)
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Maximum Shear Stress

As a result, for angles indicating the direction of extreme plane
shear stresses, we get Table.

[ m n
0 0 +1
0 +1 0
+1 0 0
1 1
0 i\/_i i\/_i
+— 0 +—=
—2 —\2
1 1
iﬁ iﬁ 0
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Maximum Shear Stress

l m n

* The first three rows of the table 0 0 +1

correspond to the directions of the v fl J—Bl g
normal that cpincide with the principal 0 A s
axes of coordinates J_,% o +

(T =0). % 7 0

The other three rows correspond to the planes that pass through one of the
principal axes and divide the corner between the other two in half.

Thus, the planes of extreme shear stresses are at an angle of 45° with the principal planes.
Substituting in the expression —

15 = (0f — 05) 1> + (05 — 05)m* + 05 — [(0,—03)* + (0,—03)m* + 03]°

for tv value |, m, n, turning it into an extremum, we get the following extreme Shear
Stress Values:

O2—0 01—0 g1—0

max __ 2 3 max _—_ 1 3 max _—_ 1 2

T'U — -|— —_—, T‘U —_ -|— : T‘U —_ —|—
—_ 2 —_ —_ 2

g1—0
g, > 0, > 03,70 T =+ 12 >

Since
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Problems

1-Determine the maximum shear stress for the stress state:

0,=120 MPa ©,=50 MPa o©;=-60 MPa

2- Determine the stress invariants in a body under stress state shown by below matrix:

10 -8 —4
-8 8 5
-4 5 =5

All stresses are in MPa

3- A body is under a direct tensile stress of 400 MPa in one plane and a shear stress of
150 MPa on the same plane.
Determine the maximum normal stress on this plane.
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