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ABSTRACT 

  In this paper, we introduce the notion of nil-clean ring was defined as a ring for which every element is the sum of a 

nilpotent and an idempotent. In this short article, we construct a flowchart to show which ring is nil-clean rings. So, 

we develop a program to illustrate that the ring is nil-clean. Finally, we classify nil-clean rings in 𝑍𝑛. 
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INTRODUCTION 

   Many families of clean rings were investigated in previous decades. In recent 

years, a particular attention has been paid to the nil-clean rings and its relatives. A 

nil-clean ring is a ring in which every element is nil-clean, which means that every 

element can be written as a sum of an idempotent element and a nilpotent one. The 

study of nil-clean rings was initiated by Alexander J. Diesl in 2013 as a 

generalization of clean rings.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3 
 

Chapter One 

Background 

Definition 1.1 : A nonempty set 𝑅 is called a ring, if it has two binary 

operations called addition denoted by + and multiplication denoted by . for 𝑎, 𝑏 ∈ 

𝑅 satisfying the following axioms: 

(1) (𝑅, +) is an abelian group. 

(2) Multiplication is associative, 𝑖. 𝑒. 𝑎(𝑏𝑐)  =  (𝑎𝑏)𝑐 for all , 𝑏, 𝑐 ∈ 𝑅. 

(3) Distributive laws hold: 𝑎(𝑏 +  𝑐)  =  𝑎𝑏 +  𝑎𝑐 and (𝑏 +  𝑐)𝑎 =  𝑏𝑎 +  𝑐𝑎 for 

all 𝑎, 𝑏, 𝑐 ∈  𝑅.  
Definition 1.2:- An element 𝑒 of a ring (𝑅 , +, . ) is called idempotent element if 

𝑒2=𝑒 . 

Definition 1.3:- In mathematics an element x of ring R is called nilpotent if there 

exists some positive integer n  such that xn = 0. 

Definition 1.4:- An element 𝑎 of a ring 𝑅 is nil-clean if  𝑎 = 𝑒 + 𝑏 where  

𝑒2 = 𝑒 ∈ 𝑅 and 𝑏 is a nilpotent. 

 

Theorem 1.5 [6]: Let (𝑍𝑛, +, . )be a ring such that  𝑛 =  𝑝1𝑝2 ···  𝑝𝑘, where the 

𝑝𝑖’s are distinct primes, then 𝑍𝑛 has no nonzero nilpotent elements.  

Proof: We claim that 𝑛 is a square free integer, 𝑖. 𝑒. , 𝑛 =  𝑝1𝑝2 ···  𝑝𝑘, where the 

𝑝𝑖’s are distinct primes. Suppose that 𝑛 =  𝑝1𝑝2 ···  𝑝𝑘, 𝑝𝑖’s are distinct primes. Let 

[𝑎] ∈ 𝑍𝑛 be nilpotent. Then [𝑎] 𝑚 =  [0] for some integer 𝑚. Hence, 𝑛 divides  

𝑎𝑚, so 𝑝1𝑝2 ···  𝑝𝑘1 divides am. Then 𝑝𝑖  |𝑎𝑚 for all 𝑖 =  1, 2, . . . , 𝑘. Because the 

𝑝𝑖’s are prime, 𝑝𝑖  | 𝑎 for all 𝑖 =  1, 2, . . . , 𝑘. Because  𝑝1𝑝2 ···  𝑝𝑘  are distinct 

primes, we must have  𝑝1𝑝2 ···  𝑝𝑘1|𝑎, i.e., 𝑛 | 𝑎, so [𝑎]  =  [0]. This implies that 

𝑍𝑛 has no nonzero nilpotent elements. Conversely, suppose that 𝑍𝑛 has no nonzero 

nilpotent elements. Let 𝑛 =  𝑝1
𝑚1𝑝1

𝑚2  ···  𝑝𝑘
𝑚𝑘 , where the 𝑝𝑖’s are distinct primes 

and  𝑚𝑖 ≥ 1. Let  𝑚 =  𝑚𝑎𝑥{𝑚1, 𝑚2 ···  𝑚𝑘}. Now [𝑝1𝑝2 ···  𝑝𝑘]𝑚 =

[𝑝1
𝑚𝑝2

𝑚 ···  𝑝𝑘
𝑚] = [0]   because 𝑛 | (𝑝1

𝑚𝑝2
𝑚 ···  𝑝𝑘

𝑚 ). Also, because 𝑍𝑛 has no 

nonzero nilpotent elements, [𝑝1𝑝2 ···  𝑝𝑘]  =  [0]. Hence, 𝑛 | (𝑝1𝑝2 ···  𝑝𝑘), so 

(𝑝1
𝑚𝑝2

𝑚 ···  𝑝𝑘
𝑚 ) | (𝑝1𝑝2 ···  𝑝𝑘). Thus, 𝑚𝑖 ≤ 1 for all  𝑖 =  1, 2, . . . , 𝑘. Hence, 

𝑚𝑖 = 1 for all  𝑖 =  1, 2, . . . , 𝑘, so 𝑛 is a square free integer.  
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 Theorem 1.6 [6]: Let (𝑍𝑚𝑛, +, . )be a ring, where 𝑚 >  1, 𝑛 >  1, and 𝑚 and 𝑛 

are relatively prime Show that the number of idempotent elements in 𝑍𝑚𝑛, is at 

least 4. 

Proof: Clearly, [0] and [1] are idempotent elements. Because 𝑚 and 𝑛 are 

relatively prime, there exist integers 𝑎 and 𝑏 such that 𝑎𝑚 +  𝑏𝑛 =  1. We now 

show that 𝑛 does not divide 𝑎 and 𝑚 does not divide 𝑏. Suppose that 𝑛 | 𝑎. Then  

𝑎 =  𝑛𝑟 for some integer  𝑟. Thus, 𝑛(𝑟𝑚 +  𝑏)  =  𝑛𝑟𝑚 +  𝑛𝑏 =  𝑎𝑚 +  𝑛𝑏 =

 1. This implies that  𝑛 =  1, which is a contradiction. Therefore, 𝑛 does not divide 

𝑎 and similarly 𝑚 does not divide  𝑏. Now 𝑚2𝑎 =  𝑚(1 −  𝑛𝑏). This implies that 

[𝑚2𝑎] = [𝑚]. Hence, [𝑚𝑎]2  =  [𝑚𝑎]. If [𝑚𝑎]  =  [0], then 𝑚𝑛 | 𝑚𝑎, so 𝑛 | 𝑎, 

which is a contradiction. Consequently, [𝑚𝑎]  ≠  [0]. If [𝑚𝑎]  =  [1], then 

𝑚𝑛 | (𝑚𝑎 −  1). Hence, 𝑚𝑎 +  𝑚𝑛𝑡 =  1 for some integer 𝑡. Thus, 𝑚(𝑎 +

 𝑛𝑡) = 1. This implies 𝑚 =  1, which is a contradiction. Hence, [𝑚𝑎]  ≠  [1]. 

Thus, [𝑚𝑎] is an idempotent such that [𝑚𝑎] ≠  [0] and [𝑚𝑎]  ≠  [1]. Similarly, 

[𝑛𝑏] is an idempotent such that [𝑛𝑏]  ≠  [0] and [𝑛𝑏]  ≠  [1]. Clearly [𝑚𝑎]  ≠

 [𝑛𝑏]. Thus, we find that [0], [1], [𝑚𝑎], and [𝑛𝑏] are idempotent elements of  𝑍𝑚𝑛. 

Theorem 1.7 [6]: Let (𝑍𝑛, +, . )be a ring such that 𝑛 =  𝑝𝑟, for some prime 𝑝 and 

some positive integer 𝑟 , then 𝑍𝑛 has no idempotent elements other than [0] and 

[1].  

Solution: We show that 𝑛 = 𝑝𝑟 for some prime 𝑝 and some integer 𝑟 >  0. First 

assume that 𝑛 = 𝑝𝑟 for some prime 𝑝 and some positive integer 𝑟 and [𝑥]  ∈ 𝑍𝑛 be 

an idempotent. Then [𝑥]2  =  [𝑥]. Thus, 𝑝𝑟  | (𝑥2  −  𝑥) or  𝑝𝑟  | 𝑥(𝑥 −  1). Because 

𝑥 and 𝑥 −  1 are relatively prime, 𝑝𝑟  | 𝑥 or   𝑝𝑟| (𝑥 −  1). If 𝑝𝑟|𝑥, then [𝑥]  =  [0] 

and if  𝑝𝑟| (𝑥 −  1), then [𝑥]  =  [1]. Thus, [0] and [1] are the only two 

idempotent elements. Conversely, suppose that [0] and [1] are the only two 

idempotent elements. Let  =  𝑝1
𝑚1𝑝1

𝑚2  ···  𝑝𝑘
𝑚𝑘 , where the 𝑝𝑖’s are distinct 

primes, 𝑚𝑖 ≥  1, and 𝑘 > 1. Let 𝑡 = 𝑝1
𝑚1 and  𝑛 =  𝑝1

𝑚2  ···  𝑝𝑘
𝑚𝑘 . Then 𝑡 and 𝑠 

are relatively prime and  𝑛 =  𝑡𝑠. By Worked-Out Exercise 3, 𝑍𝑛  =  𝑍𝑡𝑠 must 

have at least four idempotents, which is a contradiction. Therefore, 𝑘 =  1. Thus, 

𝑛 =  𝑝𝑟 for some prime 𝑝 and some positive integer  𝑟. 
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Chapter Two 

Algorithm and Programs by Using GAP 

 

3.1 Basic Information 

 
 

A program flowchart is an extremely useful tool in program development. 

First, any error or omission can be more easily detected from a program flow-

chart than it can be from a program because a program flowchart is a pictorial 

representation of the logic of a program. Second, a program flowchart can be 

followed easily and quickly. Third, it serves as a type of documentation, 

which may be of great help if the need for program modification arises in 

future. In addition, the following five rules should be followed while creating 

program flowcharts: 

 1. Only the standard symbols should be used in program flowcharts.  

 2.  The program logic should depict the flow from top to bottom and from left 

to right.  

 3. Each symbol used in a program flowchart should contain only one entry 

point and one exit point, with the exception of the decision symbol. This is 

known as the single rule.  

 4. The operations shown within a symbol of a program flowchart should be 

expressed independently of any particular programming language.  

5. All decision branches should be well-labeled.  
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The following are the standard symbols used in program flowcharts: 

 

3.2 program flowchart 

 

    In this section, we construct a flowchart to show which ring is nil-clean rings. 

So, we can begin writing simple computer algorithms using GAP commands. 

Writing an algorithm causes us to solidify a new concept. For example, in order to 
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write an algorithm that finds all the nilpotent elements in a ring. In addition, we 

develop a program by using GAP to illustrate that the ring is nil-clean.   

 

A flowchart to illustrate which ring is nil-clean ring. 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Start 

Input n 

R Integers mod n 

e Elements(R) 

N Filtered(e,j->IsZero(j^n)) 

Declare array IM of size Length(e) 

i  1 

IS 

i<=Length(e) 

? 

IM  e[i] 

IS 

e[i]  e[i]* e[i] 

? 

i  i+1 

i  i+1 

Yes No

Yes

No

C 

C 
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Declare array A of size n 

i  1 

C 
j  1 

C 

IS 

j<=Length(IM) 

? 

j  j+1 

i  i+1 

Yes

No

Yes

d 

a  N[i]+IM[j] 

A  a 

C 

A Set(A) 

IS 

j<=Length(IM) 

? 

No
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A program to illustrate which ring is  nil-clean ring. 

% nil-clean rings 

nilclean:= function(n) 

local R,e,i,j,N,IM,nclean,a,A; 

R:=Integers mod n; 

e:=Elements(R); 

N:=Filtered(e,j->IsZero(j^n)); 

IM:=[]; 

for i in [1..Length(e)] do 

if e[i]= e[i]*e[i] then 

Add(IM, e[i]); 

fi; 

od; 

Yes

IS 

e=A 

? 
 

No

nclean:= "is not nil-clean "; nclean:= "is nil-clean "; 

PRINT nclean,N,IM,A 

STOP 
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A:=[]; 

for i in [1..Length(N)] do 

for j in [1..Length(IM)] do 

a:=N[i]+IM[j]; 

Add(A,a); 

od; 

od; 

A:=Set(A); 

if e=A then  

nclean:= "is nil-clean "; 

fi; 

if e<>A then  

nclean:= "is not nil-clean "; 

fi; 

return [nclean,N,IM,A]; 

end; 
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Chapter Three 

Classification of Nil-clean rings in Zn 

 

1. Let  𝑛 = 𝑝 such that  𝑝 > 2 ,𝑝 is prime number. Firstly, we list some prime 

numbers to check which of them are nil-clean rings. 

 

gap> List([3,5,7,11,13,17,19,23,29,31],j-> nilclean(j)); 

["is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", 

"is not nil-clean ", 

  "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", 

"is not nil-clean " ] 

On this basis, we try to illustrate the reasons why 𝑧𝑛 is not nil-clean ring 

such that 𝑛 = 𝑝  and  𝑝 > 2 , 𝑝 is prime number. Clearly,  (𝑧𝑛, +, . )  is a 

field if and only if 𝑛 is prime. Thus, 𝑧𝑛 has not non zero nilpotent element. 

On the other hand, let 𝑎 be an idempotent element in a field. Then, 𝑎2  =  𝑎, 

so  𝑎2 −  𝑎 = 0 which implies that 𝑎(𝑎 −  1)  =  0. Since a field has no zero 

divisors either 𝑎 =  0 or  𝑎 = 1. Hence, the idempotent elements of a 

division ring are exactly 0 and 1. Therefore, we can not construct all 

elements of 𝑧𝑛 by the sum of a nilpotent and an idempotent. Hence, we can 

establish a new corollary about nil-clean rings: 
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Corollary 3.1:   (𝑧𝑝, +, . ) is not a nil-clean ring where 𝑝 > 2 is prime. 

 

 

2. If 𝑛 =  𝑝1𝑝2 ···  𝑝𝑘 where the  𝑝𝑖’s are distinct primes. Firstly, we list some 

numbers which can be expressed as 𝑝1𝑝2 ···  𝑝𝑘  to check which of them are 

nil-clean rings. 

 

List([6,15,21,22,26,30,38],j-> nilclean(j)); 

[ "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is 

not nil-clean ", "is not nil-clean ",  "is not nil-clean " ] 

On this basis, we try to illustrate the reasons why 𝑧𝑛 is not nil-clean ring 

such that  𝑝1𝑝2 ···  𝑝𝑘 where the  𝑝𝑖’s are distinct primes. Clearly, by 

Theorem 1.5,   (𝑍𝑛, +, . ) has no nonzero nilpotent elements. Therefore, we 

can not construct all elements of  𝑧𝑛 by the sum of a nilpotent and an 

idempotent. Hence, we can establish a new corollary about nil-clean rings: 

 

Corollary 3.2:   (𝑧𝑝, +, . ) is not a nil-clean ring where  𝑛 =  𝑝1𝑝2 ···  𝑝𝑘, 

where the 𝑝𝑖’s are distinct primes.  

 

 

 

 

3. If 𝑛 =  𝑝𝑟  where  𝑝  is prime for some 𝑟 ∈ ℤ+. Firstly, we list some numbers 

which can be expressed as  𝑝𝑟 to check which of them are nil-clean rings. 

 

𝑛 = 2𝑟 

List([2,4,8,32,64],j-> nilclean(j)); 
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[ "is nil-clean ", "is nil-clean ", "is nil-clean ", "is nil-clean ", "is nil-clean " ] 

𝑛 = 3𝑟 

 

gap> 

List([3,9,27,81,243],j-> nilclean(j)); 

[ "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not 

nil-clean " ] 

gap> 

𝑛 = 5𝑟 

 

gap> List([5,25,125,625],j->nilclean(j)); 

[ "is not nil-clean ", "is not nil-clean ", "is not nil-clean ", "is not nil-clean " ] 

 

On this basis, we try to illustrate the reasons why 𝑧𝑛 is not nil-clean ring such that 

 𝑝𝑟. Clearly, by Theorem 1.7,   (𝑍𝑛, +, . ) 𝑍𝑛 has no idempotent elements other than 

[0] and [1].  Therefore, we can not construct all elements of  𝑧𝑛 by the sum of a 

nilpotent and an idempotent. Hence, we can establish a new corollary about nil-

clean rings: 

 

Corollary 3.3:   (𝑧𝑝, +, . ) is not a nil-clean ring where  𝑛 =  𝑝𝑟, for some prime 𝑝 

and some positive integer 𝑟.  
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