Ordinary Differential Equations-second stage 2021-2022

Chapter one

Differential Equations (DEs.).

Equation: Equations describe the relations between the dependent and independent variables. An equal sign "="
is required in every equation.

Differential Equations: Equations that involve dependent variables and their derivatives with respect to the
independent variables are called differential equations.

Differential Equation:- Is an equation consist algebraic function or non-algebraic function or both of them
which contains derivative. Divide DE. in two types

1- Ordinary DEs. .

2- Partial DEs.

Ordinary Differential Equations: Differential equations that involve only ONE independent variable are called
ordinary differential equations.

Partial Differential Equations: Differential equations that involve two or more independent variables are called
partial differential equations.

Examples:

1)[%} + 6xy[272221 = 2X P

2) g—i +2xy=e”" 0.
3)%+ycosxg—i:tanhx 0.
4)(%)2 — 3x% = COS X P.

5)y" —3yy" —2x(y)° =7 0.

Order of ODE:-Is an order of the highest derivative in which occurs.

Degree of ODE:-Is the highest power of the highest derivative in which occurs.
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Examples:
2 2
1 22 |+ 6xy 8—5 —2x  Or2 D1
OXay X
2)ﬂ+2xy:ex Or.1 D.1
dx
2
3)d—;/+ y COS xd—y = tanh x Or.2 D.1
dx dx
2
4)(6]:) —3xi:cosx Orl D.2
OX OX

5)y"—3yy"—2x(y)3=7 Or3 D.1

Note: if the O.D.E containing the roots or rational power then to find the degree of this ODE. can
be reduces this roots or rational powers.

Example:1) y" +6 (y )2 + y2 =0

d3

dx3+6\j( ) +y2_0

Py _ _g 25quare both side of the equati
F__ (E) +y quare oth siae o eequalon

(%)2 = 36 [(%)2 + )’2] Order 3, degree €2

2) %/(y”)z =\/1+(y’)2 (Ordinary DE.) or.2 D4

Linear O.D.E

A.D.E. in any order is said to be linear if satisfies:-
1) The dep.v .is exist and of the first degree.

2) The derivatives y y Y " ... existand each of them of the first degree.

3) The dep.v. and the derivatives not multiply by each other.

Note: Ifone of these conditions is not satisfied, then the equation considerate non- Linear.
Examples:

Dy"+4xy’+2y =tan x (L)
2
2)d—g/+3x( ) +5y = G (Non.L.)
dx
)Y +4yy’ +2y=cosx (Non.L.)
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1y"+3xy +5y° = x? (Non.L.)

The Solutions of ODE

Solutions: A functional relation between the dependent variable y and the independent variable x that satisfies
the given ODE in some interval J is called a solution of the given ODE on J .

Type of solutions:
1) The general solution, denoted by yg

2) The particular solution, denoteld by y.
3) The singular solution, denoted by S.

General Solution: Solutions obtained from integrating the differential equations are called general solutions.

The general solution of a*th order ordinary differential equation contains # arbitrary constants resulting from
integrating # times.

Example:solve: % =2y % =2dx (y=0)
X

Lin y=2x+c y:ezx.eC ,  suppose eC:k

y=k ezx Isthe G. solution.

Particular Solution: Particular solutions are the solutions obtained by assigning(giving) specific values to the
arbitrary constants in the general solutions.

Example/pervious example
Choose (x,y) =(0,1) =k =1
_a2X. . :
y=€~" is the particular solution.

Note: To find the particular solution of O.D.E in the G. solution by giving the value of arbitrary constant as
follows.

By giving the value of dependent variable and the value of independent variable (Represent the integral
curve).Obtained the value of arbitrary constant and substituted in the G. solution ,we get the particular solution .
(These values of (x, y) is called initial conditions or boundary conditions).

Example: y"+y =0 y(0)=0,y (%j: 2.,
Singular Solutions: Solutions that cannot be expressed by the general solutions are called singular solutions.

d
Example: y'=2y = d—;'= 2dx If y=0 then (d—y = 2yj is undefined, then 'y =0
X

Is the singular solution.
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Elimination the arbitrary constants (Finding the O.D.E if the G. Solution is EXist)

1) Differential the G. solution n-times (the number of arbitrary constant =the order of O.D.E)

2) We obtain (n+1) of equations.

3) we can solve these equations by simultaneous way (or by determinant way).
4) Substituted the value of arbitrary constants in the G. solution, we get the O.D.E.

Three kind of method to solve the problems

1- Elimination method

Example: find the D.E if the G. solution is y=A X *+B X >+C X = ------ 1)
Solution: y':3A X2+ 2B X +C ------ 2

y"=6A X +2B

y”l :6A

A:E y”l , le yﬂ_l X ym, C: y!+l X2 y”l _ X y”
6 27 2 2
Subset value of A, B and C in the G. solution , we get the O.D.E of third order

Y: l ym X3+ (E yll_l ym X)X2 +(y!+1 X2 y”’-X y”)X
6 2° 2 2

2- Simultaneous method
Example: find the D.E if the G. solution is y = Ae* + B cosx

Solution
y = Ae* + B cos x -------- (1)
y' = Ae* — Bsinx -------- 2
y'" = Ae* — B cos x -------- 3)
From 1 & 2 we get
y+y'" =24e*

_yty”

T 2ex (*)

Put (*) in (2) we get

r_y+y"

T 2ex

p= v _ v S—CL
2sinx sin

Put (*) & (**) in?l) we get ODE

e* — Bsinx

+ n + n !
y=yy +(y.y -2 )cosx
2 2sinx sinx
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3- determinant method
Example: find the D.E if the G. solution is y = Ax? + 6Bx
Solution

y = Ax? + 6Bx
y' = 2Ax + 6B
y' =24

y —Ax?* —6Bx =0
y'—2Ax —6B =0
y'"—2A=0

y —x? —6x
y' -2x -6 |[=0
y'"' =24 0

y(—12) + x%2(6y") — 6x(—2y" + 2xy") =0
y +%x2y” —xy' =0isDE

Q/ prove that y = Ax? + 6Bx isG.S y + %xzy” —xy' =0isDE

Example: find the O.D.E if the G. solution is, ( H.W)

1) y=Ae *+ge”
2) y=C;sin x +C,cos X
3) y=aeX+Bx2%+C X

2x

4)y = cie”“* —c,sinx
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Chapter Two

Methods for Solving the O.D.E in the first order and first degree

1) Separation variable (separable).

2) Substitution method.

3) Homogenous D.E.

4) Non-homogenous D.E. of linear coefficient.
5) Exact D.E.

1) Separable DEs
Separable Function: A function F(x, y) is called separable if can be written of the form.
h(y)

F(x, y) = g(x).h(y) or =—>= ; g(X) #0.
g(x)

Where g is a function of (x) only and h is a function of (y )only.

Ex1: F(x,y) = X2y SF

Ex2: F(X,y) = X2 Ty Non-SF

(S.D.E.): AD.E. M(x, y) OX + N(x, y) dy =0 is called separable if both M and N are S. functions.
Example 1): solve: sinx cosy dx+siny cosx dy = 0.

sinx sin
Solution: dx + 1Y dy =0

COSX cosy

[sinx 1 ax + [siny L
COSX Cosy
—Incosx— Incosy =c
Incosx+ Incosy = —c
In(cosx cosy)=c
Take exp to both side we get
cosx cosy=e ¢ let e™¢ =k
cosx cosy =k

dy =0

Cosy:cosx
1 k

CcosXx

Yy = cos” is G.S.

Example 2) :( X2-y ) dX +(x+1) dy =0 Non-S.D.E

Example 3) :solve: 4xdy — ydx =X 2dy

(4x—x2)dy—ydx:0 S.D.E:jy—jizzo
Y  (4x-x°)
You finish it (one mark for any one solve it )= In(y)- (1/2)(tanh™*((x-2)/2)) = k.
Iiny—ji—o:liny—j[é+ B Jdx=c
X(4 - X) X (4-X)
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Example 4): solve :

x3y3dx +(x2+x2y)dy =0

£x 3y 3dx +x2(1+y)dy:0} 312
y °X
1 2
xdx+(+—3y)dy:0:>x—+y_3(1+y)dy =0
y 2
2 -2 -1 2 -2
X y y X y -1
+ + =C1=>—--—-y ~=C
I R Rt A S S
H.w/ Solve:

1) x3 dx + (y+1)’dy =0
2) x? (y+1) dx +y (x-1)dy = 0
3) xy + my’ =0

2) Substitution method.
If the D.E. of the formy " = (ax +by ) ————(1)
Non-Separable D.E., then
Suppose aX +by =z ————(2)

adx +bdy =dz

dy dx
= — (4
dx b (4)

dz
YA —7=—=bz +a
b dx

Is S.D.E can be solved by previous way.

Example: Solve:- y'=(X +Y )z(is not SDE) - )
Solution: Suppose X+ Yy =Z ----- 2

dx +dy =dz = 1+y'=z2'=>y'=2"-1-----(3)

By put equ (3) and equ (2) in equ (1) we get z ’-1=(Z)2

1 dz
2

7'=(22 +1)is sDE= [P = (22 +1)]
dx 1+7 1+7

= tan™(z) =x +c,z =tan(x +c),y =tan(x +c)—x.is G.S.

7
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Example: solve:- (x +y)dx +dy =0

Solution:
(x+y)dx =—dy
dy
x+y) =-—
x+y) =-y
y' == (+y) (1)
Suppose xp + y =z - (2)
dx + dy =dz
1+y =7

y =z —-1--(@)

Put (2) & (3) in (1) we get

z'—1=—-2z
z'=—z+1
dz
d—ygl——Z+1
= dx
-Z+1

Take integration to both side we get
—In(—z+1)=x+c
In(—z+1) = —x — ¢ -—--- (4)
Take e for (4)
—z+1=e7*¢
—z=e X -1
z=—e ¥ °+1
Xp+ y =—e ¥ °+1
y =—e ¥ °“4+1—-xisG.S

Example (H.W.):- Solve: y'=x*-8xy+16y*

3) Homogenous D.E
Homogenous function: A function F(X, y) is called Homogenous function of n-th degree if satisfy the relation.
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VteR = F(tx,ty) =t"f (x,y)
Example: 1)Test the function
f(x, y) =X 2y ,teR

F (tx, ty) = (tx)’(ty)
= () (ty)
=t*f(x, y) = Fis H.F. of 3-rd degree

Example: 2)Test the function

Fx, y) = 2sin(L) +cosh(L), teR
y X X

Fx ty) = Zsin(™) + cosh(Y),
ty tx 4

Ftx,ty)=t% (x,y) FisH.Fof zero - degree.
Example: 3) Test the function
F(x,y)=x

Fx,ty) =) =t(x)=t(F(x,y))
F is H.F. of first degree.

Homogeneous D.E :A D.E. M(X, y) dx+ N(x, y) dy=0 ié called H.D.E if both functions M and N are H.
functions of the same degree (i.e.)[the H. degree of M=the H. degree of N]

Example: 1) (x 2 +y 2)dx +x.y dy =0.

MO, y) =(x 2 +y %)
M (tX,ty ) =(tx 2 +ty 2) =t?(x > + y 2) =t > F (X, Y )is H.F. of 2-nd degree.
N(x,y)=(xy)
N (X, ty )= (x)(ty)
=t%(xy)=t>N (x,y) N is H.F. of 2-nd degree

DE is H. of 2-nd degree .
Example:-Solve:-

(x %2+ yx)dx +y3dy =0. H.W

(x2+y)dx +y2dy =0. H.W
Note: Every homogeneous D. E of n-th degree can be reduced into separable D.E by using the relation

Example: solve: - (X2 +y 2)dx +xy dy =0 ————(1) is HDE of 2-nd degree.
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y

Solution: suppose — =V

y =Xv (2)

dy =xdv +vdx
Sub. equ. (2) inequ. (1), we get the S.D.E.

(X2 +x42)dx +x v (xdv +vdx)=0
[X2(@+v3)+xA2Jdx +x¥dv =0

([x2(1+v2)+x2\/2]dx+x‘°\/dv=0 )m
d—x+v—2dV:0
X  (1+2°)

lin x +%Iin(1+2v2) —c
Alinx +lin(l+ 2 %) =4c
linx % +lin(l+2v %) =4c
lin[x *@Q+ 2 2)]=4c

X L+ 2)=Cpwhere €% =Cy
Subst.v =l

X
2

X4(1+ 2y—2):C1
X

x * +2y 2x ?=c, isthe G solu.ofDE (1).
Examples:-Solve the following DEs. ( H.W.)

y y
- 26X (1= L)dx + (L+2ex )dy =0

X

2- (2x +3y)dx +(y —x)dy =0
3- (3x2—y?)dx —xydy =0
Example:Test the functions in DE.(1)

(X +y +Ddx +xdy =0———(2)
M(x,y)=x+y +1

M (tx,ty)=tx +ty +1=t(x,y +;—L)¢t M (X, Y ) is non-homog.func.

N(X,y)=x

N (tx,ty)=tx =t N (x,y)H .F.of first degree
DE (1) is non-Homog. DE.

4) Non-Homogenous DE With Linear Coefficients:-
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Th general form of non-homog DE with linear coefficients is

(ax +by +c)dx +(ax + By +y)dy =0————— @
wherea,b,c,a, fand y are constants.

To changing the Non-H.D.E. into H.D.E.or S.DE. , there exist two cases:-
Casel:- if m; # m, (two lines are intersected).

ax +by +c:0————(2):>m1:%a

ax + By +7/=0————(3):>m2=%

my #m,

(h, k) the intersection point

ah +bk +c =0

ah+ pk +y=0 4)

Suppose X =X;+handy =y;+K

dx =dx; anddy =dy, (5)

Subst .equ (5) in D.E (1), we get the H.D.E
@x;+h)+b(y;+k)+c)dx, + (a(x;+h)+ By, +k) +y)dy, =0
[(ax;+Dby, )+ Kk +ah +c)ldx; +[(BYy,+ axy)+ (LK +ah + p)ldy, =0

(@axy+by, )dx; +(By,+ax,)dy,; =0 ————(6)is H.D.E.
equ. (6) can be solving by homogenous method by supposes
v=J1

X1

dy, =x,dv +vdx,
Substequ. (7) inequ (6) we get the separable D.E., we can solving by integration immediately we get the
G.solution .

In which contains two variable X,V subst. values of V
X;=X—-h,and y; =y -k

Example: solve (2y —X —=5)dx +(3x +y +1)dy =0————— O (Non-H.D.E)
Solution:
2y —x —5=0
X +y +1=0
(=D _1 ~(=3)
ml:T:E’mz =_—1=—3

:%7&—3 = m;=m, 3(h,k)=(-12)

2y— x-5=0
X +y +1=0
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—7x = 7=0=(x =-1),

(y=2)
Suppose X =X;+hand y =y, +KkK
X =x;—landy =y;+2 (A)

dx =dx; anddy =dy,

Substequ. (A) inequ (1) we get the H. D. E.

(2(y1+2) —(xg —1) =5)dx; + (3(X; —D +(y,+2) +Ddy, =0
2y +4—x;+1-5)0dx; +(3x; —3+Yy;+2+1)dy,; =0
(2y;—xdx; +(Bx +y,)dy, =0 —-——(2) isHDE

SupposeV = Y1

X1

andy1=X1V / (B)

dy, =x,dv +vdx,
Substequ. (B) inequ (2) we get the separable DE

(Arx1—Xq)dXq + (31 +VX4)(Xdv +vdx;) =0

2 2 1
X, “+5 —Ddx; +x,°(3+Vv)dv =0 ——  IsSDE
[, X, @)V =0 ot

L 3 gy o
X v°+5 -1)

(HW) solve (X —2y —5)dx —(-3x +6y +1)dy =0
Case 2: if m; = m,, (the two lines are not intersected at the point, but are parallel.
Then suppose ax +by =z

adx + bdy = dz x
dz —adx
d =
y b
Subst. equ. (K) in D.E. (1) we get the S.D.E.
(2 +c)dx + (mz + 7/)(dz ‘badxj 0

(k)

Can be solved, by integration immediately finally subst. the value of (z), we get G.solution.
m= is multiple of (z)

Example: solve: (3x-6y+5) dx+ (12x-24y-2) dy =0 ----- (1)

Solution: m, = -3_1
-6 2

m="2-1 o

224 2t

Then suppose
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3X -6y =2

3dx —6dy =dz

dy = 3dx6_dz Dy )

Subst. equ. (2) in D.E. (1) we get the S.D.E.
(z +5)dx + (42 — 22X =2

)=0is S.D.E.

Example:-Solve the following DEs.(H.W.)
D(x+y+2)dx+(-x—y+2)dy=0
2) (6x-8y-5) dy= (3x-4y-2) dx
Note / If the function of the form f (x y) or the DE.of theformy f(x y) dx + x g(x y) dy=0
(1) Suppose yx=v

y=—
X

_ xdv —vdx

dy = X4V VX 2
V== @

Subst. equ.(2) in the DE.(1) ,we get \)/(—f (v)dx +xg (\/)(M) is SDE
X

Example: solve:-y (xy +1)dx +X (L+xy +x2y2?)dy =0 ————— @
Solution :
Suppose yx=v

\"

y=—
X

xdv —vdx
dy == 75— 2)
Subst. equ.(2) inthe D.E.(1)

Y +D)dx +x @4V +v 2)(
X

M):O = xv ¥ +1)dx +x (L+Vv +v ?)(xdv —vdx ) =0
X
(XV2+xv —xv —xv 2 —x v3)dx +x 2(L+v +v )dv =0

j(—xv3)dx +x2(1+v +V 2)dv):jO SD.E

2
(1 (=xv 3)dx +x2(L+v +v2)dv) = [0) %: jd—X_j“"% dv
-V X X VvV
5) Exact D.E.
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Exact DE: A D.E. M(X, y) dx+ N(x, y) dy=0 ----- (1) is called exact D.E. if 3df (X,y) such that
df (x,y)=M (x,y)dx +N (x,y)dy =0

idX + idy =Mdx + N dy = 0(by def. of exact function)
OX oy

%zM (x,y)andgzN(x,y)

***** The necessary and sufficient conditions of D.E M (X,y )dx + N (x,y)dy =0

: . oM oN : ,
is Exact D.E. if —— =—— such that M, N, My, My, Nx,Ny,... are continuous in R.

oy OX
Example: solve: (x+y) dx +(x-y) dy =0 ------- 1)
Solution: M (x,y)dx +N (x,y)dy =0

SMX,y)=x+y :%:hndN x,y)=x -y :ﬂzl
oy OX

. oM N .
Since —— =—— than D.E. (1) is exact

oy  OX
df (x,y)=(x+y) dx +(x-y) dy =0 s.t

Integration both side of equ. (1) with respect to (x) and choosing the arbitrary function of (y) only
2

f(x,y):%+yx+h(y) ————— ),

Differentiation equ.(4) with respect to y
of 0

Put (1) in (5) we get

0
V=X +—h
X-y X+ay (y)

Integrate both side of equ. (6) with respect to (y)
]
[=ydy =[5 h()dy

2y c=h(y) - h(y) = c — L, put h(y) in (4) we get G.S as follow
2 2

oo f (x,y):X?+yx —y7+c

Example: solve: 2X (yeXZ —1)dx +ex2dy =0 -————()
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Solution: %:2xexz, aﬁ:erxz
oy OX
Since oM :aﬂ . D.E.isexact,.. df (x,y)=2x (yexz —1)dx +ex2dy =0
oy  OX
f 2 .
8_:2X(yex ) (2)ano|i=eX ------- 3)
OX oy

Integration both side of equ. (3) with respect to (y) and choosing the arbitrary function of (x) only

f(X,y)=ye* +Q (X) ~-=(*)

2xye*  —2x =y 2xe*’ +6%Q(x):>Q’(x):_2x _______ )

Integrate both side of equ. (5) with respect to (x)

0
—Q(x)dx = |-2xdx
= 12QUdx-]
= Q(X)=—x’+c=f (X,y):yex2 —X 2 +C be the G.solution.

H.W.: Solve the following DES:-
1)y 3 sin 2x dx —gy 2cos2x dy =0 .
(2)(3x2+3xy?)dx+(3x%y — 3y?+2y)dy =0 .
(3)(2ye® + 2xcosy)dx +(e? — x*siny)dy =0
Linear First Order Ordinary D.E

d
The general form of first order and first degree of ordinary DE is a(X )d—y +b(x)y =c(X) ————(1) ; where
X

a(x)# 0 and a,b,c are functions of x only.
dy bx), _c(x)

dx a(x) a(x)

g—i +p(x)y =Q (X)is the standard form of LFODE
y'+px)y =Q(X)————(2) (non-homog. & non-exact )

Q(x)e!POXgy 1¢ .
y _Jol )ejp(x)dx or y =e PO [Q (x )e! P dx 1]

Is the general solution of non-homog.and non-exact D.E(liner first order )
Example: solve: 2xy’ + xy = 3x2 ------ (1)
Solution: divide equ (1) by 2X , we obtain,
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By comparison with y "+ p(x)y =Q (X)
p(x)=L Q(x)=x
X 1 X

—dx =[xdx 2
fz :e2J =g 4 | F=elpax :ef%dx

2

|.F =e/P0Xx _g

X2 X2

y :e_4[jgx2e 4dx +¢,]

Example: solve: Y 'sinX = ycos X +sin®x ————(1)
Solution: y 'sinx —ycosx =sin®x
, ycosx . . COS X .
~einy =sinX =y '+pXx)y =Q(x); p(x)=-— Siny &Q (x)=sinx
y =(1.F)[Q(x)e/P*Mdx +c]
I.F = efp(x)dx — efCZ?::x = e~ Inlsinx| — L
sin x

: : 1
y =sinx[[sinx ——dx +c]
SINX
Bernoulli's Equation
Def: ADE y'+ p(X)y =Q(x)y " ————(1) is said to be Bernoulli's Equation such that p, and Q are

functions of (x) only and n#0, 1(ne R ):

Ifn=0 =y '+ p(x)y =Q(X)is (F.O.L.D.E)

Ifn=1=y'+p(x)y =QX)y =y '+[p(x)-Q(x)]ly =0is (SD.E)

y' +p(x)y =Q(x)y " --—- (1) (Bernolli's Equation)

To solve DE (1) we will divided it by (y ") we obtain 'y "y '+ p(x)yy " =Q(x)
y "y +p(x)y " =Q((x)-—-—(2)

Suppose Yy " =u - (3)

@-n)y* "y =u’

Ny, r__ u o
Y = (4)

Subst both equ (3) &equ (4) in equ (2); we get an FOLDE

oy HPOOU=Q()

+p(X)u=Q (X 1-n
[y *POOU=Q0A1  (1-n)
u’+(1— n) p(x)u :(1— n)Q (x)————(5)is FOLDE
equ (5) can be solving by method of FOLDE. we get the value of u .Finally subst. the value of y =n =u, we get
the general solution of Bernoulli's equ.
Example: solve: (1262 y 2 —y )dx =dy
16 I College of Education
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solution: 3 —12¢2* y2-_y
dx

3_:(’ +y =12 2x y - (1) Bernoulli's equ.

Divide equ (1) by 'y 2 \we obtain

yy 2y =126 ————(2)

Lety " =u-————(3)

Differentiation equ (3) with respect to x

—y —2y "—u’

y Yy = - —(4)

Substequ (3) &equ (4)inequ.(2), we obtain a F.O.L.D.E.
—u'+u =12

u'—u=-12%isa FOLDE p(x)=-1&Q (x ) =—12e %
u =e 1 [ 122X Mgy 4]
u=e*[-12[e*dx +c]=u =e*[-12e* +c]=

y 1=—12e® +ceX = 1 126 e
y

y = isthe gemarl solutionof Bimolli 's equ.

~12e% +ce*
Example: solved—y—iy =Xy —— @
dx x
Solution: y’—;y =Xxy? =vy'y Z—X_yz =X ———(2)
1 1 -% 1
Suppose —y 2=u-- @) = -y fy'=u'=(y fy'=-A0 - (@)

we obtain FOLDE
[—2u’+£u =X ] (_—1)
X 2

u'—2u=_%isa FOLDE
X 2

1
| F :ejp(x)dx :e—ZJX%ix :e—2linx :elinx‘2 :X—Z
X  _
u =X2[I7X 2dx +c]

H.W: solve the following equations.
1)2y'—Xxy =X

Subst (3) & (4) in equ(2)

17 |
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2)d—X+§x =2y
dy vy

3)(x +1)y' —y =eX (x +1)°

Simultaneous Ordinary Differential Equation

Is a set of equations which contains only one independent variable and the number of equations are equal to the
number of the dependent variables , as fallows:

dx
E:f (x,t)———(@
dy L

We can solving system (*) by choosing the D.E in which contains only one dependent variable say equ.(1) &
solving by integration immediately or by previous ways , we get the value of dependent variable and subst. in
equ. (2) , and solving by previous way , we get the G. solution of system (*)
dx dy dt
Example: solve: = =—
X—-t x+y 2t

Solution :
dx _dt_ dx x-t

= G ————
d dt dy x+
J R N () )
X+y 2t dt 2t
To find the general Solution, we can choose the first equ.

d_x_x —t

d 2t

dx x -1
———=— [FOLDE]
d 2t 2

dx

E+p(t)x =Q(t)

-1 1
p(t):E , Q(t):_E
=) ot e)

1 1
X =t 2 [—%%m]:x =—t+cCt?2

2
1

X =—t +Ct 2 subst. the value of (X) in equ. (2) in system A
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1
dy (ct2-t)+y
dt 2t

-1
dy ct?

1y

dt 2 2 X
-1
dy 1 ct?

dt 2t 2 2
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Chapter Three

Reduction of Higher Order Ordinary D.E.

Consider a D.E of higher order is F(x, Y, y’, y”, e yn) =0 can be reduced into first order by using

substitution. We can study this D.E of second order, then equ. (1) becomes g(x, Y, y’, y”) = 0 equ(2) can
be solved by two cases:

Cases 1: If the dependent variable (y) does not (explicity) or (appears) in the D.E (2), then equ(2), becomes
g(x,y,yD=0----03)

Suppose @ y'=p-————(4)

dx

d?y dp
= ”: ,= ——__4

dx? y'=p dx @)
dp

N______5

y i %)

Subst. both equ (4) and (5) in D.E (3) we get a relation between (x,p)

g,(x, p, g_p) =0 ————(6) can be solving by previous way and we get (p) subst. (p) by (j—y) and by integration
X X

immediately we get the g.solution

Cases 2:1f the independent variable (x) does not (explicity) or(appears) in the D.E (2) ,then equ(2), becomes
g(y.y"y")=0-———(%

d !’ **
Suppose %= y'= p————(**
X
d*y dp dp dy dp dy _ dp - :
— L oy'=p="Toy ="y ="T" 2L _—pL by chain rule
dx? =P dx y dx dy y dy dx pdy (%) (by )

Subst. both equ (**) and (***) in D.E (*) we get a relation between (y,p)
g” (x, p, pg—p)z 0 ————(****) can be solving by previous way and we get (p) subst. (p) by (j_y) and by
y X

integration immediately we get the g.solution
Examples: solve the following D.E.

1) xy"+(y') = 0-wmmmmms (1)
2)yy"+(y') =0-———(*)

3) xzy”—(y’)2—2xy’:0 H.W
4) y"-y'=1

5) 2y"—(y')’ =0 H.W.

Solution 1) since (y)not appears.

dy . _
Ix y=p
p'=y"'= % (2) Subst. equ (2) inequ (1) we get xp'+ p*=0

(p'+p°=0 SDE} L
Xp
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jd_g+jd_x:0 :>{_i2 p?+linx =c}.—2
p X

é— 2linx =-2c Suppose ¢, =—-2c

=¢ —linx? = p:;:ﬂ: !

p? Je, —linx?  dx e —linx?
1

2 g

g J.«/cl—linx‘2 "

Solution 2) since () not appears in equ.(*)

Then Suppose dy =y'=p
dx

1 .,
— +linx™ =¢, =
P

dzy " ’ dp **

oY TP T )
v =Py

dy

Subst. both equ (**) and (***) in D.E (*) we get a relation between (y,p)
d

2

{ yp@+ p>=03}S.D.E
dy

EAEE

p y
linp+liny=c
lin(p.y)=c
p.y= e‘letc, = €°
py= ¢
ydy = c,dx

Solution 3) since xand y don’s not appears in D.E (1), then solving by any cases. Suppose we can solving by
first case.
yl”_ y” =1 ____(1)

pr=y" =2 2)

lin(l1+ p)=x+c

1+ p=ke” lete® =k

p=ke*-1

y"=ke*-1 ————(3) (ydoes n't appears)
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dy ,
oY =P

! " dp (
= = — 4
P=yr= (4)
Substequ (4) in D.E (3), we get
ap_ ke* -1
dx

j dp = j (ke* —1)dx
p=ke*—x+c
dy = (ke* —x +c)dx

2

y =ke” —X?+ xc+c, be the g.solution of D.E (1)

Example: solve HW

1) xy"+y =3x" —x
2)(L+ x?)y” —2xy’ = 2x
3)y"+2y(l+Yy)*=0

9y +(y) +y=0

Higher Degree of ordinary D.E

22 |
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O.D.E of the first order but of the higher degree. The general form of higher degree of O.D.E is
a,p" +ap" "t +a,p"*+———+a, _,p+a, =0where a,,a,———,a, are constant and
(a, #0)---(1). To solve equ.(1) there exist three cases:

Casel: equ. (1) Solvable for (p). ifequ.(1) can be written of the form
(p =0y NP —F,(x,y))...(p—F,(x,y))=0
dy

p-f,(x,y)=0=p=Ff(x,y) :>d—x=f1(x,y):>gl(x,y)=c

d
p-f.(x,y)=0=p =f2(x,y):>d—§=f2(x,y):> 9,(x,y)=c
Continue in this way, we get g, (x,y)=c.
Then the general solution of this case is [g,(x,y)—c][9,(x,y)—c]..[g,(Xx,y)—c]=0;where c is constant.

Example: solve: (d_y)2 +X d—y+y OI—y+xy =0-——(1)
dx dx dx

dy P= P +Xp+Yyp+xXy =0=p(p+x)+y(p+x)=0

Solution: Suppose — =
dx
2

(p+x)(p+y)=0,0r p+x =0=dy +xdx:0:>y+x7:c
andp+y =0=dy /y +dx =0=liny +x =c

2
The general solution of D.E.O is (y +X7—c)(lin y +X —c) =0 where c is a constant.

Solves the follows equation. (H.W)

(1) yp*+(x —y)p-x =0

QXY p?+(X*+xy +y?)p+x’>+xy =0

Case 2: equ.(1) solvable fory

Equ.(1): a,p" +a, p" ' +...+a,_, p+an=0can be written of the form F(x,y,p)=0= y =F(x,p)———(2)

differentiation equ.(2) with respect to x and subst. j_y = p we obtain a relation between X, p can be solved by
X

previous way and obtained the value of p.
Finally subst. the value of p in equ.(2) , we get the g. solution, and the singular

Example: 1) solve: 3p°—py +2=0
Solution: 3p°—py +2=0———(1)

by =3p+2 =y =3p* + 2~ (2)
p

dp
B Rl .
dl=p=12p3d—p+#:>p:12 3d—p—%d—p:>12pﬂ—%d—p—p=o
dx dx p dx p°dx dx p°dx

20 P (6p% )~ p =01 = [2(6p* - ) P -1=0]*dx = 2(6p” ~—)dp ~dx =0
dx p P p3”dx p

2) Solve: y =2xp +tan"(xp?)
Solution: y =2xp +tan*(xp?)———(1)
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dp

dy dp 2
&y &P 2
ax P 4 dx er)+1+(xp2)2 (2px ax P )

q 2xpd—lo+p2 q 2xpd—p+p2
p=2x P op+ dX2 . :>p+2x—p+—dx?_ —=0

dx 1+X°p dx 1+Xx°p

p dp p p dp
1+—FP )i P —0= (l+— ) (p+2x =2) =0

p( +(1+x2p4))Jr X dx ( +1+x2p4) ( +(1+x2p4))(p+ X dx)

p + 2X d—p=0]d—X:> d—X+ZId—p:0:> linx +2linp=c, = linx +lin p® =c,
dx Xp X p

lin(xp?)=c,= xp’=e'=c=p :\/E
X

2.4

y=2x\/§+tan‘1(c)istheg.solutionor1+ P _0=x2%p*+p=0
X 1+x p

H.W: solve the following D.E

(1)xp*+x =2yp
2y +px =x"p?
By =Q2+p)x +p?

Case 3: equ.(1) solvable for (x) equ.(1) a,p" +a,p"*+———+a,_,p+an =0 can be written of the form

F(x,y,p)=0=x =F(y,p)———(2) differentiation equ.(2) with respect to y and subst. j_x = 1 we obtain
y P

the a relation between Y, p can be solved by previous way and obtain the value of p. finally subst. the value of p
in equ.(2) we get the g. solution .

Example: solve: y =3px +6y°p*———(1)

Solution: since equ.(1) solvable for x, then

3px =y —6y *p*
3x :X—Gyzp
p
dx i

PRIy oz gn ray 12py = 3= Y dprdy —ey2dpdy —12yp
p p P

p
[£+ y dp /dy —6y*dp /dy —12yp =0]*p*= (2p +y dp /dy)+(6y *p*dp /dy +12yp®) =0
p p

(2p+ydp/dy)+6yp*(ydp/dy +2p)=0= (2p+y dp/dy)d+6yp*)=0

2p+ydp/dy :O]*d—y:>2d—y+d—p:0:>lin y?+linp=c = lin(y*p)=c
py y P

2
andy’p=c,=>p=c,/y’=y :30—12x +6yzc—14 be the general solution.

orl+6yp® =0 = 6yp°=-1=p° =__1:>p B e[
6y 6y
H.W: solve (1) p* —p(y -3)+x =0

(2)3py +6x°p*=x
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(3)3px +6x%p =xy
Clairt's Equation: an equation of the form y = px +f (p) ——— (1) where f is a function of (p) only is called
clairut’s equation and we can obtained the general solution by subst. p by ¢ as follows: y =cx +f (c)isthe g.

dy

solution of equ.(1) where c is a constant differentiation equ.(1) with respect to x and subst. v p , we obtain
X

dy /dx =p=p-+xdp/dx +f '(p)dp /dx

d ,

o O f(p)=0

X

dp/dx =0=dp=0=p=c, ..y =cx +f (C)
or x +f '(p)=0=f (p)=x?/2+c.

Example: solve: y = px ++/4+p* ———(1)
Solution: since equ.(1) is clairut’sequ. Then p =c

y =cx ++/4+c?

Example: solve: p =sin(y —xp)

Solution: p =sin(y —xp)———-(@1)

sint p =sin“'sin(y —xp) =>sin"p=(y —xp) =y -xp=sin"'p

y =Xp +sin”" p ———(2) isclairut’sequ.

dy 1
J1-p?

——=p=p+xdp/dX + ——
Sy =CX +sin’lc is the general solution

dp/dx =dp/dx (x + )=0=dp/dx =0=dp=0= p =c

dx

1
J1-p?

orx + —=0= =X= 1—p2:_—1 :>1—p2—i:>1—i=p2

1
\/]_ \/_pz X _X2 x?

1 . .
=p ==, /1——2 be a singular solution .
X

H.W: solve the following D.E.
1) (y —px)* =1+p°

Q) p*~y +xp=0

(3)y -p-p*=xp

Higher order ordinary D.E with constant coefficients:
The general form of higher order O.D.E is

d ny d n—ly d n—2y d 3y d 2y d 1y
+a +a F——— +a + +ay =Q(x)———(1) where a,a,,———,a,
nan n—ldxnfl n—2 an72 asdxg 2dX2 aidxl aoy Q( ) () al 2
are constants.
AN 3,y +a,,y P +a, Ly Y —ray TRy Ay +agy =Q () ———(1)
If Q(x) =0, then equ.(1) is called non-Homog. D.E with constant coefficient if Q (x) =0 ,thenequ.(1) becomes(

a

dny dn ly
an oL +a, por=y +———+a1—+a0y 0)———(2) iscalled a H.D.E with c.c .
If at least one of the coefficient a,,a,,———,a, isa function of x only then equ.(1) becomes  a,
dny n—1y d2y dy )
xX)—- v +a, ,(x) V! +-——+a,(X) VE +a1(x)d—+a0(x)y =Q(x)——-(3) equ.(3) is called NON.H.D.E
X X
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with variable coefficients or if Q (x) =0 in equ.(3) , then equ.(3) becomes

dn dn—l d2 d
a”(x)dx)”/ +a, 4(x) dx”‘{ +———+a,(X) dx{ +a1(x)%+ao(x)y =0-——(4)

Equ.(4) is called a H.D.E with V.C.

Operators: (D)
Is a differentiation of any dependent variable with respect to independent variable.

p=-% p:=9 psd  pr_d
dx dx ? dx® dx "
dy ., d’y ., d’ . dly
Or Dy =——,D°y = D’y = ———D"y =
rey dx y dx ? y dx® y dx "

Properties:

MD"D7(f (x))=D"D"(f (x))=D""f (x)

@QD"+DMf x)=(D"+D™)f (x)=D"f (x)+D"f (x)
@)D(f +9),,=Df (x)+Dg(x)

(4)if Cis constant then D (C f (x))=C Df (x)

(5)(D —a)(D —b)y =(D —b)(D —a)y where a,b are constants .
6)(D —a(x))(D —b)y #(D —b)(D —a(x))y where at least one of them (a) or (b) is a function of (x)
only.

Ex:)/(D —2)(D -3)e* =(D —-3)(D —2)e*.

Ex:(D —2x)(D —3)e* #(D —3)(D —2x )e”

Proof (5): (D —a)(D —b)y =D?y — Dby —aDy +aby

=D"y ~bDy —aDy +aby ———(*)

(D -b)(D —a)y =D’y —Day —bDy +aby

=D’y —aDy —bDy +aby ———(**)

(D -a)(D -b)y =(D —b)(D —a)y Where a,b are constants .
Proof (6): (D —a(x ))(D —b)y =D’y —Dby —a(x)Dy +a(x )by
(D —a(x))(D —b)y =Dy —bDy —a(x)Dy +a(x)oy ———(1)
(D -b)(D —a(x))y =D*y —D(a(x)y)—bDy +ba(x)y

(D -b)(D —a(x))y =D’y —a(x)Dy —yDa(x)—-bDy +ba(x)y ———(2)
Since equ(1) # equ(2) then

(D -a(x))(D -b)y #(D -b)(D —a(x))y

Note: we can written higher order O.D.E with constant coefficient or with the variable coefficient
(Homog.or.non-Homog) by using the operator

d"y d"'y d’y _dy
e A gt Gz Thg, Ty =Q(x)-———-(@)
aD"y +a D"y +-—-+aD° +aDy +ay =Q(x)
@'D"y +a, D"y +———+a,D% +aDy)y =Q(X)———(*)
f (D)y =Q(x) Where
f(D)=aD"+a D""+-——+aD*+aD +a,

a

+———+4,

26 I College of Education



Ordinary Differential Equations-second stage 2021-2022

f(D)y =0———(***)Homog.L.D.E

WithC.C. (y #0)=f (D)=0 the f (D) is called the characteristic equation.

[an (x)D"+a, ,(x)D""+———+a,(x)D*+a,(x)D +a,(x )]y =Q (X ) ———(**) non-Homg. with
V.C

Or [a,(x)D"+a,,(X)D"* +———+a,(x)D*+a,(x)D +a,(x) |y =0———(***)Homog. With V.C.

Reduction of higher order O.D.E in to first order D.E with c.c.

aD"+a D""'+—-——+aD’+a,(D’+aD +a,)y =Q(x)———()

Where a,,a,,———,a, are constants and Q is a function of (x) only we study the second order and non-
Homog.D.E with C.C as follows:

(D*+aD +b)y =Q(x)-—-(1)

f(D)y=0=y#0=f(D)=0

(D—m)(D -m,)y =Q(x)-—-(2)

Wherelb =mm,|and|a=—(m, +m,)

-m,D
-m,D
—(m,+m,)D
Suppose (D —m,)y =u(x)———(3)
Subst. eqn.(3) in eqn.(2), we geta.F..L.D.E
(D —m)u =Q(x)
Du —mlu =Q(x)
d
ﬁ—mlu =Q()=pKx)=-m=Q(x)=Q(x)=y =u
u'+p(xu=Q(x)
| f =g ™" —gm
ue™ =[Q(x)e ™ dx +c,

u=e™[[Q(x)e ™ dx +c,]-——(4)

Subst. equ (3) in equ.(4), we get L.F.O.D.E.

o _ m,y =e™[[Q(x)e ™ dx +c,]

1dx

I.f =e™

y e :{je M [jQ (x )™ dx +cJe "™ dx +c,
y =e™{Je™[[Q(x)e ™ dx +c,Je " dx +c,}
be the g. solution where C,,C, are constants.

Ex.:solve: y"+y’'=2y =e* ———(1)

. d?y dy
Solution: +—-2y =" ———(1
olution o ax y @
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D’ +Dy -2y =e¢* ———(1)

(D?+D -2)y =¢* ———(1)

(D+2)(D -1y =e*———(2)

Suppose (D —1)y =u(x)———(3)

Subst. equ.(3) in equ.(2) , we get (D +2)u =e* is (F.O.L.D.E)
Du +2u =e*

du x x
&+2u =e*(p(x)=2,Q(x)=e")
P

| f =e*
2X X A 2X
ue®™ =fe*e™dx +c,

u

e [[e® gdx +c,]

u

ol
e “[=e* +c,] where ¢ is constant
3 1

1
u= gex +ce ™ ———(4)
Subst, equ(4) in equ.(3) , we get

(D -1y :%ex +ceg™
dy

—2X

1
—Z —_y="e*+ce L.F.O.D.E
x J 73 £ :
1 X -2X
(P()=-1Q(x) = j&" +ce ™)
If =™

ye™ :j(%ex +ce™)-e " dx +c,
y =e* -[j(%ex +ce™)-edx +¢,]

X 1 C1 -3x
=e"-(=x —2e " +cC
y (3 2 )

R
y =¢ (§X —§cle *+c,)

y ==xe* —=ce™ +c,e"is the g. solution where C, is constant.
3 3
Example: (D°®—D)y = 2c0s*x

Solution: (D°—~D)y =2c0s’ X ———(1)
D(D?-1)y =2cos’x
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D(D -1)(D +1)y =2cos’x ———(2)
Suppose (D —1)(D +1)y =u ———(3)
Substequ.(3) in equ.(2) , we get .

Du = 2cos’ x

du
— =2c0s*X is S.D.E

dx
jdu = 2jcos2 X dx

1 1
u=2|(=+=cos2x)dx
I(z 5 )

U =x + Ssin2x +c,———(4)
Substequ.(4) in equ.(3) , we get
(D -1)(D +1)y =x +%sin2x +c,———(5)
Suppose (D +1)y =3———(6)
Substequ.(6) in equ.(5) , we get
(D -1)I=x +lsin 2X +¢, LFOD.E
2
dJ

——-9=X +lsin2x +C,
dx 2

ge™ =[(x +%sin 2x +¢,)e *dx +c,
e~ =[xe™dx +%jsin(2x )e"dx +c,[e ™ dx +c,

e =[[xe™dx +%jex sin2xdx +c, [e *dx +c,]-——(7)
Substequ.(6) in equ.(7) , we get
1 i
D -1y =e*[|xe™dx +=|e*sin2x dx +c,|dx +cC
(D -1y =e*[] 2[ J .]

L.F.O.D.E
Solve: HW: (D? +4D +4)y =e *sec*x

Homogenous linear D.E. with C.C.
The general from of higher-order O.D.E with C.C. is
(@D"+a D"'+-——+aD*+aD’+aD +a,)y =0
We can study the L.H.D.E of the second order with C.C.
y"+ay'+by =0—-——(1)
(D*+aD +b)y =0———(1)

Note: if (D*+aD +b )y =Q(x)—— *)
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Is non-Homog. L.D.E. with C.C. we can find the general solution of equ.(*) such that contains the
complementary solution of (D +aD +b ) y =0———(**) H.D.Ewith C.C.inwhich denoted by (yc), and

the particular solution of equ.(*) (non-Homog),denoted by(yy),then |y =y +Y

We study the H.D.E. with C.C.

(D*+aD +b)y =0—-——(1)

f (D)y =0=1 (D) =0is a characteristic equ.
f(D)=D?*+aD +b =0
f(m)=m?*+am+b =0

—aF+a’-4b
m, =2 =R (2)
orf (D)y =0

(D*+aD +b)y =0

(D-m,)(D -m,)y =0———(3) Such that
m,, m,are roots

m.m, =b

—(m,+m,)=a

Suppose (D —m, )y =u ———(4)
Substequ.(4) in equ.(3) , we get S.D.E.

(D-m,)u=0
Du-mu=0
d—u—mlu =0
dx

d—u—mldx =0
u

linu —m_ x =C ,where c is constant
linu =C +m,Xx

u=e°®.e™ e® =¢ *| —>where c* is constantl, = ¢ e™M1* — — — —(5)

Substequ.(4) in equ.(5) , we get
(D—-m,)y =c*e™

Z—z —-myy =c'e™¥* —————— (6) LF.ODE
p(x)=-m,

Q(x)=c*e™

y - =[c*e™e ™ dx +c,
y =e™[c*[e™ ™ dx +¢c], ———(7)
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We find the relation between two equ.(2)&(3). There exist three cases:
Casel: if (a2 —4b > O) then there exists two distinct (different) real roots (m, = m, IR ) in equ (7)

y =e™[c*[e™ ™ dx +¢,]

c*
y :emZX[ e(mifmZ)X +C1]
ml_mz
*
y — emlx +Clem2x
ml_mz
*
y =ce™ +ce™”, wherec, =
m —m

1 2

myx

y,=ce™ +ce"™
Be a complementary solution of H.L.D.E with C.C in which contains two real distinct roots.
Case 2:

If (a2 —4b = O) then there exist two (repeated) real roots

(m,=m,=melR). Inequ.(7)
y =e™[c*[e" ™ dx +c,]
y =e™[c*[e" ™ dx +c,]

y =e™(c*x +c,)

yc =e™(c,+CX) whereC* =,
Or
mx mx
yc=ceg™ +c,xe
Or

yc =(CcXx +c,)e™
Be a complementary solution of H.L.D.E with C.C in which contains two equal roots (repeated real roots).
Case 3: if (a2 —4b < 0) then there exist two complex roots

., (m =a+ib
m,,=axib _

' m,=a—ib

b+#0,m,eC
In first case
yc =ce™ +c,e™
yC — Cle (a+ib)x + CZ e (a—ib)x
yc =cege™ +c,e” -e
By Euler’s formula
e™ =cosx +i sinx

ibx —ibx

e ™ =cosX —i sinx

yc =e™[c,(cosbx +i sinbx )+c,(cosbx —i sinbx )]
yc =e™[(c, +c, )cosbx +(ic, +ic, )sinbx ]
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yc =e®[K, cosbx + K, sinbx]
Where ¢, +C, =K and ic, +ic, =K,

be a complementary solution of H.L.D.E with C.C in which contains two complex roots .
Or

yc =K e* cosbx + K e* sinbx

Examples:
Solve the following H.D.E.(find the g. solution or the complementary solution)
Qy"+5y'+6y =0
@(D-3)y =0
3)(D*+D +1)y =0
(D -2)(D-3)(D-1)"y =0
(5)(D°+4D*+D -6)y =0
(D*+5D +6)(D*+D +1)y =0
(7)(y " 4y 4 + 4)y O
(8)(D3—l) y =0
Solution (1):(D*+5D +6)y =0
m?+5m+6=0
(m+3)(m+2)=0
m=-3m=-2¢cR
m,=m, eR
—2#-3€R
yc=ceg™ +ce™

-3X —2X
yc=ce ™ +cge

Solution (2): (D —3)2y =0
(m-3)°'=0

m=3,3

yc =e™(c,x +c,)

yc =e*(cx +c,)

Or

yc =e¥(c,+c,x )
Solution (*): (D —3)3y =0
(m-3)'=0

yc =e (¢, +C,x +cx°)

Solution (3): m*+m +1=0
A=1B=1C =1
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_—lxr-4.11

2.1

m

: -1
sm,=azxib. .a=—

2
Ng
2

yc =e™ (K, cosbx +Ksinbx)

b =

(m-2)(m-3)(m-1)'=0

m,=2eR

m,=3eR

m,=-1-1-1,-1eR

Or

m,=m,=m,=m,=-1

yc=ce™ +ce¥ +e™ (C, +C,X +CX *+Cx°)
Solution (5):(D3+4D2 +D —6)y =0

(D +3)(D*+D -2)y =0
(D+3)(D+2)(D-1)y =0
(m+3)(m+2)(m-1)=0
=>m+3=0=m,=-3
=>m+2=0=>m,=-2
=>m-1=0=m,=1

syc=ce ¥ +ce ™ +ce’

Solution (6):(D*+5D +6)(D*+D +1)y =0
(D +3)(D+2)(D*+D +1)y =0
(m+3)(m+2)(m*+m+1)=0
=>m+3=0=m,=-3
=>m+2=0=>m,=-2

1+12-4.1.

=>m’+m+1=0=>m,, = 1 12 411
:>m34:_—1$i£
2 2

33 I College of Education



Ordinary Differential Equations-second stage 2021-2022

1,
yc=ce ¥ +ce +e? [cho{?x }L Kzsin(gx J]

Solution (7):(y " —4y"+4y )=0
Dy —4D?% +4& =0
(D*-2)'y =0

(m2—2)2:0
(m?-2)(m*-2)=0
m?-2=0=>m’=2=m,_,=F2

m?-2=0=>m?=2=m,, =72

X

yc =g
Or

yC :(cleﬁx +ce )+x (cseﬁx +C e*ﬁx)
Solution (8):(D3—1)y =0
(D-1)(D*+D +1)y =0
(m-1)(m*+m+1)=0
m-1=0=m,=1eIR

(c,+c,x)+e ™ (cx +c,)

Ne

-1_.
m?+m +1:O:>m2y3=?+| 7657

yc =cge” re?’ [c, cos[?x j+c3sin(§x j]

Solution (9): (D3 —1)2 y =0
(m-1)(m?+m+1) =0
m-1=0=m,=-11eR

yc, =e*(cx +cC,)

1 .3

m,, =—=i—
=y Ty Ef

yc, :e_?lx {klcos[ﬁx ]+ kzsin{ﬁx ﬂ+xe21x l:k3cos(£x ]+ k4sin[£x ﬂ
2 2 2 2
yc =e*(cx +c2)+e%1x l:klcos{gx j+ kzsin(gx H ixe? {kgzos(?x j+ k43in(§x H H.W:

solve
Qy"-y"-8y'+12y =0
(2(D3+3D?+3D +1)y =0
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(3)(D*+2D?-5D —-6)y =0
@ (y"-16y) =0
)(D +1)’(D*+2D +1)(D*~D +2) (D +7)(D ~5)y =0

How to find a particular solution of L. Non-Homog D.E. with C.C.:

Consider @ D"+a _D"'+———+aD*+aD*+aD +a,)y =Q(x)
BE A L.NON-H. D.E With C.C, where a,,a,———,a, Constants and Q is a function of (x) only.
There exist three methods:

(1) the variation of parameters method
(2) the operators method
(3) Un determinant coefficients method

(1) The variation of parameters method:
We study non-H.L.D.E of second order with C.C.:

y"+ay'+by =Q(x)——-()

D?*+aD +by =Q(x)-——(1)

To find the general solution of D.E (1), we obtain (yc) and (yp)

Ye =Y. +Y,tofind (yc) (be a complementary solution ) of equ.(1) suppose (D2 +aD + b)y =0--——(2)

m,+am +b =0

y.=CY,+C,Yy, ———(3)(wherey,,y,are two linearly independent. Solutions) since y,, Yy, are two linearly
independent solution. Solution then

y,+ay,+by,=0
We can find a particular solution of D.E(L) by changing two arbitrary constants C,,C, intoV (X),v,(X)

Y, =V,Y, +V,Yy, ———(4) be a particular solution of D.E(1)
Yo =ViYi+ Y VLY, +V5Y,

Suppose |y ¥, +YV; =0]———(A)

yP=wy +Vy, ————(5)

YP=VY, + Y +V,Y; + YV, ———(6)
Subst. equ (4, 5 and 6) in D.E (1), we get

VY; + YV VY, + YoV, +alvy; +v,Y,) +b(vy, +V,Y,) =Q(X)
v, (y; +ay, +by,) +Vv,(y, +ay, +by,) +Vy, +Vv,y, =Q(X)
Vl(O) +V, (0) +V1,y1' + V;y; = Q(X)

iy + V.Y, =Q(X) ————(B)

We can solve both equ. A and B by grammer’s method.
Viy;+viy; =Q(x) ————(B)

Vi VY, =0 ————(A)
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‘0 Y,
V;: Q(X) y; :V{:_yzQ(X)

Y, Y, w(y,, Y,)

A Y,
V1 :J’_yzQ(X) dX

w(y,, Y,)
And

Y, 0
v - y.  Q(x) v = y,Q(x)

Y, Y, w(y,, Y,)

A Y,
VZZJ‘ le(X) dX

w(y,, Y,)

y,Q(X) y,Q(x)
_ (—[ 2R R A

Yo = Iw(yl,yz) X)yl+qw(yl,yz) ¥Y:
Yo =Ye + Yo

Example: -solve  y"+Yy =¢”
Sqution:-(D2 + D) y=¢"

(D*+D)y=0
m’+m=0
m(m+1)=0
m=0,m=-1

y. =ce™+ce™
y.=cl+ce
yP = Vlyl + VZ y2

y,=1
y,=e”
y,=vl+ve™
_ yl 2| _ ! ’
W(yl’ yz)_ P | ylyz - y2y1
1 e "
w(le™) :‘ =—e "
0 —e

X

v, = j—le(X) dx = v, = —ee

—dx = v, =¢
W(yl’yz) —€
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2x

v, :jde =V =je—x_dx = v, =—[e”dx v, __1e
e 2

WY, Y,)
X 1 X 1 X
yp =€ —Ee — yp :Ee

X 1 X
Yo =Y.t Y, =Y, =Cl+Ce +Ee

H.W.
Solve thefollowing D.Es.

1) y" +4y =sec2x

2) y'+y=tanx

3) (D* +4)y =sec’ 2x
H Yy +y+y=xe"

Operator’s method

To study n-th order O.D.E with C.C by using operators method (D) dependent on the type of Q(x) and by using

some theorems.

Theorem: - 1) f(D)e™ = f (b)e™
2) f(D?)cosbx = f (—b?)coshx
3) f(D?)sinbx = f (—b?)sinbx
4)f (D)™ y}=e"{f (D +b)y}

where b is constant.

Proof (1):-f (D)e” =(P.D"+P _D"*+..+P,D*+P,D?+PD"+P,)e™ where p,, p,,..., p, are

constant

f (D)™ =(P.(D"e™)+P, (D"&™)+..+P,(D%")+P,(D%>)+P(De")+Pge™)

(DlebX) — bebx

(D%™)=D(De™)
= D(be™)
=b(De™)
:bzebx

(Dsebx) — D(Dzebx)
— D(bzebx)
=b?(De™)
:bSebx

( Dn—lebx) — bn—lebx
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(DnebX):bnebX

f (D)e” =(P.(b"%™)+P. (0" ™) +..+P,(b%e™) + P,(b%™) +P,(be™) + Pe™)
f(D)e>=(Phb"+P, _pb"* +..+Pp°+Ph*+Ph +P)e"™

f(D)e” = f (b)e™

Type of Q(X)

l) ebX

2)cosbx or sinbx

3) x"

4)e™ cosbx or ™ sinbxore™ x"

5) X" cosbx or X" sinbx

6) €™ x™ cosbx or e* x™ sinbx

There exist six cases.
Casel:- If Q(x) =e™then the particular solution is[ f (D)y =Q(x) = f (D)y =e™]

l l bx
Yo ZWQ(X) =Y, Zﬁe

i) If f(b)=0then y = e™ (By using theorem f (D)e™ = f (b)e™)

f(D)
Example 1): - solve: y'+2y'+y=¢"
Solution: y" +2y' + y =¢”

(D*+2D +1)y =¢*

(D+1)’y=¢"
Suppose (D+1)’y=0
(m+1)2=0
m=-1,-1
y.=e*(c,+C,X)

S

" (D)

y, = = e’
* (D*+2D+1)
y, = : e’
@ +2%1+1)
y zlebx

"4

—X 1 X
y, =€ (c1+czx)+ze
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Example 2):-solve: y'+Yy' +4y=¢e™
(D*+D+4)y=¢"
m*+m+4=0

_ —1++/1°-16

m12

’ 2

127 9 2
y. =e 2 [k, cos(? X) +k, sin(? x)]
y _ 1 ebx

"~ {(D)
Y, = - e’

* (D*+D+4)

— 1 e_x
T ) ()

1,

Y, Zze

y. —e [k, cos(? X)+ kzsin(g X)]+ %e-x

H.W: solves the following.

1) y"+y'-2y=e”

2) y"—y"=¢"

i) If f(b)=0then y, = ! e™ undefined, and y_ = L e™
f(b)=0 " (D-b)'g(D)

Where b is a root in the complementary solution and (r) is the number of repeated root g(D)
the remainder terms in f(D).

By using theoremf (D ){e™y }=e"{f (D +b)y}

1
:ebx fl

Yy (D—b+b)rg(D+b)1}
y _ebx 1
’ (D) g(D +b)

ebx
y = (D)™ , where g(D +b) =g(b)
" g(b)

ebx Xr ,r_Xr
Y, = g(b)ﬁ , where (D) =

It is particular solution.
Examples:- y" —y" =¢"
Solution:-(D® - D?)y =¢*
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(D°-D?*y=0
D*(D-1)y=0
m’(m-1)=0=m,,=0,m,=1
y.=(c +c,x)+ce’

1
=—0Q(x
Y, f(D)Q()
1 N
yp:D3_DZe
y _ 1 ebx
" (D-b) g(D)
. 1
yp:e r
(D-1+1)"g(D+1)
y _—ex
" D(D+1)°
e’ N
yp—D*l:> y,=eD
y, =€'X

Y. =(c,+C,X)+Cce’ +e'X

Example:- (D +2)*(D -1)y =e ™
Solution:-(M+2)°’(m-1)=0

m,, =-2 M, =1
y. =e?(c,+Cc,x+Cc,X)+cC,e
y = 1 s
* (D+2)*(D-1)
y _e—Zx 1
i (D)’(D-3)
e—2x )
Y, =—5 D"
e—2x X3
=33

—2X 3

Y, =e7(c, +Cc,x+C,X°)+C,e + 23

H.W: Solve the following solution.
1)(D-1)(D+2)(D-3)y=e*
2)(D-1)(D-2)’y=(e*+2¢e" +3e7)

Case 2:- If Q (x ) =cosax or sinax then f (D?)y =cosax or sinax
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=Y, cosax or sinax

"t (DY)

By using theorem f (D?)cosax = f (—a’)cosax or f(D?)sinax= f (-a*)sinax

There exist two branches

)If f(—a’)#0then y, = o)

Example:-y " —4y =co0s 2X
Solution:-(D? —4)y =0

m’ —4=0=>m=+2

y, =ce”+ce™

y = L COS 2X
P_D2_4

y, = 21 4cost

Y, :%1003 2X

X _2x _1
=ce® +ce ™ +—cos2x
G 1 2 8

Example:- (D? + 3D —4)y =sin2x
Solution:- (D*+3D-4)y =0

m*+3m-4=0
(m+4)(m-1)=0

m=-4,m,=1
—4x X
y,=Ce " +cCe

y —;sinZX
" D*’+3D-4
y -t sin2x
P -2°+3D-4
1 .
y, = o sin 2x
3D +38
e sin 2x
9D -64
3D +38
= In 2X
P 9(-2*)-64
3D +38
) = sin 2x
-100

-1 i .
=——(3DsIn2x+8sin 2x
Y, 100( )

cosax or sinax
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-6 -8 .
=(——C0S2X + ——SIn2X
Yy (100 100 )

—6 -8 .
=ce ¥ +c,e* +(—=Cc0s2Xx + ——sin2x
Yo =5 ? (100 100 )
H.W: Solve the following solution.

y " —9y =5co0s 3x

i)If f(—a®) =0 then y = cosax or sinax

f (-a%)
can be changing cosax or sinax into Euler’s formula
e™ =cosx +isinx or (e™ =cosax +i sinax)

aix

of the 1-st cases

1
f(D?)
Can be solved by first cases. Finally e changed into (Cosax + i Sinax ) then choose the real part if the
problem contains (COSax ) or choose the imaginary part if the problem contains (Sinax)

Example:-(D* +9)y =sin3x
Solution:- (D*+9)y =0
m’+9=0
m’=-9=>m=xi3

y. =[k,cos3x +k,sin3x]

= sin 3x
Yo (D*+9)
1 )
=———5In3X
Y= T3+ 9)
Y, = 1sin 3X uudefined
0
e'¥ =cos3x +i sin3x
1 3ix
Yo = D’® +9e
1 3ix
Yy, = - ~€
* (D+3i)(D+3i)
B eSix 5
L ET
—ii(COSBX +1sin3x)
Yo T 6 1
X X .
=—C0S3X ——SINn3X
Yo = i 6
Yy, :g—icosBx
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Yy, =kcos3x +k,sin3x +(;—_COS3X)
i

Case 3:- If Q(X) = polynomials function i.e. Q(X) =X" =y = : (1D) X" can be solved by using the series
L:(l— D) =1+D+D?+D"+...
1-D

Or

5 =(1+D) ' =1-D+D*~-D’+..
+

Example:- solve : y"+2Yy'+3y =X’
Solution:- (D*+2D+3)y=0
m’*+2m+3=0

_—2+4/-8
1,2 2
m12:__2i2h/E
’ 2 2
mm:—liri\/ﬁ
y. =e*(k, cos(~/2x) +k, sin(~/2x))
y——l X’
" D*+2D+3
Y, = 1 X
P D . D
L+ (—+2—
[ (3 3)]
1 D? D
=+ (—+2)'xX
Y, =30+ (- +22)]
1, D* _D, ,0° D, ,D* _D
=[A-(—+22)+(—+2=) +(—+2=2)°1¥
y :X__EDZXS—ZDX3+1(R+ED3+£D3+ED2)X3
3 9 9 3'9 9 9 9

x* 6 2., 24 48 . . :
y =—-—=X—=X +—x—a is particular solution .

3 9 3 27

) X 6 2 24 48
=e *(k cos(v2x) + k. sin(v/2X)) + — — =X —=X*+ —X— —
Yo =€ (k,008(v2x) +k,sin(y2x)) + = Cx =X+ ox— o

Case 4:- if Q(x) =e™ cosbx or e*sinbx or Q(x) =e*x" then
1

SEETG)

f(D{e™y}=e"f(D+y)

e™cosbx or (sinbx)ory = e X " can be solved by using the theorem

1
f(D)
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m

cosbx or (sinbx) can be solving by second cases or y , =€ can be

y =e¥—F—— ———X
* " f(D +a) f(D+a)

solved by third cases

Example: - solve: (D* —4)y =e*sin2x
Solution:- (D*—-4)y=0
m’—-4=0=m,=+2

y, =ce”+ce™

1 .
Yo =5 _4e3 sin 2x
=e¥*———  sin2x
%o =% (D+3y-4a
1 )
=¥ sin 2x
Vs D?’+6D+9-4
=¥ ———  sin2x
Yy D*’+6D+5
1 )
=¥ ——  sin2x
Yy -2°+6D+5
=e* sin 2x
Yy 1+6D
1-6D .
=¥ sin2x
Yy 1-36D°
o 1-6D )
y,=¢€ > sin 2Xx
1-36(—(2)%)
e3x 3x
=——SIiN2x — COS 2X
Yo =145
e3x 3x
Yo =1455in2x — CoS2x +ce” +ce™

Case 5:- If Q(X) = X" coshxor (x"sinbx) then y = X" cosbxor (x" sinbx)

1
f(D)
We can solved by changing sinbx or cosbxinto Euler’s formula (e” =cosbx+isin bx)

1 m Aib *
yp—ﬁx e *)

. 1 ; -
y, = e™ m X" can be solving by third cases. Finally we can changing €' into cosbx + isinbx and
+ 1
chooses the real part if equ ( *) contain (cosbx),but if equ(*) contain (sinbx) ,then choose the imaginary part.
Example:-(D? + 3D + 2)y = xsin2x
Solution:-y = HW

1 .
Y, =7 XSIn2x
(D° +3D +2)
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1 i2x
- Xe
(D*+3D +2)
y, =e” — : _ X
P (D +2i)* +3(D +2i) + 2)
_ Ai2x 1
e _ . X
D?+4Di—4+3D+6i+2
_ Ai2x 1
e _ . X
D°+4Di—-4+3D+6i+2
i2x 1
e . _ X
D?*+4Di+3D+6i -2
_Al2x 1

: D? 4Di 3D
O = (2 6 2 "6 -2
e' ™ D? 4Di 3D
T (6i -2) G2 62 e 2

e 4 3
=X ]
(61 —2) (61—2) (61-2)

Y, =

X

]

Yo

Yo

_ (cos2x +isin2x)[x_ 4 3

Y (6i —2) 6i —2) (6i —2)]
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