
1.4. given points A(8,−5, 4) and B(−2, 3, 2), find:

a) the distance from A to B.

|B − A| = |(−10, 8,−2)| = 12.96

b) a unit vector directed from A towards B. This is found through

aAB = B − A
|B − A| = (−0.77, 0.62,−0.15)

c) a unit vector directed from the origin to the midpoint of the line AB.

a0M = (A + B)/2

|(A + B)/2| = (3,−1, 3)√
19

= (0.69,−0.23, 0.69)

d) the coordinates of the point on the line connecting A to B at which the line intersects the plane z = 3.
Note that the midpoint, (3,−1, 3), as determined from part c happens to have z coordinate of 3. This
is the point we are looking for.

1.5. A vector field is specified as G = 24xyax + 12(x2 + 2)ay + 18z2az. Given two points, P(1, 2,−1) and
Q(−2, 1, 3), find:

a) G at P : G(1, 2,−1) = (48, 36, 18)

b) a unit vector in the direction of G at Q: G(−2, 1, 3) = (−48, 72, 162), so

aG = (−48, 72, 162)

|(−48, 72, 162)| = (−0.26, 0.39, 0.88)

c) a unit vector directed from Q toward P :

aQP = P − Q
|P − Q| = (3,−1, 4)√

26
= (0.59, 0.20,−0.78)

d) the equation of the surface on which |G| = 60: We write 60 = |(24xy, 12(x2 + 2), 18z2)|, or
10 = |(4xy, 2x2 + 4, 3z2)|, so the equation is

100 = 16x2y2 + 4x4 + 16x2 + 16 + 9z4
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1.23. The surfaces ρ = 3, ρ = 5, φ = 100◦, φ = 130◦, z = 3, and z = 4.5 define a closed surface.
a) Find the enclosed volume:

Vol =
∫ 4.5

3

∫ 130◦

100◦

∫ 5

3
ρ dρ dφ dz = 6.28

NOTE: The limits on the φ integration must be converted to radians (as was done here, but not shown).

b) Find the total area of the enclosing surface:

Area = 2
∫ 130◦

100◦

∫ 5

3
ρ dρ dφ +

∫ 4.5

3

∫ 130◦

100◦
3 dφ dz

+
∫ 4.5

3

∫ 130◦

100◦
5 dφ dz + 2

∫ 4.5

3

∫ 5

3
dρ dz = 20.7

c) Find the total length of the twelve edges of the surfaces:

Length = 4 × 1.5 + 4 × 2 + 2 ×
[

30◦

360◦ × 2π × 3 + 30◦

360◦ × 2π × 5

]
= 22.4

d) Find the length of the longest straight line that lies entirely within the volume: This will be between
the points A(ρ = 3, φ = 100◦, z = 3) and B(ρ = 5, φ = 130◦, z = 4.5). Performing point
transformations to cartesian coordinates, these become A(x = −0.52, y = 2.95, z = 3) and B(x =
−3.21, y = 3.83, z = 4.5). Taking A and B as vectors directed from the origin, the requested length
is

Length = |B − A| = |(−2.69, 0.88, 1.5)| = 3.21

1.24. At point P(−3, 4, 5), express the vector that extends from P to Q(2, 0,−1) in:

a) rectangular coordinates.
RPQ = Q − P = 5ax − 4ay − 6az

Then |RPQ| = √
25 + 16 + 36 = 8.8

b) cylindrical coordinates. At P , ρ = 5, φ = tan−1(4/− 3) = −53.1◦, and z = 5. Now,

RPQ · aρ = (5ax − 4ay − 6az) · aρ = 5 cosφ − 4 sin φ = 6.20

RPQ · aφ = (5ax − 4ay − 6az) · aφ = −5 sin φ − 4 cosφ = 1.60

Thus
RPQ = 6.20aρ + 1.60aφ − 6az

and |RPQ| = √
6.202 + 1.602 + 62 = 8.8

c) spherical coordinates. At P , r = √
9 + 16 + 25 = √

50 = 7.07, θ = cos−1(5/7.07) = 45◦, and
φ = tan−1(4/− 3) = −53.1◦.

RPQ · ar = (5ax − 4ay − 6az) · ar = 5 sin θ cosφ − 4 sin θ sin φ − 6 cos θ = 0.14

RPQ · aθ = (5ax − 4ay − 6az) · aθ = 5 cos θ cosφ − 4 cos θ sin φ − (−6) sin θ = 8.62

RPQ · aφ = (5ax − 4ay − 6az) · aφ = −5 sin φ − 4 cosφ = 1.60
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1.24. (continued)

Thus
RPQ = 0.14ar + 8.62aθ + 1.60aφ

and |RPQ| = √
0.142 + 8.622 + 1.602 = 8.8

d) Show that each of these vectors has the same magnitude. Each does, as shown above.

1.25. Given point P(r = 0.8, θ = 30◦, φ = 45◦), and

E = 1

r2

(
cosφ ar + sin φ

sin θ
aφ

)

a) Find E at P : E = 1.10aρ + 2.21aφ .

b) Find |E| at P : |E| = √
1.102 + 2.212 = 2.47.

c) Find a unit vector in the direction of E at P :

aE = E
|E| = 0.45ar + 0.89aφ

1.26. a) Determine an expression for ay in spherical coordinates at P(r = 4, θ = 0.2π, φ = 0.8π): Use
ay · ar = sin θ sin φ = 0.35, ay · aθ = cos θ sin φ = 0.48, and ay · aφ = cosφ = −0.81 to obtain

ay = 0.35ar + 0.48aθ − 0.81aφ

b) Express ar in cartesian components at P : Find x = r sin θ cosφ = −1.90, y = r sin θ sin φ = 1.38,
and z = r cos θ = −3.24. Then use ar · ax = sin θ cosφ = −0.48, ar · ay = sin θ sin φ = 0.35, and
ar · az = cos θ = 0.81 to obtain

ar = −0.48ax + 0.35ay + 0.81az

1.27. The surfaces r = 2 and 4, θ = 30◦ and 50◦, and φ = 20◦ and 60◦ identify a closed surface.
a) Find the enclosed volume: This will be

Vol =
∫ 60◦

20◦

∫ 50◦

30◦

∫ 4

2
r2 sin θdrdθdφ = 2.91

where degrees have been converted to radians.
b) Find the total area of the enclosing surface:

Area =
∫ 60◦

20◦

∫ 50◦

30◦
(42 + 22) sin θdθdφ +

∫ 4

2

∫ 60◦

20◦
r(sin 30◦ + sin 50◦)drdφ

+ 2
∫ 50◦

30◦

∫ 4

2
rdrdθ = 12.61

c) Find the total length of the twelve edges of the surface:

Length = 4
∫ 4

2
dr + 2

∫ 50◦

30◦
(4 + 2)dθ +

∫ 60◦

20◦
(4 sin 50◦ + 4 sin 30◦ + 2 sin 50◦ + 2 sin 30◦)dφ

= 17.49
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2.23. Given the surface charge density, ρs = 2µC/m2, in the region ρ < 0.2 m, z = 0, and is zero elsewhere,
find E at:

a) PA(ρ = 0, z = 0.5): First, we recognize from symmetry that only a z component of E will be
present. Considering a general point z on the z axis, we have r = zaz. Then, with r′ = ρaρ , we
obtain r − r′ = zaz − ρaρ . The superposition integral for the z component of E will be:

Ez,PA = ρs

4πε0

∫ 2π

0

∫ 0.2

0

z ρ dρ dφ

(ρ2 + z2)1.5
= −2πρs

4πε0
z

[
1√

z2 + ρ2

]0.2

0

= ρs

2ε0
z

[
1√
z2

− 1√
z2 + 0.4

]

With z = 0.5 m, the above evaluates as Ez,PA = 8.1 kV/m.

b) With z at −0.5 m, we evaluate the expression for Ez to obtain Ez,PB = −8.1 kV/m.

2.24. Surface charge density is positioned in free space as follows: 20 nC/m2 at x = −3, −30 nC/m2 at
y = 4, and 40 nC/m2 at z = 2. Find the magnitude of E at the three points, (4, 3,−2), (−2, 5,−1),
and (0, 0, 0). Since all three sheets are infinite, the field magnitude associated with each one will be
ρs/(2ε0), which is position-independent. For this reason, the net field magnitude will be the same
everywhere, whereas the field direction will depend on which side of a given sheet one is positioned.
We take the first point, for example, and find

EA = 20 × 10−9

2ε0
ax + 30 × 10−9

2ε0
ay − 40 × 10−9

2ε0
az = 1130ax + 1695ay − 2260az V/m

The magnitude of EA is thus 3.04 kV/m. This will be the magnitude at the other two points as well.

2.25. Find E at the origin if the following charge distributions are present in free space: point charge, 12 nC
at P(2, 0, 6); uniform line charge density, 3nC/m at x = −2, y = 3; uniform surface charge density,
0.2 nC/m2 at x = 2. The sum of the fields at the origin from each charge in order is:

E =
[
(12 × 10−9)

4πε0

(−2ax − 6az)
(4 + 36)1.5

]
+
[
(3 × 10−9)

2πε0

(2ax − 3ay)
(4 + 9)

]
−
[
(0.2 × 10−9)ax

2ε0

]
= −3.9ax − 12.4ay − 2.5az V/m

2.26. A uniform line charge density of 5 nC/m is at y = 0, z = 2 m in free space, while −5 nC/m is located
at y = 0, z = −2 m. A uniform surface charge density of 0.3 nC/m2 is at y = 0.2 m, and −0.3 nC/m2

is at y = −0.2 m. Find |E| at the origin: Since each pair consists of equal and opposite charges, the
effect at the origin is to double the field produce by one of each type. Taking the sum of the fields at
the origin from the surface and line charges, respectively, we find:

E(0, 0, 0) = −2 × 0.3 × 10−9

2ε0
ay − 2 × 5 × 10−9

2πε0(2)
az = −33.9ay − 89.9az

so that |E| = 96.1 V/m.
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