\/ 1.4. given points A(8, —5, 4) and B(—2, 3, 2), find:
a) thedistancefrom A to B.

IB—-A|=](-10,8, —2)| = 12.96

b) aunit vector directed from A towards B. Thisis found through

B—A
IB—Al

asp = = (-0.77,0.62, —0.15)

c) aunit vector directed from the origin to the midpoint of the line AB.

_ (A+B)2 _ (3,-13)
MTIA¥BY2 T J19

= (0.69, —0.23, 0.69)

d) the coordinates of the point on the line connecting A to B at which the lineintersectsthe planez = 3.
Note that the midpoint, (3, —1, 3), asdetermined from part ¢ happensto have z coordinate of 3. This
is the point we are looking for.

v/ 15. A vector field is specified as G = 24xya, + 12(x2 + 2)a, + 18z%a,. Given two points, P(1, 2, —1) and
0(-2. 1, 3), find:
a Gat P: G(1,2, —1) = (48, 36, 18)

b) aunit vector inthedirectionof G at Q: G(—2, 1, 3) = (—48, 72, 162), s0

| (—48,72,162)

= = (—-0.26, 0.39, 0.88
[(—48, 72, 162)| ( : : )

¢) aunit vector directed from Q toward P:

P-Q (3-14

= = (0.59, 0.20, —0.78)
IP—Ql V26

dgp =

d) the equation of the surface on which |G| = 60: We write 60 = |(24xy, 12(x2 + 2), 18z2)|, or
10 = |(4xy, 2x2 + 4, 3z2)|, so the equation is

100 = 16x2y? + 4x* + 16x2 + 16 + 9z*
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1.23. Thesurfacesp =3, p =5, ¢ = 100°, ¢ = 130°, z = 3, and z = 4.5 define a closed surface.

a) Find the enclosed volume:

4.5 130° 5
Vol :/ [ / pdpdedz = 6.28
3 100° 3

NOTE: The limits on the ¢ integration must be converted to radians (as was done here, but not shown).

b) Find the total area of the enclosing surface:

130° 5 4.5 130°
Area=2/ / pdpdg +f f 3de dz
100° 3 3 100°

45 (130° 45 5
+ / / S5dpdz + 2/ / dpdz =20.7
3 100° 3 3

¢) Findthetotal length of the twelve edges of the surfaces:

(o} o}

30
Length=4x15 + 4x2 + 2X[360° x 2m x 3 + 360°

X 27T X 5i| = 22.4

%Fi nd the length of the longest straight line that lies entirely within the volume: Thiswill be between

the points A(p = 3, ¢ = 100°, z = 3) and B(p = 5, ¢ = 130°, z = 4.5). Performing point
transformations to cartesian coordinates, these become A(x = —0.52, y = 2.95, z = 3) and B(x =
—3.21, y = 3.83,z = 4.5). Taking A and B as vectors directed from the origin, the requested length
is

Length = [B — A| = |(—2.69, 0.88, 1.5)| = 3.21

‘/ 1.24. At point P(—3, 4, 5), express the vector that extendsfrom P to Q(2, 0, —1) in:

a) rectangular coordinates.
Rpp =Q—P=05a, —4a, — 6a,

Then |RPQ| =4/25+16+36=8.8
b) cylindrical coordinates. At P, p =5, ¢ = tan~1(4/ — 3) = —53.1°, and z = 5. Now,

Rpo-a, = (5a, —4a, —6a,;) -a, = 5c0S¢ —4sing = 6.20

Rpo -ay = (5a, —4a, — 6a;) - ay = —5sin¢ — 4cos¢ = 1.60
Thus
Rpo = 6.20a, + 1.60ay — 6a,

and |Rpo| = /6.202 + 1.602 + 62 = 8.8

c) spherical coordinates. At P, r = +/9+ 16+ 25 = /50 = 7.07, 6 = cos 1(5/7.07) = 45°, and
¢ =tan1(4/ — 3) = —53.1°.

Rpo -a- = (5a, —4a, — 6a;) - a, = 5sin6 cos¢ — 4sinf sing — 6¢cosé = 0.14

Rpo -a = (5a, —4a, — 6a,) - & = 5c0s6 cos¢ — 4cosh sing — (—6) sind = 8.62
Rpo -ay = (58, — 4a, — 6a;) - ay = —5sin¢ — 4cos¢ = 1.60

10
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1.24. (continued)

Thus
RPQ = 0.14a, + 8.62ay + 160a¢

and |Rpg| = +/0.142 + 8.622 + 1.602 = 8.8

d) Show that each of these vectors has the same magnitude. Each does, as shown above.

1.25. Given point P(r = 0.8, 6 = 30°, ¢ = 45°), and

1 sing
E=—|(cos -

r2 ( oo+ sinf a¢)
a) FindE at P: E = 1.10a, + 2.21a.

b) Find |[E| at P: |E| = +/1.102 + 2.212 = 2.47.

¢) Find aunit vector inthedirection of E at P:

E
ag = E = 0.45a, + 0.89a,

1.26. a) Determine an expression for a, in spherical coordinates at P(r = 4, 6 = 0.27, ¢ = 0.87): Use
a,-a, =sindsing =0.35,a, -8y = cosf sing = 0.48,and a, - ay = cos¢ = —0.81 to obtain

a, = 0.35a, + 0.482y — 0.81a4

b) Express a, in cartesian componentsat P: Find x = rsinf cos¢ = —1.90, y = rsiné sing = 1.38,
and z = rcosf = —3.24. Thenuse a, - a, = sinfcos¢p = —0.48, a, - a, = sindsing = 0.35, and
a, -a, = cosd = 0.81 to obtain

a- = —0.48a, + 0.35a, + 0.81a,

1.27. Thesurfacesr = 2and 4, 6 = 30° and 50°, and ¢ = 20° and 60° identify a closed surface.
a) Find the enclosed volume: Thiswill be

60° 50° 4
Vol = / / r’sin0drdode = 2.91
200 Jaoe J2
where degrees have been converted to radians.
b) Find thetotal areaof the enclosing surface:
60° 50° 4 60°
Area = (4% + 2°)sin6dod¢ + / / r(sin30° 4 sin50°)drd¢
200 Jao 2 Jooe

50° 4
+ 2/ f rdrdd = 12.61
30° 2

¢) Find thetotal length of the twelve edges of the surface:

4 50° 60°
Length = 4/ dr + 2/ (44 2)do +/ (4sin50° +4sin30° 4- 2sin50° + 2sin30°)d¢
2 30° 20°
= 17.49

11
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. COULOMB FORCES AND ELECTRIC FIELD INTENSITY [CHAP. 2

The cylindrical coordinate system will be used, with the charge in the z=0 plane as shown in
Fig. 2-17.

p,rdrdg (—rl, + zl,)
V4 x

sdueo(rz +2%)

Fig. 2-17

Symmetry about the z axis results in cancellation of the radial components.
B L"' J:' _przdrdg
dner + z‘)’“

2€o [Vr= P n 2 ol

This result is for points above the xy plane. Below the xy plane the unit vector changes to —a,. The
generalized form may be written using a,, , the unit normal vector:
pl'

E=i'€—u.,,

The electric field is everywhere normal to the plane of the charge and its magnitude is independent of
the distance from the plane.

J 2.13. As shown in Fig. 2-18, the plane y=3m contains a uniform charge distribution of
density p, = (107%/6x) C/m*. Determine E at all points.

Fory>3m,

andfor y<3im,
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CHAP. 2] COULOMB FORCES AND ELECTRIC FIELD INTENSITY 25

2.14. Two infinite uniform sheets of charge, each with density p,, are located at x =1 (Fig.
2-19). Determine E in all regions.

Only parts of the two sheets of charge are shown in Fig. 2-19. Both sheets result in E fields that
are directed along x, independent of the distance. Then

_(p:”ED).x x<-1
E,+E,;=4 0 -1<x<1

(Psffo)lz x>1

2.15. Repeat Problem 2.14 with p,on x=-1 and —p,on x=1

0 x<-1
E, +E; =1 (p,/€0)a, -1<x<1
0 x>1

2.16. A uniform sheet charge with p, =(1/37)nC/m*> islocated at z=5m and a uniform line
charge with p,=(—-25/9)nC/m at z=-3m, y=3m. Find E at (x, —1, 0)m.

The two charge configurations are parallel to the x axis. Hence the view in Fig. 2-20 is taken looking
at the yz plane from positive x. Due to the sheet charge,

E.=§p€—’;a..
I
}e, E, ":'s;
Jf'(x,—l.m\l?\_lj3 =
PN,

Fig. 2-20
AtFP, a,=-—a, and
E,=—6a, V/m
Due to the line charge,

27eyr


Ram Computer
Stamp

Ram Computer
Stamp

Ram Computer
Stamp


26 COULOMB FORCES AND ELECTRIC FIELD INTENSITY [CHAP. 2

and at P
E,=8a —6a, V/m
The total electric field is the sum, E=E,+E,=8a —12a, V/m.

2.17. Determine E at (2,0, 2) m due to three standard charge distributions as follows: a uniform
sheet at x=0m with p,;=(1/37) nC/m?, a uniform sheet at x=4m with p,=
(-1/37)nC/m?, and a uniform lineat x=6m, y=0m with p,=—-2nC/m.

Since the three charge configurations are parallel with a,, there will be no z component of the
field. Point (2, 0, 2) will have the same field as any point (2,0, z). In Fig. 2-21, P is located between
the two sheet charges, where the fields add due to the difference in sign.

Ps

Ps2 Pe
E=—"a,+—a,+
2¢, & 2¢, o 2neyr

a,

=6a, + 6a, + %,
=21a, V/m
Pn Ps2
e | e i | g
E E
E
' ._L_ 1 I\'/ >
0] P2,0,2)| #pWw x

x=0 x=4

Fig. 2-21

2.18. As shown in Fig. 2-22, charge is distributed along the z axis between z=15m with a

.uniform density p,=20nC/m. Determine E at (2, 0,0) m in cartesian coordinates. Also
express the answer in cylindrical coordinates.

_ 20x107°dz (2&, —za,

47(10°°/367)(4 + 2*) \ /4 + 22

z

dE ) vim)

»dQ:p{ dz
R -

E—

(2l 0! 0) ¥y

x
dE

| I e e |

-5
Fig. 2-22

Symmetry with respect to the z =0 plane eliminates any z component in the result.
2dz
_s(4+ 29>

In cylindrical coordinates, E = 167a, V/m.

E=180 a, = 167a, V/m
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CHAP. 4] DIVERGENCE AND THE DIVERGENCE THEOREM

45. Given A=x% + yza, +xya,, findV-A.

Ve A——(x2)+a—y(yz)+—(xy) =2x+z

46. Given A=’ +y*) ", findV-A at(2,2,0).
i VeA=—31(024y)™(2x) and V-Algae=—-884x1072
cad
4.7. Given A =rsin¢a,+2rcospa, +22%,, find V-A.
V-A=%a—i(rzsin¢)+%a—i(Zrms¢)+—aiz(2zz)
=2sin¢p—2sin¢p +4z =4z

4.8. Given A=10sin’ ¢a, +ra, +[(z%/r)cos’ pla,, find V+ A at (2, ¢, 5).

10sin? ¢ + 22 cos® ¢
r

V-A=

and  V-Alge5=5

49. Given A=(5/r)a, + (10/sin 8)a; — rqu sin fa,, find V- A.

v A_?ar() r sin 06_6( 0+ rsmﬂa_¢( r'¢sin 6) = ~r

4.10. Given A =5sin fag +5sin¢a,, find V- A at (0.5, 7/4, n/4).

v
% l ] cos 8 cos ¢
& V-A= eae(Ssm 6) + Ga¢(55m¢)—10 45—

and v AI(o.s.uu_uu) =24.14

4.11. Given that D=p,za, in the region —1=z=1 in cartesian coordinates and
(poz/|z|)a, elsewhere, find the charge density.

V-D=p
For —-1=z=]1,

d
p=5(poZ}=pn
and for z<—-1 or z>1,

2
p=5. (¥po) =0

The charge distribution is shown in Fig. 4-5.

D
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‘/ 4.15.

v 46

DIVERGENCE AND THE DIVERGENCE THEOREM [CHAP. 4

Given that D= (10r°/4)a, (C/m?) in the region 0<r=3m in cylindrical coordinates
and D =(810/4r)a, (C/m?) elsewhere, find the charge density.

For 0<r=3m,

p= %g (5:’—') —10° (C/m’)
and for r>3m,
18
p=-=(810/4)=0
Given that

D——(l—cos3r)n

in spherical coordinates, find the charge density.
13

=F_[ z%(1 —c()s3r)] =i—gsin3r

In the region 0<r=<1m, D=(-2x10"*/r)a, (C/m*) and for r>1m, D=(-4Xx
107%/r*)a, (C/m?), in spherical coordinates. Find the charge density in both regions.

For 0<r<1m,

10 ~2x10°*
p:—Za—( 2)<10"r) T (C}I
andfor r>1m,
10 »
=——— =0
p r’ar( 4x107%)

In the region r<2, D=(5’/4)a, and for r>2, D=(20/r"a, in spherical
coordinates. Find the charge density.

For r=2,
_.1 a 4 —
p—rlar(Sr [4) =5r

and for r>2,
1
_1

d
p= 5(20) 0

Given that D =(10x*/3)a, (C/m?), evaluate both sides of the divergence theorem for the
volume of a cube, 2 m on an edge, centered at the origin and with edges parallel to the axes.

§D-JS=J:°.{V-D)du

Since D has only an x component, D+ d8 is zero on all but the facesat x=1m and x=—-1m (see

Fig. 4-6).
§n-ds=££10—;ﬂa,-dydz., Il _.m( D . - dydz (-a,)

40
3

= 4 —= C

wis
w| %
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CHAP. 4] DIVERGENCE AND THE DIVERGENCE THEOREM 55

y S ’
Fig. 46

Now for the right side of the divergence theorem. Since V- D =10x%,
L(v-n)dwfl I.I. (lﬂx’)dxdydz=£ I_Il[lo%’]:dydz=%oc

‘/ 4.17. Given that A =30e "a, —2za, in cylindrical coordinates, evaluate both sides of the
ﬂi divergence theorem for the volume enclosed by r=2, z=0, and z=5 (Fig. 47).

§A-ds=[(v-A)du

A,

Fig. 47

Itis noted that A, =0 for z=0 and hence A -dS is zero over that part of the surface.
5 plm in 2
j@A-ds=J'L 303"‘:,~2d¢dza,+L .['—Z(S)c,-rdrdqbi,
n -
=60e"*(27)(5) — 10(27)(2) = 129.4

For the right side of the divergence theorem:

13 - 3 30~ -
V-A=;3r(301’¢ ')+az(—22)= - ~30e™" -2

and I(V.A)dv=ff.f(w:_’—30¢"-2)rdrd¢dz=129.4

‘/ 4.18 Given that D=(10r*/4)a, (C/m? in cylindrical coordinates, evaluate both sides of the
) divergence theorem for the volume enclosed by r=1m, r=2m, z=0 and z2=10m
&‘ (see Fig. 4-8).

jgn-ds=jw-n)du
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56 DIVERGENCE AND THE DIVERGENCE THEOREM [CHAP. 4

Fig. 48

Since D has no z component, D - dS is zero for the top and bottom. On the inner cylindrical surface dS
is in the direction —a,.

§p-as= j' N f'%' (1P, - (1) dg dz(~a,)

+ L f @ s dpdzn,

=_23°"+ 162;5:750:;(:

From the right side of the divergence theorem:

and j(v-n)du=£°f'f(1wdrd¢dz=7muc

\/ 4.19. Given that D =(5r*/4)a, (C/m? in spherical coordinates, evaluate both sides of the
.,-;i divergence theorem for the volume enclosedby r=4m and 6=n/4 (see Fig. 4-9).

§D-ds=f(v-n)du

Since D has only a radial component, D+ dS has a nonzero value only on the surface r=4m.

§n-ds=f‘ sf‘i.,-(4)=sinod04¢.,=ssg.1c
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CHAP. 4] DIVERGENCE AND THE DIVERGENCE THEOREM 57

For the right side of the divergence theorem:

13 /54
o-13()-
r’aor\ 4 S

and I (V-D)dv = F Lm J: (5)r* sin 6 dr d6 dp = 589.1C

Suppleme blems

4.20. Develop the divergence in spherical coordinates. Use the delta-volume with edges Ar, r A6, and
rsin 6 A¢.

4.21. Show that V : E is zero for the field of a uniform sheet charge.

4.22. The field of an electric dipole with the charges at +d/2 on the z axis is

_ Q4 .
l:‘.—‘h“:_nrJ (2 cos Ba, +sin Oa,)

Show that the divergence of this field is zero.
423. Given A=¢"a, +2cosya, +2sinza,, find V+A at the origin. Ans. 7.0
424. Given A=(Cx+yda +(x—y%a,, findV-A.  Ans 3-2
4.25. Given A=2ys, +za, +yz’s,, findV-Aat(2,-1,3). Ans. —-8.0
4.26. Given A =4xya, —xy’s, +5sinza,, findV-Aat(2,2,0). Ans. 50
4.27. Given A=2rcos’ ¢a, +3r’sinza, +4zsin¢pa,, findV-A. Ans. 4.0
4.28. Given A=(10/r)s, +5¢%a,, findV-Aat(2,¢,1). Ans. —2.60
4.29. Given A=5cosra, +(3ze ¥/r)a,, findV-Aat(xm, ¢,2). Ans. —1.59
4.30. Given A=10a, +5sin6s,, findV-A.  Ans. (2+cos 6)(10/r)
431, Given A=ra, —r’cotfa,, findV-A. Ans. 3-r
4.32. Given A=[(10sin’#6)/r]a, (N/m), find V+A at 2m, n/4rad,n/2rad). Ans. 1.25N/m?

433. Given A=r’sinfa, +13¢a,+2ra,, findV-A.  Ans. 4rsin9+(£2)cot8
r

4.34. Show that the divergence of E is zero if E = (100/r)a, +40a,.

4.35. Intheregion a=<r=~>b (cylindrical coordinates),

\\_\ D= po(');az)a,
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2.23.

2.24.

2.25.

2.26.

Giventhe surface chargedensity, po; = ZMC/mz, intheregionp < 0.2m, z = 0, andiszero elsewhere,
find E at:

a) Pa(p = 0,z = 0.5): First, we recognize from symmetry that only a z component of E will be
present. Considering a general point z on the z axis, we haver = za,. Then, withr’ = pa,, we
obtainr —r’ = za, — pa,. The superposition integral for the z component of E will be:

0

2r 0.2 02
E.p =" / / zpdpdg __27rpsz 1
S dmeo Jo Joo (p2+2DLS dreo | /22 + p2
Ps

1 1
= —Z —
2€0 L&‘Z V2t 0.4}
With z = 0.5 m, the above evaluatesas E; p, = 8.1 kV/m.
b) With z at —0.5 m, we evaluate the expression for E, to obtain E,; p, = —8.1kV/m.

Surface charge density is positioned in free space as follows: 20nC/m? at x = —3, —30nC/m? at
y =4, and 40 nC/m2 at z = 2. Find the magnitude of E at the three points, (4, 3, —2), (—2, 5, —1),
and (0, 0, 0). Since al three sheets are infinite, the field magnitude associated with each one will be
0s/(2€0), which is position-independent. For this reason, the net field magnitude will be the same
everywhere, whereas the field direction will depend on which side of a given sheet one is positioned.
We take the first point, for example, and find

20 x 1079 30 x 1079 40 x 1079
Ea= 0 a +>-— a - —~— 3 =1130a, + 1695a, — 2260, V/m
2¢0 2¢q 2¢0

The magnitude of E 4 isthus 3.04kV /m. Thiswill be the magnitude at the other two points as well.

Find E at the origin if the following charge distributions are present in free space: point charge, 12nC
a P (2,0, 6); uniform line charge density, 3nC/m at x = —2, y = 3; uniform surface charge density,
0.2nC/m? at x = 2. The sum of the fields at the origin from each charge in order is:

E_ (12 x 1079) (—2a, — 6a,) (3x 1079 (2a, — 3a,) _[02x 10~ 9a,
4 eg (4+36)L° 2meg (449 2¢0
= —-3.9a, — 12.4a, — 2.5a, V/m

A uniform line charge density of 5nC/misat y = 0, z = 2 min free space, while —5nC/m islocated
aty = 0,z = —2m. A uniform surface charge density of 0.3nC/m?isat y = 0.2m, and —0.3nC/m?
isat y = —0.2m. Find |E| at the origin: Since each pair consists of equal and opposite charges, the
effect at the origin is to double the field produce by one of each type. Taking the sum of the fields at
the origin from the surface and line charges, respectively, we find:

0.3x10°° 5x 107°
X —_—

E0,0,0) = -2 — -
( ) 2¢0 & % 2me0(2) %

= —33.9a, — 89.9a,

sothat |[E| = 96.1V/m.
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