e

4.1. Thevalueof EatP(p = 2, ¢ = 40°, z = 3)isgivenask = 100a, — 2008, + 3008, V/m. Determine
the incremental work required to move a;20 charge a distance of gm:

a) in the direction of,: The incremental work is given yW = —q E - dL, where in this case,
dL =dpa, =6x10%a,. Thus

dW = —(20x 10°°C)(100V/m)(6 x 108 m) = —12x 10°°J=—12nJ
b) in the direction ofy: In this caselL = 2d¢ a, = 6 x 106 a,, and so
dW = —(20 x 107%)(—200)(6 x 1070 = 2.4 x 10°8J=24nJ
c) in the direction of,: Here,dL = dza, = 6 x 10~ %a,, and so

dW = —(20 x 107%)(300)(6 x 107 = —3.6 x 10°8J= —-36nJ

d) in the direction oE: Here,dL = 6 x 10~%a,, where

_100a, — 2008 + 3008,
~ [100? + 202 + 30C?]1/2

ag — 0.267a, — 0.535a, + 0.802a,

Thus

dW = —(20 x 107°%)[100a,, — 2008, + 300a,] - [0.267a, — 0.535a, + 0.802a,](6 x 10°°)
= —449n]

e) Inthe direction oG = 2a, — 3a, + 44a;: In this casedL = 6 x 10-%ag, where

_ 2a, —3ay +4a,
- [22 +32 4+ 42]1/2

ag = 0.371a, — 0.557a, + 0.743a,

Sonow

dW = —(20 x 107°%)[100a, — 2008, + 3008,] - [0.371a, — 0.557a, + 0.743a.](6 x 10°°)
= —(20x 10°°)[37.1(3, - &) — 55.7(8, - &) — 74.2(ay - &) + 111.4a, - a,)
+ 2229] (6 x 107%)

where, atP, (a, - a,) = (a4 - a,) = cos(40) = 0.766, (a, - a,) = sin(40°) = 0.643, and
(ay - &) = —sin(40°) = —0.643. Substituting these results in

dW = —(20 x 107%)[28.4 — 35.8+ 47.7+ 85.3+ 2229](6 x 10 %) = —41.8nJ
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é 4.2. LetE = 4008, — 300a, + 5008, in the neighborhood of poink (6, 2, —3). Find the incremental work
done in moving a 4-C charge a distance of 1 mm in the direction specified by:
a) a, +a, + a;: We write

(@ +ay +a)

dW = —qgE - dL = —4(4008, — 300a, + 500a;) - /3

(1073

__(ax107)

(400— 300+ 500) = —1.39J
V3 -

b) —2a, + 3a, — a,: The computation is similar to that of parf but we change the direction:

(—2a, +3a, — &)

dW = —qE - dL = —4(4008, — 3008, + 5008,) - 7o (1073
4x10°3
_ @19 800— 900 500 = 2.353
V14

% 4.3. IfE = 120a, V/m, find the incremental amount of work done in moving &30 charge a distance
of 2 mm from:

a) P(1,2,3) towardQ(2, 1,4): The vector along this direction will b@ — P = (1,—-1,1) from
whichapg = [a, — a, + a&;]/+/3. We now write

dW = —gE - dL = —(50 x 10°9) [120a,, - W%“"Z] 2% 1073
= —(50x 107%)(120 [(ap -ay) — (@, - ay)] %(2 x 1073

At P, ¢ =tan1(2/1) = 63.4. Thus(a, - a,) = cos(63.4 = 0.447 and(a, - a,) = Sin(63.4 =
0.894. Substituting these, we obtalfV = 3.1 uJ.

b) 0(2,1,4) toward P(1, 2, 3): Alittle thought is in order here: Note that the field has only a radial
component and does not depend¢oor z. Note also that? and Q are at the same radius/)
from the z axis, but have differenp andz coordinates. We could just as well position the two
points at the same location and the problem would not change. If this were so, then moving
along a straight line betwean and Q would thus involve moving along a chord of a circle whose
radius isv/5. Halfway along this line is a point of symmetry in the field (make a sketch to see
this). This means that when starting from either point, the initial force will be the same. Thus the
answer is/W = 3.1pJas in paria. This is also found by going through the same procedure as
in parta, but with the direction (roles of and Q) reversed.

% 4.4, Find the amount of energy required to move a 6-C charge from the orighi3tdl, —1) in the field
E = 2xa, — 3y2ay + 4a, V/Im along the straight-line path = —3z, y = x + 2z: We set up the
computation as follows, and find the the regidés not depend on the path.

W=—q / E.dL = —6/(2an — 3y2ay +4a,) - (dxa, +dyay + dza;)

3 1 -1
:—6/ 2xdx+6/ 3y2a’y—6/ Adz = —24]
0 0 0
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4.17. Uniform surface charge densities of 6 and 2 n€gnepresent ap = 2 and 6 cm respectively, in free
space. Assum¥ = 0 atp = 4 cm, and calculat® at:

a) p = 5cm: SinceV = 0 at 4 cm, the potential at 5 cm will be the potential difference between
points 5 and 4:

5 5 9
02)(6x 109 (5
v5=_/ E-dL=—f “ﬂdp=_wln<-)=—3.ozﬁv
4 4 €op €0 4

b) o = 7 cm: Here we integrate piecewise frggn=4top = 7:

Vo= — /6 APsa dp — /7 (apsa + bpsb)dp
4 6 €00

€op

With the given values, this becomes
v — _ [(02(6x 1097, (8) _ [(02(6x 107 + (06)2x 1097 (7
[ €0 4 €0 6
= —9.678V

4.18. A nonuniform linear charge densipy, = 8/(z> + 1) nC/mlies along the; axis. Find the potential at
P(p = 1,0,0) in free space iV = 0 at infinity: This last condition enables us to write the potential

at P as a superposition of point charge potentials. The result is the integral:

/oo pLdz
Vp =
—oo dmegR

whereR = +/z2 + 1is the distance from a pointon thez axis to P. Substituting the given charge
distribution andr into the integral gives us

©  8x10°% 2x10°° 00
Vp=f = ‘ — 144V
—oo Aen(z? + 1)¥ meo 21—

% 4.19. The annular surface, 1cm p < 3cm,z = 0, carries the nonuniform surface charge dengijty=

5pnC/m?. FindV at P(0,0, 2cm) if V = 0 at infinity: We use the superposition integral form:

we ] [ttt
Ameglr — 1’|

wherer = za, andr’ = pa,. We integrate over the surface of the annular region, with= p dp d¢.
Substituting the given values, we find

/Zﬂ / 03 (5 x 109 p?dp do
Vp =
01 47'[60 2+ 72

Substitutingz = .02, and using tables, the integral evaluates as
03

9
Vp = [w][z,/hr(ozﬂ ( ) 0o + /o2 +(02)2)} — 081V

2¢0
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% 4.27. Two point charges, 1 nCdj, 0, 0.1) and—1 nC at(0, 0, —0.1), are in free space.
a) Calculatev at P(0.3,0,0.4): Use

_ q _ q
P = AneoRT|  4meg)R|

whereR™ = (.3,0,.3) andR™ = (.3,0, .5), so that|fR*| = 0.424 andR~| = 0.583. Thus

Vp

1097 1 1
— — 5.78V
[ 424 .583] =

- 4mreq
b) CalculatgE| at P: Use

_q(3a +.3a) g¢(3a +.5a) 10°°
T 4meg(.424)3 Areq(.583Y8  4dmeg

[2.42a, + 1.41a] V/m

Taking the magnitude of the above, we fiiith | = 25.2 V/m.

¢) Now treat the two charges as a dipole at the origin and ¥irat P: In spherical coordinates?
is located air = +/.3% + .42 = 5andf = sin"1(.3/.5) = 36.9°. Assuming a dipole in far-field,
we have s

__gdcosd  1077(.2) cos(36.9) _ 576V

Vp = = .
P 4 eqr? 47 €0 (.5)2 -

-9 4.28. A dipole located at the origin in free space has a momp2nt 10-°a, C- m. At what points on the
liney =2z, x=0is:

a) |Eg| = 1 mV/m? We note that the ling = 7 lies atd = 45°. Begin with

E = 2 x l0_9(20036' a, + sinf ay) = 107 (28, + &) ato = 45°
 dreord B 2/ 2megr3 B
from which
10°° -3 : 3 4
Ey =10"°V/m(required = r°=127x10 "orr =23.3m

N 27'[60}”3

They andz values are thus = z = +£23.3/4/2 = +£16.5m

b) |E,| = 1 mV/m? From the above field expression, the radial component magnitude is twice that
of the theta component. Using the same development, we then find

10°°

E. =2
" 2meor3

=103V/m (required = r3=2(1.27x 10 orr =29.4m

They andz values are thug = z = £29.4/,/2 = £20.8 m
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9 4.31. A potential field in free space is expressed’as 20/(xyz) V.

a) Find the total energy stored within the cube X, y, z < 2. We integrate the energy density over
the cube volume, whemer = (1/2)¢oE - E, and where

1 1 1
E=-VV =20 2—ax =+ —zay + —zaz V/m
x2yz xy?z xyz

Theenergy is now

WE=20060f / / [X4y2Z2 x2;4z2+x2;224} dxdydz
The integral evaluates as follows:
2
we =000 [ [ () e e~ v

oo [[() o+ () () o

7 1\ 1 1\ 1 17°
_ZOOEOfl [ (24> yz? _<5>W_<5> F]ldz

2177\ 1 7\ 1 1\ 1
=200 [ | (zg) 2+ () 2+ (3) )

7
= 200 (3) [%] = 387pJ

b) What value would be obtained by assuming a uniform energy density equal to the value at the
centerof the cube? AC(1.5,1.5,1.5) the energy density is

wg = 200:0(3) [ =207x 10710 /m3

(1.5)4(1.5)2(1.5)2]
This, multiplied by a cube volume of 1, produces an energy value of 207 pJ

9 4.32. In the region of free space where2r < 3,04r <6 < 0.6, 0 < ¢ < /2, letE = k/r?a,.
a) Find a positive value far so that the total energy stored is exactly 1 J: The energy is found through

n/2 0.6
WE_/ eoEsz—/ / / —éo—r 2sin0 dr do dé
0.4;

1\ 3 0.616x
= — 2 —_— = 2 =
= ( COS@)‘ ( ) €ok ( r) ‘2 >a €ok 1J

Solve fork to findk = 1.18 x 10° V - m.
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4.32b. Show that the surfaée= 0.6 is an equipotential surface: This will be the surface of a cone, centered
at the origin, along whicl, in thea, direction, will exist. Therefore, the given surfacannot be an
equipotential (the problem was ill-conceived). Only a surface of consteotild be an equipotential
in this field.

c) FindV,p, given pointsA (2,0 = n/2, ¢ = n/3) andB(3, 7 /2, 7 /4): Use

A 3
k 1 1\ &k
Vip=—| E-dL=—| Za .adr=k(z=Z—-Z2)=2
AB /B /Zrzararr (2 3>6

Usingthe result of part, we find V3 = (1.18 x 10°)/6 = 197 kV.

% 4.33. A copper sphere of radius 4 cm carries a uniformly-distributed total chargg Gfib free space.
a) Use Gauss’ law to find external to the sphere: with a spherical Gaussian surface at radius
will be the total charge divided by the area of this sphere, and widl.bdirected. Thus

Q0  5x10°

D= =
47'rr2ar A7 12

a. C/m?

b) Calculate the total energy stored in the electrostatic field: Use

©1(5x10%2 ,
WE_/ °D. Edv_/ // O X1 2 Gno ar o ag

4 2 16n260r

5x 10°6)2 d 25x 10712 1
() (2) X100 )/ @ x0T L5819
16m2eq  Joa 12 8reg .04

c) UseWr = Q?/(2C) to calculate the capacitance of the isolated sphere: We have

02 (5 x 10°6)2 15
C= _ — 4.45x 10°12F — 4.45pF
oWy | 2(2.81) x 2.40PF

9 4.34. Given the potential field in free spade= 80¢ V (note thaia, i should not be present), find:
a) the energy stored in the region2p < 4cm, 0< ¢ < 0.27, 0 < z < 1 m: First we find

E=-VV=———a,=——a,V/Mm
pd¢a¢ pa¢ /
Then
0.27 041 802 04
WE—/wEdv—/ / / —eo( ) pdpd¢dz—64()reoln(02)=12.3r1]
02 p?

b) the potential differencé/sp, for A(3cm, ¢ = 0, z = 0) andB(3cm, 0.2z, 1m): Use

A 0 80
VAB=—/ E-dL:—/ —Zay a5 pdep = —80(0.27) = —167V
B 2 1Y
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9 5.1. Given the current density = —10%[sin(2x)e~?Ya, + cos()e 2> a,] kA /m?:

a) Find the total current crossing the plane= 1 in the g, direction in the region O< x < 1,
0 < z < 2: This is found through

2 1 2 1
I://J-n‘ da:/ / J-ay) dxdz:/ / —10% cos(X)e 2 dx dz
S S o Jo y=1 o Jo

1 1
= -10'23 sin(zx)‘oe*2 — _1.23MA

b) Find the total current leaving the region® x,x < 1, 2 < z < 3 by integrating] - dS over
the surface of the cube: Note first that current through the top and bottom surfaces will not exist,
sinceJ has naz component. Also note that there will be no current throughtkeO plane, since
J, = 0 there. Current will pass through the three remaining surfaces, and will be found through

3 1 3 1 3 1
1=/ / J-(—ay)‘ dxdz+/ / J-(ay)| dxdz—i—/ / J-@)
2 Jo y=0 2 Jo y=1 2 Jo

3 1 3 1
—10* / / [COS(Zc)e_O — COS(Zc)e_Z] dxdz — 10° / / sin@2)e~2 dy dz
2 0 2 0

B 1\ . 1 _2 1\ . —2y|t _
_ 10t <§> Sln(Zx)‘0(3 ~2 [1 " ] +10° <§> sin(2)e y‘o(?» -2)=0

dyd
x:lyZ

c) Repeat pa#t, but use the divergence theorem: We find the net outward current through the surface
of the cube by integrating the divergenceladver the cube volume. We have

g ol

V.J= = -10"* [2 cos(X)e % — 2 cos(zc)e‘zy] =0 as expected

ox ay

9 5.2. Let the current density bé& = 2¢ cos ¢pa, — psin Zpay A/m? within the region 21 < p < 2.5,
0 < ¢ <0.1rad, 6< z < 6.1. Find the total current crossing the surface:

a)p=22,0<¢ <01,6<z < 6.1inthea, direction: This is a surface of constantso only
the radial component afwill contribute: At p = 2.2 we write:

6.1 01 0.1 1
I = / J-dS= f / 2(2)cog p a, - a, 2d¢dz = 2(2.2)%(0.1) / 51+ cos2¢) do
6 0 0

B 21 1_ 01]
—0.22.2) [2(0.1) + 4sm2¢(o ] — 97mA

b) ¢ =0.05,22 < p < 25,6 <z < 6.1inthe g direction: In this case only thg¢ component of
J will contribute:

6.1 25 . 2,02 25
I=fJ-dS=/6 /2.2 ~psin2p,_qos89 - 8pdodz = —O127 | = ~7mA

22 ————
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9 5.18. Let us assume a fiell= 3y?z3a, + 6xyz° a, + 9xy?z2a, V/m in free space, and also assume that
point P(2, 1, 0) lies on a conducting surface.

a) Findp, just adjacent to the surface At
o=V -D=¢V-E=6xz>+ 18x32z C/m3

Then atP, p, = 0, sincez = 0.
b) Find p, at P:
_D. n‘ - Eh)
Ps p €0 p

Note however, that this computation involves evaluatingt the surface, yielding a value of O.
Therefore the surface charge densityas 0.

c) Show thatV = —3xy?z3V: The simplest way to show this is just to také’ v, which yields the
given field: A more general method involves deriving the potential from the given field: We write

av

v

E,= oy 6xyz° = V=-30°3+ f(x,2)
v

E, = Tz 9y?z? = V=-3xy"+ f(x,y)

where the integration “constants” are functions of all variables other than the integration variable.
The general procedure is to adjust the functigfissuch that the result fov is the same in all

three integrations. In this case we see tfiat, y) = f(x, z) = f(y,z) = 0 accomplishes this,
and the potential function i¥ = —3xy%z3 as given.

d) DetermineVpg, given Q(1,1,1): Using the potential function of part we have

Vpp=Vp—-Vp=0-(-3)=3V

5.19. LetV = 20x%yz — 102V in free space.

a) Determine the equations of the equipotential surfaces on whieh 0 and 60 V: Setting the given
potential function equal to 0 and 60 and simplifying results in:

AtOV: 2x%y—z=0

6
At60V: 2x°y —z= -
Z

b) Assume these are conducting surfaces and find the surface charge density at that point on the
V = 60V surface where = 2 andz = 1. Itis known that 0< V < 60 V is the field-containing
region: First, on the 60V surface, we have

6 7
2x2y—z—z=0 = 22%y(1)—1-6=0 = y=35
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7.7. LetV = (cosd)/p in free space.
a) Find the volume charge density at pa0.5, 60°, 1): Use Poisson’s equation:

) V2V — e <1 3 (pav>+ 1 82V)
’ pdp \"dp)  p? a2

. (1 d <—cos2j>> 4c0521>) 3epCOS D
= —€Q _—— —

p dp P % o p3
So atA wefind: 3 (120)
€0 COS
PvA="""(0g3 = —12¢0 = —106 pG/'m®
b) Find the surface charge density on a conductor surface passing thBgRg80°, 1): First, we
find E:
oV 10V
E=-VV=—-a,———
ap p ¢

COS 2 2 sin2¢

p2 7 p?

At point B thefield becomes

cos 60 2sin60°

Ep= ")+, a; = 01258, +0.433a,

The surfce charge density will now be
psg = £|Dp| = +eolEp| = £0.451¢ = +0.399 pC/nf

The charge is positive or negative depending on which side of the surface we are considering. The
problem didnot provide information necessary to determine this.
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X 7.21. In free space, lgt, = 200¢q/r22.

a) UsePoisson’s equation to find () if it is assumed that?E, — 0 whenr — 0, and also that
V — 0 asr — oo: With r variation only, we have

1d [ ,dv
vzv_—2—<2 )— P~ _200-24
d €

dr
of d av
— <r2—> = —200-—4
dr dr
Integrateonce:
dv 200
P ) = -84y =-3333°+
dr .6
or dv C
= 3333144 =7 = VV (inthiscase = —E,
dr r
Our first boundary condition states th&E, — 0 whenr — 0 ThereforeC; = 0. Integrate
again to find:
333 _,
Vr)= 7 r-"+Co

From oursecond boundary conditiol, — 0 asr — oo, we see tha€, = 0. Finally,

V(r) = 833.37*V

b) Now findV (r) by using Gauss’ Law and a line integral: Gauss’law applied to a spherical surface
of radiusr gives:

T 200 .6

472D, = 4 %0 ('\2dr = 800reo”~

o () 6
Thus 5
D, 800reor

E, =— = 6(4—;”2 = 333314 V/m
€0 .6(4m)egr

Now

V() =— / 333.3(4) 1%’ = 833.37 4V
o
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9 8.7. Given pointsC(5, —2, 3) and P (4, —1, 2); a current elementdL = 10~4(4, —3,1) A - m atC pro-
duces a fieldiH at P.
a) Specify the direction ofH by a unit vectoay: Using the Biot-Savart law, we find

_ IdL xacp 107*4a, —3a,+a] x[-a, +a,—a] [2a, +3a,+a]x10*

dH = =

A RZ, 47 33/2 65.3
from which

2a, +3a, + &,
ay = — U - 0.53a, + 0.80a, + 0.27a
b) Find|dH].
V14 x 1074
dH| = % —573x 105A/m =5.73,A/m

¢) What directiona; should/dL have atC so thatdH = 0? IdL should be collinear witlacp,
thus rendering the cross product in the Biot-Savart law equal to zero. Thus the answer is
+(—a, +ay, —a,)/3
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