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Abstract

In this work we study maximal chain of subgroups of abelian groups G of order
less than 26. Then we find the maximal graph m(G) of those groups. Finally we
investigated the Wiener index, the Wiener polynomial, the dimeter and the radical

of some of the maximal subgroup graphs m(G) where |G| < 26.
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Introduction

Let be a group. A subgroup N, of M is maximal in a subgroup N, of M if there
is no subgroup N; of M such that N, € N; € N,. A chain of subgroups
K, c K, c K, c --- of a group G is called maximal chain of subgroups of G if
K;_, is a maximal subgroup in K, foreacht e Z*. If Kyc K, c K, c --- c K},
Is a finite chain, then K is said to be the initial subgroup and Kj, is the terminal
subgroup of the chain. A subgroup K, of G is called a maximal subgroup of
length m with respect to the maximal chain of subgroups K, c K; € K, C
-+ C K,;,_; € M. The maximal subgroup graph of G, denoted by m(M), is the
undirected graph with vertex set, the set of all subgroups of M, where two vertices
N; and N, are adjacent if and only if N; maximal N,, or N, maximal N;. In the
chapter three we study maximal chain of subgroups of groups less than 26. Then
we find the maximal subgroup graph m(G) of groups G. Finally we find each of
the Wiener index, Wiener polynomial and dimeter of the maximal subgroup
graphs m(G).



Chapter One

Definitions and Back grounds of group theory

Definition 1.1 (Dummit & Foote, 2004, p. 15).A group is an ordered pair

(G,*) where G is a set and * is a binary operation on G satisfying the following
axioms:

(i)(a *b) xc =ax(bx*c)foralla,b,cea,i.e., ™ isassociative,
(ii) there exists an element e in G, called an identity of G, such that for all
aeGwehavea xe = e x a = a,

(iii) for each a € G there is an element a tof G, called an inverse of a,

suchthata * a 1= a 1% a = e.

Definition 1.2 (Dummit & Foote, 2004, p. 46). Let G be a group. The subset H of
G is asubgroup of G if H is nonempty and H is closed under products and inverses
(i.e.,x ,yeHimpliesx ' e H and xy € H). If H is a subgroup of G we shall
write H < G .

Example.1.3

1. Consider the group Z;, = {0,1, 2, ...,35}. The proper subgroups of Zs, are
Hy =< 0>={0},H; =<18 >=1{0,18}, H, =< 12 >={0,12,24}, H; =<
9>={0,9,18,27}, H,=<6>=1{0,6,12, 18,24,30}, H;=<4>=
{0,4,8,12,16, 20, 24,28,32}and H; =< 2 >={0, 2, 4,...,34}

2. Consider the symmetric group S; = {(),(1 2), (23), (13), (123), (13 2)}.
The proper subgroups of S; are L, ={e}, L, ={e,(12)}, L, ={e, (1 3)},
Ly ={e, (23)}, Ly = {e, (12 3),(132)}}.



The following table illustrates the multiplication table of the symmetry group S;.

o O [a2[@3 a3 123|132
0 0 12 [23 |23 223|132
12 |12 |0 123)|132)][23) [13)
(2 3) |[(23) |(132)0) (1 23))(13) ||[(12)
13) |13 |132)]T32)]) 12 |23
12312313 (22 [(23 (23]
13213223 (@3 |12 [0 (12 3)

Definition 1.4 (Dummit & Foote, 2004). For G a group and x € G define the
order of x to be the smallest positive integer n such that x™ = 1, and denote this
integer by |x| order n. If no positive power of x is the identity. The order of
a finite group is the number of its elements. If a group is not finite, one says that
its order is infinite.

Definition 1.5 (Dummit & Foote, 2004, p. 37). The map ¢: G — H is called an
isomorphism and G and H are said to be isomorphic or of the same isomorphism
type, written G = H, if

(1) ¢ is a homomorphism (i.e.,p (xy) = ¢ (x) ¢ (v)),and
(2) ¢ is a bijection.

Definition 1.6 (Dummit & Foote, p. 65). A subgroup M of a group G is called a
maximal subgroup if M # G and the only subgroups of G which contain M are
M and G.


https://en.wikipedia.org/wiki/Finite_group
https://en.wikipedia.org/wiki/Group_(mathematics)

Chapter Two
Definitions and Back grounds of Graph Theory

Definition 2.1 (Naduvath, 2017, p. 3). A graph G can be considered as an ordered
triple (V, E,y), where

(i) V = {vy, vyv3, ..}Is called the vertex set of G and the elements of V
are called the vertices (or points or nodes);

(i) E = {eq, ey, e3,...} iIs the called the edge set of ¢ and the elements of E
are called edges (or lines or arcs); and

(ili) y is called the adjacency relation, defined by ¥ : E — V XV, which

defines the association between each edge with the vertex pairs of G.

Definition 2.2 (Naduvath, 2017, p. 4). The order of a graph G, denoted by v(G),
Is the number of its vertices and the size of G, denoted by £(G), is the number

of its edge

Definition 2.3 (Naduvath, 2017, p. 4). A graph with a finite number of vertices
as well as a finite number of edges is called a finite graph. Otherwise, it is an

infinite graph

Definition 2.4 (Naduvath, 2017, p. 4). An edge of a graph that joins a node to

itself is called loop or a self-loop. That is, a loop is an edge uv, where u = .



Definition 2.5 (Naduvath, 2017, p. 5). The edges connecting the same pair of

vertices are called multiple edges or parallel edges.

Definition 2.6 (Naduvath, 2017, p. 5). A graph G which does not have loops or
parallel edges is called a simple graph. A graph which is not simple is generally

called a multigraph

Definition 2.7 (Naduvath, 2017, p. 5). number of edges incident on a vertex v,
with self-loops counted twice, is called the degree of the vertex v and is denoted

by deg(v) or deg(v) or simply d(v).

Definition 2.8 (Naduvath, 2017, p. 5). A vertex having no incident edge is called

an isolated vertex. In other words, isolated vertices are those with zero degree.

Definition 2.9 (Naduvath, 2017, p. 5). A vertex, which is neither a pendent
vertex nor an isolated vertex, is called an internal vertex or an intermediate

vertex.

Definition 2.10 (Naduvath, 2017, p. 5). The maximum degree of a graph G,
denoted by A(G), is defined to be A(G) = max{d(v) : v € V(G)}. Similarly,
the minimum degree of a graph G, denoted by 6(G), is defined to be §(G) =
min{d(v) : v € V(G)}. Note that for any vertex v in G, we have §(G) <
d(v) < A(G).



Definition 2.11 (Naduvath, 2017, p. 7). The neighborhood (or open
neighbourhood) of a vertex v, denoted by N (v), is the set of vertices adjacent to
v. Thatis, N(v) = {x € V: vx € E}. The closed neighbourhood of a vertex
v, denoted by N[v], is simply the set N(v) U {v}.

Definition 2.12 (Naduvath, 2017, p. 8). A graph H(V,, E;) is said to be a
subgraph of agraph G(V,E) if V; € Vand E; € E.

Definition 2.13 (Naduvath, 2017, p. 8).A graph H(V,,E;) is said to be a
spanning subgraph of agraph G(V,E) if V; = Vand E; € E.

Definition 2.14 (Naduvath, 2017, p. 8). Suppose that V' be a subset of the vertex
set IV of a graph G. Then, the subgraph of G whose vertex set is VV'and whose
edge set is the set of edges of G that have both end vertices in V' is denoted by
G[V] or (V) called an induced subgraph of G

Definition 2.15 (Naduvath, 2017, p. 8). Suppose that E' be a subset of the edge
set IV of a graph G. Then, the subgraph of G whose edge set is E’ and whose



vertex set is the set of end vertices of the edges in E’ is denoted by G[E] or

(E) called an edge-induced subgraph of G.

Definition 2.16 (Naduvath, 2017, p. 8). A complete graph is a simple undirected
graph in which every pair of distinct vertices is connected by a unique edge. A

complete graph

Definition 2.17 (Naduvath, 2017, p. 11). An isomorphism of two graphs G and
H is a bijective function f : V(G) — V(H) such that any two vertices u and v of
G are adjacent in G if and only if f(u) and f(v) are adjacent in H. This bijection
iIs commonly described as edge-preserving bijection. If an isomorphism exists
between two graphs, then the graphs are called isomorphic graphs and denoted
asG ~ Hor G = H.

Definition 2.18 (Naduvath, 2017, p. 23).A walk in a graph G is an alternating
sequence of vertices and connecting edges in G. In other words, a walk is any
route through a graph from vertex to vertex along edges. If the starting and end

vertices of a walk are the same, then such a trail is called a closed walk.

Definition 2.19 (Naduvath, 2017, p. 23). A trail is a walk that does not pass over
the same edge twice. A trail might visit the same vertex twice, but only if it
comes and goes from a different edge each time. A tour is a trail that begins and

ends on the same vertex.



Definition 2.20 (Naduvath, 2017, p. 23). A path is a walk that does not include
any vertex twice, except that its first vertex might be the same as its last. A cycle

or a circuit is a path that begins and ends on the same vertex.

Definition 2.21 (Naduvath, 2017, p. 23). The length of a walk or circuit or path

or cycle is the number of edges in it.

Definition 2.22 (Naduvath, 2017, p. 24). The distance between two vertices u
and v in a graph G, denoted by d; (u, v) or simply d(u, v), is the length (number
of edges) of a shortest path (also called a graph geodesic) connecting them. This

distance is also known as the geodesic distance.

Definition 2.23 (Naduvath, 2017, p. 24).The eccentricity of a vertex v, denoted
by &(v), is the greatest geodesic distance between v and any other vertex. It can
be thought of as how far a vertex is from the vertex most distant from it in the

graph.

Definition 2.24 (Naduvath, 2017, p. 24).The radius r of a graph G, denoted by

rad(G),is the minimum eccentricity of any vertex in the graph. That is,

rad(6) = yev(d) (V).



Definition 2.25 (Naduvath, 2017, p. 24). The diameter of a graph G, denoted by
diam(G) is the maximum eccentricity of any vertex in the graph. That is,

diam(G) = ,ev(c) €) -

Definition 2.26 (Naduvath, 2017, p. 24).A center of a graph G is a vertex of G

whose eccentricity equal to the radius of G.

Definition 2.27 (Naduvath, 2017, p. 25). Two vertices u and v are said to be
connected if there exists a path between them. If there is a path between two
vertices u and v, then u is said to be reachable from v and vice versa. A graph

G is said to be connected if there exist paths between any two vertices in G.

Definition 2.28 (Naduvath, 2017, p. 26). A connected component or simply, a

component of a graph G is a maximal connected subgraph of G.

Definition 2.29 (Sagan , et al., 1996, p. 27). Let d(u, v) denote the distance
between vertices u and v in a graph G. The Wiener index of G is defined as

W(G) = Y d(u,v) where the sum is over all unordered pairs {u, v} of distinct
{uv}

vertices in G. If x is a parameter, then the Wiener polynomial of G isW (G; x) =

> x4 where the sum is taken over the same set of pairs.
{uv}



Chapter three

In this chapter, we study maximal chain of subgroups of abelian groups G of
order less than 26. Then we find the maximal graph m(G) of those groups. Finally
we investigated the Wiener index, the Wiener polynomial, the dimeter and the
radical of some of the maximal subgroup graphs m(G) where |G| < 26.

Definition 3.1 (Ahmad & Hummadi, 2023, p. 2). A subgroup H; of a group G is
maximal in a subgroup H, of G if there is no subgroup H; of G such that H; c
H; c H,.

Example 3.2 Consider the group of integers Z. Then

1. The subgroups of Z are the form nZ where n € Z* U {0}.

2. The nonzero maximal subgroups of Z are the form nZ where n is a prime
number.

3. For each prime number p, if n = pm, then nZ is maximal in mZ.

4. In the group of integers Z, the zero subgroup is not maximal in any another
subgroup.

Definition 3.3 (Ahmad & Hummadi, 2023, p. 2). A chain of proper subgroups
I,cl, cl, c--ofagroup G is called maximal chain of subgroups of R if I,_;
is maximal in I, foreacht € Z*. If I, c I, c I, c --- c I}, is a finite chain, then
I, is said to be the initial subgroup and I;, is the terminal subgroup of the chain. A
subgroup K, of M is called a maximal subgroup of length m with respect to the
maximal chain of subgroups K, c K; c K, c - c K,,_; € M. The length of
K, is said to be oo, if there is no such finite maximal chain of subgroups with

initial subgroup Kj.

Definition 3.4. Let G be a group. The maximal subgroup graph of G, denoted by
m(G), is the undirected graph with vertex set, the set of all subgroups of G, where
two vertices I and J are adjacent if and only if I maximal in J, or /] maximal in I.

10



Remark 3.5. Let G be a group and m(G) is the maximal subgroup graph of G.
Then

1. The length of the maximal chain I, c I, c I, c --- c I, of G is h and the
length of the path I, e, I, e, I, e5 ... e, I, of m(G) is h.

2. Iycl, cl, c - c I isashortest maximal chain of subgroups of G with the
initial subgroup [, and terminal subgroup I if and only if
Iye I, e, I, es... eyl is ashortest path of m(G) with the initial vertex I,
and terminal vertex I, where e; = (I;_4, I;).

Remark 3.6. Let G be a group. If |[V(m(G))| > 2, then the m(G) graph is not
complete.

Proof. Suppose G has at least three Let G be agroupsI =< 0 >, ] and K. Without
loss of generality if I is a maximal in both J and K, then neither / maximal in K
nor K maximal in J. So that two vertices J/ and K are not adjacent.

Definition 3.7 (Dummit & Foote, 2004, p. 751 ). A Group G is said to be Artinian
or to satisfy the descending chain condition on subgroups (or D. C. C. on
subgroups) if there is no infinite decreasing chain of subgroups in G, i.e.,
whenever I, 2 1, 2 I; 2 --- is a decreasing chain of subgroups of G, then there
IS a positive integer m such that I,,, = I, forall k > m.

Definition 3.8 (Dummit & Foote, 2004, p. 458 )A Group G is said to be
Noetherian or to satisfy the ascending chain condition on subgroups (or A.C.C.
on subgroups) if there are no infinite increasing chains of subgroups, i.e.,
whenever I; € [, € I; € --- is an increasing chain of subgroups of G, then there
is a positive integer m such that forall k > m, I,,, = I,.

Theorem 3.9 (Ahmad & Hummadi, 2023, p. 8). If a group G is Artinian and
Noetherian, then the maximal graph mG (G) is connected.

Example 3.10. Consider the group = Z, X Z, = {(0,0), (0,1),(1,0),(1,1)}. G
has the following proper subgroups: I, =< (0,0) >=< 0 >x< 0 >= {(0,0)},

11



L =<(1,0) >=7Z, x<0>={(0,0), (1,0)}, I, =< (0,1) >=<0>X1Z, =
{(0,0), (0,1)}and I; =< (1,1) >={(0,0), (1,1)}.

The following diagram illustrates the maximal chain of subgroups of the group
Ly X L.

L cl,
Ioc IZCI4_
I;cl,

The following figure illustrates the maximal subgroup graph mG (Z, X Z,) where

I; denoted by i foreach 0 < i < 4.

Definition 3.11 (Sagan , et al., 1996, p. 1). Let d(u,v) denote the distance
between vertices u and v in a graph G. The Wiener index of G is defined as

W(G) = ) d(u,v) where the sum is over all unordered pairs {u, v} of distinct
{uv}

vertices in G. If x is a parameter, then the Wiener polynomial of G isW (G; x) =

¥ x2@v) where the sum is taken over the same set of pairs.
{uv}

Theorem 3.12. Let G be a graph and W (G), W (G; x) be the Wiener index and
Wiener polynomial of G respectively. Then

12



1. deg(W (G; q)) equals the diameter of G.
2. W) =f'(1)

Proof.

1. By (Sagan, etal., 1996, pp. 960, Theorem 1.1), the result is obtained.
2. By (Sagan, et al., 1996, pp. 960, theorem 1.1(5)), the result is obtained.

The following proposition is easy to prove

Proposition 3.13. If G is agroup and G ~ m(Z,) where p is a prime number,

then

1. W(im(G)) =1and W(m(G); x) = x.
2. rad(m(G)) = diam(m(G)) = 1.

Proof. It is clear that V(m(Z,)) ={< 0>, Z,}. Then d(<0>, Z,) = 1.
Therefore, that W(im(G)) =1, W(m(G);x) =x and rad(m(G)) =
diam(m(@)) = 1.

Corollary 3.14.

1L W(m(Zy)) = W(m(Z3)) = W(m(Zs)) = W(m(Z;)) = W(m(Zy1)) =
W(m(Z,3)) = W(m(Z,7)) = W(m(Zi9)) = W(m(Zz3)) = 1.

2. W(m(Zy); x) = W(m(Z3); x) = W(m(Zs); x) = W(m(Z;); x) =
W(m(Z,1);x) = W(m(Zy3); x) = W(n(Zy7); x) = W(m(Zy9); x) =
W(m(Zy3); x) = x.

Theorem 3.15. Let P, be a path with n vertices for some n € Z*. Then

13



_m+1\ _ m+)!
L Wk = ( 3 ) T (n=-2)13!

2. WPsx)=(n—Dx+n—2)x>+(n—3)x3+ -+ 2x"2 + x" 1,
Proof.

1. By (Sagan, etal., 1996, p. Theorem 1.3(5)), the result is obtained.
2. By (Sagan, etal., 1996, p. Theorem 1.2(5)), the result is obtained.

Theorem 3.16. Consider the group Z,» where p is a prime number and n € Z™.

Let; =< p' >for0 <i <n.Then

1. For any two subgroups I, I of Z,n, d(I., 1) = |r — s|.

2w (m(@) = ("3%) =555

3. W(m(Zyn);x) =nx+ (n—1x? + (n—2)x3 + -+ x™
4. diam (m(an)) =n.

[f nis an even number

n
5. rad (m(Z,m)) = {?
ra (m( p )) nTH if nis an add number

Proof. It is clear that the subgroups of Z,» are of the form I; =< pt >=for0 <
i < n. Thatis there are n + 1 subgroups as follows:

0Zyn p™ Y Zoyn, p" Lyn, P2 Lpn, o, Iy = DLyn, Iy = Lyn. This means that the
graph m(Z,n) is a path P4, that is it is a path with n + 1 vertices.

1. Let, =<p" >and I =< p*® > be two subgroups of Z,». Then exactly one

of the following istrue. a) r=s b) r>s c¢)r<s.
a) If r =s,then |r —s| =0and I, = I, consequently, d(I,.,I;) =0 = |r — s|

b) If r>s,then the chain I, cI._, cl._, c...c I,,; c I is the shortest
maximal chain of subgroups with the initial subgroup I, and the terminal
subgroup I. So that d(I,.,I;) = |r — s].

c) Similarly, if r < s,then d(I,., 1) = |r —s]|.

14



The following figure illustrates the distance from < p® > to < p® > in the
maximal subgroup graph mG (Z,n)

<p" > < pr—l . < pr—z > < p5+1 > <p’>

2. Since W (m(an)) = W(P,,1), then by Theorem 3.15(1), W (m(an)) =
("3°) = g and

3. By Theorem 3.15(2), W(m(Zyn);x) = W(Ppyp;x) =nx + (n—1)x% +
(n—2)x3+ -+ x™

4. By Theorem 3.12(1), diam (m(an)) = degW (P11, x) = n.

5. Itis clear that e(< 0>) = &(Zyn) =n, e(<Kp" ' >)=¢e(<p>)=n-—1,
e(<pvi>)=e(<p?>)=n—2,.. . So that for 0<i<n, &<
p"~t >) = e(< p' >) = n — i. Now, there are two cases. Case one, if n is an

even number, then ¢ (< pz >) < e(< pt >)where 0 <t < n.Casetwo, ifn

n+1

is an add number, then ¢ (< pz >) <e(<pt>) where 0<t<n.

% [f nis an even number
Therefore, rad (m(an)) =12, .
— if nis an add number

Corollary 3.17.
1. Consider the maximal graphs m( Z,), m( Zg), m( Zy), m( Z1¢) and m( Z,s) .

Then
a) W(m(Z,)) = W(m(Zy)) = W(m(Z,s)) = (2 ; 2) - % -

b) W(m(Zy); x) = W(m(Zs); x) = W(m(Zys); x) = 2x + x°,
C) diam(m( Z4)) = diam(m( Zg)) = diam(m( Zzs)) = 2.
d) rad(m( Z4)) = diam(m( Zg)) = diam(m( 225)) = 1.

15



2. Consider the maximal graph m( Zg). Then
_(2+3\_ 5 _
a) W(m(Zg)) = ( ; ) =— =10,

b) W(m(Zg); x) = 3x + 2x? + x3.
c) diam(m(Zg)) = 3.
d) rad(m(Zg)) = 2.

3. Consider the maximal graph m( Z,¢). Then
2+4 !

b) W(m(Zye); x) = 4x + 3x2 + 2x3 + x*.
C) diam(m( Z16)) =4,
d) rad(m(Zy)) = 2.

Definition 3.18 (Sagan, etal., 1996, p. 960). The Cartesian product of two graphs
G, and G,, is a graph G, X G, such that V(G; X G,) = {(v4,v,): v, € G; and
v, € Gy} and E(Gy X G,) = {(uq,uy)(vq,v3): uyvq € E(Gy) and u, = v, or
u,v, € E(G,)and u; = v, }.

Proposition 3.19. Let p and g be any two distinct prime numbers and n,m € Z™.
Then

1.

2.
3.

Lym X Lgn = {(a,b):a € Z,m and b € Zgn} is a group.

|Z,m| =p™ | |Zgn| = g™ and |Zym X Zyn| = |Zymgn| = p™q™

The subgroups of Z,m X Zn are of the form I, X I, where I; is a subgroup of
Z,m and I, is a subgroup of Zn.

I; X I, ismaximal in J; x J, if and only if I; is maximal in J; and I, = J, or I,
iIs maximal in J, and I; = J;.

m(Zym X Zgn) = m(Zym) X m(Zyn) = m(Zymgn).

V (m(Zym x Zgn)) =V (m(Zym)) X V(n(Zgn) ) = V(1(Zymgn))

I; X I, is maximal in J; x J, if and only if (I; X I,)(J; X J,) € E(m(me X

Zq”))-

16



Proof.
1, 2, 3 and 4 are obvious.
5, 6, 7 are direct consequences of Definition 3.18.

Note that if p = g, then V (m(Zym X Zgn)) # V (m(Zym)) X V(m(Zyn)). For

example, V(m(Z, X Z,)) # V(m(Z;)) x V(m(Z,)), since V(m(Z, x Z,)) =
(KO>X<0> Z,x<0> <0>XZ, Zy,XZ, {(0,0),(1,1)} and
V(m(Z,)) X V(m(Z,))={< 0 >X< 0>, Zy X< 0>, < 0>XZ,, Z, X Z}

Definition 3.20 (Sagan , et al., 1996, p. 961). The ordered Wiener Polynomial

defined by W(G; q) = X x¢®¥) where the sum is over all ordered pairs (u, v)
(wv)

of vertices, including those where u = v. Thus, W(G;q) = Y x%®») =
(wv)

2W(G; q) + [V(G)I.

Theorem 3.21 (Sagan, et al., 1996, pp. 961, Proposition 1.4(2)). Suppose that G
and G, are two connected graphs. Then W( G1 x G3;x) = W(G1;x) x W(G2; x).

Theorem 3.22. Let p and g be any two prime numbers and n,m € Z*. Then
W(m(me X an); x) = ZW(m(me); x)W(m(an); x) + (n+
DW(m(Z,m); x) + (m + W (m(Zyn); x).

Proof. By Theorem 3.21, W(Zym x Zgn; x) = W(Z,m; x) X W(Zgn; x). Then
by ~ Definition 3.20, (2W(m(Zym x Zqn) x) + [V (m(Zym x Zgn) ) |) =
(2w (m(zym); x) + IV (m(Zym)) 1) (2W (m(Zgn); x) + 1V (m(Zgn) ) ). So
that 2W (m(Zym x Zyn); x)=4W (m(Zym ); x )W (m(Zyn); x) +
2|V (m(Zgn) )| W (m(Zym); x) + 2 |V (m(Zym) )| W (m(Zgn); x). Then
W(m(Zym x Zyn); x)=2W (m(Zym); x )W (m(Zgn ); x) +

v (m(ze)|Wm(@m):z)  + |V ()| Wn(Zen)sx) =
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2W (m(Zym); x)W (m(Zgn); x) + (n + W (m(Zym); x) + (m +
DW(m(Zyn); x).

Corollary 3.23. Consider the group Z, x Z,where p and g are two prime
numbers. Then

1. The wiener polynomial of the maximal subgroup graph m(Z, x Z,) is
W(m(Z, x Zy); x) = 4x + 2x%.
2. The wiener index of the maximal subgroup graph m(Z, x Z,) is W (m(Z, x
Z,)) = 8.
q

Proof.

1. By Proposition 3.13, W (m(Zp)) =W (m(Zq)) = x. By Theorem 3.22,
W(m(Z, x Z,); x) = 2W(m(Z, ); x)W (m(Zy); x) + (1 +
DW(m(Z,); x) + (1 + DW(m(Z,); x)= 4x + 2x2.

2. W(m(Z, X Z,)) = W' (m(W (m(Z, X Z); 1) = 4 + 4(1) = 8.

The following diagram illustrates the maximal chains of subgroups of Z,, x Z,,.

Ilc{lzc L, x Lg
I; € Z, x L,

The following figure illustrates the maximal subgroup graph mG(Z, x Z;)

I

pq

Example 3.24. Consider the maximal graphs m(Z, x Z3), m(Z, x Zs), m(Z, x
Z,), m(Z, x Z,), m(Zs x Zsg) and m(Zs x Z,). If G is one of the above group,
then
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a) W(m(G)) = 8.

b) W(m(G); x) = 4x + 2x2.
C) diam(m(G)) = 2.

d) rad(m(G)) = 2.

Theorem 3.25. Let p;, py, p3, ..., P, be r distinct prime numbers and r, a;, as,
as, ..., a, € Z*. Then

1.

Lp,a1p,a2..p,or = Lp,ar X Lp,az X ... X Ly ar = Lp s @ Zp,e2 D ... D
— r
Lp,or =Di=1 Lpai.
m(Zplalpzaz...praT) =m (Zp1a1pza2---p(r_l)a(r_l)) X m(Zprar) = m(Zplal) X
m(szaz) X ... X m(Zprar).
V(m(Zplalpzaz...pr“T)) = V(m (Zplalpzaz---p(r_l)a(r_l))) X V(m(Zprar)) =
V(m(Z,,«)) x V(m(Zy,a2)) X ... X V(m(Zp,ar))
W(m(Zpl“lpz“Z---pr“T); x) =
2 (1 (Zpyesp. oy )i 2) WL, o0 )ix) + Gy +

LW (m (Z'pl"‘lpz“z...p(r-l)a(r’l)) ; x) I @+ D W(m(Zp, o))

Proof.

1.

By (Dummit & Foote, 2004, pp. 357, Exercises 20(a)), we obtain the result.

2. By Definition 3.18, we obtain the result.
3.
4. By Theorem 3.21, w (m(Zplalpzazmprar);X) =W (m (Zplalpzaz___p(r_l)a'(r_l));X) X

By Definition 3.18, we obtain the result.

W (m(Zy «-);x). Then by Definition 3.20, <2W(m(Zplalpzaz___prar);x)+

14 <m (Zplalpzaz___prar)> |> = <2W (m (Zp1a1p2a2'"p(r—l)a(r_l)) ; x) +
¥ (1 (Zy 1y, 0., 0-0) 1) (2 (B0 )52) 17 (i ()1 S0 that
ZW(m(ZP1a1P2 %2 ---Pra’"); x):4W (m (ZplalpZ“Z ...p(r_l)a(r—l)) z x) w (m (Zprar) ; x) +

2 |V <m (Zprar)) W (m (Zplalpzaz ---P(r_l)a(r_l)) 5 x) +
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2 ‘V <m (Zplalpzaz "'p(r—l)a(r_1)>> w (m (Zprar) ; x). Then W (m (Zplalpzaz ___prar) ; x)
2w (m (Zmalpzaz ---P(r—l)a(r_l)> ’ x) w (m (Zprar) ; x) (@t
LW (m (Zmalpzaz---P(r—l)a(r_1)> ’ x) * Hg_l(ai D W( ( ) )

Therefore,

W (m (Zplalpzaz "'pT'ar) H X)ZZW (m (Zplalpzaz ".p(r_l)(l(r 1)) x) Z ar ) + (ar +
. r—1 3 .
19) (4 (m (Zp1alpza2---P<r—1)a(r_1)) ; x) + Yo+ HW (m (Zprar) ; x)

Corollary 3.26. The wiener polynomial of the graph m(Z,z x Z;)
W(m(Zyz x Zy); x) = 7x + 6x? + 2x* and the wiener index of the graph
m(Z,z x Zy) is 7+ 12 + 6 = 25. The following figure illustrates the maximal
subgroup graph mG (Z,2 x Z4) where [; denoted by i foreach 1 <i <7

Example 3.27. Consider the maximal graphs m(Z, x Z3), m(Z, x Zs), m(Z, x
Z,), m(Z, x Zy,), m(Zs x Zsg) and m(Zs x Z,). If G is one of the above group,
then

a) W(m(G)) = 8.

b) W(m(G); x) = 4x + 2x2.
C) diam(m(G)) = 2.

d) rad(m(G)) = 2.

20



Example 3.28. The wiener polynomial of the graph m(Zg x Z3) is (m(Zg x
Z3);x) = 10x + 10x? + 6x3 + 2x* and the wiener index of the graph
m(Zps X Zq) Is 10+20+18+8=56 The following figure illustrates the maximal
subgroup graph mG (Zg x Z3) where I; denoted by i foreach 1 <i < 9.

e) W(m(G)) = 56.

) W(im(G);x) = 10x + 10x? + 6x3 + 2x*.
g) diam(m(G)) = 4.

h) rad(m(G)) =4.
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