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Examplos. 1. The st of nll nqunre meatricss of ordar s with smtries fom » Seld
K furimn nn algebrs with renpeet o e orlisinry -upn:ntlu:-- ou: the psiriess.
hh a fulte dsmssdonn] algelnrn of dinmmalon »F whizh sill be deocted by
..{,.'..‘_] _
2, The poltyoominls in soe wriahle rver a feld & fwos s infioite i

-a_mi nlgrten el

3. HV s & vector spwmer over i Held I shen the linese Arasisformalions
ol the space V' forms also an algelen !."H"',L 'lE'hh -nlﬂ:-hﬂu is fAinlie dimcisional
W maed only if V' i Bnite dimensiopnd.

4. Comniider the fuar- Hoensionnl wartor spaes over e el B of 1he real
mumsters, with the taain {«, 0, j, &}, Deflos the mnltiplication by means of thie
Forliewerinng vaalale
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{ The produoy ab s weotten io the row dimoted by a aod i the ool desoted

by &)

It iw smay to werify that one obiainm in this =y an algehra wrth idemtity o
ovar the fold IR, This slgcbon le ealled tho guafornion alpobrm H. Historicaily,
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&. Evory extension L of o ficld K, i.c, a Sold containing K an o subfeld,
can be considered s an algehrn aver K. I this algnben, is finite dimensional
then the extenwion is eallod finite; otheswise, it in cnlled mfinite.

B. Let @ be & group, Consider the elements of this group as bosks elements
of n veclor space, i e. conmder the st KG of all formal sums of the form
Eﬁ“rﬂ'- where o, mre alaments of the finld K which ure, except for & finite
NE
mumbor; all equal to aero. The group multipliention (products of the boois ele-
mienits ) defites the algebra structure over the space KG. This algeb s enlled

thn growp algobra of the groop € ower the fielkd A and plays & fundamenial
pole in the theory of representations of groups.

7. Cunisides the n-dimensional vector space of all ntuples (o), 049, ... 0.,
my € K, with coordiuntewise sddition sod sealar multijlication. By defining
thet pinltiplivation moordinntowiee

l'nIln"'l"'"l“'IlHﬂl'lﬂ"l'l "rﬂll =[-ﬂ'|ﬂ].'ﬂﬂ'ﬂlu- "'“ﬂﬂ'li}'

we obtain mn nlgelrs over the 8eld K Mﬂlhdmt&l‘h}' R™.

8. Let Ay, A, .. . An be algshiras oven the Geld K. Connider their Cartosian
prodnet A, Le the set of all seguenees (0,82, .0, B by @ £ A, sl define
thee operntions coordinuteeise
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aley,ay,.. \ay)= (o8, ney,... 00,),
(g, o, o0 M8y by, e )= Mg by, by, o ol )

Clearly, in this way A huhdﬁmunlghhlmrh'iﬁd:h:ﬂndthtﬁml
mhnidthnln-hm-h Adeoo. An nnd i denoted by Ay = Ay % % Aa,

mn...ll.. The algehros Ay, Ay, ., AL wre'sald to be direct fuctors of the

.l;glhtld.mm lhpﬁlﬂﬂ;mtﬂnnupﬂﬁtuh:ﬂtﬁ[ﬂﬂ[lw
Enmph Hdi=d3=...=4s =K.

An algrirs is ealled evrommtaties of the multiplicabion (v commutative,
Le if ok = hfmﬂn.ﬁéﬁmw:‘l-hﬂmmﬂn!.ﬁnﬂ?
are commuotative, The algeles of Esmomple 6 s commutative if the group G
s ctmmtnntative. The nigebra of Exnmple 8 j» oommmtasive if ull tie divest
factora Ay, As... .. A ste commutative. The remaining algrbras of the shovre
mﬂnmm:—mmﬂmm-m

A mibbet H of an algehien A Iz snkd 1o be 'w swlalgelrs i 5 izl b oan
nlgebrn with respect to the operations in A, snd hae the suye idestity. In
othar words, J has to be a sulmpoce of A much that ¢ € B mad il 0,6 € H,
they ab & B,



Fewraplas Thet s ol irmngale mmsees, b e sl matrioes (s, ) sach thar
wyy o O 'for J = i, fori & sebolgrben of (e algedes MUK ) of all olakions
This algotas will be denoted by ToiR )

2. Ths dingonsl matriess Wiso fooni b sitalgebre of ML URD) o will be

desoted by DL (N).
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form o subalpebra of MoK ) of dimension n. This algebra will be called the
Joardan sigelras snd denoted by J:040).

4. If H s o subgroup of &, then KK is a subalgebm of KNG
5. The wot of wll ¢lemonts ¢ of un algelrra A which commute with al

elernents of the algebra, i e, such that ca = ae for all @ € A, form, evidently
a subnlgebirs of A; it is called the mrdtlwﬂmhm.iludhdmﬂﬁd by
ClA)

6. Consider, in an algobra A, the scr of all sonlar mcttiples of the identity

i. v, of all glements of the form ae with o € K. Sincs {ac) fe) = afe, this se
forms a subalgebra denoted by Ke.

Esample 2

i1y
2}

Y

4
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The fleld K I o commummiive K-algeten, of dimeniion |

The ficlid C » nll-u- an algebri over [, of dimenyion 2, with W -vector vpaee binix
(0, ] whiere ¥ = <1, Muare gencrally i & ks asubtichl of a lazgsy Held L, then
K. IK an u.lm:-hm ower 'K whene addithan amd (scalin multiplication ane given by
thas sadeditiore i pwanibta placatiom s the haeldd 4.

The spuce of b= s-mutrices Myt K ) wiih rmu.rl:l. aidinbom wod matn muloplica-
riom Torm o K - algoben. Bt hgs dimenson n— the mutriy iy By, (ol 0. j = n
form a Koboske. Here £, bs e matyix whhrh has antry | at position Al #3 and
all ether entrics are (L This algcben v ol connmudntive Tor o 2= 2. For éxsmple
wo haove EnEiz= Haetuat EjxzE =0

Palynoominl nvgs K| X |, on KX, ¥, e commntative K-aipobyes. They arne not
finite- dymenniomal, _

Lt V e o & -vector apace, anid conskdor the K -Tiness gups ap V

Endy (V)= [ 0V = Vo by K-linest},

Thus o & algebra, of one akes os swlibphwstion ihe composition of maps., and
wihiete Uhe sddithon e scalur multiplication aie pointwise, that is

fed o ) = i) = Bik) and R My = Adarivi)

forallw. ® & EndgiVy 4 & Kand e 6 WV,



A homemorghuam fFom an slgebre A to an slgebra B is s linenr map
f i A — B which preserves multiplication and the fdentity, i.¢. such that
flayag) = flay)flay) for muy vy, 03 € A and flen) = ey, whorn o4 in the
identity of the nlgebra A and ep the deutity of the nlgebra 5.

If the homomorphism § i injective, ioe if ap 3 oy nplie flog) # flaz),
then it in called & monomerphisam,. H F i sarjective, i.e. for s arbitary
clement & € H, there ks a € A such that & = [f{a), then it is enlled o
epimorphiam.

Obviowsly, f Ff = st the saoe tnne a monomorplism n,lzwll RE. N epi
mphil.m then it is an jsomarphinm. In this case (and anly in this cuse) |
posscsses an inverse map ' which s an {somerphism of B to A.

Definition L6 IF A s any K -algebra, then the epposire alyedro A™ of A has the
s iniderlying K oveotor space @ A, and the mubiphcition in A Which we
denone by =, is given by reversing the onder of the fisciors, that ks

it o=y lora. b e A
This is again o K -alzebey, and (A" )" = A,

Definition 1.7, An algehra A (over a field K) is called a division algebis il every
non-2ero clement o € A s dnvertble, that is, there exists un clement b € A such
it aly = 14 = ba, If 50, we write b = 4=, Note thut if A is finite-dimensionul
andl b = |5 then it Tollows that ba = 1 41 see Exercise | ¥

Division algebrs oceur nanmally, we will see this later, Clearly, every fielid is a
division algebra. There is a By example of a division algebra which s ma a
fleld, this wis discovered by Hamilwon

1.1 Definition ol Lie Algebras
Lt F e s il A e wlgp s a1 e sl B oorrtow s L Gosbint Jasr wiltll o«
Foblipiansiar papkhs, ¥lu= &oe dowpei'ded
f.= [ — L (7wl =—='r.n.
se P =T T Yhaw Fosd e oS00 e T

e ] =00 fog al] = L (L
by bt =1 =5 ot [ o] 4 Jo (i ] =0 Eop dadl stz o L [z
e B Digascbod lie, ol b oslterli peliegyval Con lhe thies sesrripmdidailons (o = aanl g
Cispfiviom 123 iw Weeywn ws vier Spogsdep sofemfefp Aw e L rpadees | —, —| e
Falllidispegy, wy Bilis
eI L S T R ol o IR T IR Y (=] + vk

Elerires esuiiiDifldoia 1000 dixapalie=
I_I.u|= B TG B phly e i N

=



1.2 Some Examples

(1) La = B The vptan pnedined [rowh =— = Aoy adidies Ll sism g ol

-4

o Do slpeobies ol R We dogeste thils L0 gt lige : B E‘clrlLﬂ‘llJ]’. 13
= (pemy.dta) il gy = | Mty oz 104010 Whuerai

® &= lirgea — Tagp, Fam — Tayanvrs — Saind

Exwrcse 1.2

Clomvhbade sxvibbiebeddl Ky A ks DI, "1 Lo cdvea® L Rodd the Jiwadsd Bhrditing
Wi Tlint: 1 o - dbomtes Bhe ddpe pestinck of the yostoen &9 & '
LU [TEFT

' FAlnN )= (r-2)p=ler-yls il .y s R

Avny veenwr spmeie V0 oo o Kaes oot wlotaimnd T e o) =00 T ) o op = WV
Thi= b the adelion Lo algobre mrmoismm om Vo B pwrtloalan, ehie ol F
iy b evsmaribind as oo dalbimhisidmal abwdlo Fie anleadira '
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[#ou] = ray = jjos Ries = gllV).
Wl o draetcs e aodigeeil b ob e

(3') B bs o spdels vetsion, Wikte glin, £) fr e vectir space ol all i x o

mvkriees over Fowith the e bracket difined 1a
Lreml =au—ur
whete oy bs 1l sl peodet of Hie nudries = amd g,

As novector spaos, gl F) lias o Dists consasting of the matree g tis

for 1<, f < o Herw o, il now o nuitely whtiol lioson 1 e ijeil

prostbbetd Atp ] all oblics entris are 0 We lewve 1L as an eservise Lo chiodk Lo
!uhu..r-,“l- = r'l-J._l-,,; _"ii.d':"ji

wehore d he Kgwsekr de)ta, defines] by 4y, = 1 00 = joml &; =10
ertdiee e Phls formaty i often De dsofal el colenditlog s gho, K,
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(4) Rovall that the traoe of o squate matrhs s the sum of Ite diagonal ontrie.
Lot slion, F7) bt vhie snlsmguice of ghto. F) cotsisting of all satriees of e 1,
Foe acbitry sqpuare wntcioss « oapd . the inatrix oy — o lis 1raon L
so o, 4l = xy — yx didizes a Lie algebra stivctuee on slin, F) properties
(L) and (L) o imbvoritend frowns ghiee. F7) Thies Lo adgebirais known o e
sl Tesumar wlgebon A o vdtoe spisce, s F ) Lins o Lt oot ing ol
e vy for o 5 Aozothier with v —wepiey for 1 <0< m

150 Lot Bl F1 b the apgrer tringular marrieos bn glio. Fo (A mntrix « s
aphed o e vipper Eriiggilr i oy, = Owheniver o > 0 Thibs ks a e algeles
with the sume Lie bimoket 5 gl F)

Stmllardv, Jet nfo, ) be the strlothy aggor trlangula uustlos o glo, F).
(A tatdx o« Is sald 1o be steietly wpper tiangnbie § oy = 0 wheteves
e 2 ) Agodo this = o Lie aliwhea with the sanse L brocket as glhio F)

1.3 Subalgebras and Ideals

The last 1w exmmpli= sigmest that, given 3 Liv algefas £, we uilight define o
Lse subialpebrs of L to b soctor sulspace K S L o=uch tint

rgle RN G nll Bgpek

Ve subalgoine mro oasity sesn tobe Lioadgeheas inoviheir ovo right. n Examples
LAY bpsd (5 dadbve wits ot ot L sotlmligit B Gl ght ve, F7),

W il abetfiiar bin sifondd Ol & Lle abitaece L0 G o i sbbaho e 1 ool L saiatbl Bl
le.pwfcd Wpoall e dy yel

Etw (L"), l= gl o = Jan ] wnesane b bk abbod a0 ol ianmaeindl’ Deibisawnil Risgh o)
erght Wihmelng For coganngle, 3o, 1o oo oben] ol gdioo F 1 sl ol B bsnn idond
ol B F)

Aot idand b vy il mribaslgebsrm O bl aod busp Dol 8 saataod v e s jaon b
sy ol Thap ormunnngelin, B or AT Db miilsalanelai s o gl F L G puiocided o =20
e ok an Wl T s e, moe thint oy Sbin, F) ol oy =gl F') Howeor,
wahat gl = ra) ¥ s F),

e Lkt silgolieh Eo s sl sbin Blesal G L0 A CTed ot oxtiiim= {11} s
blviat o £ S¥o onlf dhese e fedend sifeals of L An impossaig eooaagiler of wn
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Propukitieas 189, Let [ be o/ Lo algibon e B The gensler {0 of L &
wm daenl of L.

mmytam:emﬁ IFz €L, then fipal o] = =l=slie] =40 Th.|u
gl ﬁh-l{léﬂ'il-l

I L o L alygebyes ovvpre . khep wn wiw thine B inadmilian T8 L) =L, Le,
Wl e y]|=0brall rgc},

Proposition L&, Let L, and Ly be Liz alpehrus over ', and bt 110 Ly — Ly
b a Bommparnorsiiomy TEe bermol of T i ani ddfen] of Ky

roul L op Ehﬂ'ﬂ"!mﬂrEm Thon Ti[w.ull = i) Tisl] = frmt!—
10, s 1 |=, R v

1.4 Homomorphisis

M L unad Ez meo L algebens over o fleld F.ochen wesay that aoup oy - By — B2
e m haomrpppmrgilisnp i o son e pep anel

il el = [eteboatnll for all agy & Ly

Nothio Ehat, fn thls oquat b the fiost Lie et b tokarn I Ly omond el weconmi
Lo Dot s tmlion o Bea Wiy sy tlund = b vy swommorpdiinrn I 2 U alsas o] ot e

An e toepely ipewtat. Soaoomessprhipm s L salyeant Soponiopdison 111
ip o b dawbirae, o it

il b gl )

iy (il ) y) 2 [ ] Rt o, p € Lo Ie feillioes Iom ke Dlkoieioy of tle Lie
Pivudic kot | ddnt Bl iy ol o I8 Tlsivr Bon ity & 5 L. For thie satiid idisole. 1hia
bvndpe o = el ot b Dl Dhedoiars Stk b thast bl B ot Diotinonnd ik, sl s
L] tor chieet ix tlat

(e ) ) o= il il — iy o cile Lo bll oog e L

thies birns ot B be oquivakent to the Jacabd entits, The keotel of sk e fhie
ety ol L

Exgrcise 1.6
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Propoafon 1-4.1. Let 4 bl on nsochatine Foaljchem ez, p= 4 debine

|l ==y~
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brucket, fhe Forector spice A i u Lie algrirs,
Prsf W b ownny v owerify st o] e Fibsilse mnl dhad pragmaty | of the

dnfissibinn oof o L algobirs e stinficd. Wiy st g Yk e Joecll ity
I shthfiedl Lt 2. 40, = € A Thmn bl
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=iEjs — 20 —prr+ aux
- T AT — IEy A EAN
- am) — EpE — NG = ples
=L

This rymspllies U pured g= i

Frvpredtion 143, L = (s & ses-sepaties mbiger, il ind sl{o, F] b= s
subdpumn wf flim. 1 iomsasiiong sl elimmesaly 3 oph St Viln | = 0, Thaw sbln. )

oo Lo ehalpbes of g F)

Fresal 1t wil sislibin bis poeern Ul drile. pl) = ) b v g & slin Fj Las 0,9 ¢
whini, ) Thom wile, wll = trirw = wrl = irfow] = srfae] = irjog) - 'I'I'I'I'}'E

Tl ammigsaagiles od{2. F ) o cogrewinlly msjeatags W Las
-ln.r}--{[: bt RER AR

A vt Vil s b |2, 0] =
e[ =h ) e

. f| =, LT Lf | = 2

We lame

Peuprantiden 1005 Let mobe 5 man megeibive snlfape=, and et 80 gl V). F=t
e, ¥l = le=giln 9% "rs= S5},

T whatn F) o w Lo sniwiedrar of mhio, £
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il = B, Y= i F )

[T | S TS
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wilny, ) = oM 4 1, F) = glyfu FL
Ak, if v 2w oven o
A= Ll" hl.

spive, F ) = w37, H ) = glpin F')

I Wi orwutiog sgiiorin Vs mpaiailhy o algbiie 17 owiey P, e i kit algabora
g N} mdmite & petorad sshadgelon Neste that m the sret propssttom we & o
LT T A . . . :

Proposithm 144 Led 5 b wn Foadgeton Lot Inaf{ i) be the snbapocr of g} )
wommintirg of ilerivatbony, o =, 06 gl ) such i

[{ak) = aldib] + IHbm

Jove S Wb G N Thon Derf R} b & Low subabpbrn of QR)
Proot Let Dy, By & v snd b5 1. Then

|22y Db = £y o £y = Dy By Hh)
= (D # Dyl{ab) — (1255 Dy ob)
= Dy Eylab)} — Dx{ By {wb))
= [h{nDa(b) & Dylnjd] = Dl (b + {4
o DD I3 {0)) = Dy ()3 b) = Dipla) D (8) + [y{Dsla) b
= oDy Dy (b))~ Dyfal Dy (b} — Dy(d] Dy () = D) Dyl )3
o [0 R (0D Do) )

Thiie g thit | Oy, Dyl b bit D (). ol

FrTn WY W

e w= write

1.5 The swljoint ormormoephiso

W= gromd M U dmn® frovipismtbiion b Wi dosasld delodit by

Praspeomitt by B30 ot & A ow Law jsbgemits srmew 8. Dhiflme
-l —- mh

{ralirbiml = b wl
A R L R e e b L R TR Ty S oL
O T R B e T N T = 1 Qe W] R TYH
et T

[ty =

=



Provf, Let 21,3, € L. Thes

Laeh{ g mal ) M) = [l=awaealin,
Al

({ndtxyinedlieg)|)ind = (adtim] o ndimalMn] = (ndimy ] © nedlzy V) (w)
= (Mg ]} — mllzgd( |y 0]
= [y e 0l = (w20 f=as 8]
1t flloers fleat

(ool e caeal D) (1) = (imed e ), k{2 )] ) (]
= [leg, ] 4] ~ |ov.ling o] + Leg, Ly 0]l
=i, rrzall — [ex fwa ol — B lwe i
~0

by the Do ddentity. This proves that ad {s s Lis slgsbirn homemorphisme 1y
I chear thint the ketnied o tlie ackjoint lwomomarplsisu is Z{L), We als have

P R s el L )|

|sex s wdtor i)} -+ (o] G Du vl = Do bt ]+ L1y way ).

w31y ) = [y neded ()] — (s )y ), o)
- o Qs wal] =t =]l = [ ] ]
o bl ] o o] o s )
-
meain by the Jocoli identity. This proves that the jmage of sd fies i DeeL). O

The previons propoesition shows that elements of w Lie algetiva can adways
b thownghe of a= derivations of an shwbra. 1 tomms our thes iF E s » fnites
dumeasionnd semi-ammple Lie agebrn over the compbs nambers ©, thep the
e of e adjeint hmgeearphinm k& DL,



1.7 Structure Constants

L b B lgobtn oner o Bl F withe Dakle (e, oo i b 10 (=, =] bs o
pletely ditermbned by the prsloets Lgoa] We ditine scalars nf, = F soli

Ehant
Ll.E -J — Zu”ﬂr

=y

The ot n:'rr Hie atrncture conetants of L with respect to phis bosts, Wo ampliise
thiat rl.n g, it cun th chedion of Tl of T Tiferott Tiisos will b getiornd
mivls iferend sbrisctuing ons net=

[ UL waid e donbllises (L 1°), Brg, a] = 0 for all i aml iy, x5 = —lie,, 2]
P all oGl St e sadbielond to0 K Ll Stppot e olipsta s rii', hop | <
P 'S i

Exercise ] 9

Lot L and L3 be Lie algrhes St that Ly b lomaryihie tor L M ol
eedly I nhere s oo Bnkds Byoof by mid s Besds Fy of (g sach tiat the
ateniehins cotistiaints of Ly witlooosgwot e By oo espnl Lo e stonpotiee

vonstants of L with respeot wo iz
Exercise 1.10

Lam £ by o T ndgebecn wiitly bnsis (240, oo crn ). What vomlitiom dews the
Tacobai Wlertiny Daprose on e structule oomstant= u!‘,"

2.1 Constructions with ldeals

Sutpsgeesty Kot 8 oo ] oF s odonds of a0 e aligeles L Thieye mixy ] ways Wi
oy, comntriet newe Whals fromy T oaawl J Fiper s sbypdl sillposs dlint F 007w oon
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Low dimensional Li¢ algebras
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Ve W EAE(LY* = LR BRAETL ) Wi Wl pess nrpitive megern b Thik
stmbitipeist b6 clesat B =L Assiiile tlaat 1hi stalosieisl bokids ber §; ws will
rorrre bt . Bs(ids bor &5 T, oo

VA2 {7 AR 3 AW ¥ a Ty
S (Ve TANE A (TATT- YAl
o | A T A - A
Thir poores Gy statemmme by wbortor,. Supe FAE0LD, e -mmqml threw

wiets & newnagathee mteges & ench thad (L7200 < 0 i‘hlh- ehnt
FEY 4 ZELIN (L) == b Uhis wrwses Bt 2% = Z{E5, Therstors L*“" i 3

Theorem 222, dwhnin, F'| b he Lie algrdre owr I omisiating of ol sfriciy
e bindligraier b s by dsilrites wath' cflried fus P Thes wlie F | o wkioloul

5



The Hebenborg algolza s sobrablic. Stallaely, tho sliybea o upper tiamgulae
oo b= mlsable (s Exvretse 5 belond), Fartbiermre, the olassification of
Lalimmamionat L aleobens e 1 shows dint aopy. Zadimensionn] B nlgetrm is
solvbiles Omshe otlier oo, iF L =12, €3, then wo Ty seein Exgooe s 52
Lt L= £ agid thetpdiori B0 = 0 Boe 0] i 2 1) so0sliZ2 € 5t shlvsibibis.

WL sl Tole, Pl 4l dlorive] sedbos of T piin oo oo withe . “approx)
ko™ o L b 3 Beekbe seres ol bl sfele adabian qpad s, Thils absa wgkes
Ve wkliite way nedrmiil. '

Lemma 4.3
I 4 o LA aleibes witly lidisids
Lediol 22wt 24 =0

oy st Ty ST e bl B 1€ b € e, thenn 1 s solvalilie

Lemma 4.4
Lt L bwoa L adgeban.

p IF L b sdeiey, tinim ioeery smbalylen, agd ovoey Insgmonmsegilin foompe of 1
e stk

(hy) Seigyheme dhuit L buve ars Mlial 2 aschi 1iot £ il &0 aex sobsmldes Thel L |
sdvali,
(¢} W T akwl F e sdvable Wieids of L. bhtt J -+ J b d solvalsle hleal of L.

Corollzry 4.5

Lan L b v Begtesafasuinsgsiomiid Lo bt Tlhiowe s vibiie sodwelsle v ol I
annptapimy ey solvabis joad of 1.

Definition 4 6
X e acror Ly algeties £ b snnd ta b somsenmgpde W s 0o noncesn sobvlde:
hpmde e onpuivialestly 6 wal L = 7

Lemma 4.7
I L Loe oo, theny U fator algelas Lol £ o sipumimpie



4.2 Nilpotent Lie Algebras
Wir dlisinie dlde bty dnnatiusl nevies o i Db alivedign L 1l s (b smrgli witn Liwiins
S L I s e W

Tom L2 £ 2 B2 2 & the protiet o Wb b on dbal. 25 6 e an
el ol !.- (gl it u.it Wil ol L3=VY Wi yrsisamn. Kor. Ui imiik- “restial
sl qustuaess (et Ul Bt thiit L2, EFRY e el bl gt ok £, 205

Definition 4 8

Thie Lbiv aluwtagn' £ fs sl tin Lih silpmitinid | fiip songhes we 2= 4 b Wi E0 ol
e e Al wisn 710l sedee ogigile KEosaler mittioes ooce W okl &

b pilpaent (oo Eonncise 400, Tt D, oy nmn-llrm Loy gt T solv=

il Tia e flake, show v ineduetipn o &t L5 0 LY Thwe am sotvable

Eany abyprorses wlubeile svrr et mllpeiennt s R sfaum b 1-':1.|u.|1:ll i e Lo ol iew
brm 5 of vippeer Arfameniar spredoes over @) ticid F for @ =2 (g Exerrisn A5)
At & the treeslliessionind fom-sliddian L slestion Il-rr B

Lamma 4.0

Ll L L s T sl

b} 1L b pdlpotarin, Pl auy Lie sldertio of Lobs ulpotesit,
(il 0 LR b iethpwetiind s Ahwiny 0 G st e

Remark 4 10

The palogiee of Teguuia 00 hoes bk Dokl thist b 007 be any el of o
b adgeeboss £ thion o bs puossdbie thist bl L7 and | sto alpotent bid L s
ok An vsingide Is givon lo the 2limemsbomal som-abobiomg Bie algebon This

Definition 4.11

Thr Lo ndgobiwn L s sompde 37 3t s o wdends sihier than @ amd L aed ks nod
abweliien.



Theor=m 4:12 :;Simph Lin algebras)

With five exeepitaonn, svory dnibedinmmaional stmple Lie alyrbes v €
e pdae ten s of Ll pldanscad Lo alyprbous

ﬂl‘"’i'Eh HH--EL iﬂfh-ﬂh
The five sorpthonnd Lin algibrss aoe known as o, o1, e 3 00 g2
We have abiaaly’ rroeliend thee Ganlly of speclal limrm Ll albeelins,
sle. C Tl minnling Funilks can T definasd s cortuby, sulsiligdiras of

g, €00 wilng TR ceptrnitbon Intiodionl by Bxsyelse 105 Bl thuw i
S 2 g, C) then we dedined u Liv saibdisdin ol glin, C) by

gBan,Cl=|s s gin, Ol "8 =—5r)
Accorpnidr flistk ol wll (hiar = 20 Tkl 5 v Dae phied maid e by ¢ o 8 Dilouilesc

(29

W lhﬂ.l.r qﬁﬂf{'l =gls 2. ). ﬁ’l’l}ﬁ. =3 = |, we Lk

| A 00
§= (u'- i ._r,)
_-ll: L o,

atid e s0(8 4 4, C) = a2 L 10, Thes L sledleas i kuoken s tle
anrtbivminbal L aliedses
The Ll idgelin 1_pj'n. ) et o[- ledfamed Moy erwaiis b JF op = 20, waer ikl

T L
o (-—.ﬁ I!II)
wrod chefio spl 20, 0 = gyl T O Dhowe B adsidaom oy Bxmows oe 1k syme-
plovtye Ly fys s
Mt follows froms Exercpee 212 thar soqn. € s spio, €3) sro sutsdgebooe of
slive. €. (Thip also fodbows o the expliclt luses givmn o Chupter 12
W ot oo bt ol the esgcopdjosssd L adgodsese sril Clptay 10
Exercie 4.2
L € L. St Uhik A b s Al L2 €1 Ll s A 0 1

b it
1l (m l-' )
g —m

webire o ok o e secsoateoresn Ferioe oo thee oo of <pl2 L (B
Exorwiso A2 1l thwn ant Doy x|



5.1 Nilpotent Maps

Lot 4 be o Lie sabalgeben of gV, We nay pegurd elomons of L as linear
trosfipamtiony of 17, w0 o pddition to the Tae brackon wee van also exploil
coposdtions ry of liseir migw for ¢ g € L. Chae minst T oot howevir.
Wt depernl vhis Couipeeltion will sol belobg (o L. Supjase thal 5 € L WU
sibpotent e it b o7 =0 for siae > L What doos this (el i bt =
wi o dergont of the B alpetea”

Lemma 5.1
Lot w £ L 07 tho Yuowe magrie -V = Vs afliporent, then ad o 1 L - L v aba
ullpoteit

Progumbibon 9.1 (Exorcie on pege AL svtion 4 20, Lab L be o dow slgrdre. Thom 8% 5 fr
hqr-n.mrhlntn avery atlpniloit dr-luh in woalrrdde

Frvesf, Thoe ot troir o o = ) sipin L' = L) o I S tlind L C00F For i i & N
Thami

e Al BTN B N l_J‘"'I- Sopaifle g oeye V)
L =L = wpaalepl e s Lp2L7)

'Ehﬂ'l' IIl'.': II".
PG ot w e L) Sl 4 Lp e £5) C 87

Thes by dnbiethom, L9 C [P e all L= N Hﬂihrmuﬂlhﬂmﬂir-wlhinh
wiilvalil Duvemubiag I 1% o 01, dhoeki E% 2 15 o0 Doy LV 0 i



P mm {Exirrime b} Db Ly = Ly b b sl Koo ooy pimar. Pl
Slhy )= Ly

T'hcﬂntmmﬂphwhrl'hlm i Forpome 250 Suppose b staiemenl; o
ﬂrututb—u W el by 4l et ml;rlntlmh I ertle g b= w s L,

U™ AL
e el o BT
= wgpusi (M=o g - 2. 9 I.:u]
= spunfiods Lol Le, e 1Y)
= wpmifle, ] aze B} L
=15, 447
:Mﬂ“
Tl be bnpduethon o sbadomn bty Log wll b & % -

Layuma 3.5 II'IIEI-HFHJ&-IHLIH!M&IH]M“MHF o= A -
Moayprmanphides Pon @ L) i aulpatedt sibidgiten o 1)

Foied, W etiome Privesl Fainavivie 306 it b0k 1 Woo ishualipstig of ML S B b asfjioitn,
L = 0o merree . Thiot b § b o B, o L0 ) = <%00Y = 10, g ol 8 s ot [

Progiiomit et 00 [Resvsi 401 17 L i ilpilens, this ael £ in o' hslpmbend dibaljriei of
RlLL,

Lot w2 L— LIZIL) b lthiim] o g =2 = ZTLL This bs bl tmtis heanomsenyilinim
W Fartvhe 200, Thue sbioe Lo bl ofL) = E7Z(E) s wikpeitiii.. By (he 10
Brrnorphbm Theoesen, &) b sl = L/ h) =l Lowaowd L s afiprean, 1

Pruogussiidog 0,10 iForeciee 008 Fal L e o biilphibens sabulpehes of g/ L1 Abeii £ in iy
et

Feef Ve g vt o L — gl s oA ey, wilh levad = F{L), Ny e
Dol Taieburplibion Thaihou, L7 lerad = LRERLs o wl e -Thie LiZ{L) s ullplitued, e la
Lovtmna €00, & b mitpobenit I

Prapesition W, 17 (Fxrmiie 460 Led L be w Lor adyibim witle mas nimeapes abo b ailosls,
Thew L sermia izl

Praaf, Tt T Yie o wilvalde HMIILMI“'—ﬂﬁwmk Lt a0 o (i stsiasinsgensss iof
il such i m.l""*:r“hu‘la“"“‘ # 1) Then Jis—4 |lnﬂn.'mhnﬂullnf[-.r.l-l"‘ U
Sy ww by comhendierion, sl F'"""'" — lagul He==tl 2 T'I'nn'-lmtrllnil I-'Imi- L b
b molvbfe hsals 3



IDr.Eng;Ir Phn-cm;mm Mesiules and Representations |
Iﬂq}ﬁeﬂmm-ﬂtﬁem 18 concemmed with the study of the way in which certain alesbraic ohjects
(tn our caze, aleebras} act on vector spaces. There are twe Ways fo axpress s concept; n tens
of represenitations of (in more modem language) in terme of modules.

Definition:

A representation of 2 K -alzshes A ) shemememphien T of A into the alzebea E(V) ofthe
linedr operaiors on sime K -spice V. In offierwords, 'Ia&e‘ﬁﬂ:ﬂfep:ﬁemmanTumuﬁgnE&
every slement & € A lmesr operator T(2) insuch away that

T 4 L) == T ) 4 TYLY

T awan} L h

T{ab) = A« I8}

TN s % EWe Bafarewt by aoxgeam mtase )

vk mrbitrmey s b 0 A, o0 & K. I the sjmos ¥ ke Onilte dionseosioms] . the e
iliypiopindony & colled b diviriesdon (o degres) of (e seprosaonbabbog 7 Ty
derily, thie linage of 1lhie represontnilom T, L e thes eet ot wll aperators of e
fisesn T @), burmne s subalgebea of E{(V ) IF T s & mosomorphilse, shees thie
mubentmebars s lli.-cl.l.n:l.rlll:ul:- ewe ke nfgwben A In thie e thin regunssssn s lan s

makd it e fairhfuil

A raght siodele buve & K-alpobas A, or s slghit d-nwilule, s & vevlor spaace
M over the Boll K whose clomenus can be muliplied by the slonesu of tle
algotsrn, | e o overy poar (oo, a2 € W, s € AL there carreaponds n o 'm-.r
el pardieeel eleipent sen £ A sacli iat e Gllirsing aaime mre aal

Ly {wmig = #ezjel sm svugem < svega |

) il g | o= a4 Tag g

A farers Jon o wpal diew ) oo dif revin o b e 2 BN
b e ol o= vwien bl

2} el e oawy

Wo slinll ahosy Lhind, for any seprescitation of the alegeben A, we Cin ol
ptrmet # might wndle over 1lin: algebrm, and vhee vyoren! for any right madaie,
Wt CAT ennRtToel A Eeprrsentet on

Lavt T M == EIV) b s repecssntet oo of the algelire ol Dellos e
prresluct of Lthie slesnents of V' by the elabsnes of Lthe algsbhra h-_r PPULLIE e -
vTa) for any o€ V', a € A It folleres immedineely from the defimtion of n
ewprrmmerat mtboen thal, in this way, V bimexmpnes n rigght A-rsoelule. We any (lse
ihie sgsalule corresprmidh to U ropresentpdbon T

O dho othor haod, AW be s right rmoedaie over A, then it fillows from e
nacheines i o pooadude thnt, for o fixedd a € A bhis map Tla) o e i e s lenr
transfcsmation in the space Af. Asigning to ovwery o the operator Tia) (o s
mnlrix with respoct to o Baeie), wa obimn s repressninison of Lhe wlgetan A
correeposatiogg ba bhe modole AF

It would be ressonable to-ask 2t this pomt Wiy we have mirodnced both representations and Z-modiles.
Thie Teason iy that both approsches Fave therr advantases, snd somiehimes o approach seems more
naturs] than the other, For modules, the notstion 1z sesier. and some of the conceptn can appesr mere
namsl On the other hand, hatns an-exphicn homemorphism ta workwith Gn be helpiul whes weme
mare meresisd mthe L iigetﬁﬁy_n mthe vectos spaceon nhuch facts

i3



Definition L1, Lot & be o ring o with kiéntity clement | g A loft Renusdife (i janl
R-mowhilizh o an abehan jrromp (M. ) wgether with a map

RaxM—=M_ iroj—rg-m

speh vha) forall e, r & KBoand all m,on e M owe have

i ir+al-m=vr-m-+v-m;
UL r- Un—0) =F - Fr- 0,
(i r=lx-md=1irs)-m:

ol = mr o=

Reark 2.2, Completely analogous 10 Definibon) 2.0 one cpn define  rrghy
K-mehiles, wsing a map M. x B — M. tor) v+ m - r, Whitn e nng K
b bt commutative the beluviour ol left modules and of right modules can be
different: for an illustration see Exencise 232 We will conulder only Teft modules,
since we are maidly interssizd in the cise when the fing i o K-alpebra, and scalas
e usuadly wotten to the left '

Before dealing with elememiary propertics. of modules we convider @ fow
eviimples.

'E.'lmu'ljr.lfr 23

(1) When B = 'K is a held. (hen A-modiles are exoctly the same i Ksveginr
spaces. Thus, modules are o toe generalizotion of the concept of o vector spage.

12) Let & = £ the aog of jmegens. Then svery abelian group can be viewed as
W E-modile W w = | then n - @ b sel to be the swm ol w coples of @, amd
f—d) -l = —(n-a) ud OF - o = 0. 'With this, conditions (1) 1o (iv) in
Diefiuition 2.1 hold b wny abelinn group,

(3) Ler B be aoving @with 1), Then every left udeal J of R icun B-modole, sath
R-action gaven by rmg muliephearion, Frest, as a leftadeal, (1, =) 5 an abelun
group, The propecties (i iv1 hold even for arhiteary elements in K,

14) A very dmpuortant special Sise of U356 that every fng K5 an R-modale, with
sotm given by ring multplication,

(5) Suppose My, ... M, are R-modules Thin the carieatun prodigt

My w e M o= Tty o) [ = A

oan K-module if one defines the addetion and the action of B compenentivise,
wen (b

oy, et i=Arniy. ... rmy) fore € R andm) € M.

The moduld aioms follow  immediately from the fact that they bolil
Mi ..... M‘-



Erample 2.4, Let K be u held,

(1Y I A % a subalgebra ol the algelira o o % n-matrives M, | K. or a subslgebra ol
the algebm Endy (V) o K-linearmups on'a veclorspace Vo {see Example:1.3),
then ‘A has o natrad mosdule, which we will pow describe.

i1}

iy

Let A be o subaleebia of MK ), and let V= K, the spare of column
vectoes, that bs, al = |-nuitrices. By propenics of matrix multiplicition,
multiplying an o % g-matrix by an o = 1-oueda ghves an o« Lamatris,
und thic sutisfies wxioms (1) 1o vl Hende Vs an A-modile, the naniral
A=inhile, Here A cotld be all of My (X ), o the aliebra of upper trisn guloy
o= m-matrices, or any other sebalzebrs of M (K )

Let V be p vector spuce over the ficld K. Asmune that A-is g subadgeba of
the alpetra Endg (V) of all K-linear maps on V' {see Example | 3} Then
V hecnrmes an A-module, where the action ol A ks just upplyiog the linear
mipe b I veotens, thal as, we el

Ax V=V, [p ) +=g-0 =gk
To check the axwoms, fet . fr = A and v, w £ ¥V, then we hive
(g1 ) - ir=dgr ) = gi) - B le) =g - H 4 i
by thie defimithon of the sum of (wo muips, and sinularly
W e (04 ) =gy W) = @le ) i) = g e
since g 1% K <linear. Morsover,
gl vl = glgie)) = () e

sinee the multiplhicainon in Eodg (V) s mven by éomposiiion of maps, and
cleardy we hove L4 v =adyiv) =1

() lonA=KQ l'hr:thr.'pm:hnlgehmufnqtdm . For g fixed venex 1 let M be
ihu spains o all paths in (2 staring at o, Thea M = Ay, which s a left il of
A and hoe 15 an A-module (see Example 23).
13) Lt A = K be the proup algebri ol o grobp 6. The trivilel K Gamoadide his
wtider]ving Vector spaice K, and (he sction al A |s defined by

gox=x fppllgceGandx = K

anil extinded Fmearly to the eotice group algebea K G, The modile axtoms arc
privially siatlsfied,



(41 Let A be an glgebm and A a subalgeb of B, Then every B-module M can
be viewed as @ A-module with respect 1o the prven setion. The axioms ane
then satisticd since they oven l-ir.ﬂd. for elements in the lirser slgebrs 8. We
have already tsed this, when describing the naneesl mndule for subaljrebras of
Ma (KD arol Endg V),

(5) Lot A, B be K-ulgebras und suppose ¢ = A — H I8 o K-algebou homin-
phism [F M i g B-module, then M ilio becomes an A-modile by sefting

Ax M = M, (o, ) b= -m == glaim

where on the right we tise the given B-modnle stricture on M It s strmghtfor-
wird po check the nuodille axioms

Exerciee 2.2, Fxplain briefly why example (4) 14 o spacial case of esample (5),

We will almost alwavy focus on the cise when the fing ix an alpehra over a beld
K. Howevet. fordothe ol (ke general propertics it i convetiont 1o see these for rings.
Toahis chopier we will write B aod M i we ane working watd suy K -module for 4
peneral rng, and we will write A and Vol we are workang wirh an A-module where
Ao K -olgebm.

Aswime A s a K-algehra, then we hove the folliwing mportant obmervation,
namely all A-modules sre atomatically vector saces,

Lemma 2.5, Lot K be o field and A o K-ulgebra. Then évery Aomodile V i 0
K-vectnr pace.

Frioaf, Recall [fom Remurk 1.2 that wo view K s a sibset of AL by idenalying
Loe K with a1y € A Restricting the action of A on'V givesysamup & x '} — ¥V
The: module axioms (={v) from Definidon 2,1 are then just the K-vector space
nxioms for V., o

Remark 2.6 Let A be a K -algebrn To simplify the comsarution uf A-modulis, or o
check the anioms, it ix tsuitlly enowel 1o dial with elesents of a lised K basis of A,
recill Remark 1.4, Sonietinies one can smplify funlier, Forexample if A = KX,
It has basis X7 tore > 1, Becaise of axiom (ki) in Delinition 2 11 suffices o define
and to check the detii of X bs this dlreidy determined the betiod of arbiirvary basks
cleinenis.

Surrilarty, sonce an A=modude Vs always a K -vectore space, i is ol1en comnvon tem)
{emd enough) o define actioos on. o K -buss of V oand also check sxioms using a
basis.



Dermirmion 122 o d-wmodule o faote duneasoasd of of 0 fudte Simencional ar o veckar
e A A-module M ll.-ul:n'lnlh a ot {mny It—.f]r fuchame J b o ey det) o ey
edemaeant i f M coet Bt wyrintens by the form

= En.m,
i

Jor etmie i © A We sy thar A is linitely generntidd o ot i1 penerased by i fuiee vor of lewiiomee. JF
A 0 o ffte disienfosod olpedin e M iy foitely generated (Foamd ondy (FAL o5 freipe diverns iooterl

Leswn 113 riwr Thers [ e naeterral equeimdfence bernoen laft iretpeciively right) ol

and right {reapwcimoedy left) 2" ool
thy There is  natars] equivetlence between rpresmiasions of A and left A-emdyle

PROGE. We grve the correspondence. m each cass: detmls arc kil in the render Given o left
modide Af for 4 with bilimesr map ¢ © 4 « M —- 3. define a right A"F-module stracture an A
via the map o' | M« d — M ziven by ¢'(m ) =@{r.m). N is o5y to verify (het § s an 4
bomomorplidm.

Cerven & pepreseptition ¢ - 4 — Endy[M] of 4 we define an drmodule stmetie op A7 by
el
i = d{a) ()
fee all 3 £ & sk o € M. Comversely, given an davodile M, the map M —< M given by me—s o
o lineat, unl gives the desired epresentation @ - 4 — End (M) g

Derommos 124 A bisonomuphsus bietwevn A ouodider Maond N i linear map o 0 W —
N 2o thig dlowm ) = 00 (m) for all @€ 4 andm AT Thie o on womorplusm precesedy whan the
linear moap is a bjectiom

Derpsrion 1 2.5 Givew an d-wednle W, o sobymbdie of M 3 @ subepace N af M siiéh thog
Jor wllw & N oid o € A wo lvean £ N (Note thot N i i Aol i'ity ower vighi ) Tie gootient,

R
MIN={m+N-me M)

1.4 Submodules and Facior Modules.
Idonls and Quotiont Algobras

I e wsll-basowss that, Lo Besss aigelss, e Sdrin et ol i dverimerk el
i'p--nﬂl'ulupl:nlmr plays & vewy binpesinnd sole I we have a8 mepresenintiomn
T i A — E(V) of an alimbee A, shan it is serural e considar ilie sulbspaoc
;}"‘ wlicll arv invacdand with eeepert 00 all Gperators of Dl regacsariban o,
o loadp to the comoopi of & s e
A awhmodals of s .‘.-tﬂn-:l‘l.ﬂ.p Sl -.-u!'—]mr' N Mowacly ilhad e £ N
fow wll sbtmsnts s N and o g A
T M s Bamls ey L s ) e bhe subepecs A and somypleie i G s bassis
ol AFr [Bgye e ey Phage: . o Pag ). Tl with peepecs to e Ll D poijie.
ErmitEtlivn T cewmrespiondlog ba ihe msilals M Tiss e Gorin

" Tt'l:-}
T = 1 orasy m.t-n)

Buch m repreroniEciad (adod sy s ahidlanr e i) i valdlad reduaible. Clesd |y,
'y e L represepnlatioyn corvespesiid g to e enndale N

O b dithier hand, bt & repressitation e redocibls, | s have & fraem
(14.1), whesye T & n Mmﬂm k. Then rthe subspaos M

(1.4.1)

-



spanned by the ot b elmnents of e bitis, s svsiant with eokpect 1ol
ppemtors T{a), i e it i o sabmodule of Af

1t Soliows from the peoperties of operaiions with mrlrlees pastitlossd mto
blockn, that the map a v~ Tila) is also i represeuiztin of the algebrs A The
earvespatitlitiy module can bo interpreted s follows,

Let m € M. Coosidér the set i+ N conststing of nll elesurnis of the
form 4 n, whete nootes throngh o3l N, Soch aots are gnlled fhe oo agrsimion
claspes of M by N (edemrly, the conproenee clios m+ N i & Hoeae vaniely
‘defined by the subiajiuce N thoviigh the vwector m ). 1 oo elensent & Deboigs
1o the cinss mo+ V. then we sty Gt > U cangraemt to m malnle N e
write 2 = m {rod N ), W:mpm;m-hnwthuttnmnmm{dmﬂhn
voinride 'or s diigsint.

Indeed, if (m + NN [enig 4 V) @ @ thorm thiere are vwo elsttients g sl ng
e N ek Lt may 1 =g + B, Fruth here, iy — g = g —oy =1y &N,
mnil frowr every elemeit n & N,

iy 0= myg 4 fg <+ nE my + N

anil

mig 4T vmy W - my §omg N

e mz o+ N =mg 4+ N.

Doc can sec camly thae il r Ems N and g e m’ + N, ez +y &
(o'} 4 N and adeo e & om 4+ N ndd 20 € ma + N for all dlementa
o € K. a € A Consequently, ime énn dafine o0 the set of the congrisics
clumes an. A-module mrociure, defining

(m+ XN+ 4 Nj=(m+m')l+ N,
a{m+ N)=am+N, The)
i NV Y v+ N

Thnﬁﬂlﬂml-ﬂmmmmﬁﬂindmhnmthnwwﬂhmwﬂh
thie elasses ure detesinlied by weans of thels “epreentatives”, e, by the
eperatinns in the module M.

mﬂﬂmwMMdHtﬂﬂlﬁﬁﬂhl with U mwdole strue-
Im!thﬂﬂﬂihjﬂlﬂihu}hd!hrﬁﬂnrmﬂihﬁfthmﬂdﬂhﬂhrlh
subimochils N and i denotad by /N,

Observe that the factor medule definms & cononjcal map w: M — M/N
-ﬂpﬂqb:udadﬂnmimeumedmn+ﬂﬂwulhr e
(102 moepdy thnt = jo 0 Bidndomorpbiien (il etriounly en egimiorphing), We
shinll call tlis eptsmotphinm Aho grajection of A onde the factar madule A/N.

It is trivial 1o werify that if e, .. u]'tl:l.l'.'mlnfﬂ'ihlillu-h ey P}
its comnplnthon to s basiv of AF, i Ve linnwes ¥(eafz) - if{ta) firzans
bmabs ol M /N aniil the correspemidlag representation moinoides with 73,

The submedulos of the regular module ire called the right sdesls of A
Thus, n right idend i nospoce T C A sach that, if = € T and o & A, thes
mE f.'ﬂnﬂ#miqduhlp!lhthﬁm;qhmnduhmuﬂdﬂukﬁtm

=



Let us poitit out that in the term “night ideal” we shall never amit the adjective
“right™ becanse the term “ideal” alone is used with quite n different menning.
lsportant examples of submodules and factor modules vecur in the study
of homumorphisms.
Let §f : My — M; be a homomorphism of A-modules, The set of ell
elements m € My for which f{m) = 0 ks its kernel Ker £, The image Im [ of
the: hoamonorphiam [ is the set of all slements of M5 of the Sorm fm).

Theorem 1.4.1 (Homomaorphism Theorem). For anp hemomerphism
F i My — M; the bernel end the tmayge ore sxbmodules of My and Ms,
respectively, and Im [ ~ M, [Ker [,

Proof. Il fim) = fim') = 0, then fim + m') = fim) + fim')= 0, flan) =
af(m) =0 and f{ma) = fim)a =0, L.e Kex f= N, 18 o submodule of M.
Similuely, since fim) + fim') = f(m + '), af(im) = flam) snd f{m)a =
Fima), [n f = Ny s s submodule of M.

Let w4 Ny be an element of A, /N and =2 € m 4 Ny Then = = m + n,
where f(n) = 0 which yields f(x} = flm). Thus, putting g(m+ Ny = f(m),
we defiue o map g ¢ My /N, — N3 wmoreover, from the fuct that f s o
homomorphism and from the definition of the operations (1:4.2) i o factor
midule it follows that g is o homomorplism

Assamn that g{m + Niy) = 0. Them f(m) =0, Le. m € Ny, nnd therefore
m+ Ny = 0+ Ny is the zoro clikss of the factor module My /N, and thus y i s
monomorphisn. Since every elemest fram N3 bas & form f(m) = plm +-N ),
¢ in an epimorphism, and heace an isomorphism of My /Ker fontoImf. ©

Although it is very siuple, the homomorphism theorem plays en impoctant
role in the study of modules. W shall ilusirate this with an examgple.

A module M is said to be cyelic, if it contains an element mg soch that
every element of M is of the form mea, where a € A, The elemant mg is called
n geunerstor of the module M.

Corollary 1.4.2. Every cyche modnle 1o pomorphic to a facter module of the
regquinr module by o switable right 1dea!

Pruof. Let M be a cyclic module with a genermtor myg. It follows from the
modile sxioms that the map f : A — M defined by fla) = myu ia &
module homomorphism and that, since my s & generator, I f = M. But
then M = A/Ker f, where Ker f iz o right ideal O



Let A nrid B be two nlgebras over o field K and @0 A — B s K-algeben
homomorpling. [ty image Ind = {$a) | e € .FI] in, of courst, u subaljgebra of
8. But the kernel Keed = {a € A | $(a) = 0) is pat & pubalgebra beeaune 5t
does not contain the identity. Since # is p loewe mnp, Ke @ is 8 subspace of A.
In addition, if = € Ker &, then for any a € A, Flar) = ﬂn'pﬁ{r]l = ${a)0 =0,
und similarly M ra) = 0, 1. e ez and re both belong to Kerd, In other words,
Ker @ s simultancouasly o right and s left jdeal.

A nubepace which i at the same thoe s right and o l6ft idoal of an algeben
in eallod an 1deal

Given an ideal T © A, one can construct n new algebra ns follows,

Aguin, conalder the set of al] congruence clasges of A by £ If o + § and
b+ I nee two such clngses, then, for any r € a4 7 and y £ b+ I, the eloment
quumlhu:hmanI Thﬂcﬁunihrmﬂﬂlm:nmmdmm forms ay
algebrn over the feld K iF we gt

lad+N4lbs+ N=1le+b)+1T,
wla+fy=aoa+l, ne Kk,
(a+ 1N+ 1) =ab+ 1.

This algebrn i called the ynobtient olgebra of the nlgebrn 4 by the ideal J and
i detioted by AT The sero of thin algelirn i the closm 0 4 T = T, and the
identity i the closs 1 4 1.

The map = : A — AfT for which s{a) = a + [, t» an epimorphism of the
ulgebea A onte the guotiont algebra A/J. U w called the projection of 4 anto
AflL

The following results are completely muilogous to the cormsponding the-
avemy proved for modules. Their prools, also similar to these given above, wee
left to the resder as 8 simple exereiie

Theorem 1.4.6 (Homomorphism Theorem). For an algebre homomor.
phuzm @ : A ~ B, we have Im = 4/ RKerd.

Defimtion (Medules for Lie A leshms))!

Supyyuee thst Low oo Lie alpslon oved p feld F. A L opefule o £, or aliee-
oativeldy an Lormadile, s a Bnltsdlinrmvional Fvectos e V' bt leer with m
I_I_I.l.lll

Enm¥ =V (ne)leroevn

gy L e erpal Iulopis

(Ar 4 myl - v = Al# - vi= jily -, (5 BN
& (A F i) = Klx - w)'= jir-ae), (ALY
s ] <m0 = < (- 0y = - {r - w), BSH}

Yol o, g &0 0, 0, we &= W, amngel A =R



For examplo. i T Ts aoveetor spuioo snd T ie & Tae subalgebrn of g V). thon
one iy peandily verife that Vo ol Lomodile, where 200 the Tminge of @
under the Gnear map -

Note thut (M1) and (M2) are cquivalent to saying that the map (2. 0) =200
in bilinear. Condition (M2} lmplle= that for ench 7 € L the map v =+ = - i
w e endomorphiasm o of V. oso alements of Looct on Vo by lisenr maps, The
significance of (M3} will e rovended shorply.

T msdules nnd representations am two different wiys to deseritio (e s
structunds, Given o ropresentition ¢ - L < gl V), we tiay ok Voo L-module
by lefisig

r-pi=wlE)v) orzelvnel.
Lo show thint this works, vwe wust cheek that the asdomy for au L-oisdube ae
satisfied.
(MI} We have
(N +up) v = Az pplle) = (Aal=) + paly)iie)

s g b Siner By the defiuiton of wddision ad scalar amlbtiplication of
bsene-maps, this i As{z o)+ paip)lv) =N v} § plg- vk

(A2 Comudition N2 98 shoodlarly verified:
(M o) =3 r) AR5 pie) = Agie){B] 4 pa i) = Alxop)d gl w).

(M3} By our definition and lrt'mm' o % e Lidn ]mmmrphltrm. v buwn

feoy) v =l g]iv] = [elie) olyllie)
Ax the Lin hepekrt in gl V) is the commutator of finosr mape, this equaks

elad(elad(n)) — wludlwtedte)) = = - (g ed = g e v),

Couversoly, if V' is un Lmonlule, then we v retbaed V'@ o sopresentiition
al L Namely, deline

v id = gll¥)
Ly lettitg (2} bme the lisear wimp v e 2 5
Exercise 7.2
Cherk thmt & s a Lie algbony, homomorphijsm



7.4 Submodules and Factor Modules

Suppesee that V k on Lle mioddle for the Lie slpelea L. A subpodale of 1
i= i snlspace W ol V' owhich' s eacoot oouler ilie aetbon of £ That ks, for
vith = L bl For caidi w € W we lime 20w & IV, In' e langunge of
‘pejibemetitn Ehonne, wotwodedulen ee koiown an siifieereseiifattuna

Example 7.4

Lee i be m Lo algebrn. We muy make L into am L-modinde via the ndjomt
gepresentation. The sulwooduies of L oo waatly e jdoabs of L. (You ame
nabenl b elurk thHH:EmtﬂrT*p'lH-hm'J

Example 7.5

Lk £ s b, £7) B e Lde allgritara o e n bpapeet dribrygulo pueibders wid Jet
Tt thie buad ] f=mommclindie, s b diflinithien V' = F™ ol Clie it don ol L is gl
W epplying et to ool yortoos

m‘:lu |¢n.hmlﬁw1#"¢‘r-ﬂ‘t£'Enrlmnﬂ'r--
Spandng,oone b Exercine T 6 balow ashes yom 1o shawe thnt, W dam sibanawinie
oV,

Example 7.6
Lait Lo b solvibliy Lie algohon Supiese that &1 L —+ gV} s b roioesibiitiat ekt
of B Ax & i o by plomon, im g oo sodvibile submigides of gh ¥ Poogpo-

srhon 6.8l mindn prep i he proof of Tie's Theoee) tmpbes Shost 3 huin
tclimpengonal sulwepresenialion,

Sripgreese think W ds = suibiwoilnli of the B-tesidithe V. Wie can i 1 e s
weartade s TV/V e strietuee ol an Sl by st ting

s v Wi=i(z )+ W ImzcLlmulvel.

Wir zall this madnie the quofirmt or fisctar madale VW

A dismral, we tiles st elisk thise U aethory of £ by sl ined. Stjijmmse
that o4 W= "4 W . Thep \z-wp 4 W [z ") 4 W = 2 [o—v") IV = |51V =
r=1'& W and W & Lioveciant. We shonded alws clieck that Che sction satisbes
tlie Chidwst idetmdibhornas: DA ). (NI2) amad (M. We levaves ViR L6 e reiibibi. Shie
will sée LRl et proper by follows shskly Do Uhe etetspoisdiig profiety of
the Loniodule V.



Example 7 7

Supmress tliat b mn el of (o D lgallien T W v sew hiant [ s aisbhusonn-
ale of I whon L b consbdeved s i Lminhile vin the aeliobinn enpresoiration.
The fartor rosdnle L 7] beennies an L-mediile via

Folp=d)i=tmlzdp) + 1 = 2,0+

Woo pmn sbuewpeen® s bie soaliforent, sy, W ko Lt L/ i oubso p e algsben
(sew §LT0, with the Lie bracket given b

fevloww I| = fesg) =1

St vreimbtol s as L4 Faniddude, Hio Bustor muodibe LT b U adjotin tepromseti-
tation af [/ F on jeself

Example 7.8

Let £ = bire F)osind V= #7 e Iaomnile 7.5 above. Foor betwesns 1 amd 0
amd kW =¥, b e pedusesshonal subnoodite defioed wn the exaple

Lt r& L bow mainit X with nsport 1o the staawlaed Dagine Tl apptre
for the wevion of & on Wowath respect o thae basin o) i olained . b
pmkiog the npper $ft ¢ o ok of X Mopsoeer, the mmtris for the sction of ¢
ots the qruethmt spece V11V with pesgoct to the b 00 = Wioooes = IV s
whealsol by tahing the iwor vight 0 —r o n— ¢ Wock of A

f‘ﬂ'u LT+ ST 1 'I|
h axmg ... =%

A= 0 0O ..
Bppuf <o Mgy

\ 0 oy

Ar airtinl. o npcks i blok of sodmportant eities

7.5 Irreducible and Indecomposable Modules

The Ll smpdudie 17 ls ssabid pis b irveefesble. o Hmﬁh'. AT M-t abiel n
huss. s sahimenliles ither than {() and V),



Qe thEt Vol a momemen Lol We puny Bl wn Brrsbdie e ail-
sl 8ol V' by ealiing wng sios-aeno sbasodiilo of 1V of sl dinensdon
(W b prmdiniblie, Ehai wee fist bk V- lhaklf ) e austbent nsdi)e V7S will
Haell hawn an rveducibie submaodilie. 8% and sooon. Tn 2 seme Vs made up of
the shnple nelabes 8.8%, . One sape that Srrveduethle siodole nee the bydiling
blorks for all Unltedivsasional ol

Example 7.G

(1) BV b dadimencdonn], they Vb trveeducifle. For vounple, the brivial sepre-
samtilion ls always lreelipdble,

(2 I L s o sidipde Ll algitos, thon L vieswssld ok ain Loriiodidbe via (e il
Jolitk rosrisesitntiish s Erétduiibile. Fn kil sl C) i il s mn

(3] UL n el solvanlsle Tote mbagebaci Gl 1 fallomes froan Example 7.0 thiat
all the yeducilile ceptedenintionn of L ate ]sdinssional

Cilveti & meslitle 1) how e one digermaing whethey or tot 1t Is Bredneibiln !
Oreiie ssedunl cirbberion’ i glven o ¢he fhllowing oxeseine.

Exwmerse 1.3

St Chint Vs timafoctbild 1F wed ondy I for any geteoons ¢ = 17 the
sttbanodnle genoratod by o contaloe W obseisdiite of V. ThHoe subrmodule
gonetited by ein diefiod to b b subapaoe of V- apeutied ey all slepnste
of tlie form

T By .. V) ...y

whl'ﬂ-'f Ty, rr--lfrll.‘:-;w‘-

Armilther eriteriiih thint B soiteidisien uskfil s plim b Exerdie 7008 6l Llie
il of this chapitor.

IV i an Lanodide such that V' = 17 & W, shiro bath' {7 and W are
Lesubmidnles of V_owe s thdt Ve Lhe divecd sornd of bhe Lomdole {7 nicd
W, The inodibale Vs wnid to be éndecomposadle B e wre 0o woieeoro sube
ttbcil e 00 ared W it ik Vo= 003 W Clderly ainicnsdicible siodnale IS
indeccenpisabile. The converss ot nivt usally bobd: See the srcond exnmniple
Lo

Th L-tisschide T 1 conppletely redfucible 1t can T written e dised s
of irtdueiblo’ L-iodulos: that &, V = &) 85, &0 @ 5y, whitte obeli 5, G sn
trrsduciblic Lanabodile.



7.6 Homomorphisms

Let £ le a Ll aligelive apid et Voand W e Essodiles. An L-papelisde o
usnr i or Liv hasumorphizn Bom Vb 0V bs o fisess b 80 W W wahy
ik
M) =z-Mm) Forald ve Vow e W, amlg e &

A b pdibans e o Lipsckive Lomodubi lmwrorphisgs

et oy &t L = gHV) miewl 2y 20— g WY He. LHd  reipositn UiL Lkt | odar-
risiperaidlingg fo V0 aiw]l TV Io the buoguage of soprssambations. the oaidilinm
Ty

oy =y ad

Homoanorph kns are in parthenlag linoar mages, so we e talk atour the keenod
e i of an E=svsbole bompmopphien. Asd as oxpoicted. Wi ae W
following tonmsphiden thearemas for L-tdnler.

Thearem 7.11 (lsomarphism Theorems)

() Lee @ = - W7 b i Lnmonswpibisnn ol E-ouisdulee Thim lor' B & an E-
stffartpondaide of Voand o ik an C=siibooodnbe of V7 il ehete 5 3 sodiioe-
petianin oo Eomimnioduides,

l"'fknr_ﬂé &

(AL omed W awew susbinachudes o 4 oleemy £ 2 W nese] £7 0 W nee mubenadibes
of ¥ and (174 WI/W 20070 0 W,
te) 11 el W nre siboualitis of ¥ sieh that [T W thes WAL bs &

sithivtaodhiiley o VAL vl thae ) Fiictior pvmdude (VU )EIWIU T i imocnoe pliin:
e VL.

Lemma 7.13 (Schur's Lemma)

Let L b doinplex Lie ahgchiin sinl et 5 heop finitedinensionn] breducibile
Lopusbule. A mup 0 5 § b an Lpodule bouomvaorplilsen i wd only i 8
o scaber uniltiple of the entity tragaformation, tut b @ = Xy for s

A O
Lemma 7. 14

Lot L b s coomples Tie algedern and bt ¥ Tl oo beesilocible Leonsowlboke IF
z e ALY, then = nets boy wendne omdtiplientjon an Voo tha e thiore e some

XS D sl thet 2 - 0= Aw fimr all v e V.

L= & Bor o T slagplae svwwe § da bepeeteasl syssmyris o = eyt bl e
wd & b vhes dalferbinl Fueprreal ol i ol [ e by e ae T ovembin g £ owiiil

bnpmm i il ] L e gl ) = by
bl iy = g
'I'.'-l_ﬂ‘ '

=



Proynritlon ELS (Bt T5) bet L b o Fimtle-dippewponal L wlpehin, Letald L —
gl L) be the Adpbleip Krrnomarpbie ond define ep aetian of L an adf bl

Low L= e~ p=ullr)ly) =[r.y
Thow e onhonsalilisn of L o eroiadisde o proesndy the sdvods of L.
Proaf, Let 14 L ho sy mbwt, andd Mt = s & £ Then
el = |nd=}
i J b Leipnrnaiiil exncily wlion [ & widdesl il
Proposition 124 (Foergise TR Let T e w finld wod fe2 L=Tolo: FY wwid Vi =F* .- Then
Vo an L-omwwds wherw the ardion e

Luif =V A

Vsl &, suuligdvey e siairis by @ oMump vl

Pl T wch @ Fooow s Voonedoes g L T sing semodod progiontis of msoren mofapdim:
(RS
i+ hyle =alrv )+ bim)
#iwe —biv) = que = sl = aley] =hlrw)
&, Wi = [rw — yr)v =ripn] —wiav]
E}

Proposlthm 115 (Fxwerie TUE), Let F le g fields el et L = b FLV = F5. Lel
()88 oo v b thie abeiivdand betsis for =, dnd ket W, o= spai[ngiey..ooee]. Thint 1, o u
wudmrodule of 1V padorre Vo los fhee -nmmt-hfrﬂnmrr e o geprd 1)

Mool T aliees fir z @ B € Wy, wehmv e S W etz o Lo 2 W, Lab 2, b tir
70 gy o £-adul 4 o thes i) ey OF w, ﬁhx:kln:m sriungibir, 1, = 0 Jof' j < 4
ki ndicr m & W, g, =110k o f, B Ko thiar

-
brw), = z;rum;.
=

Whati | % et e D' sl B e § < rar o= I < r tlth j € r< Endag, =0
Iy e, ehum oWy = 0, Thos whim 4 5or, smech verm of o smoanstsom s s, s Gl =0
for o < v Tlinw 2y = . I
Frojumlcfom 1206 (Fxabse TOR), Lot F e i firld bt V = F5 wnd lot L= W, F) Lat
V de um Leracdole Ty dppltng wstrices te codisrily boclors. Then doinil ssh oot dulin idhule
2f V' wn egroad dn e WS b

N, = :]_]mni!:.‘. [ p*

e g ) @ the atiderd bavie e £~ ) Farthormiare, enck W, eredacarnpuesa We
el Wi =2 then U as Wl soimpliotely tesfuecthls as o Lo migsnle

=



Propeosition L2114 | Eser e T00), fﬂl.lr-nh.i!phﬂmrFmﬂrﬂ b orm L-mrsemdsle
Che Thre llaeid spuue 87, difisiie aire acboiih i L by

Lt M) = =8 o)

Jirw e dovs VeVt Thacton givie V™ ihe atewetiion of s Loninfiske,

Prood, Wi et b shom Uit ther consdibom M1 A wud 353 an pwgr 55 e, Tt ay
LbpsVrabeFad el

{fae + By} D)) = <U{lr + by) - )
= <My <) = bfyern))
= —mif7 -n) ~ Wy v
=iz - #hr)=Me -0
=l - ) N - W)
= (wr=dy) P=als W+ My ¥
Vhous wematitim ALY b atifiest

7 = b1 = —o® < be/iz - 1)
= —athz- ¥} = Mi{eni
= ale Wli=df= o)l
= (im0 = W) iw)
= (i foh) o b ) 4 Maew)
i vl itbm ML ks st bt

Wl <0000 ) = =] < ¥}
- — 8w g — @ - o)
i g MM b
o W =yt = L W )
| bt L e e Ly
==l L il w5 e Ly 0Fji )
w Uw e 0 = e dw W)
== {lrgl - #=tr-Lir- ) — - Le-
Tivms BD po mipietira) Thoan V" e sam Lemniniebiibe =it Iy Ak o e
Prapieshibmi 1217 (Earves T 1000, et £ & o Lo idprben wver I A VI L
reemladen £l fime ans g Fomm
£ Phimmd 2 0] o TV, ws

ir Wj{n) = 0 (Wei) = Bu -]
P2 s Fiviw Vol & W ¥iTF) Thee ssnme wmvee THeniV. V7T she meserme o oan) f:

Py “"-im-p--lu-rlhuih-ﬂﬁuhm-mt Ul s MA il s wbo F o pa fLsxl,
a5 w Desad k7017

iy & hll ﬂtlr]-l- Wb o By ) I!i_"--ﬂ'”up = Byl ¥ .
o il UM b AR e W o o g
= Wi = ey b - () — S
e Wl - Sy #hed
- - o e W)

e i Bl W e o W) — ey W)

o



Uhres M1 bbb

U e bysigwed = o {0l = B il = (9l = P e - v
=¥ Isn] =il — lsthle - ati ) — Be -
- bl {i[ul“-':‘ﬂ.t ||r||.l_IH .g'.l'ih- o) = Ml m)
= w2V (I )) =W = b)) W= {s01)) — ax < (1))
= af @ W) v ber g v
= (ke - (N} = Mr- ) e)
b = lolh o )= ole- = A

Thoies M2 budels. Th shwrwe BT hiiikels, e pingiae abiom tling Je. gl W= - (g ) — g L2 - @) wa
tigen, mip woh o] or whers Cluat fist o =07 thirse Lumpes med Oy o b e Manie wav. Flirel wa
cowipeile {15, 4 - B){n).
(s y) » R w] o s ] o (W) ] = B s 4] v 9]
= ®= [ A =g b = (MR = M [ o | — e £ i
=F-tw-tvh) — - - i) —®a-{w-r)) =My - Lr-1))
NOW W RIS LF - - W) —m i W eel Weeppmpote the two terpms spnraiely s fe
(L R T TS
bro(g M <k e @es = (g 0} - (o (= BN
(r-jp-#llv)=x-{{p-¥)rl} —(g-2Hr-2)
= (P i)} —x Ny v)f)=—p (Bl ) =B s e
(y="lr i el =g r V(W) =g (W= )] = a b (0L~ e b 800 Dp-al )}

Norw wrdtag U cempigrionabionns Lo v g vanes. e gre an l'l.]]tﬂ-fllm Bt A= 3=y 203 )
moendvkap wilin ternm

Lt - e ) — g = WY H) = =y DLW )] = i )] = oW W)Y =My~ L 4]
= b L R YY = g O e = R =n LR ) e M [ )

Foart iirbid ety s fapilis ol (s Gitrihe camlvll” e Hishw o =@ « (g 010 biskral doow] a0 7= S0 o)
vorm. whibity vomend ssacky oftum . wiel alesy thee peam =g (0 ) omel g (L el T leyees

(o (g W) =g L O ) = |y (o)) > My e e]]
== fr AN =W e v))

el v enn pndateh wpe tloese perrem o b o wihy e B B ) NI Tiwr
Ve, g) - #300y sompated el Thus ww lowe sl oo How (VW) b ns e Loniolule wich
AFTRTR AT (|

A homomorphban of L-modules is o linear mup 4. ¥ = W such that
W x 1) = b)) The kernel of such a homomorphism e then an L-gubmodule
ot ¥ (and the -lnndmd homomoephivn theorans all go through withow
diffieuliy). When @ is un isomorphism of vector spmeck, we call it an o=
marphism of Lemodules: o this case, the two modiles are sald to afford
wquivalent repireseritations of L. An Lamodule 17 0s called Trroducible F i has
precisely two L-submodules (Msell and 0); in mrticalar, we do ot regard o
Swris dimenzional cector spoce as on ierediicible Lanwedile. We do, however,
allow a one dimensional space an which L acts (perhaps trivially) 1o be callod
Irreducible. ¥ is called completely reducible I ¥ {5 a direct sum ol irreducible
f-submodules. or equivalently (Exercizse 23, " ench L-submodule ¥ of ¥
huts & complemuent W' (an L-wubmodule such that 1 = 1@ 1% When

£3



For later use we mention a couple of standard ways in which 1o fabricale
new L-modules from old ones. Let V be an L-module, Then the dual veclor
space I7* hecomes an L-module (called the dual or contragredient ) il we define,
For fe FY, v ¥, xe L: (x.) (1) = —fixa). Axioms (MDD, (M2) are almost
ohviowus, sa we just check (M3):

) ie) = —=flxrle)
= =flx.yr—pa.r)
= — flx. o)+ )
= (&} rr)— . f) (x.r)
w = (pox. f) () + (3. ) ()
= ((x.y~yx). ) (v).

If ¥, W are L-modules, let ¥ & W be the tensor product over F of the
underiying vector spoces. Recull that if I, W have respective bases (v, . . .,
vy and (wy, ..., w.) then F&E W has o basiy consisting of the mn vecliors
ey @ wy, The reader may know bow to give a module structure to the 1énsor
product of two modules for a group G on the generators ¢ & w, require
gdr & w) = g.r @ g.w. For Lie algebras the correct definition is gotien by
“differentiating™ this one: xfe @ W) = xo & w+o @& vw. As before, the
erucial axiom to verify is (M3):

[el{r @ w) = [xp]e @ w+r'@ [xy)w
= L= yxr) @ wed e @ (o= ow)
= (Xye @ wie @ L) =150 @ w+r & paw),

Expanding (x.y— v x )o@ w) vields the same resuli

Given a vector space V over F, there 5 4 standard (and very useful)
momarphism of veclor spaces: I°* @ 17— End V, given by sending a typical
gererntor & ¢ (fe V', re V) (0 the endomorphism whose value at we W

iU 1 s a roine matter {using dual bases) o show that this does =i
up an epimorphism % & ¥ — End V) since both aldes have dimension o#*
(rr = dun F7), this must be an wmomorphism.

MNaw if ¥ (hence F*) is in addition an L-modhile, then F* & VF hecomies
an L-module in the way describéd above. Therefore, End ¥ can alwo he
viewed as an f-module vin the isomorphism just exhibited, Thiv action of
Loan End ¥ can also be deneribed direcily: (x 1 {n) = 5 e =fMxoe), an d.,
Fe End V, oe V (veriiy!), More generally, if ¥ and ¥ are two L-modules,
then [ acts naturally on the space Hom (FF, 7)) of lincar maps hy the rule
(x ) (o) = xflo)—Mar). (This pction arises from the isomorphism between
Hom (1, ') and V* & W)

g



Tlio Lio stusclulie V' i sadd Lo Iae drredveadde, of sompde 1010 B otneero and Tt
Lisess b0 i Tagppiacktidiess od diet thimn (0] dned V

Soppipeonis Bl V0 i o om0 Lepiodtnfo. S piay Ml s iensdoctlle suls-
anile S of VO bw oo oy osor=oonon sorb sty of Voo pnbes oo oliieomesan e
CIEV mormdweitde, then wo fwwt tsple ¥ visoli ) Ve spwgtio mesdnke V78 il
irll o an I-ITHIiu“‘Hi-h‘r aattimmn b, S° anil =0 on. Inasonsn Ve amde dpoof
Hie st tmeliabos 5, &% ey soves Uit trsd il ide aosdidis ot Swildmy
Musin by ll Fnhies lllltll'hshumi ppii b=,

Example 7.0

(00 WV dedimnenmionnl tben Vs bmedneibilo, For exomaple, the prvind meppe
sirnil b boay ie alwuys frooddoeibly,

(T Y A R 1 T VRIS PO T T LTI A S RIS (11 P P | (P
Jedink ! et pesecknt oo b Lreebdeciide. Fid ecamide 8200 s e s up
all 2 bt [ra e

(4 WL o compleo =olvabbe L adsobs aon 18 foldows Trome Bcaeiahe 706 g
il thervodocibilo gepresearations of Loare Dadlmensiound

i o um-l_nh': F. b s ot ddetetimdbe wlicting or Gol 106 et
Chuse prchul erftegions Le glven 1o U Belle i ok

Exercise 7 3

Slpww iy Vo sipehiml e i andd vondy i Tor sy sim=iro v 2 UV i
sobuppodinle gemovates] iy e eomraips sl sdopapms of 8T sbapoduly
graperatod b o b detisl tas bee thin sibsiesee of V7 spunied by all elomonts
ot Lhe Kani

fr-lfs= .. | Fwm=®)-.,),

Wilissgir oy, .. ..y 'L

Antit eriterion M e seiiiobbnos eelnl sgiven o Exereldo 705 0 el
wenin] ol Bl Rt

HV moap Enachle socly thint 4 = 83 V. wherw beh B ] 1Y are
L-wotupodditiss of 4, wo sy than Vols e oot spme of the Soppslindg 47 vl
W T modile Vs said ta b mdooommmeahie U there ate oo okzem sl
ivwebialis 17 il 10 sandi thiat ¥ o= 7 S W Cliarly an brolieilids gnatith b
i b iprpiimals e, Tl odivegpe et gt ey Belils See e o] eyl
It .

The L-lakshibhe VI eornvigeddfediy evalibeibel BIE ciion e woelt taem S i allroes Bl
ol irvodibbe Lapicdobis: thor i, V' =58, @ 8. - @ S whioro eohe 55 e o
rreadvetbile B-pmeinie,



Lemma. Let 42 L+ qllV') be @ representation of a semisimple Lie algebra
L. Thene (LY = sl(¥VY, In particular, I acts iefvially or any one dimensional
Lemoclule.

Proof. Use the fact that L = [LL] (5.2) along with the fact that sI(}) is
the derived algebra of gi(¥). 0

Theorem (Weyl). Ler ¢ L—ql( V) be a ( finite dimensionai) reprosenra-
tiise of @ gemizimple Lie algebra. Then & is completely reducible.

Theorem B.7 (Weyl's Theorem )

e L Bt a conpprlox seamlstmple Lie algebean. BEvery fhritesdlinensbomal oegmses
tatlon of L s complotaly soduciblo,

Example 7.10

(1] Lo F e dn e ldod v L = e, F71 e thae stlbalgedses ol ghin. F7) consistlog

o elssgroann] buntpie= The pnbogald ppodade Vo= F* b ovpletely sovlneible

10 5 = Spaa e b thions S5 s o Ealionesbonal sinsple solnoodide of V7 angl

=8 E 0 Se A the S are the welght spuces for L, we comovlew Thils
i podormnnling i of Euiplo 522 0 Cliagetor 5.

(2) W I = bin, F) wheee B lson el shion the peturil pusdols V' = F™ i3
Iidesouupessibile: Seo Exerclae 70 below, Note, lowoves, that powiled n =2
&V ot rrentoei e sinore Span {eg | e o o trnvist salamodnle, So Vs
ot eeiiglorely pid il

Ler Lobew Lie algeben aond iV oaod W be Leaodules. An Lemodule: honie
teorpliisme o Lee Jupimippfiosen Trodn Vi I Bso D puesgpe 802V — W sk
Ll
Hx-p)=p-Mw) foealleeV,weENW . mulsrel,

At bsomuorpliisant 1= o bifsetive L-amwlnbe lnpamorphibim

Lét v = L= gV} and ow ¢ b — g1V} be the mepresentationne oor
vowpoits iy e V7 oand 1170 To e lasguagey of sepecseatabions: e ooditon
SRR

e ¥ = 5 9 i,

i3



| TR 'l sidindile rudioal Pl L 6t L s didizses) Wk Do bt s i) bl ewsbslias

Whiibe. N B et b seonesimupd o ivm solvalide: radion] b oot v, T S o wiiionms
sl vndsfr fedomd,

Lemma (Schur's Lemmal)

Lot L Vo i wospngelize Lobes ibigeelinns ddenild | oot & Dber i Binsdteealinmmeimmbooinnd Dy bk ilided
Lol & map @ 5 — 5 b an L-apodnbs Jdmmapiorpdomm 60 oo ondy if &
by omcaboor pundtipla of Ll plonties trnasfommption; that s, & = Ay for s
A L2

Theorem  {Weyl's Theorem)

Let Lohe s cotuplex semisimple Lie algeles, Every fudte-dimsensional represn-
tation of L b5 completely recdneibie,

Theorem  (Engel's Theorem)

Lot V' b vector spece. Suppostt thst L is & Lie subslgebrn of gllV) such
thet every element of L is o nilpotent limese transdormstion of V. Then thero
i o baste of Vom which every elemone of Lo reprosetited By aostriotly appir

trinogular makrix.

Theoram

A Lo slgelich L i 1|.i.l:|:mll.'1:il If il ol i foied mlll > = L ilie linoar sings iul =
L =+ L s nilpuitent,

Theoram (Lie's Theoram)

Lat V' b iy pe-dbitmonsionnn] domuplex voetor spuce mud et L be & solwvahle Lie
ssibaalgebea of gV ) Thess there i & basis of 1V do which every element of L s
represemitedd by am npper briangulasr mostris.

9.1 Jordan Decompaosition

Wieking over the comggplex oumbers ollows ap to cossidoy the Joedan el
foorron o Fimenr tomamafomynnsioms. We ase thicto define for each linear sransforms-
taon o of % vomplax vector sppoe Vo unigue Jondan decompesitron. The Jordun
Heommnposition of = i (e oigue epression of oo g pom §F = d e n e
di¥V - Vs -lhm’l]:m'h'ln. s ¥ = Vs nllpotent, soil d and ncommmate,

Viry ofton. aoilinmmnlsalde linoar mog of o conugihes syvetar spaes s adso callesd
siranppmdrripila

-l‘-
=



10.2 Trianguiar Form

ulhlhﬂwmmmtimmwkﬂmlmhwﬂhyﬂu

prsargpudar mnm

aig Bhik
= o

.
5

o

1mnﬂﬂmntﬂmnﬂpmi Ay of T & prodos of Mo fachon; hie

Al = datii -

Ay =i =gl - gt - i

1t cewrvers {0 adia o 4Tl & 50 hpmimm 'H.'lll'ud-tl Pl 10 }'lgy,

IR 0

HEETRES (i)

Lot 1 = 1 I & Joems opmrston wlvow stastnonelitic pulynsenial fmtin |sse
Fieyenr olynoonins. Thier there oyt n hass of I in wiich T i sepreentod iy o

trimnigribir i
vhlmstive Puiml Lol o be a iy whess charasserstic ol i
facters mee Bmenr pheusmiale hnhnl'lumnmuhr magria—iliat e

e cnawn gt iEvershile muttie P ookt Pt aE e il

W ma Mt an aperir §oan e bevmghd ko Ssaguatas s i @ ces S epreanted by & fran gl
e Mot du in ies coe, the aptsvalue of F e pacisely fose amries appeating o de zaen

W wnirﬂﬂmﬂﬂtm

10.7 Jlordan Canonical Form

A ogwiretor I"-Hrrlir];ln ot bardan cammmnd! form oF de o taane sl ommmal pobyeomiats Satar

keatas Flbmear

“Vhis o i hwowys fruc 4 A e comapox fisilil © sy casn, we csit alwiys st

Thie base ekl K ne @ BEND Do Wil the coaracterbitic sl mimimal palmsiials do s i lineat

ﬁrmu;ﬂq.l.m:.h-ﬂ T, CTETT nnn 3 lonfan zzmomifal Sorm Analaposdy, svery maTre i
.uuﬂ!-u by & SebEIy hhdutwm

The Tillosing thoomem {prosvad e Probkom 100180 doseritees the Jordvn comnscad fiem & af 2 tinar

dperuide 1

TINCHEEN 1800

Lt FEF o 1 b u Birvcos g rafeer wimse charscbrmignd awd manmel mstsainmals
sty fespedivoly,

Adn = J-|.:r' - 45" el midf = [f N ultU I pe

where il <, siw dmting sk Thon ¥ lus s bk diagoned miainin nepecscrido-
ity 4 i whaeh each didgomil enmy w0 Jowlal Ay = iyl For ek J g, lie
corresponding 4, have The Tellosing propernies: .
(i) Thes m Wi lemi e A 0 anler sy dll (ther 4, e of ondes S

‘I-l._:l Thw m.lﬂﬂw--_'l_hn ol they £ wom. _

(i) The mmmier of 1, oquls e peomewic emitpllony of 4,

Ul T iinivibes of 2, of e pomslbie order b unsgiaely deeermiiisd by

EXAMPLE 10.% Suppuma the cfwrsctoridic wad nomal polymomials of an operatie F e, pospoc-

vive b,

A ={r—21"ir—%" aad  wmir)=p—2Fp—2

n



Twr e loniien comsinecil Brmiod T ois ame of the Gillsmg Wock dlmgonsd mmnree

w(B B « w(Byeafil])

The Mist mraaisis excziars o T hon 7o ﬂpd_mlhlﬁ”mluwkﬂhﬁlﬂ-
oy (T las iyoe sdvpeonicn qipevorns helapping 1 e clgoryales 2

308, [wtermion Al posable Jordan il Toers 0 fr 3 (st et T o B wilise
dlueatmmnie pelyscmbad A0 o (0 —2) el whoe (ki) pabvegnid) s - (2 - 3

Jommet e g f s ‘-rl.h:-tmﬂh-ﬁﬂ'ﬁ ﬂlﬂlhﬂﬂldﬁmﬂimhlm HL
sha ool y wigveralue Menuisee Syssjm tha Whe =2 imwis] Juﬁhmhhhhhi
andoi 2, i v athain s e o ooy T i 1 Aiguw ary intly Uaye oo bilinip

(G I (TR

lﬂ-ﬂ-ﬂmwilpdihl-h lirmrs e finessr operaten 70— ' whiwe hnracrer-
vufie potynioinual AL} w 0= 3100 = 417 I emely come, Fosl b msfsiiml poyeaiiied wilis,

H-:ﬂ.ur-—..mm--lhﬂﬂ T mwni] gprwd dfeee | e v fhee dlingidie]. Sivielbarly, T i
mwihhlh#ﬁh

&) “[[. . ;J li ”)1 ™ '.u‘(r .; .-'lll M. .H).
on g [* 3]0 [ 3] w0 msn([F 3] e s
i -!lu{rh (8 8. [’ _:I:i i mgd 1), AN IR ), 1R
THet wijnsmitd 9 b tiieomiell pedysmamia] o 0] o pguinl de il wea 00 [l Dasiplnal Tikigh Thid,

T R | L T I P A T I | T P P O | T . = 1 L
oy i) = = I e il = TN =5, O gl = (1= 201 = ¥)

16.6 Jordan Decomposition

Aoy Tinvar Vrmoelirmotan = 0f o oomples sselor wiseco ¥V foas w0 Jinfies oi-
-'ml}tlll'hnn, & =it w7, whoremd lH:l'l'ﬁ'l'-TﬁI-hhh. m im mipetame, pavl o aned
FrErriertel &

D wnre s thig by piiing = e Juedan eanmion] form: Fixoa et ol b
i whivl # 3a 1-|11ﬂ=-=u!l'.-:.l by & ustris tei Josslam .cnnuuhul Labms Lot of b gl
wiem ol e ppintein fon b foies Domnin Toiem dTiee aBiosagniial ernsiwiess oof 2 alinaeye Tob alfapennval,
wimd ok = o — ok For sampldo we e boon

1t o CO R £ VI T\
= (tl 1 q!)' T (u 1 11) . TR= (n 1 u) .
0noo i B Y T T | AL @O

A= n = goppesepto] by oo strotly spper trisngulsr et 9 e nifjaent We
fomve i1 s the rerwbior ter chiork thot o and 6 cripmbe,

Toi gl bewmr s bilods tusctind o Koo thiar of el il ean bl Oxprrossds] e ;u:-.'i,q.r-
ek o o e wlee Sollowing lesmps, seosbse prove s eloreel oesuln thaa e
it lesd i Chgaeary 9.
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Lamma 168

Liett = hive Joodnn dlibecmaipaoi Bioa o =3 < 0 nm abevwe, Wlwire of s dlingoiodisuiafe,
T I;:I.hl-u‘lrﬂ.L uﬂ.ll d. LT rum;n.q_l::.

(] These s m pilvivsialand pl X V= O] sipeh et gide ) =l

i) Fix m booes of 7 e owinely o de disggonml. Lo of by the Bneor nnp whyose
el rdy witly sempove G tlils Dussds ke bl compples coaijogate o) the inatrlx
ol o There b w polycninl g X 1= C[X] sudh thae giel = &

Lemma 9.1
Lot & be p Binwsr trnnstoroambion of the cpmplex sector spiaoe V), Suppes that x

has Jordan decomposition x = o = i, where a1 diagonphsable, nos mlpotenr,
mid o and o eotniire,

(i) There is & polynomial X} & CIX | soch thee ple) =d.

ib) Fix n basis of Vi which d i= diagonal Let d be the Tinear map whose
mat s wikh sesgeen Lo this besis B P commples conpagate of e matrs
of o, These Inon polviinnind ¢(X) = OLX] soch that glat) <o |

Testing for Solvability

Proposition 9.3

Lt V0 e i doedplex vectior spics mod Tot Lo e o Tde aghlgebca bf'#l[f*’ 1§
brey =0 for all 2.0 &L, When LB salvalile

Theorem 9.4

Let L bea pompliex Bie slgaba Then £ is salvabibe i and ondv il oefad raaid ) =
Oforall = Loand all y = L



9.3 The Killing Form

Delinition 9.5

Lt L b n complex Lie al,l;uhm The H':’Hr'ﬁ.g form on. L is the symnmetric hilnes
form dnbmed by

Kixr, g i =tr{ndicondy) forx gL

The Killimg form is bilinonr beesise ad s e, the compesition of maps
is bilinesr, wad 1o ds loear, (The resder may wish, to write gut m msore eonreful
prroal of whis] T s symonoteie Dovanso ralb = oeba Tor Tinese mapes oond b
Another vory important ppoperty of the Killing formds ite dssociativity, which
states that lor all 2.y, = =L w0 have

il oyl 51 =wlm |p- =]

Theoarem 9.6 (Cartan's First Criterion)

The coriplox Lie algelis I is:solvahle if anid ouly i wle, g) =0 lor alliw o
anid y e L. Il

Frownd] @b s |dee nhgerbp s meabid 1o Les seequabsdigppsle 1 15 paaficnd ks seror vl is, 4l
B B o poie-roio sodvialiles fedesle. Siree we clin detiet sabvibility By asing 0w
Faitbing fovan, i e perhages o too serprisiug Gl we oo adso s the Killme
lorin to divide whetlior o it o Lie algpdan s spbdefin gl

Theorem 9.9 (Cartan’s Second Criterion)

Tl wotingiben e wlgotea L bs semmmsbornpde 1 sd ooty o0 the Killing orin < of L
i ey T,

Thearem G111

Lod £ b b Cvanples. Lle algelaa, Then Ls setuisdnnple 1 sl anly i Uwre dew
Wimiple idends Ly, - o Ee of B e ehimt ' = Ly 0 La . - L,

Proposition 9.13

It L wa fimite-chimensiomal complex senisimpie. Lie alzchrn, them ad f= Der L.



Proposition 9,14
Lot 4. e comiples Lie algebra. ‘rTrppthfnnl & 15 o dertvation of Lowith Jordim

decamposition & = & 4w, whera 0 s dingenalimable and » is nllpotent, Then o
aned 1 ore also demivntions of 1.

Thesrem 916

Let L be a semisimple Lic algebos and ot 82 L — gl(V]) be a mepresentation
of L. Suppose that r<= L hnsnh-;tmr:t Jordnn decomaposition & = d + n, Then
the Jordan decompesition of #la) = gllV) 1= 8] =81d) +H(n].

=6 5) =G8) -0

1y J'] — 1 L.rﬁ] :ﬁj’ "ﬁ.,r| —

i) 0 -2 {0 U
e (002 0| fedealt O 0] e |1 0D
' R = 1 0 no oy

Propasition 11,1 (Exeecisn T30, LotV b an Lomadule, Sefne e Lo — g} ) by ple)ie) =
il Tl'-rlul e fulr lﬂﬂ'-l-li 'i-:n'ﬂ-u-lqﬂrﬁiﬂ

Mool Llvewity of o Bilkoses Bugpeeslintely Brog she MY evbiuy Jie f-maliles Lea = p =
eV
O [ w| Mot = [, gl o
=rlg el = lr 0
= gir) eV —alyl =gl =flvh
= [olu), )]l

&



As am exumple, we compute the Killing form of s((2, FJ, using the standard
basis (Example 2.1), which we write in the arder (x, b, ). The matrices become:

0 =20 00 my
ad b= diag (2.0, =2, adx= (0 0 I).:ﬂl_f= —Tﬂﬂ)L

a 00 020
0n4d
Therefore » has mairix [0 8 O], with determinant — 128, and » s non-
400

degenerate, (This is still true so long as char F # 2.)

Recall that a Lie algebra L 1s called sermisimple 10 case Rad L =0, This
ts equivalent 1o requinng that L have no nonzero abelian idenls: mdeed,
any such ideal must be in the radicul, and conversely, the radical (if
nonzers) includes such an ided! of L, viz., the last nonzero term in the
derived serles of Rad L (cl. exercise 3.1),

Theorem, Let L be a Lie algebra, Then L is semisimple (f and enly if its
Killing form is nondegensrate,

Pioposition 14,7 (Exercise 05), Lot E ke g nilgotent Le dlechrn arer a fiedd F- Thoen the
Rk form v om koo gtevss sevo, thel as for w0 £ L,

wlr gl = lejd g Sl ) =0

Theveom oA The fdlomesng are ogwewadonh e L o fipele: dompmmmonss’ Lies alypben mer
ump welifedd F= C

1) L s seittnrsiple

20 0 Pt e mwietean) Ol sduile

LT ||!li.".-i'-|"r'|:-.4I forsn of L s reobidogenermls

1) i dernid siiss oF mmrple adeain

=)



Propisiting: ThA [Exvvcine 830, Eotide bew Lo olgebion wonl et 5 o o oonl of £ Thaw
£~ o o wdewd il 1,

Pl Tooshimn bk £ 150 & L, mylww (hsj e85 Lwbe i astasd s
ekl

= b2 Loadhg) = ifma = 1)

Soee e o eal) 200 £ L Then wib, [eiall =10, and by sssocatreree of i [ taaoo 30 of
Evdmpamn mud Wililon ),

il =0
Hinien = 1wl irhitriiy, dhis slcomw Chi @060 =15 Thios I b it iilind i 1, I
Peéigrinitiivg T4 [Ecertiee G001, The Kitliiie Kitwi oF sV ©) hits Ihe viiitriz

0 Uy
§ 00
0y s

vinth e o e wwwd Bawis e, fL K T ds aneiilmprrienigte,
Proaf, Comnpmtstzons wope dogwe i Mislinoias s,

whedl=0 sifisi=1 wikel=0
st fi=4 sl 1 =W k=0
me=0 ={f:A=0 mhhl=2

Fir Smitedimersshonuderctor spune, o baljoear form e omsdegeperate i ol aoly 7 ite mmn
srgurmstabiont Jo et ihle Thi muatnly whiatly luss uiskimepta et ipmitiusd | wadhes By by pos

drgiireate O

Definition 102

A I._-II'.' sitbalgeban I of o Ii.h: nlimhrnc L= bl to e n Cartine sbadlgebe (or
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The mwamtng of The Seeaalive 57 (1) s eristitnely dheat Ik 1o defiee (1 sy, we med® ae (s
action ok funchion | £ T (A

Vi e M= R = Yinli=(=11, |
Ul e el civoch thiat 5 (1) sty the! e avbimes b Thrsdeer, e may dilie ther et

S Ir-“éhtlﬁtﬂfﬂﬂ!lﬂﬂiﬂ]‘\ﬁ'hm *rldlu.ﬂhmhwiﬁ’“wrﬂm’ =i
W] =, cuiin satindyisig ) (0] = p

Defimition L. Aser (3 v @ Lie gronp if oo ondy o
1y € is & grogy
20 65 18 & ool manifold
3) The operanion G o= 00— G, (o) = oy s amoon

Examples 1 1% The sors B, ©, 5 (the quaternipns), B O™, B™ ae abelian Lic
groups under iddition,

2) The sets B, €', H' are Lie geoups under muliplication: The fies owo are
abselng the e s mor,

3 The sol MuE of all w0 o= o real mgirdess (respectively MC, MHE) which iy
ideniified with the set Bad{B") (respectvely Lnd(E"), End (™)) ol all endo-
murphisms (e, linedar maps) of B* (resp ©°, 7Y

4 The set GLLE of all mvertble reil matnces, winch s wdemifasd will the set
At [B?) of all swtomorplisms of B®. Sioalady we can deline the e groups
G1L,Crand GILH

5 Thecitule 8 © € and s dee-sphere £F < B,

&1 Thewrs B! « 5

I gpeneral, o 7 ad 20 aee Lie groups then the product €« B0 b also  Lic group,

T vbign merve examples we nged the fellowing poton,

Defimition 2. w) A Lie subgrawp H of a Lie growp €3 by an abareoes sibrong of €
whaih tx oo an tnemersed sidvmanifold af ©5.

Bh A clonedd subgrowp of @ Lie gronp O 1s o alasiract A\pdspeoap and o closed sibyet
of U,

it



Prupusitlon 1 (Canank. IF H oo etosed sibgrony of o Cle gronp 00, then N v a
anbymanifold, so.a Lie sobgrmnp of U2, dnpeerrcnbar of has the induced topology.

T i possible wo bive 0 e sabgronp which s ot geelosed subser. The standand

exmiapte 15 b fine of imadional shpe o 0 B — 8 w 8 # e (059 MY o

mrational. The map o s amoone o one homomorphism, and gn immecoon: 1) is

Kooy liad it drniage bs a demse stibscd of the foviie a0 3 s it an embedding (c.g-

L

By e ol the abowe proposation we com obtaln move caamples of Lie groups,

70 The veriogonal groap i) [A = GLaE; AAY 1) By uskag he sglich
fungcm theoens we dhiain that the dimencdoeof O(pl s 3rln — 1)

R} Tho umitisry group Llal - {4 € GL,C. AT - 1] and ihie syniplectic gniup
spinl o [0 e GLaH: AA* — 1), Thor dineosions are'n® and 20° | 0
rospeatively,

) The specinl orbogonal groap SO0 ), and the speciul unitary groops SU(0)
comesbing of matrices in O e and U o) of deverminani 1,

Subproups ol LB © (B T H] are bagwn i the cleasieal drog,

W lwve the follewing sisiple bomorphibams. SCET) = SULE) =~ (£, O >
G2 Za U = SO = 81 SL2) ~ 8 = S0 )

A result of Hopr states thar 8V, 27 and 87 are she only spheres that sdimdt s ) e
B st

2.1 The Tungent Space of & Lie Group — Lie Algebrus

There mre two [mprorsint maps im o Lae group €2 called oam insons,

Forp = €2, we defime the left transtation 1, ¢ — €7 by g0 g s the right
trapstution £, @ G~ G hy gy e g These maps gre dMeomrmhisme, and
ean e useld o get aeonmd Bn s Lle group In B, ary 0 & G oan be mived 1o
the identity element ¢ by L, o, amd il o), 0 Pl — 1067 18 @ vednor spuce
tsopiorpldaam.

Proposifion L Amy Lie g i (s paraliefizabe. oo i vigen Dusaelli (0 mrivial.

Prool: The mip X, — (500, X ) gives the disired isomcrphism 16 =00 =
i O
Definmttion 3. A Veeror field X owr Lie grage 00 i called lefr-invanianiir X =L, -
dlat X ) foralf a € &y

A conrsegoetce, (FY o el i vecoon Defd ten X = (d02) o X)) R
all ¢ & G0 thuat by s wadue 18 determinged Ty X

B



Definition 4. The Lie algebra of a Lie gronp G & the vevior ipace L0 eguipped
with the Lie teacter defined above.

Examples X 1] The aross preduct operanon e | = o = pin B defines a L
algebon strociune.

) e Lie algebra of & = (B, ) is g — R with haicket [, y| — 0

31 The operwiion (A, B] -~ A# — BN defines a Lie algebm simciore in MoR =
Al

4} The Lie aleehea of GLLR (e, the mngeni spaoe at the ilemity 1y is I'Iul'qﬂ_e
@ Gy doct bt is an open sohimanifold of & Buclidean spuce), What is the Lic
algebia bracket? Tocach X € g we mssocinte the o % o moimis ol = (i)
of comprnctts of X, sothat X, - 3, {ﬂr, 1 wnd wrie A op| X5, By
capliclt inspection of components onc can sl !.h.m HEIXS Y)Y = i XY ) =
LY 1l X vimg the Lic plgebrastrudiore om g MR

e following proposition surmarifes some propertics of the exponential mup.

Proposition 4. 1) The exponennel map s smoorth, and dexp, g — o i the
afemmley waaipy.

) N o2X) = O EX ) e X )

B exn(tX Yoxp(tY ) = mxplti N + YY) i 5; ALY | alt2 0 (Camphell-Baker-
Fevevdord] fermmnlal

Ay I s cennpaacr andf Covinedted, i vgh £y s

Sy G — ot a homomicrpidsm of Lie groups, thendfl, -~ g — bis a
hnmamrephasm . of Lie algebros, and 0 o exph = expoodfty,

Examplesd. 1) 7 B dheag - Bandexpll) - o
G - Gla® thehp — Mo Randespl A = o (dsual mintis expangntinlion).

3) W will show that the Lic dlgebra of Oln) {4 € GLLR. A" A4 'bis
ol (A€ M R: A A} the set of all skew-symitetre mstnoes
Hence, the dimension of O(n) is gple—1)



Lty o) bamenrwe by VTR winhi 300) = 7 it Less bn O (i), e, (@Y 508 = 1.
Vidforoarinnng af & = 0 o obrmn that 500 = ="y, s Tr8(n) = aln
T b e appdsihe Inclusiiom. we medd o use the i (exeroise b sl Tor amy
mattia N (NP eV i andonly W0AT - <X Thend iT A € ofu ), iy
sl8h - oM s cutve it MR with 5(0) -~ Jasd 51K} £ Ucn]- IMiFereniiating
s = 00 thid 3T = A = 700 s ol ) < T3,

4 The Lie alpeboa of Ulr) Is i) = [A4 & MCr 4= A7), ilwe st of all
show - Hidenmtnin matriesh

83 The Lié gl gebm of S1,H of e senal all renl matrces with defisrminant onid,
isalin) - (A= MR A 0L

Tunnpmge o i abeaid, we miendion dhin 0 Lie groop ©F b gloen s Rbeimian i
whichh by ovariant peder Loand T, ihén oxp o g — G s the wauil exponeniial
mag foe €3 ot v I this cane the oneparmmetor sabgeronps of' 1 bre the gead bsics
thrmiizhe o,

XA Lae's Fandmneninl Theorems

The prectse relutionship beiween a Lig goovup and i Lie algebra s désdrbed by
the following sttementa wilnch dre doe. in & Soeen o indiree) maaner. o 5, Lie

I} Gibwer | de algebes o there b a L group £ whose Lie alpehe s 3

2) Thete exbug an ane o one coneapondinse berwoen consected imeaersed sulby-
wroups ol a Lk gﬂrup €7 sned subailgebas of g (e Lie algebes of G) This
correspondende fs given by H— b TL0. Nuotmal subjireups of T gome
npsimd o ideatls imog

WSy iy e Lie groups with ie alpebray g, g wnd i ) aod g, are ssoimor
phic as Lic algebreax, then £y and 3 are locally isomaephic (in tact they have
the sime covering. spae),  Tor example. 8 = Spl 1) and SO0Y) = B are
bocally imopmrphag had ol psonwyphie,

41 The carepory off Lie algatwas amf homomerphinms i ssmnepine o e ciegory
of comnegied; simply gomneemed e gooops and hoppopmwrisomns.

4. The Adjoinl Representation

We pead o measme of the nom-comumumnvity of g e group, and phis can e pro-
vided by an pnportant representadion. called the adjoint rpresentation, Fonher-
i, thiio oo b st s deline isapiirmanl Sevvarmindn of o L1e group, olbier from s
slinvsension ynd (e contos

Forg & (3 0et alg) 6~ (2 be the inwer sutomorphism (g1 (k) = ghy !

s



Definition 7. 1) The adiolm represemiarion of a Lie group (5 i the Gawotlt) ho-
minsorphism Al G — Aui(g) ghven by Asdly) = (defgl), - LG — 1.6

1) e adipint representanon of a lic algeora g ix the lomomarpieon od - p
Fnd(g) given byvad{ X 1= (d AdJA XD

It Follows dian Josr Ad — Z{G) the cenler of &, and epwd — Zlp), U 668
connected the Lie algebo of Z06) s Zg),

Proposition 5. I/60 jx a maivix grovgs (e, 7 € GLEL K € (R0 H) | shnt
1) AdlX -~ aXg~ ' forallgch. X €5
N ad{XUY} = LY forall XV £ . In ot fis (s avne for any Le gronp,
Vi ForanmvageCiad X ¢ o rxpeadi X)) — Adleovxpi X )

Examples 5. 1) 10 (3 s abelion, then both Ad and o are toval (e, Ad{g)
1T 43, This is the case for SOUE), SO = TT1), O, 002,

2) Teying to compute Add = SU(2) = Autisul2)), consider the higsis

ba={5 1) #=2 5} GS=[({a)f

of su(2}, und I
1 ( i )ﬁqriz}.

= R ip

We know that AdeA) B — ABATY w0 by finding the miatnees Ad{ALN G,
AAYX . r’hi A Xy we can obitain the s representution of Ad(A] (ihis
wadsxd numi::}
T Bt ome con <heameowes Thang the following Propesition 6 i tollows t Ad
U0 = O3, und sinee SUT2) <8, then disti Ad g) = 1, therefiwe: Axl s
homomerpltisme fram S U2 w SO0, Irenn b shivwm thor dhis homomomitiesm
i Cmi,
1 e lngasige of (he nire ndvaneed represesiution thaeory, iCean be shiven tha
e commplenificd alljiint representalivin of SULNY is given by Ad™ ™ o —
by 5t — Lowhere Ji,, - S0t — SUR)Y I8 1the standard répreseatation of
AUk dnd §is the wivial representation.

3 A, £ SOLa) = SO0 i the samdard represeniation of SO0, then Ad™5 !
= A*A,. the second exterior power of A,
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