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Abstract

In this paper, we present the spline function of degree one transformation for the
sine and cosine functions of degree one. We first introduce the concept of spline
functions and its application. We then discuss the properties of the sine and cosine
functions and how they can be transformed using spline functions of degree one.
Finally, we provide examples and graphical representations to illustrate the

effectiveness and applicability of these transformations.
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CHAPTER ONE

INTRODUCTION

1.1 Introduction:

The study of splines has been developed, mostly by French mathematicians. It
is well known that interpolating cubic splines can be derived as the solutions of
certain variational problems. In its simple form, the mathematical spline is
continuous and has both a continuous first derivative and a continuous second
derivative. Normally, for many important applications, this mathematical model of
the draftsman's spline is highly realistic. (R.Champision:C.T.Lenard:T.M.Mills
1996) (J.H.Ahlbery:E.N.Nilson, The Theorey of Spline and Their Application
1997)

Let's begin with the simplest method linear interpolation. The idea is that we are
given a set of numerical points and function values at these points. The task is to
use the given set and approximate the function's value at some different points.
That is, given x; wherei = 0,...,n — 1 our task is to estimate f(x) for x, = x <
x,,. Of course we may require to go outside of the range of our set of points, which
would require extrapolation (or projection outside the known function
values).Almost all interpolation techniques are based around the concept of
function approximation. Mathematically, the backbone is simple:

Yi+1 — Vi

i+1 — Xi

f) =y + (x —x;)



The above expression tells us that the value of function we are approximating at

point x will be around y; and that x; > x < x;,,. We can rewrite this expression as

follows:
s(x) = ay + b (x — x)
Where we have substituted y; for a;, and % for b;,. Our linear interpolation is
i+1~ A1

now taking a form of linear regression around a,.Linear interpolation is the most
basic type of interpolations. It works remarkably well for smooth functions with
sufficient number of points. However, because it is such a basic method,

interpolating more complex. (Elena 2015)

Spline interpolation consist of piecewise polynomial interpolation. Thus, a spline
function is a piecewise polynomial whose value and the value of some of its first
derivatives coincide at the interpolation point. A spline is a simple mechanical
device for drawing smooth curve, it is a slender flexible bar made of wood or some
other elastic material. The spline is placed on the sheet of graph paper and held in
place at various points by means of certain heavy objects (called “dogs” or “rots”)
such as to take the shape of the curve we wish to draw. (C.Brezinski and
L.Wuytack 2001)



spline

ducks

Figure 1.1 curve of spline mechanical

1.2 History of Spline Function:

Spline is the subject had been studied as early as 1906 by George David
Birkhoff (1884-1944); its development really starts in 1946 with two papers by
Issac Jacob Scheoenbery (1903-1990). (C.Brezinski:L.Waytack 2001)

The history of spline functions is rooted in the work of draftsmen, who often
needed to draw a gently turning curve between points on a drawing. This process is
called fairing and can be accomplished with a number of ad hoc devices, such as
the French curve, made of plastic and presenting a number of curves of different
curvature for the draftsman to select. Long strips of wood were also used, being
made to pass through the control points by weights laid on the draftsman's table and
attached to the strips. The weights were called ducks and the strips of wood were
called splines, even as early as 1891. Spline functions have proved to be very useful
in numerical analysis and statistics. (kincaid 2013)
(R.Champision:C.T.Lenard: T.M.Mills 1996)



CHAPTER TWO

SPLINE FUNCTION

2 Spline function

It seems appropriate to begin a research on spline theory by defining a spline in
its simplest and most widely used form, and also to indicate the motivation leading
to this definition. For many years, longs, thin strips of wood or some other material
have been used much like French curve by draftsmen to fair in a smooth curve
between specified points. These strips or spline are anchored in place by attaching
lead weights called “ducks” at points along the spline. By varying the points where
the ducks are attached to the spline itself and the position of both the spline and the
duck relative to the drafting surface, the spline can be made to pass through the
specified points provided a sufficient number of ducks are used.

If we regard the draftsmen’s spline as a thin beam, then the Bernoulli-Euler law
M(x) = EI[1/R(x)]

Is satisfied. Here M (x) is the bending moment, E is young’s modulus’s, I is the
geometric moment of inertial, and R(x) is the radius of curvature of the elastic,
I.e, the curve assumed by the deformed axis of the beam. For small deflection,

R(x) is replaced by 1/y"'(x), where y(x) denotes the elastic. Thus we have

y"(x) = (1/EDM (x).

Since the ducks act effectively as simple supports, the variation of M (x) between
duck positions is linear.



The mathematical spline is the result of replacing the draftsmen’s spline by it’s
elastic and then approximating the latter by a piecewise cubic( normally a different
cubic between each pair of adjacent duck) with certain discontinuities of
derivatives permitted at the junction points(the ducks) where two cubics join.
(J.H.Ahlbery:E.N.Nilson, The Theorey of Spline and Their Application 1997)

2.1 Mathematical Definition of spline

A spline function is a function consisting of polynomial we are forced to write

So(x) X € [xg,%1]
S(X) — Sl(x) X € [9:C1,X2]

Sn-1(x) X € [xp_1, %]

First-degree spline 2.1.1:

A spline function is a function that consists of polynomial piece joined together
with certain smoothness conditions. A simple example is the polygonal function (or
spline of degree one) (kincaid 2013)



a=t0 tl tz t3 t4

Figure 2.1 first-degree spline function

Whose piece are linear polynomial joined together to achieve continuity, as in
figure2.1. The points t, t;, ..., t, at which the function changes it’s character are
termed knots in the theory of spline. Thus, the spline function shown in figure 2.1

has eight knot. Such a function appears somewhat complicated when defined in

explicit terms. We are forced to write $(x) piecewise linear

So(x) x € [to, t1]
S(X) — Sl(x) X € [flltZ]

Sn-1(x) x € [ty_q,ty]

Where

———— (1)



Because each piece of S(x) is piecewise linear. If the knots t,, t,, ..., t,, Were given
and if the coefficients ay, by, a4, by, ..., a1, bn—1  Were all known, then the
evaluation of S(x) at a specific x would proceed by first determining the interval
the contains x and then using the appropriate linear function for that interval. If the
function § defined by Equation (1) is continuous. We call it a first-degree spline. It

is characterized by the following three properties. (kincaid 2013)

Property of first- degree spline2.1.1
A function S is called a spline of degree one if:

1- The domain of S is an interval|a, b].
2- Sis continuous on [a, b].
3- There is partitioning of the interval a = t, < t; < --- < t, = bsuchthatSis

a linear polynomial on each subinterval [¢t;, t;,4].

Si(ﬂ (tiv1, Yit1)
(¢ ) ‘/T

|
|
1

v

o @ m—

~—

it1
Figure 2.2 First-degree spline: linear S;(x)

si) =y +mkx—-t)  ————- (2.3)



On the interval [¢;, t; 1], where m; is the SLOP of the line and is therefore given
the formula

_ Yit1 — ¥i

— - —(24)
tiy1 — 4

i
Substitute equation (2.4) in equation (2.3)

Si) =y + (x— )] ———— (25)

tiv1—ti

End function spline one. (kincaid 2013)

Example 2.1: Determine a spline function of degree one which interpolates the

following data:

PN
N
w
o

X
Y

Solution: since

So(x) x€[1,2]
S(x) ={S1(x) x€[2,3]
S,(x) x €[3,4]

Y1—Yo
X1—Xo

So(x) = yo + (x — xp)
So(x) =0+ (x — 1)5

So(x) = (x—1)

S1(x) =y1+ (x —x) 2



$100 =1+ (x—2)—

S;(x)=—x+3

S0 =y, + (x —x) 22
1-0
SZ(X) =0+ (x - 3);

S,(x) =x-3
lim,_, So(x) = lim,_,, S;(x) ;x =2
S52)=2-1D)=1

} (2,1)
5:2)=-2+3=1

lim,_,3 S;(x) =lim,_,3S,(x) ;x =3

S3)=-3+3=0
} (3,0)
S,(3)=3-3=0

()= S,(x)

N
I 7

1 2 3 4

Figure 2.3 First-degree spline function: linear spline S;(x)

9



CHAPTER THREE

TRANSFORMATION SPLINE FUNCTION OF
POLYNOMIAL DEGREE ONE

3.1 Transformation for sine function and cosine function of

polynomial degree one

Sine Function 3.1.1: f(x) = sin(x)

-
>
<

N
N I I

<

X

Figure 3.1.1 illustration of sine function using co-ordinate.
NOTATION: Let (x, y) be any point, other than the origin, on the terminal side of
an angel 6 in standard position. Let r be the distance from the point (x, y) to the

origin.

Sing =2
T

r= ¥ 2

10



Property of sin(x) 3.1.2 :

A
Sin(x) 1L

—2r

> W bd e

N 4=

Figure 3.1.2 sine function

Domain: (—oo,00) or — oo < x < oo,

Range:[-1,1] or—1 <y < 1.

The sine function is a periodic function with fundamental period 2.

The x-intercepts 0, ¥, ¥2m, ..., are integer multiples of, nm , where n is
an integer: (nm, 0).

The Maximum(1) and Minimum(-1) value of the sine function

T 2n+)m
; )

correspond to x value that are odd integer multiplies of , such

The sine function is an odd function:-
e Symmetric about the origin.
e Sin(—x) = —sin(x). (Young 2012)

11



Cosine Function 3.1.3: f(x) = cos(x)

~
>
<

d1_____
L

<

X
Figure 3.1.3 illustrations of cosine function using co-ordinate.

Cosf ==

r

r=JxZ+y?
Property of cos(x) 3.1.4: (Young 2012)

CosO

- —_——_——— e ————— — 1

Figure 3.1.4 cosine function

12



Domain:(—oo,0) or —oo < x < o,
Range: [-1,1]or —1 <y <1.

The cosine function is periodic function with fundamental period 2.

-l

. 5 . L .
The x-intercepts,* %,f %,f 7”,. .., are odd integer multiplies of %, which have

(2n+1)m 2n+1)rm

2 )

5. The Maximum (1) and Minimum (-1) values of the cosine function

the form ,, Where n is integer :- ( 0).
correspond to x-value that are integer multiplies of m,,nm such as

0,%m, 1 2m, ...

6. The cosine function is an even function:
e Symmetric about the y-axis.

o (Cos(—x) = cos(x)

Example 3.1: The terminal side of an angel 8 in standard position passes through
the point(2,5) . (Young 2012)

Solution:

A

r >f 5)
|
| Y=5

A 4

Figure 3.1.5 illustrations using co-ordinate.

13



N
sinf = N
ing = —> V29 _ 5v29
SNV = 55" V29 — 29
X 2
Cose—;—ﬁ
CosO = 2 V29 _ 2v29
0SV =755 726 — 29

3.2 Spline by geometric function

Spline function transformation of sine function 3.2.1:

So(x) X € [xg,Xq]
sy =4 S X €] ———(32.1)
Sn-1(X) X € [xp_1,Xp]
Where

S(x) =Sin(a;x + b;) - ——(3.2.2)

14



S t(x)

- (X1 Yie1)
(i, yi) '/_1| ) )
| |
! N
Xi Xit+1
Figure 3.2.1 First-degree spline: sine function §;(x)
si(x) =Sin(y; + mix —x;))  ————-— (3.2.3)
On the interval [x;, x;.,], where m; is the SLOP of the line and is therefore given
the formula
_ Yi+17Yi _
my = (3.2.4)

Substitute equation (3.1.4) in equation (3.1.3)

S;(x) = Sin(y; + (x — x;) [M]) — ——(3.2.5)

Xi4+1—X{

Example 3.2: Determine a spline function of degree one for transformation for sine

function of polygonal degree one which interpolates the following data:

1 |2 |3 |4

X
Y0 |1 |0 |1

Solution: since

So(x) x€[1,2]
S(X) =< S1(x) x € [2,3]
S,(x) x €[34]

15



So(x) = Sin(yo + (x — x5) (222))

So(x) =Sin(0+(x—1) (g))

So(x) =Sin(x—1)

$1(x) = Sin(y, + (x = 2) 1)

$1(x) = Sin(1+ (x - 2) (=)

S1(x) = Sin(—x + 3)

$2() = Sin(y, + (x - %) (222)

S,(x) = Sin(0 + (x — 3) (g))
S,(x) = Sin(x-3)
lim,_,, So(x) = lim,_, S;(x) ; x =2

So(2) = Sin(2 — 1) = Sin1=0.0174 }
$1(2) = Sin(—=2 + 3) = Sin(1)=0.0174

(2,0.0174)

lim,_3 S;(x) =lim,_3S,(x);x =3

$,(3) = Sin(=3 + 3) = Sin(0) = 0 } 5.0
5,(3) = Sin(3 — 3) = Sin(0) = 0 '

16



1 +

5/ (x) = 5,(2Y) @
=S 5w =5,

] b ] S
v rd

1 3 4

Figure 3.2.2 spline function of degree one for transformation for sine function of

polygonal degree one.

Spline transformation of cosine function 3.2.2:

So(x) x € [xg, %]
S(X) — Sl(x) X € [JflixZ] L (321)

Sn-1(x)  x € [xp_1, %]
Where

S(x) = Cos(a;x+b;)) ————— (3.2.2)

17



Si(x) (Xis1, Yit1)
(i, 1) ,/'

Xi Xi+1

G —
‘—l—l—

v

Figure 3.2.3 First-degree spline: cosine function S;(x)

si(x) = Cos(y; + my(x — %)) == (3.2.3)

On the interval [x;, x;,.,], where m; is the SLOP of the line and is therefore given
the formula
m; =22 (3.2.4)

Xi+1—X{

Substitute equation (3.2.4) in equation (3.2.3)
Si0) = Cosyi + e =) [F2]) - (3:25)

Xi+1—X{

Example 3.3: Determine a spline function of degree one for transformation for

cosine function of polygonal degree one which interpolates the following data:

X[/l |2 |3 |4
Y0 |1 |0 |1

Solution: since
18



So(x) x€[1,2]
S(x) ={S1(x) x€[2,3]
S,(x) x €[3,4]

So(x) = Cos(yy + (x — x5) (2222

So(x) =Cos(0+ (x—1) (g))
So(x) =Cos(x—1)

$1(x) = Cos(yy + (x — ) Z=2H)
S;(x) =Cos(1+ (x —2) (g))

Si(x) = Cos(—x + 3)

So(x) = Cos(y, + (x — x3) (J/3_y2))

S,(x) =Cos(0+ (x —3) (g))

S,(x) = Cos(x —3)

lim,_,, So(x) =lim,_, S;(x) ; x =2

So(2) = Cos(2 — 1) = Cos1=0.9998

S,(2) = Cos(=2 + 3) = Cos1=0.9998

j’ (2,0.9998)

19



lim,_3 S;(x) =lim,_3S,(x);x =3

5:(3) =Cos(=3+3)=Cos0=1
} (3,1)
S,(3) =Cos(3—3)=Cos0=1

N S1(x) = S, (x)

So(x) = 51 (x) @

v

Figure 3.2.4 spline function of degree one for transformation for cosine function of

polygonal degree one.

20



3.3 Matlab of transformation of spline degree one

Spline functions of degree one 3.3.1:

clc
n=input ('n="); $n=4
x1l=input ('xl="); %x1=2.5
x=input ('x="); $x=[1 2 3 4]
y=input ('y="); sy=[1 0 1 0]
m=input ('m="); sm=[1 2;2 3;3 4]
s=zeros (n-1,1);
for i=1:n-1

1if (x1>=m(i,1)) &&(x1<=m (i, 2))

s(i,1)=(y(1,i+1)-y(1,1))/(x(1,1i+1)-x(1,1i))*(x1-
x(1,1))+y(1,1);
disp(s(i,1))
end
plot (x,y,x1,s(1,1))
end

Spline function of degree one transformation of Sine function 3.3.2:

clc
n=input ('n="); In=4
x1l=input ('xl="); S$x1=2.5
x=input ('x="); sx=[1 2 3 4]
y=input ('y="); sy=[1 0 1 0]
m=input ('m="); sm=[1 2;2 3;3 4]
s=zeros (n-1,1);
for i=1:n-1

if (x1>=m(i,1)) &&(x1<=m (i, 2))

s(i,1)=sin(y(1,i+1)-y(1,1))/(x(1,i+1)-x(1,1))*(x1-
x(1,1))+y(1,1);
disp(s(1,1))
21



end
plot(x,y,x1,s(1,1))
end

Spline function of degree one transformation of Cosine function
3.3.3:

clc
n=input ('n="); sn=4
x1l=input ('xl="); %x1=2.5
x=input ('x="); gx=[1 2 3 4]
y=input ('y=');  %y=[1 0 1 0]
m=input ('m="); sm=[1 2;2 3;3 4]
s=zeros (n-1,1);
for i=1:n-1

1if (x1>=m(i,1)) &&(x1<=m (i, 2))

x(1,1))+y(1,1);
end

plot (x,y,x1,s(1,1))
end

22



3.4 Algorithm of transformation of spline degree one

Spline functions of degree one 3.4.1:

Stepl: Assume that value of interval for x and f(x), and the number of data valued

n , and the range for m using formula (2.1)
Step 2: Construct the spline function using formula (2.2)
Step 3: Polite the spline function of degree one using formula (2.5)

Step 4: end.

Spline functions of degree one transformation of Sine function 3.4.2:

Stepl: Assume that value of interval for x and f(x),and the number of data

valued n, and the range for m using formula (3.3.1)
Step 2: Construct the spline function using formula (3.1.2)

Step 3: Polite the spline function of degree one transformation sine for degree one

using formula (3.1.5)

Step 4: end.

23



Spline functions of degree one transformation of cosine function
3.5.3:

Stepl: Assume that value of interval for x and f(x),and the number of data

valued n, and the range for m using formula (3.2.1)
Step 2: Construct the spline function using formula (3.2.2)

Step 3: Polite the spline function of degree one transformation cosine for degree

one using formula (3.2.5)

Step 4: end.

24



CHAPTER FOUR

NUMERICAL RESULT

Example 4.1.1: Determine a spline function of degree one which interpolates the
following data:

X1 |2 |3 |4
Y|0O |1 |0 |1

Solution: use linear spline to produce curve for the following data:

X |1 11 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2
Y |0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

25



1.2

0.8

0.6

0.4

0.2

= Seriesl

Figure 4.1.1 spline function of degree one

Example 4.1.2: Determine a spline function of degree one for transformation for

sine function of polygonal degree one which interpolates the following data:

[HEN

2

3

4

X
Y

1

0

1

Solution: use spline function of degree one for transformation for sine function of

polygonal degree one to produce curve for the following data:

X

11

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

y

0.099

0.198

0.295

0.389

0.479

0.564

0.644

0.717

0.783

0.841

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

0.841

0.783

0.717

0.644

0.564

0.479

0.389

0.295

0.198

0.099

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

0.099

0.198

0.295

0.389

0.479

0.564

0.644

0.717

0.783

0.841

26



0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

yaN /
/\ /
/  \ /
/ N\ /
/ \ / Series1
/ \ /
/ \_ /
/ \ /
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Figure 4.1.2 spline function transformation of sine function

Example 4.1.3: Determine a spline function of degree one for transformation for

cosine function of polygonal degree one which interpolates the following data:

1

2

3

4

X
Y

0

1

0

1

Solution: use spline function of degree one for transformation for cosine function

of polygonal degree one to produce curve for the following data:

X

11

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

y

0.995

0.980

0.955

0.921

0.877

0.825

0.764

0.696

0.621

0.540

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

0.540

0.621

0.696

0.764

0.825

0.877

0.921

0.955

0.980

0.995 |1

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

0.995

0.980

0.955

0.921

0.877

0.825

0.764

0.696

0.621

0.540
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Figure 4.1.3 spline function transformation of cosine function

Example 4.2.1: Determine a spline function of degree one which interpolates the

following data:

Solution: use linear spline to produce curve for the following data:

X101(01{02|03|04|05|/06|0.7|08|09|1

y |2 (2224126283 |32|34|36|38|4

y |4]1405(41|415|42|425|43|435|4.4|445|45|455|4.6|4.65|4.7/|4.75

y |48 48549 4955
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Figure 4.1.4 spline function of degree one by example 4.2.1

Example 4.2.2: Determine a spline function of degree one for transformation for

sine function of polygonal degree one which interpolates the following data:

X|0]1]|3
Y|2|4]|5

Solution: use spline function of degree one for transformation for sine function of

polygonal degree one to produce curve for the following data:

X 10 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Y |0.909 [0.808 |0.675 |0.515 [0.334 | 0.141 | -0.058|-0.255 | -0.442 | -0.611 | -0.756

y | -0.788 | -0.818 | -0.845 | -0.871 |-0.894 |-0.916 |-0.935 |-0.951 |-0.965 |-0.977

y |-0.986 |-0.993 |-0.998 |-0.9999 |-0.9992 |-0.996 |-0.990 |-0.982 |-0.971 |-0.958
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Figure 4.1.5 spline function transformation of sine function by example 4.2.2

Example 4.2.3: Determine a spline function of degree one for transformation for
cosine function of polygonal degree one which interpolates the following data:

X|{0]1]|3
Y|2]|4|5

Solution: use spline function of degree one for transformation for cosine function

of polygonal degree one to produce curve for the following data:

-0.416 | -0.588 | -0.737 | -0.856 |-0.942 |-0.989 |-0.998 | -0.966 |-0.896 |-0.790 |-0.653
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-0.8

0s I\
\

-1.2

X111 1.2 1.3 1.4 1.5 1.6 1.7 1.8 19 2
y | -0.615 | -0.574 | -0.533 | -0.490 |-0.446 | -0.400 |-0.354 |-0.307 -0.259 | -0.210
X (21 2.2 2.3 24 2.5 2.6 2.7 2.8 29 3
y |-0.161 |-0.112 |-0.062 |-0.012 | 0.037 0.087 0.137 0.186 0.235 |0.283
0.4
0.2 7~

0.5 1 15 2/2.5 3 3.5
-0.2
-0.4 / Seriesl

Figure 4.1.6 spline function transformation of cosine function by example 4.2.3

Note: using MatlabR2010a and Microsoft Excel 2010
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