Salahaddin University-Erbil
College of Science-Department of Mathematics

Numerical Analysis
3rd Year Second Semester
2023-2024

Newton Forward I nterpolation on Equispaced Points

Lecturer: Dr. Jabar S. Hassan



Forward Difference Tables

* We assume equi-spaced points (not necessary)

fi

 Forward differences

A%,=f,

AfiEle_

] o/ =/(x5)
of1 =fx1) o f;=fix;)
o f) =fixy) o [y =flxy)
X, A 4 Xy
0 1 2 3 N @)

h = interval size

are now defined as follows:

(Zeroth order forward difference)

f;  (First order forward difference)



Azfi =Af;,;—Af; (Second order forward difference)
Nfi = Fiya—fio )= Gipr —f)
Nfi = firn=2fii 1 +],

A3fl. = Azfi 1 Azfi (Third order forward difference)
Nfi = Fros=20ia4fis) = Fiva=2fin1 +1)

3
Afi =fi+3_3fi+2+3fi+1_fi

A = A5 —A"'r (khorder forward difference)

» Typically we set up a difference table



0 | £, | A, =f—f, | Af, = Af =AF, | AF, = Nf-A%F, | A, = AF - A,
1 f1 Af1 =f2—f1 Af1 = Afz—Af1 Af1 = Azfz—A2f1

2 f2 Afz = f3 —fz Afz = Af3—Af2
3 f3 Af3 = f4—f3
4 | 14

» Note that to compute higher order differences in the tables, we take forward differences
of previous order differences instead of using expanded formulae.

* The order of the differences that can be computed depends on how many total data
points, x,, ..., x,, are available

N+1 data pointscan developupto Nth order forward differences



Example 1

» Develop a forward difference table for the data given

2

i X; fi Af; NS, Af; A'f; A'f;
0 2 7 5 5 3 1
1 4 3 10 8 4

2 6 6 19 18 12

3 8 25 37 30

4 10 62 67

5 12 129




Deriving Newton Forward Interpolation on Equi-spaced Points

f(X) A

e Summary of Steps

» Step 1: Develop ageneral Taylor series expansion for f(x) about xo.

 Step 2: Expressthe various order forward differencesat xo intermsof  f(x) andits
derivatives evaluated at xo. Thiswill allow usto express the actual derivatives eval-
uated at xo in terms of forward differences.

» Step 3: Using the general Taylor series expansion developed in Step 1, sequentially
substitute in for the derivatives evaluated at xo in terms of forward differences (i.e.
substitute in the expressions developed in Step 2).



Step 1

 The Taylor series expansion for f(x) about x, is:

f(x) = f(x0)+(x—x0)c%( +—( xX—x,) y —3 +§(x—x0) F +0(x—x0)4
X=X X ) X

0 X=X, X=X,

Ax) = £+ (e—x )1 4 %(x—xa)szf) + %(x—x0)3f(03) +O(x—x,)"

Step 2a

» Express first order forward difference in terms of f, , ffjl),

Af,=fi—1,

* However since f; = f(x,) , we can use the Taylor series given in Step 1 to express f; in
terms of f, and its derivatives:

fi = fy Gy =) 30y =0 )T+ Sy = ) A 4 0 3,



* We note that the spacing between data points is h=x; —x,:
1 1,20 1,33 4
fi =f, +ht )+5hfﬁ))+§hf‘o)+0(h)
* Now, substitute in for f; into the definition of the first order forward differences

1 1.2 1.3 3 4
Afo:f0+h0)+2—!hff))+§hff))+0(h) -f,

Af, 1 1
1) 2) 2 (3) 3
fo! = - ghts 5t =0

* Note that the first order forward difference divided by # is in fact an approximation to
the first derivative to O(h) . However, we will use all the terms given in this sequence.



Step 2b

1)

o

* Express second order forward difference in terms of f,,

N’f,=f,-2f, +f,

* We note that f, = f(x;) was developed in T.S. form in Step 2a.

* For f, = f(x,) we use the T.S. given in Step I to express f, in terms of f, and deriva-
tives of f evaluated at x,

1 1 2 (2 1 3 (3 4
£y =f,+ (- )f )+ﬁ(x2—x0)f(0 )+§(x2—x0)fg)+0(x2—x0)
* We note that x, —x, = 2h

n 4.2 8,343 4
£y = f,+2hf +2—!th +§hf(0 +O(h)



* Now substitute in for f, and f; into the definition of the second order forward difference
operator

3

2 1 242) 4,33 4 1 242) 1,343 4
N, = o2y 20700 S0 v oyt <of, =2 - R -2 0 44,

2

@ _ Afo—hf(o3)+0(h)2

o h2

* Note that the second order forward difference divided by h® is in fact an approximation

to ff) to O(h) . However, we will use all terms in the expression.



Step 2c

 Express the third order forward difference in terms of f,, fﬁl) o

Nf,=f,-3f+3f,-f,
* We already developed expressions for f, and f;.

* Develop an expression for f; = f(x;) using the T.S. in Step 1
1 1

f3 = f,+ (x5 —xo)f(ol) + 2—!()c3 —xo)zf(oz) + ﬁ(x3 —x0)3f(03) + O0(x; —x0)4

* Noting that x;—x, = 3h

Hn 922 9. 3,3 4
fy = £, 4300 4 5117 + SR + 0h)



 Substituting in for f;, f, and f; into the definition of the third order forward difference
formula.

N'f, = f4 30+ 0D i v oyt —af, -6l - ZrA -2 v oy’

nH 3.2, 3,33 4
+3f0+3hf(0)+§hf(0)+§hf(0)+0(h) -f,

Nf = fY v oyt

3

Af,
3) 0
£ ==

h

e The third order forward difference divided by K’ is an O(h) approximation to ff)



Step 3a

* Consider the general T.S. expansion presented in Step [ to define f(x) and substitute in

for f(ol) using the result in Step 2a.

* Note that now we are not evaluating the T.S. at a data point but at any x

A
70) = £+ ()| e I - Loy

1 2 (2 1 343 4
+2—!(x—x0)f(0 )+§(x—x0)f(0)+0(x—x0)

f(x) = f+ Af+ —(x=x)h+ (x—x,) 11

+ %[_ (X _xo)h2 + (X —X0)3]f(03) + O(h)4



Step 3b

 Substitute in for f(oz) using the expression developed in Step 2b.

2

~Tonr 4 2%[- (x—x,)h+ (x—xo)Z]{Ahf" —hfP 4 O(h)z}

) = fo+—

+ %[_(X _xo)h2 + (X —X0)3]f(03) + O(h)4

fx) =7, + ; Af0+2—!— Tt 5

x-x, 1] (x-x,) (x—xof}Asz
h

#5200 x )+ (- x,) = 303, PRI + o)’



Step 3c

e Substitute in for fﬁf) from Step 2¢

(X—XO) 1 (-x—xo) ('x_xO)2 2
fx) = f,+ Aot o=+ * AY,
3
+ %[2@ —x )+ (x—x,) - ?,(x—xo)zhlA { +0(h)*
! h

* Re-arranging the terms in brackets:

2

A
e

Af, 1
flx) = f0+(x—xo)T+2—!(x—x0)[—h+(x—x0)]

3

A
+ %(x —x )[2h% + (x—x,)" = 3(x—x,)h] ff’ +oh +HOT
! h




Af, 1 N’f,
1) = fyt Gem )8 g, = (x4 )=

A3

+ 31—'(x - x ) (x=(x,+h))(x—(x,+2h))] {0 + O(h)4 + HOT
: h

* Also considering higher order terms and noting that x, + & = x;, x,+2h = x,

and  f(x) = g(x)+e(x)

2 3

Afo 1 Afo 1 Afo

g(x) =f0+(x—x0)—l-1-+-2-!(x—x0)(x—x1)—;-l-i— +3—!(x—x0)(x—x1)(x—x2) h3
1 A"f,
+ ... +N—!(x—x0)(x—xl)(x—xz)...(x—xN_l) N

e Thisisthe Nth degree polynomial approximation to N + 1 data pointsand isiden-
tical to that derived for Lagrange interpolation or Power series (only the form in
which it is presented is different).



» Note that the N + 1 data point are exactly fit by g(x)

8(x,) =1,

fi—to
1h -/,

g(x)) = f,+(x,-x,) L °)

= f,+h("

o) = £+ oy - (1) #3000 —x) 522 +1)

=

(2h)h

g(x,) = f+_(f1 —f,) + h (fz 2f,+1,)

=

g(xy) = f,+2f1=2f, +fL,=-2f1+f, =/

® In general

g(x;) = f; i=0N



It can be readily shown that the error at any x is: (by carrying through error terms in the
T.S.)

(x—x,)(x—xp)...(x _xN)f(N+ 1)(&)

e(x) = f(x)-gx) = (N +1)!

x,<E<xy

This error function is identical to that for Lagrange Interpolation (since the polynomial
approximation is the same).

However we note that fN ¥ 1(x) can be approximated as (can be shown by T.S.)

N+ 1
f(zv+1) A +f0
(x0)= hN+1

In fact if f(N+ 1)(x) does not vary dramatically over the interval

N+1

+ A o
g2

N+1
h




e Thus the error can be estimated as

(x-x,)(x—x;)...(x —xp) AN+lf0

(N+1)! PN+ 1

e(x)=

* Notes

e Approximation for e(x) is equal to the term that would follow the last term in the

N degree polynomial series for g(x)

* [f we have N + 2 data points available and develop an N degree polynomial approx-
imation with N+ 1 data points, we can then easily estimate e(x) . This was not as
simple for Lagrange polynomials since you then needed to compute the finite
difference approximation to the derivative in the error function.

e If the exact function f(x) is a polynomial of degree M <N, then g(x) will be an
(almost) exact representation of f(x) (with small roundoff errors).

e Newton Interpolation is much more efficient to implement than Lagrange Interpola-
tion. If you develop a difference table once, you can

* Develop various order interpolation functions very quickly (since each higher
order term only involves one more product)

 Obtain error estimates very quickly



Example 2

» For the data and forward difference table presented in Example 1.
* (a) Develop g(x) using 3 points (x, = 2, x; = 4 and x, = 6) and estimate e(x)
* (b) Develop g(x) using 4 points (x, = 2, x; = 4, x, = 6, x; = 8) and estimate e(x)
* (c) Develop g(x) using 3 different points (x, = 6, x; = 8, x, = 10)

(Part a)
e 3 datapoints = N =2

Af, 1 N’f,
85(0) =y (=) - x, (- x) =

with

x, =2 x; =4 x,=6 and h =2

 Note that the “3” designation in g,(x) indicates N+/=3 data points



* f,, Af, and A2f0 are obtained by simply picking values off of the difference table
(across therow i = 0)

2
f,=-1T Af,=4 Af =5

4 1
-t —

g;3(x) = —7+(x—2)2 3

5

“MN(x —4)>

(x-2)(x - 4)3
e The error can be estimated as:

(x —xo)(x—xl)(x—xz)l

3
3! 0o

33(x) =

 Simply substitute in for x,, x, x,, h and pick off A3f0 = 5 from the table in Example 1

-2)(x-4)(x-6) 1 5
e (x) = (x )(x6 )(x )_2_3.5 - (35_2)(35_4)(36_6)‘E




(Part b)

e 4datapointsx, = 2,x;, =4,x, =6,x3=8 = N=3

* Simply add the next term to the series for g,(x) in Part a:

3
Af,

8a(X) = 8300) + 3300, (¥ = x) (= ;)=
' h

* We note that the term we are adding to g;(x) 1s actually e;(x)

e Pick off A’ f, =5 from the table in Example 1 and substitute in
1 5
84(%) = g3(¥) + 3:(x-2)(x - 4)(x-6) - 3

e The error is estimated as

e(x) = (x—xo)(x—xlé)t('x—xz)(x—x3)%A4f0
' h

ey(x) = (x~2)(x ~4)(x ~6)(x - 8)5



(Part c¢)

e 3datapointsx, = 6,x;, = 8and x; = 10 = N=2

* We must shift i in the table such that x, = 6 etc.

Af, 1 A’f,
83(0) =+ (x=0,) 4 55— (=)=

* Pick off f,, Af, and A2f0 from the same difference table with a shifted index

f,=6, Af, =19, A’f =18

e Substituting

19 1 18
g3(x) = 6+(x—6)7+2—!(x—6)(x—8)?



Newton Backward Interpolation

* Newton backward interpolation is essentially the same as Newton forward interpolation
except that backward differences are used

e Backward differences are defined as:

V°f,=f,  Zero" order backward difference

Vf, = f,—f;_,;  First order backward difference

szi = Vf,—-Vf;,_,  Second order backward difference

Vf = v fi- vl fi_y  k™order backward difference



e For N+ 1 data point which are fitted with an N degree polynomial

2

Viv 1
+ 2—!(x—xN)(x —xN_1)7

g(x) = fN+(x_xN)T

VS
[ h

N
Vifn

1
+N-!(x—xN)(X—xN—l)“'(x_xl) BNy

* Note that we are really expanding about the right most point to the left. Therefore we
must develop f, Vfy etc. in the difference table




Newton Interpolation on Non-uniformly Spaced Data Points

* Newton interpolation can be readily extended to deal with non-uniformly spaced data
points

] ] ] 1 1
1 1 1 1 1 > X

XO X] XZ X3 X4

» The difference table for non-uniformly spaced nodes is developed and an appropriate
interpolation formula is developed and used



SUMMARY OF LECTURE 4

Newton formulae can be obtained by manipulating Taylor series

Newton interpolating function is related to easily computed forward/backward differ-
ences

Error is readily established and estimated from the difference table (as long as you have
one more data point than used in interpolation)

Newton interpolation through N + 1 data points gives the same N degree polynomial as
Lagrange interpolation

Newton interpolation is more efficient than Lagrange interpolation and is easily imple-
mented



