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5.1 Standard form of integration

Below is a list of some basic integrals. These are integrals that should be memorized. All
of the integration techniques that we use to compute more complicated integrals are
aimed at reducing the more complicated integrals to one of the forms in the basic list.

1. If n is any fixed real number (except —1), then

1
/:1:" i =T G
n+1

9 /:v_l dr =n|z|+ C
3 /eI de =¢"+C
4. /cos dx = sin (z) + C

—cos(z)+C
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5.1 Standard form of integration

Below is a list of some basic integrals. These are integrals that should be memorized. All
of the integration techniques that we use to compute more complicated integrals are
aimed at reducing the more complicated integrals to one of the forms in the basic list.

6. / sec? (x) dxr = tan (z) + C

7 fcscg () der = —cot (x) + C

] /sec (z) tan (x) dx = sec (z) + C

g /-::-5:: (x)cot (x) de = —csc(x) + C

dxr = arcsin (z) + C

1
10 f VI—2?

1
11. f1+$_2 dx = arctan (x) + C.



5.1 Standard form of integration
Example 1 FEvaluate the indefinite integral

/IE (4:::3 + 5)3 dx.

Solution 2 Make the substitution

u = 4z +5
du = 122%dx
and note that 1
72
dr = 12du

The above integral can then be written as

/—u du.

1 1
/—u dﬂ__g'ﬁu + C,

Since

we see that

/:1:2(4:c3+5) d:r——(4:r +5] + C.



5.1 Standard form of integration

Example2 Fvaluate the definite integral

w4
/ tan? (z) sec’ (x) dzx.
0
Solution 4 Making the substitution

u = tan(z)

du = sec’(z)dz,

we see that

1 1
/tan? (z)sec” (z) dx = /ui du = Euq +C = Etam3 (z)+C.

By the FTC, we then have

/4 1 1 1
L tan” (z) sec” (z) dz = 7 tan (4) 7 tan (0) 7

(Recall that tan (¥) = 1 and tan (0) = 0.)

=



5.2 Tabular Integration

Tabular Integration

We have seen that integrals of the form /| f(x)g(x) dx, in which f can be differentiated
repeatedly to become zero and g can be integrated repeatedly without difficulty, are
natural candidates for integration by parts. However, if many repetitions are required,
the calculations can be cumbersome. In situations like this, there is a way to organize

the calculations that saves a great deal of work. It 1s called tabular integration and 1s
illustrated in the following examples.

Example Using Tabular Integration
Evaluate
/xze" dx .
Solution With f(x) = x? and g(x) = e¥, we list:
f(x) and its derivatives 2(x) and its integrals
x2 —_— (+) e”
2x —0 (—) et
22— (+) e”

0 ——h—e_l- 7



5.2 Tabular Integration

Example: Using Tabular Integration

v .
Evaluate /x3 sin x dox

Solution With f(x) = x* and g(x) = sinx, we list:

f(x) and its derivatives 2(x) and its integrals
x> e 1) sin x
3x? e SRR ™ _cosx
bx ~——0 _  (+) = —sin X
6 (—) = COS X
0 T . SINX

Again we combine the products of the functions connected by the arrows according to the
operation signs above the arrows to obtain

/x3sinxdx = —x3cosx + 3x?sinx + 6xcosx — 6sinx + C.



5.3 Integration by parts

Product Rule in Integral Form

It f and g are diflerentiable functions of x, the Product Rule says

L f()2(0)] = [ (gkx) + (e ().

leading to the Integration by parts formula

//(x)g'(x)dx = f(x)g(x) — //'(x)g(x)dr (1)

Sometimes it 1s casier to remember the formula if we write 1t in differential form. Let
u = f(x) and v = g(x). Then du = f'(x)dx and dv = g'(x) dx. Using the Substitution
Rule, the integration by parts formula becomes

Integration by Parts Formula

Judv=uv—fvdu
(2)




5.3 Integration by parts

Example: Integration by Parts
Evaluate [x cos x dx.
SOLUTION
We use the formula [u dv = uv — [v du with
u=2x, dv=cosxdx.

To complete the formula, we take the differential of «# and find the simplest antideriva-
tive of cos x.

du=dx V = S§X

Then,

J.\' cosxdx=xsinx — fsin xdx=xsinx+ cosx + C.



5.3 Integration by parts

Example:

R
Evaluate [x?e* dx.

SOLUTION

With u = x2 dv = e*dx., du = 2x dx, and v = ¢~, we have

2 ’, -
J,r-ex dx = x<e* — 2 l xe* dx.

u Vv v du

fxe"’f dx = xe* — fe"‘f dx = xe* — e* + C.

7y ) :
f x“e*dx = x“e* — 2 f xe* dx

x2eX — 2xe* + 2¢* + C.



5.3 Integration by parts

Example:

Find fln X dx.
SOLUTION

If we want to use parts, we have little choice but to let # = In x and dv = dXx.

fln xdx = (In x)(x) — f(.x)(—i—) dx Judv=uv— [vdu

= xInx — jl dx

=xlnx —x+ C



5.4 Integration containing trigonometric function

Trigonometric integrals involve algebraic combinations of the six basic trigonometric
functions. In principle, we can always express such integrals in terms of sines and cosines,
but it is often simpler to work with other functions, as in the integral

/scczxdx = tanx + C.

The general idea is to use identities to transform the integrals we have to find into integrals
that are easier to work with.

Products of Powers of Sines and Cosines

We begin with integrals of the form:

/sin’"xcos"xdx,
where m and n are nonnegative integers (positive or zero).
use the identity sin’x = 1 — cos®x |
. 3 ] = cos2x 5 1 + cos2x
sin“x = 5 . Cos“x = >

to reduce the integrand to one in lower powers of cos 2x. 13



5.4 Integration containing trigonometric function

Example: /sin-‘xcos?—xdx.

Solution
.32 . 22
/sm xXCos“xdx = /sm X COS” x Sin x dx
= /(1 — cos®x) cos? x (—d (cos x))

- /(l — 1*)(u*)(—du) "

/(u — u?) du

___“_
=3 3+C

_cos’x  cos’x

5 3

+ C.

COS x

14



5.4 Integration containing trigonometric function

/ cos® x dx.
Solution

/cossxdx = /cos“xcosxdt = /(l — sin® x)? d(sin x)

= /(l — ) du

=/(l — 27 + u*) du

Example:

. 23,15 e 2203 1 .5
= u 3u +5u + C = sinx 3smx+ssmx+C.

15



5.5 Integration by partial fractions

This section shows how to express a rational function (a quotient of polynomials)
as a sum of simpler fractions, called partial fractions, which are easily integrated.

/ - Lt EE.
x* = 2% =3

X% — 3 __4 + B
LR, W S K i x=3"

To find 4 and B, we obtaining
5x —3=A(x—-3)+B(x+1)= (4 + B)x — 34 + B.

This will be an identity in x if and only if the coefficients of like powers of x on the two
sides are equal:

A+ B =3, —34 + B = —3,

Solving these equations simultaneously gives 4 = 2and B = 3. 16



5.5 Integration by partial fractions

can be rewritten as

5x — 3 _ 2 + 3
x2 =2y -3 x+1 x-—3

5%x — 3 B 2 3
(x+1)(x—3)dx_/x+1dx+/x—3dx

=2In|x+ 1| +3In|x — 3| + C.

17



5.5 Integration by partial fractions

) x2 + 4x + 1
Example: Evaluate &= 16+ D + 3)dx

using partial fractions.

Solution The partial fraction decomposition has the form

x2 + 4x + 1 _ A e B " B
(x — 1)(x + 1)(x + 3) x — 1 x + 1 x4+ 3°

To find the values of the undetermined coefficients 4, B, and C we clear fractions and get

H+a4x+1=Ax+ 1) x+3)+Bx—-—1Dx+3)+Cx—1)(x+ 1)

=(A4d+ B+ C)x*+ (44 + 2B)x + (34 — 3B — O).

The polynomials on both sides of the above equation are identical, so we equate coefTicients

of like powers of x obtaining

Coefficient of x?: A+ B+ C=1
Coefficient of x': 44 + 2B = 4
Coefficient of x: 34—-3B—-C=1
the solutionis 4 = 3/4, B = 1/2,and C = —1/4. Hence we have
X+ 4x + 1 -~ 3 1 1 1 1 1
[x—l){x+]){,r+3)dx_./|i4x—l+2x+l 4x+3]dx

3 1 1
Elnlx—1|+§ln|x+1| —Eln|x+3| + C

18



5.5 Integration by partial fractions

Example: 6x +7
— dx.
(x + 2)
Solution First we express the integrand as a sum of partial fractions with undetermined
coefTicients.
6x +7 _ A B

(x + 2)? x+2+(x+2)2
6x +7=A(x+ 2) + B Multiply both sides by (x + 2).
= Ax + (24 + B)
Equating coefTicients of corresponding powers of x gives

A=26 and 2A+ B= 12+ B =17, or A=6 and B = —5S.

6x + 7 - 6 S
(x+2)2dx /(x+2 (Jc+2)2)d'Jr

=6/x‘f2—5/(x+2)—2dx

6ln|x +2| +5(x+2)'"+C 19

Therefore,




5.5 Integration by partial fractions

Example / 25t ~ 4Rt S B,

x2—-2x -3
Solution  First we divide the denominator into the numerator to get a polynomial plus a
proper fraction.

2x
x2—2x —3)2x3 —4x2 — x—3
2x3 — 4x? — 6x
X 3

2x3 — 4x2 — x — 3 5x — 3
% = x=— 3 G == &
We found the partial fraction decomposition of the fraction on the right in the opening
example, so

/2r‘—4x2—x—3
x* —2x—3

ax =3
x*— 2% — 3

_ 2 3
s [ ra [Ea

=x2+2In|x+ 1] +3In|x — 3| + C.

dx

i [+

20



5.5 Integration by partial fractions

Example / dx ,
x(x2 + 1)?
Solution The form of the partial fraction decomposition is
1 _A , Bx+ C + Dx + E

2+ 12 Y 2+ (24 1)
Multiplying by x(x? + 1), we have
1 = A2 + 1>+ (Bx + O)x(x%> + 1) + (Dx + E)x
= A* + 22 + 1) + BG* + x2) + C(3 + x) + DX* + Ex
=A+Bx*+CP+24+B+D)x*+ (C+ E)x+ A
[f we equate coefficients, we get the system
A+ B =0, C=0, 24+ B+ D =0, C+E=0, = 1.
Solving this system gives 4 = 1, B=—1, C=0, D= —1,and £ = 0. Thus,

dx _ i ) -3 =X )
/x(xz +1)2 / ["' R (* + l)z]d'\

21



5.5 Integration by partial fractions

Solution

g,
- [4-4/#-4

: In |u| +

In

In |x| — %ln (x?

In

d:

X

x| — 5

| x|

x dx
2+ 1

-/

=+ K

I

2u

1

+ 1) +

x dx

(x2 + 1)?
a'u

1

+
V2 + 1

2(x?

+ 1)

2(x?

+ K.

+
=+ 1)

du =

2x dx

22



