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2.1 Graph of exponential

The exponential function f with

base b Is defined by _
For Instance,

f(x) = 3* and g(x) = 0.5%

where b >0, b =1, and x is any real ~ are exponential functions.
number.

** when b> 1; b 1s considered a
growth factor.

y ¥ A jF
Is y=a' a>1
y=a 0<a<l {ﬂl]\ 1 -

0 X 0 X 0 }




2.1 Graph of exponential
The value of f(x) = 3*when x =2 Is

f(2)=32=9

The value of f(x) = 3* when x = -2 IS

1
9)=32= =
f(-2)=3 5

The value of g(x) = 0.5*whenx =41s

g(4) = 0.5% = 0.0625



2.1 Graph of exponential

The graph of f(x) =abX, b >1

\

Domain: (—oo, )



2.1 Graph of exponential

Since a< 1;

The graph of f(x) =ab*,0<b <1 aisdecay

\

factor.

> Range: (0, )

Domain: (—oo, )



2.1 Graph of exponential

Example: Sketch the graph of f(x) = 2*.

X | f(x)
-2 |22=1/4

-1 121=1/2
20=1
1 [21=2

22=4




2.1 Graph of exponential

Example: Sketch the graph of g(x) = 2¥— 1. State the

domain and range.

The graph of this
function is a vertical
translation of the
graph of f(x) = 2%
down one unit .

Domain: (—co, o)

Range: (-1, «)

f(x) = 2



2.1 Graph of exponential

Example: Sketch the graph of g(x) = 2°*. State the

domain and range.

The graph of this f(x) = 2
function is a
reflection the graph
of f(x) = 2¥in the y-
axis.

Domain: (—o, ©) = —r—— X

Range: (0, )



2.1 Graph of exponential

€

The irrational number e, where
e~2.718281828...

IS used In applications involving growth and
decay.

Using techniques of calculus, it can be shown
that

B&l
l+—| 2easn—w
N



2.1 Graph of exponential
n

The Natural Base e 1+E 3@ as N—> oo

I
; T\"
» We can experimentally n (1 + —)
. . n
verify that this number
. . 1 2
exists and is
2 2.25
e~ 2.718281828459045 ... 3 2.37037
10 2.59374
» e is irrational 100 | 2.70481
» e is transcendental 1000 | 2.71692
10° |2.71828

An irrational number is a number that cannot be expressed as a fraction p/q for any integers p and q. Irrational

numbers have decimal expansions that neither terminate nor become periodic. Every franscendental number is
irrational.



2.1 Graph of exponential
The graph of f(x) = e*

X | f(x)
-2 | 0.14
-1 | 0.38
0 1

1 | 2.72
2 | 7.39




2.2 Properties of exponential

 The exponential function y=b* (b>0,b #1)
has the following properties:

ts domain is (— o0, o).

ts range is (0, ).

ts graph passes through the point (0, 1)
t is continuous on (— o0, ).

A T

t is increasing on (—oo, ®) if b>1 and
decreasing on (—o0, ) if b< 1.



2.2 Properties of exponential

Theorem
If a > 0 and a # 1, then f(x) = a* is a continuous function with
domain R and range (0,00). In particular, a* > O for all x. If
a,b > 0andx,y € R, then

> 2T = 2%

aX
> a7 = g negative exponents mean reciprocals.
» (a") = a" fractional exponents mean roots

» (ab)* = a*b”

Proof.
» This is true for positive integer exponents by natural
definition
» Qur conventional definitions make these true for rational
exponents



2.2 Properties of exponential

Example
Simplify: 82/3

Solution
» 82/3 = /82 = V64 =4
2
» Or, (\Vg) — 22 — 4,

Example

V8
21/2

Simplify:

Answer
2



2.3 Derivative of exponential
.

X
Look at the graph of y = @

The slope at x=0

If we assume this to be

true, then:
appears to be 1. .
O+h 0
. e —e
[im =1
h—0 h
5 /1 N
X
-1+
— x+h _ ,x x,h _ _x
f'(x) = lim flx+h)—f) — lim ¢ ¢ _ lim °c° ¢ definition of derivative
h—-0 X h—-0 h—-0
_p ety et
= M = im——= e f(0)



2.3 Derivative of exponential

Now we attempt to find a general formula for the derivative of Yy = €”

using the definition.

i(ex)_“m e ¢ —e*.lim e" 1
dx h—0 h B h—0 h
ex . eh . ex
=|im |
h—0 h This is the slope at x=0, which we
have assumed to be 1.
h
. e -1
— Ihlm {9)( . Tj
0
” —e*.1



2.3 Derivative of exponential

X

@ isits own derivative!

If we incorporate the chain rule:

d .
—e =g
dx

u C

U

C

X

We can now use this formula to find the derivative of

d



2.3 Derivative of exponential

Derivative of a~*

If a >0 and a # 1. we can use the properties of logarithms to write a*in terms of e*
The formula for doing so is

a* = (,.rln a exlna — gIn(a = g

We can then find the derivative of a* with the Chain Rule.

d d _ d
—aq* = —e¥XMa = pxlna, — (yIng) =e*M%.lna=a*Ina
dx dx dx

Thus, if u 1s a differentiable function of x, we get the following rule.

Fora>0anda # 1.
(—[(a“) = a“ In ad—u.
dx dx




2.3 Derivative of exponential

example:
Differentiate the function y =e®@"x

To use the Chain Rule, we let u = tan x.

Then, we have y = e,
d_y: dy dU _ eu% _ etanxseCZX
dx dudx ax

example:

Find y’ if y = e**sin 5x.

y'=e*(cos 5x)(5)+(sin 5x)e ™ (-4)

=e " (5cos 5x —4 sin5x)



2.3 Derivative of exponential

Example: Find the derivative of 2*.

Solution: Recall 2 = el"? 5o 2% = (e'”ﬁ)x = elln2)x

d d d
Th T 2::-': — (In 2]}: — (In 2}:{_ | 2
4> dx dx ‘ ‘ dx (( : )X)

= (In2) - 2*.

Theorem

1
b= (Inb)-b*, for any base b > 0.

dx



2.3 Derivative of exponential

Example: Find 4 7%
dx

Solution: We apply the chain rule with outer function f(u) = 7

and inner function g(x) = x?:
d 22 - (XE) d )
a? =(In7)-7 T

=2In7 -x-7¢

. d 5
Example: Find — 5.
dx

Solution:
d _gx s d o,

= (In5)-5> - (In5) - 5~
=In?5.5%.5%



2.4 Integration of exponential

* Because the exponential function y = e* has a
simple derivative, its integral is also simple:

j e'dy =¢e"+ C




2.4 Integration of exponential

Example Evaluate J.e(&m) dy — f & (i

Letu=3x+1 .
du= 3 = je < du
it = L[e" dh
— %ell C



2.4 Integration of exponential

5.2

Evaluate J (1() xt44 x)e("L = dx Test: Take the derivative
of the choice of u. If you
cannot find it elsewhere in
the integrand, then use a
different expression for u.

What if u=10x" +4x ?
Then du = (4Ox3 T 4)dx

Whatifu=x>+x*-17?
Then du = (5x4 + 2x)dx



2.4 Integration of exponential

(x5+x2—1)

Evaluate J. (le4 - 4x)e Gy — j e (103(4 - 4x)dx

Letu=x txe=i = jeu -2du
i = (Sx4 i+ Zx) dx =¥ J e du
2du = (le4 + 4x)dx _

= Ze(

ﬁ+ﬁ—w

+C



