1.1 Definition A set is collection of distinct objects. These objects are called the elements, or
members.

Important Sets of Real Numbers
The set N of natural numbers is define by
N={1,23,..}
The set Z of integers is define by
Z={.,-2,-1,0,1,2, ..}
The set Q of rational numbers is define by
Q={a/b:a,b €Z,b+# 0}
Non-periodic decimal fractions are called irrational numbers and denoted by Irr.
For example, v2,v/3,m
Real numbers

Real Numbers are made up of rational numbers and irrational numbers and denoted
by R.

The Number Line

We may use the number line to represent all the real numbers graphically; each real
number corresponds to exactly one point on the number line. e and -o= are not real numbers
because there is no point on the number line corresponding to either of them.

C, denoting the set of all complex numbers: C = {a + bi:a,b € R}.
For example, 1 + 2i € C.
Absolute value

Definition The absolute value of a number x, denoted by is defined by the formula

|X|={x if x=0
x if x<0

Example |2| =2, | -=5|=—(-5) =5.
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Some properties of the absolute value

Let a,b and x be any real numbers then:

1) |x| = Vx?
2) |ab| = [a]|b]

3) la+b|<]|al +|b]
4) [a—b| = |la] — [bl]
5) |x| <aifandonlyif x<a and x>—-a (or —a<x<a)

6) |x| >a ifandonlyif x>a orx< —a

The Function

Definition Let A and B be any two non empty sets then a function (denoted by f ) from A to
B is a relation from A to B provided that for each x € A there exist only a unique y € B such
that (x,y) € fand fcan be written as:

f
ffA-> B, y=f(x)or y- x.

Input Output

{domain) {range)

A diagram showing a

function as a kind of machine.
Figure 1.3
Example
A f B

W N -
o o T oD
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Solution: It's a function, because V x € A,3y € B such that (x,y) € f

f={(1,2),(2,2),(3b), (4 )}

1.23 Example

[EEY

N
o o T o

Solution: It’s not function.

Example

Solution: It’s not function.
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Example Let f: R — R. Does the following f are functions or not?

1) f(x) = Vx 2) f(x) = x? 3)f(x) =3

Solution:
1. Is not a function because v—1 is undefined.

2. Is a function since for all x there exist y such that (x,y) € f.
3. is a function since for all x there exist y such that (x,y) € f.
Example Let f: R —» R, x = y2. Is not a function because

(4,-2)efand (4,2)€ef

Definition (The Graph of Function)

The graph of the function y = f(x) is the set of all points (x,y) in the Cartesian plane X X Y
such that (x,y) satisfies the function y = f(x).

That means the graph is {(x,y):y = f(x)}.
Example Find the graph of this function y = f(x) = x

Solution:

y = f(x) 1 2 3 0 1 2 3

xy) @11 22)] 33| 00| (-1,-1) (—-2,-2] (-3,-3)
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Example : Find the graph of this

Solution:
X 1 2 3 0 -1 -2 -3
y=F(x) | 1 4 9 ()} 1 4 9

(x,y) (111) (214) (319) (010) ('151) ('214) ('319)

Example : Graph this function v = F(x) = /'~

Solution:
AY
x |y=fx)| &xVy)
0 0 (0,0)
1 1 (1,1)
2 1.4 (2,1.4)
4 2 (4,2)
6 | 2.44 | (6,2.44) — vz
9 3 (9,3) A
o 0 (0,0)
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Example : graph of this function

= Fla) = x|
Solution:
x y=f(x) (%, y) A
1 1 (1,1) :..---------..----3--H1H ----------------- E
T e [ 2 H
2 2 (2,2) P 1 -
3 3 (3,3) | > i i i I B > X
w3 2 1 i ‘2 é >
o o (0,0) P
-1 1 (-1,1) ST
-2 2 (-2,2) 3y
-3 3 (-3,3)
1—x%, x<0
y=f() { x x>0
Solution:

Domain and the rang of this function is all real numbers and have
graph

Definition

Y ou are familiar with the following mathematical expression,
lim f(x) =L
xX—a

which is read as follows, “The limit of f(x), as x approaches a, isequal to L”.
this statement means that “we can make the value of f(x) arbitrarily closeto L
(ascloseto L aswelike) by taking x to be sufficiently close to a (on either side
of a), but not equal to a.”
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Theorem Suppose that ¢ is a constant and the limits limz—q f(x)
and im;_, g(z) exist. Then

L. limz o [f(z) + g(x)] = limgq f(2) + limyq g(2)
2. limze [f(x) — g(z)] = limz—a f(z) — limz—a g(x)
3. limyyq [cf(2)] = climy,, f(2)

4. limgy, [f(z) X g(2)] = limgpyq f(z) X limgyq g(z)

lims s [£53] = fmeels if s o(z) #0

o

6. limy, [f(x)]" = limyq f(2)]" where n is a positive integer.
T g se=@e

8. limeyez=a

9. hm,_,, " = a™ where n is a positive inleger.

10. lim,_,, /T = {/a where n is a positive integer, and if n is even, we
assume that a > ().

11. limzse ¥/ f(x) = {/limza f(z) where n is a positive integer, and if
n is even, we assume that imyq f(z) > 0.
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Example . Evaluate

I 4222 1
m
r—-2 5 —3r
Solution
. i M. | _ limg, o (z3 4+ 222 —1)
23 5—_8z Ly, 3(b—37)
o limi‘—?—ﬂ {ISJ + Iim:—%—? {21‘2} _ Iim:—?—?(l}
N lim,_,_5(5) — hm,_, _s(3x)
B i
B 5—3(-2)
e
11
Note that if we let f(z) = % then f(—2) = —F;. In other words, we

would have gotten the correct answer by directly substituting —2 for x.

Example . Evaluate
. x—9
lim
r—+3 T —
Solution . Let f(z) = If%:f We can not find the limit by substituting

x — 3 because f(3) is not defined. Nor can we apply the Quotient Law,
because the limit of the denominator is 0. Instead, we need to do some
preliminary algebra. We factor the numerator as a difference of squares:

(x —3)(z+3)
r—3

The numerator and denominator have a common factor of r — 3. When we
take the limit as approaches 3, we have x # 3 and so x — 3 # (). Therefore
we can cancel the common factor and compute the hmit as follows:

. 2=9 (z—-3)(z+3)
lim = him
r—3 r—3 r—3 i

= _liné{;r +3)=6
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Example Find

VE+9-3

lim
t—0 t2
Solution We can not apply the Quotient Law immediately, since the

limit of the denominator is 0. Here the preliminary algebra consists of
rationalizing the numerator:

VEL9-3 . V193 VE&E19+3

g = I s

. (t24+9)—9

== g
B (VET0+3)
: £2

= }!rafg(ﬁ_g)

= I s

o 1
6

Exercise Evaluate

- 1 1
}Efa(f,r w f)

Example

A)
llmx3—_1—1im(x_ Dx2+x+1) _ 3
x-01x2—=3x+2 x1 (x—1)(x+2)

B)

lim xt—1 o (x2=-D(x%*+1) (=D + D%+ 1)
xo1x3 + 2x2 — 3 xo1 x—1D(x-2) i (x—1x*+3x+3)

=4/7
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Some limits are best calculated by first finding the left— and right—hand
limits as shown in the following examples.

Example - If

f'[)_ vr—4 if >4
Ty 89 if zod

determine whether lim; 4 f(x) exists.

Solution Since f(x) = vz — 4 for z > 4, we have
Ih_:141_+ f(x) :rllﬂ,l+ Vr—4=v4—-4=0

Since f(z) =8 — 2z for = < 4, we have

Im f(r)= Im (8 —2z) =8 -2x4=10

r—d- r—+4—

The nght— and left—hand hmits are equal. Thus the it exists and

lim f(x) =0

r—d

Example If

1 R i

24+ 1—6

find: m,_ o+ f(x), im, o~ f(x), and limr—o f(z)

Solution Observe that

9| — 2 IfF 2
T = 9y # 25cd
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Therefore,

I T — 2| I r—2
1m —————— = hm .
3+ 2+ — 6 r— 3+ fi! -+ 3}(J — '.ZJ
1
= lim
3+ 7 4+ 3
B 1
5
I |z — 2| I —(z — 2)
1m ———— = hm
r9- 72+ — 6 r—~2- (x+ 3)(x — 2)
—1
= hm
9 T+ 3
1
- 8§

Since hm, o+ f(z) # limy ,o- f(x), then the hmit hm, .5 f(z) does not
exist.

3x+2Vx+H1—2v2%x—1

x34+2x2-3x+4

Example Find lin’ll
X—

Solution:
. 3x+2VxF1-2v2%-1 0
lim = -
x—>1  X3+42x2-3x+4 4

Example. Find the limit

Y X—=2
XH?"X -1 %
3
Example Find lim ‘/f_l
x—1 X*—
Solution:
. x-1 . 3x-1
lim = lim

x—1 x*-1 x—1 X-1)E+1)(%%+1)
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. 3x-1
= lim

x—1 (3\/§—1)(3x/x_2+3\/§+1)(x+1)(x2+1)

12
. Vx2+42
Example. lim
X—>+00 3X—6
VxZ+2 Vx2+2 x2+2 142
. ] (2 ; 2 ; x2
lim =2 = lim == lim 2= lim =1/3.
3X—6 3X—6 3X-6
x>+ T X—+00 X—+00 x—+00 3—6/X
2 1
3_ x3(1-S+=
. x°—2x+1 . 2T,3
lim S22 i T2 3,
x—+00 3x°+x4+5 X—+00 x3(3+_3+_3)
X X

Exercise (H. W) Evaluate the following limits

. (x=3)(x+1)
D lim =2

. X+6
2) lim
X—6 X2—36

. 3—-x
3) lim ———
X—4 X“—2X—8
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4.7 Definition (The Derivative)

The derivative of a function § is another function f* defined by

flx+ k)= fix)
h

IEII=F!'_IHJ

at all points x for which the limit exists (i.e., 15 a finite real number)., If f'(x)
exists, we say that [ is differentiable at x.

The domain of the derivative f' (read ™ f prime") is the set of numbers x in the domain
of f where the graph of f has a nonvertical tangent line, and the value f'{xg) of /7 at
such a point xg is the slope of the tangent line to ¥ = f(x) there. Thus the equation of
the tangent line to y = fix) at {xg, f(xp)) is

v = fizol + f{eniix — a0

Remark  The value of the derivative of [ at a particular point xp can be expressed as
a limit in either of two ways:

. filxa+ k)= fixg) . Fixy— fixg)
lim = —_— e = i .
—+ ) h k=1 X —Xxp

fixg) =

In the second limit xg -k is replaced by x, sothat b = x = xp and b — 0 is equivalent
0 xr — 0.

EXAMPLE 1 (The derivative of a linear function} Show that if (o) = ax+ &,
then f'(x) == a.

Solution The result is apparent from the graph of f (Figure 2.11), but we will do the
calculation using the definition:

Slx+ h)— fix)

“{x}= lim
j h—id

h
. dix + k) + b= (ax -+ b)
= lim
h = ) h
= i R I
__k“-.l:r? = . ass



EXAMPLE 2 Use the :?:Ennlltmn of the derivative to calculate the derivatives of
the functions:

|
(a) fix) = 2, (b) glx) =~ and (e) kix) = /7.

Solution Figures 2.12-2.14 show the graphs of these functions and their derivatives,

S+ h)— fix)
i
= lim il + .r”.:' —x?
b=t} h
= lim M = lim(2x + k) = 2x.
! fr—i

it T

far fix) :J]I|_p;;'|l:I

: (x +h) — gix)
fren I E
(b g'(x] J!l_r::] b

i
R T e ol AR &
h—1) I

.x—-l'_{r_+.|'i]-_ : 1 o 1

h—0 Jix +hix =D (x 4+ hix L

ECr o+ k) — &
(c) K'ix) = Jim o )~ et

1—+ 11 )]
JTER— %
T i
_ g S+ h— % s JE AR+ ST
d=all i X+ i+ ST
x+h—x I 1

=i
h

= lim e — = lim — = ;
b0 i R+ ) A= xR+ 203
Mote that & is not differentiable at the endpoint x = 0.

Exercise Use the definition of the derivative to calculate the derivative of the functions

fx)=Vx.

Differentiation rules for sums, differences, and constant multiples

If functions f and g are differentiable at x, and if C is a constant, then the functions

f+ g f—pg.and Cf are all differentiable at x and

(f <+ gVixy= fix)+g'(x),
(f —2)(x)= f{x)— g (x),
(CFY(x) = Cf'(x).



The Product Rule
If functions f and g are differentiable at x, then their product fg is also differentiable
at x, and

(fe)(x)= f'ix)glx)+ fix)g'(x).

The Quotient Rule
If f and g are differentiable at x, and if g(x) # 0, then the quotient /¢ is differentiable
at x and

(J’)' g(X) F1ix) — flx)g'ix)
= | (x)= 5 r)
£ {gix))

Theorem|f n € N, then % [(f(x))n] =n(f()" L f(x).

EXAMPLE 9 Find the derivatives of

' o a == be
[Eﬂ'_}'—m. {h]ﬁq and fciffﬂ?—m+ﬂﬂ1
Solution We use the Quotient Rule in each case,

(@ d__!r L +x=2x) — (1 —x®)12x) B d4x
dx (14 x2)32 T4 x?
|

. 3 — —f1i—

o ¢ ( i )_':' T i 34
di\3—5) (3 — 52 T 2JHA =30
; _m 4+ ndlb) = (a4 bF)m) B mb = na
{":} f EH.:I o {I’ﬂ } HH}E - {m * HH:I'E

Example Find the derivative of f(x) =v1++v1+x

1 1
Solution: f'(x) = [1+VI+x] 2.2 (1+x)2
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Trigonometric Function

Consider the circle (see Figure 2.1)

x2+y2=71%r>0

We define

. X
51n6=% and cose=;

= y=rsinB and x =rcos0
Now, since x% + y? =r?
= 1r2sin?0 + r%cos?0 =12, r#0 Figure 2.1

= sin?0 + cos?0 =1 - (1)

14

1. Sine Function l/\y —sinx
I
i %

—'\i;/| aw §t w
. 2 2 2
Itisafunction f:R — [—1,1] defined by f(x) = sinx. ! !

Domain: —== << x << ==

i =01 =0 F1. F T = Range: -1 =y=1
sinx =0 iff x =0,+m, +2m, +3m,...=nm,n € Z. Peda®: 3%

sinx = +1 iff x=$£,$3—n,...=(n+l)n,nez. ,
2 2 2 Figure 2.5

2. Cosine Function

Itisafunction f:R — [—1,1] defined by f(x) = cosx. Wi 2\ | /2

Domain: —o= < x < ==
Range: -1=y=1
Period: 2%




cosx = 0iff x = $§,$
cosx = ¥1 iff x =0,Fm, ¥2m, ¥3m,...=nr,n € Z
even function.

Derivatives of Trigonometric Functions

% (sin x) = cos x

d ( ) '
— (cos x) = —sin x
dx

o (tan x) = sec’x

EXAMPLE 7 Foaluate the derivatives of the [alliswiny functions:

_ ) PRy
tay sin[mvy 4+ cos(ded, (bt 1= 3in ,.,,-'T, and (o) | v gﬁ
— KN x

Salution
(a) By the Sum Rule and the Chain Rule:

g4 . ) ;
—sintrvideas(3el) = cosiradimi—sin( 303 = meosiTr]— I sy
dJ K

{b1 By the Product and Cham Rules:

I:II T, — ' L, 1 . 10
— (a7 sin 0 = 2asin e ros T - = 2esin et e G
ade L 2

(w1 By the Quoient Rule:

d ( COs X “) (l —sinx)i—siny) — cos o) — cosxh

dx =iy il —sinv)®
_ —iny b osincr - oosty
o (1 —samx
1 —siny |
- 11 zinxls - 1 — sinx First class

We peed (he ideniiny SIS 1~ gt s =1 I simaplily the middie line.



1. The Natural Logarithmic Functions

It is the logarithmic function with the base a = e.
i.e. f(x) =Logzx =Inx,In: Rt - R.

(e is the Euler's number and e = 2.718281828 ...)
Some Properteis

1.In(xy) =Inx+1Iny

Inx
Z'E_ Inx —Iny

3.In1=0,Ine=1

4. Inx"=rlnx

A x Inx
L] urdefined
0.05 —3.00
0.5 —040
1 0
2 .69
k) 110
4 1.39
110 230
ol
-2 -1
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Exponential Functions

1. The Natural Exponential Functions

It is the function exp: R = R* defined by f(x) = e*,Vx € R.

Some Properteis
The natural exponential e* obeys the following laws:

l.e¥eY =e*Y Vx,y€ER

4. (e*)Y =e* = (e”)*
5.e%=1

6.eln* = x

Typical values of &
X " (rounded}
-1 0.37
] 1
1 272
2 7.39
10 22026
100 2.6881 x 10%
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Derivatives of the Logarithmic Functions
1. The Natural Logarithmic Functions

If y =Inu,uisdifferentiable with respect to x, then

1 du
u dx

dy

dx

/
EXAMPLE 2 Find — In(sin x).
dx

SOLUTION Using (3), we have
1 d |

— In(sin x) = —(sinx) = ——cosx =cotx

dx sin x dx sin X

EXAMPLE 3 Differentiate f(x) = /In x.

SOLUTION This time the logarithm is the inner function, so the Chain Rule gives

1 1

d 1
s L% 7 Rl R - - S 1 S .-
f'(x) = 3(In x) dx ) 2vInx  x 2x/In x

Derivatives of the Exponential Functions
1. The Natural Exponential Functions

If y = e, uis differentiable with respect to x, then

dy du
il et —
dx dx
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Find the derivatives of

EXAMPLE 3 3 X =T
(aye =3, (b) T+ 6=, and (¢) 5 .
et 4 et
Solution
Fo ] 2
(a) -ﬁe‘ T g5 3 = (20 = 3T
d 1 ox
) — V1l 4+elF = ———— [¢2(2)) = —.
i x 1~.,J1+EEE' ) V1 4 e
() d e =" [T T = T )) = (@ =T (=)
dx e¥ +e™% (e* +e~)?
Y 2 e = (') = 2ete ™ (e
B (¥ 4 g=¥)?
et _ 4
T (et fe=t)l T {ef 4 e=5)2’
I ntegration

Integration is the process of finding the area of the region under the curve. This is
done by drawing as many small rectangles covering up the area and summing up their
areas. The sum approaches a limit that is equal to the region under the curve of a
function. Integration is the process of finding the antiderivative of a function. If a
function is integrable and if its integral over the domain is finite, with the limits
specified, then it is the definite integration.

b

I f(x)dx =ib)-fa)

Y
A

b

y = f(x)
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If d/dx(F(x) = f(x), then | f(x) dx = F(x) +C. These are indefinite integrals. For example, let
f(x) = x3 be a function. The derivative of f(x) is (x) = 3x?and the antiderivative of 3x?is f(x)
= X3

Integration

Examplel: [xx “lyiie becasse iFx“}:xslnfact,
4 dx | 4
1,1 4, 1., 1,1 o ,
2% +2’ZX _4’ZX s are all antiderivatives of x°, because they all

differentiate to x3.

Teorem: Supposethat f (x)and g(x) has antiderivatives. Then for any
constants a and b,

j [af (x)£b g(x)] dx=ajf(x)dxibj g(x) dx

Example 2: Evaluate j% dx .

Solution I%dx :%Ix%dx :%{X_}FC =
X

Example 3: Evaluate [(x®-2x+7)dx.

Solution

.[(x3—2x +7)dx:Ix3dx—2jxdx+7jdx: x* -2 X—2 +7x+c:ix4—x2+7x+c
4 2 4
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Example 4: Evaluate [(x?°—4x*+4)dx.

Solution

I(x2/3—4x‘]/5+4) dx =Jx2/3dx —4_[X‘J/5dx +4Idx = x> —4 X +4X +C
53 4/5

3
=Zx¥_5x* 4 4Ax +C

Example 5: Evauate j(y24—dy+4ﬁjdy.

Solution
7 -3/4 3 2 " 4/3 -
AR IR

3 8
=28y¥ Sy —y¥ ¢
Yy 4y 3y

Example 6: Evaluate [x**(2-x)dx .

Solution
5 43 5 103
_[xj/3(2—x2)dx :_[(ij/s—xm)dx =2.[x]/3dx —_fx7/3dx =22 |- +C
43 || 1073
:§X4/3_3X10/3+C
2 10
5 2
Example 7: Evaluate | XraxTly,
X

Solution
J')(S%Z(Z_]'dx :J-(x +X—22—X—l4}jx :dex +2J.X’2dx —J.X4dX

5]
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Methods of Integration

Sometimes, the inspection is not enough to find the integral of some functions. There
are additional methods to reduce the function in the standard form to find its integral.
Prominent methods are discussed below.

The methods of integration are:
« Integration by Substitution

« Integration using Partial Fractions
« Integration by Parts

I ntegration by Parts
This Integration rule is used to find the integral of two functions.
By product rule of derivatives, we have

d dv du

d—(uv)—ud—+v% (1)

Integration on both sides of equation (1), we get

dv du
fu—dx =uv — fv—dx (2)

dx
jxex dx

[xe* de=xe*— [ e* dx =xe* —e* +c.

Example

Letu = x and dv = e”* dx, then

Example
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Jlnx dx

Let u = Inx, then du =%dx
anddv = dx,s0v = x.

[Inx dx=xlnx—fx.i dx = x Inx — x + c.

Example. Evaluate each of the following

[ e* sinx dx, [ x* cos3x

I ntegration by substitution

The method of substitution is a method for algebraically simplifying the form of
afunction so that its antiderivative can be easily recognized. This method is
intimately related to the chain rule for differentiation. For example

2
jX3+1|X
X+ 3X

Let
u=x3+3x
Then Go directly to the du part.
du = (3x*+3)dx =3(x*+1)dx
so that

dx = d—U
3(x*+1)

Make substitutions into the original problem, removing all forms of x , resulting
in
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.[X2+1 i JX2+1 du  1;du

x %+ 3x u 3(x2+1)_3 u

= —=}In|u|+c =lln‘x3+3x‘+c.
3 3

Example 1: Integrate the function f(x)=2x sin(x2+1) with

respect to x.

Solution:

Observe that the derivative of x2+1 is 2x.

So, we will proceed with integration by substitution.
Let xZ+1=z

Then, 2xdx =dz
I f(x)dx =] 2xsin (x% +1)dx

= | sinzdz

=—cosz+C
= —cos(x2+1)+C

= 2xsin(x2 +1)dx = —cos (x2+1) + C

Integration using Partial Fractions

Rational Function Form of Partial Function
itq_,whereatb _“‘}“ + B
(x-a)Mx-b) (x-a) (x-b)

px+q A $ B8
(x-a)¢ (x-a) (x-ar
pxi+gx+r A 2 B = C
{x-2)x-b)(x-c) {x-a) (x-b) (x-¢)
px*+gx +r Ao 8 [} ol
(x-a)(x-b} (x-a) (x-a) (x-b)
pxi+ax+r A . Bx+c
(x-a)x*+bx+0o) (x-a) x'+bx+c
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1
x24+3x+2

Example: Evauate [

1 1
—————dx = d
fx2+3x+2 * f(x+2)(x+1) *

By using partial fraction we have

1 __A B
(x+Dx+2) x+1 x+2

Alx+2)+B(x+1) =1

A+B=0and2A+ B =1impliesdA=1and B = —1.

Now [ (m)dxzf (ﬁ—ﬁ)dx

X+
=lIn|x+1|—-Inlx+2|+C=1In
x+2

- (1).

1
|+c
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5x—-2
(x+3)2 dx.

5%0-2 A B
(z+3)2 z+3 (z+3)2

Example. Evaluate [

5z —2 A B  Alz+3)+B

== + - -
(xr+3)?% x+4+3 (x+3)? (z+3)2

= 5r—2=A(r+3)+B

%

br—2=A(z+3)-17

T=-3: 5(-3)-2=A((-3)+3)+B
=Azx+3A-17
= -17=0+B
— —17=B8 = or = Az
= 5=A4A

5z —2 5 17 — 7
/_(r+3')'-’df = _/_x+3 - _(_r+3)'-’df =|5n|z+ 3|-+-—f+3 +C
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—2x+4
Example. Compute [ (szdo .

—ar 44 4 + B i [Aax+ Blir— 10+ 1)
|x =+ 13z — 1} =41 | x-1 i 1hfr — L
= =Br s+ b= (dd 4 BlHr- 114+ 00" + 1
= 1l +d=1A+ HET =1} = CH1F -1}
Do {2
> £
R T, e TR TR
21 4 Ao [ Ar 4 B 194 {+ 1)
—rt —Zr+3=Ar+ Hilr— 11
—lr—1lls+ 3= |Ar+ Blic—1]
=k 2+ 3f=dr+ B
1= A
kR
Thies wanr lodesdel beooies
pf F—3 |
T e e
I'II MW —11 [ = T
| 1
- — i — 4+ |
.Ilr.. Liaiatd K .'II.- ]
L B
= Elhl 1] — dtian b+ lnl# 1| 4 £

18
x3-3x2

dx.

Example. Compute [
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Example 6 Evalnate the following integral.

X

]
4 x° =1

dx

Solution

In this case the numerator and denonunator have the same degree. As with the last example we 1l
need to do long division fo get this into the correct form. I'll leave the details of that to vou to
check.

;r' de= |1+ 1
Joar—=1 J x -1

=1

= [ dr+ | LIS

So, we’ll need to partial fraction the second integral Here’s the decomposition.
1 A B

= +
(x—=1j{x+1) x-1 x+1

Setting munerator equal gives,
l=A{x+11+B(x—1)

Picking value of x gives us the following coefficients.
x=-1 1-3(=2) = 3=_%

x=1 1=4(2) = .-1=%
The integral 15 then,
— | 1
' Y dv=fdes | I -I a

x° -1 : Jr-1 x+1

=x+l].|1|x—1|—l]u|x—1|—r:
2 2

Example 4: Calculate [ cos2x dx

Using the trigonometric identity, we have:

1+ 2
cos(2x) )dx

fcoszxdx=f( :

—1fd +1f 2x)d —x+1' 2x)+ C
=5)dx+5 cos(x)x—2 4sm(x)
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I ntroduction To Statistics

e Statistics consists of conducting studiesto collect, organize, summarize
and analyze data to draw conclusions

e Data are the values (measurements or observations) that the variables can
assume.

e A collection of datavalues forms a data set.
¢ When datais collected in original form, they are called raw data.

e A population consists of al subjects (human or otherwise) that are being
studied.

e A sampleisasubgroup of the population.

e Descriptive and Inferential StatisticsDescriptive statistics consists of the
collection, organization, summation and presentation of data.

e [nferential statistics consists of generalizing from samplesto
popul ations, performing hypothesis testing, determining relationships
among variables, and making predictions.
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Types of Data
Qualitative Data

Consists of attributes, |abels, or nonnumeric entries.

by

Blood group Place of birth Eye color

< N

oo
o

Quantitative data

Numerical measurements or counts.

Age

Temperature

1-2 Variablesand Types of Data
e Discrete variables assume values that can be counted.

e Continuous variables can assume all values between any two specific
values. They are obtained by measuring.
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1.3 Level of measurement: Measurement is the assignment of numbers to objects
or event according to the rules. With which is compared for measuring is called
measurement scale. Variables can be measured under four levels or scales of
measurement. The measurement levels are,

i. Nominal Measurement.

Examples. a) Religion. b) Marital Satus. ¢) Blood Group. d) Nationality

ii. Ordinal Measurement.

Examples. a) Economic Satus. b) Level of Education. c) Beauty.

iii. Interval M easurement.

Examples. a) Temperature. b) 1.Q. Score. ¢) Dates on Calendar

iv. Ratio M easurement.

Example: a) Height. b) Weight. ¢) Age. d) Income. e) Price

Frequency Distributions

e After the data have been collected, the main tasks a statistician must accomplish
are the organization and presentation of the data. The organization must be done
in ameaningful way and the presentation should be such that an interested
reader of the study can understand the data distribution.

Frequency Distribution
e All the data values obtained are divided into classes that must satisfy the
following conditions:
1- thereis usually between 5 and 20 classes;
2- the classes must be mutually exclusive;
3- the classes must be exhaustive;

e Thefrequency isthe number of valuesin a specific class.

e A frequency distribution isthe organization of raw datain table form, using
classes and frequencies.

The Types of Frequency Distributions

The types of frequency distributions that are used the most are

1- Thecategorical frequency distribution

isused for datathat can be placed in specific categories or represent values of a
gualitative variable.
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2- Thegrouped frequency distribution

is used when the data are numerical and their rangeis large, the data must be grouped

into classes that are more than one unit in length.

Constructing a categorical frequency distribution

Example-: Construct a frequency distribution for the data below.

A B

O O

B B

A O

AB

Constructing a Grouped Frequency Distribution

In this case we have additional conditions for the classes:

B

B

O
O
O

AB O
AB B
A O
O AB
B A
Frequency (f)

£ 0 =] w1

Sum of Frequency (n) = 25

1- The classes must be equal in width.

2- The classes must be continuous.

Percent

20
28
36
16

Total percent= 100

The procedure for constructing a grouped frequency distribution

1. Decideon the number of classes.
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o Usually between 5 and 20; otherwise, it may be difficult to detect
any patterns.

2. Find the classwidth.
o Determine the range of the data.
o Divide the range by the number of classes.
> Round up to the next convenient number.

Frequency Distribution

e Frequency Distribution: A Class Frequency, f
table that shows classes or 5 c
intervals of datawith a count I\
of the number of entriesin : 6-110 8
each class. . I1-15 6

Thefrequency, f, of aclassisthe - 16 - 20 8
number of data entriesin the class. 21 =25 5
26 - 30 | 4

3. Find theclasslimits.

o Y ou can use the minimum data entry as the lower limit of the first
class.

o Find the remaining lower limits (add the class width to the lower
limit of the preceding class).

> Find the upper limit of the first class. Remember that classes cannot
overlap.

o Find the remaining upper class limits.

4. Make atally mark for each data entry in the row of the appropriate class.
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5. Count thetally marksto find the total frequency f for each class.
Example: Constructing a Frequency Distribution

The following sample data set lists the number of minutes 50 Internet
subscribers spent on the Internet during their most recent session. Construct a
frequency distribution that has seven classes.

5040 41 17 11 7 22 44 28 21 19 23 37 51 54 42 86
41 78 56 72 56 17 7 69 30 80 56 29 33 46 31 39 20
18 29 34 59 73 77 36 39 30 62 54 67 39 31 53 44

1. Number of classes =7 (given)

2. Find the class width

max—min 86-7

= ~11.29

#classes 7 Round up to 12

3. Use 7 (minimum value) as
first lower limit. Add the class m
width of 12 to get the lower ]
limit of the next class.

7+12=19 1

Find the remaining lower
limits.
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Lower Lipper
limit limit

Tally Frequency, f
7-18 (i1 6
19—30 | 1l 10
J3—42 | ﬁ 1 13
43-54 |uilm 8
55-66 | Hil 5
67 — 78 Hi | 6
79-90 |1l 2
T =50

Midpoint of a class

(Lower class limit) + (Upper class limit)

2
Class Midpoint Frequency, f
7_18 ﬂ =125 6
2
19+30
19— 30 T 245 10
3-42 | -6 13
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Relative Frequency of a class

» Portion or percentage of the data that falls in
a particular class.

. relative frequency = class frequency _ f

Sample size 7
Class Frequency,f Relative Frequency

6

— —=012
7-18 6 %

19— 30 10 1 020
50

3 42 13 B 02

_______________________________________ 50 ]
Expanded Frequency Distribution

Cumulative frequency of a class

* The sum of the frequency for that class and all
previous classes.

Class Frequency, f Cumulative frequency
7-18 6
19— 30 10
31 -42 13
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Expanded Frequency Distribution

Relative Cumulative

Frequency, f Midpoint frequency frequency
7-18 6 12.5 0.12 6
19 -30 10 24.5 0.20 16
31 —42 13 36.5 0.26 29
43 - 54 8 48.5 0.1 37
55— 66 5 60.5 0.10 42
67 — 78 6 72.5 0.12 48
79-90 2 84.5 0.04 50

=50 b % =1

Class Boundaries

Class boundaries

* The numbers that separate classes without
forming gaps between them.

* The distance from the upper Class  Frequency,
limit of the first class to the Class Boundaries i
lower limit of the second class | /= 6.5- 185 6
is 1918 = I. -30 10

« Half this distance is 0.5. -4 13

* First class lower boundary =
* First class upper boundary =
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Class Boundaries

Class

Class boundaries

/-18
19— 30
31 —42
43 — 54
55-66
67 —-78
79 -90

Frequency,

f
6 !
10
13

8

5
6
2

Graphsof Frequency Distributions
Most common graphs are:

Histogram,

Frequency polygon,

Cumulative frequency graph or Ogive.

> WD

Pie Chart

1- Histogram

The histogram is a graph that uses contiguous vertical barsto display the
frequency of the data contained in each class. The heights of the bars
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equal the frequency and the bases of the bars lie on the corresponding
class.

=030 Ccao=m

class boundary

Stepsfor constructing a histogram:
e Draw and label the x (horizontal) and the y (vertical) axes.

* Represent the frequencies on the y axis and the class boundaries on the x
axis.

e Using the frequencies as the heights draw vertical bars for each class.

Note: For the histogram we need the frequencies and the class boundaries.
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Example: Construct a frequency histogram for the Internet usage frequency

distribution.

14
12

—
<

6

Frequency

Class
7-18
19 =30
31 -42
43 - 54
55 - 66
67 -78
79 -90

Class
boundaries

6.5—18.5
18.5-30.5
30.5-425
42.5-54.5
545 -66.5
66.5 -78.5
78.5-90.5

Midpoint

12.5
24.5
365
48.5
60.5
72.5
84.5

Frequency,

”

Internet Usage

12
1>

Time online (in minutes)

You can see that more than haf of the subscribers spent between 19 and 54
minutes on the Internet during their most recent session.
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2- Frequency Polygon

A line graph that emphasi zes the continuous change in frequencies.

frequency

midpoint
Stepsfor constructing a frequency polygon:
e Draw and label the x (horizontal) and the y (vertical) axes.
® Represent the frequencies on the y axis and the midpoints on the x axis.
¢ Plot the vertices of the polygon.

e Connect adjacent points with line segments. Draw aline back to the x axis
at the beginning and the end of the graph at the same distance that the
previous and the next midpoints would be located.

Note: For the frequency polygon we need the frequencies and the midpoints.
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Example. Construct afrequency polygon for the Internet usage frequency

distribution.
Class Midpoint Frequency, I
7—18 12.5 6
19 -30 24.5 10
31-42 36.5 13
43 — 54 48.5 8
55— 66 60.5 5
67— 78 72.5 6
79 —90 a84.5 2
Internet Usage
14
12 //\\
g 10 S N\
g 38 / \
>
4 AN
2
0 / \
0.5 125 245 36.5 485 60.5 84.5 96.5
Time online (in minutes)

The graph should begin and end on the horizontal axis, so extend the left side to one
classwidth before thefirst class midpoint and extend the right side to one classwidth
after the last class midpoint.

You can see that the frequency of subscribers increases up to 36.5 minutes and then

decreases.
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3-

Cumulative Frequency Graph or Ogive

An ogive is agraph that represents the cumulative frequencies for the classes in
a frequency distribution. It shows how many of values of the data are below
certain boundary.

cumulative
frequency

Class
boundary

Stepsfor constructing an ogive:

Note:

Draw and label the x (horizontal) and the y (vertical) axes.

Represent the cumulative frequencies on the y axis and the class boundaries
on the x axis.

Plot the cumulative frequency at each upper class boundary with the height
being the corresponding cumul ative frequency.

Connect the points with segments. Connect the first point on the left with
the x axis at the level of the lowest lower class boundary.

For the ogive we need the class boundaries and the cumulative frequencies

Mathematics _ First class 5



Example. Construct an ogive for the Internet usage frequency distribution.

Class Frequency, Cumulative
boundaries r frequency
7-18 6.5—-18.5 6 6
19 —-30 18.5-30.5 10 16
31-42 30.5-425 13 29
43 54 42.5-545 8 37
55-66 545 -66.5 5 42
67 —-78 66.5 - 78.5 6 48
79 —-90 78.5—-90.5 2 50
Internet Usage
L>;60
c -+
o40
m /
30
220 /
=S
@©
310 /
o
Time online (in minutes)

From the ogive, you can see that about 40 subscribers spent 60 minutes or less
onlineduring their last session. The greatest increasein usage occurs between 30.5
minutes and 42.5 minutes.
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4- Pie Chart
e A circleisdivided into sectors that represent categories.
e Theareaof each sector isproportional to the frequency of each category.

Stepsfor constructing a pie chart

e Convert the frequency for each class into a proportional part of the
circle using the formula

Degrees = 360 il—c

where f is the frequency for each class and n is the sum of the frequencies.
¢ Find the percentages corresponding to each class

e Using aprotector, graph each section and write its name and
corresponding percentage.
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Expanded frequency distribution

Relative Central

Class Frequency, f frequency angle

7-18 6 0.12 432°
19 - 30 10 0.20 72°
31 -42 13 0.26 93.6°
43 - 54 8 0.16 57.6°
55 -66 5 0.10 36°
67 -78 6 0.12 43.2°
79 - 90 2 0.04 14.4°

Tf=50 s/

by

7 Internet Usage
4%
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Measures of Central Tendency

e The centra tendency measure is defined as the number used to represent
the center or middle of a set of data values. Most common measures of
central tendency are:

> Mean
o Median
> Mode
Mean (average)
The sum of all the data entries divided by the number of entries.

For ungrouped datathe mean is:

M N
2% 2%
— i _ i=l
X = =1 zu =
1

Example: - if you havethedata(4, 7,2,1,7, 5, 4) find the mean.

44 T74+2+1+745+4 30
= - =~ =428

Mean of grouped data

?:1 fixi

x =2
11'1=1fi

e f.:frequency of each class

® x;:ismidpoint of the classes
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In the example of internet usages, the sample mean

Class  Midpoint,x Frequency, (x:f)
7-18 12.5 6
19-30 24.5 10
31 -42 36.5 13
43 -54 48.5 8
55-66 60.5 5
67 —78 72.5 6
79 -90 84.5 2
n =50 xf

fixi+ foxo+ faxs+ faxs + foxs + foxg + [ X7 _ 2089
ith thit+tfatfs+fet+fs 50

X = = 41.78.

Median

The median isthe value that liesin the middle of the data when the data
set isordered.

Median for ungrouped data:
Isdivided into two parts. If the data set has an
o odd number of entries: median is the middle data entry.

o even number of entries: median is the mean of the two middle
data entries.
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Finding the Median

872 432 397 427 388 782 397

» First order the data.
388 397 397 427 432 782 872

e There are seven entries (an odd number), the median is the middle, or
fourth, data entry.

The median is 427.

872 397 427 388 782 397

» First order the data.
388 397 397 427 782 872

» Thereare six entries (an even number), the median is the mean of the
two middle entries.

397 + 427
Median = — =412

The median is412.
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Median for grouped data

« find the median by examining the cumulative
frequencies to locate the middle value.

« If nis the sample size, compute n/2.

m
2%
7.

Median = L,+ W

Where,
L, s the lower boundary of the median class
> fm1 is the cumulative frequency before the median class
Ju is the frequency of the median class
n is the total number of items in the distribution
w is the class width

The Mode

* The mode is defined to be the value that occurs most often in a
data set.

» A data set can have more than one mode.

» A data set is said to have no mode if all values occur with equal
frequency.

» If two entries occur with the same greatest frequency, each entry
is @ mode (bimodal).

* The mode for ungrouped data,
data set: 6,7,7,8,8,8,8,8,9,9,9, 10,10, 11,11, 14, 14, 14.
Mode = 8.
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The mode for grouped data

Where,

Mode = Lm+[ e ].w

A+ A,

“

L., is the lower boundary of the modal class

A; s the difference between frequency of the modal class and

the frequency before the modal class

A; s the difference between frequency of the modal class and

the frequency after the modal class
W s the class width

The example of internet usages, the mode is

Class
7— 18
19 - 30
43 — 54
55— 66
&7 =78
79 =90

Class
boundaries

6.5— 185
18.5 - 305

42.5-545
>4.5 — 66.5
66.5 — 78.5

Frequenc

y. f

6
10

K & b @

Mode = 30.5 + ——(12)
I+5

=33
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Measur e of Dispersion or Variation

e A statistic that tells us how the data values are dispersed or spread out is
called the measure of dispersion. A simple measure of dispersion is the
range. The range is equivalent to the difference between the highest and
least data values. Another measure of dispersion is the standard deviation,
representing the expected difference (or deviation) among a data value and
the mean. For the variability of a data set, three measures are commonly
used: Range, Variance and Standard deviation.

Range
e The difference between the maximum and minimum data entriesin the set.
¢ The data must be quantitative.
Range = Largest value - smallest value.
Example:- Find the range of the following data
41 38 39 45 47 41 44 41 37 42

Solution:
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Variance and Standard Deviation

Variance :- It is the average of the squared deviations from
the mean.

Standard Deviation :- It is the square root of the variance
For ungrouped data,
)

Sample Variance and’
Standard Deviation

N

Population Vari d  D(x )2 ¥ :
pulation Variance an — S
Standard Deviation L /J oo JZ ('xz' JH)

gl == i1
N

N

Variance and Standard Deviation
For grouped data,

Sample Variance and

Standard Deviation 2./ (¥; —x) J 2 f; (% -x)
== F=7=

; n—1
Where,
x; ismidpoint and f; :isfrequency

n—1
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class frequency X; xX;— % (x; — )2 fi(x; — x)?
7-18 6 125 -29.28 857.3184 | 514391
19-30 10 245 -17.28 298.5984 2985.984
31-42 13 36,5 5.28 27.8784 362.4192
4354 8 485 6.72 45.1584 361.2672
55-66 5 60.5 1872 350.4384 1752.192
67-78 6 725 30.72 943.7184 5662.31
79-90 2 845 42.72 1824.998 3649.997

52 = Zizo T]:l(_x‘l_ ) _ 199:(98 98 _ 406.4914
s = 20.16163
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