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Chapter One

Methods of Estimation

First: Maximum Likelihood Estimation (MLE)

Let Xy, X, ..., Xy be arssn from a dist" with a p.d.f. f(x;0), the joint p.d.f. of Xy, Xa, ..., X, denote
L(0) is called the likelihood function, and the value of & which maximizes the likelihood
function is called Maximum Likelihood Estimator (MLE) for 6, or the m.1.¢ is solution of:

=] f(x:0)
[a InLO) 4 with o2 In E(e) - 0]
o0 00

Note: If the second derivative less than zero that were the maximum.
The Steps of Maximum Likelihood Estimation
n
1) Find L(x{,X2,....%Xq:6) =L(X;0) =] f(x;0).
i=1
2) Find In(L(>_<;0)).
oIn(L(x;0))

3 =
) 00

4) Find 6.

Ex: Let Xy, Xz, ..., X, denote a random sample from Bernoulli dist" Ber(6), find the m.l.e for
0.
Sol:
X ~ Ber(6)
flx;0) = 6*(1— o)t~ x=0,1
« X's are indep.
L(O) = f(xy, %1, o, Xq5 0) = 1 f(x;;0)
— szi(l _ Q)n—in
InL(0) = 2x;In(6) + (n — 2x;) In(1 — 6)
dInL(0) 2x; n—2x dInL(0) 0

a0 6 1-6 ’ a0
2x; nm—2Xx;

0 1-6




(1-0)2x;— 0(n—2x;) 0
7 (1 —6%) B
Ix; — 0"x; — nf" + 07" 2x;, =0

2x;— ner =0

2x; = no" 0 mie = == X

n
0°InL(8)  Zx; n-—2Ix
902~ 62  (1-0)2

0= X ismleforéd.

<0

Ex: Let Xy, Xz, ..., X, denote a random sample from Poisson dist" Poi(#), find the m.l.e for 6.
Sol:
X ~Poi(6)

e fgx
f(x;0) = o

« X's are indep.

L(O) = f(xy,xq1, 0, %15 8) = 11 f(x;;0)
e—nQBin

[1Cx:)!
InL(B) = —n6+2x;In(0) — [](x;)!
dInL() Ix; dInL(8)
0 "ty T !

Xx; = no"

ZX; o
A — g
6 mle — . T X

0%InL(0) Xx;

—_— = —-— <0
002 62

0= X ismlefor@.



Ex: Let Xy, Xz, ..., X, be a rssn from normal dist” N(0, 1), find the m.l.e for 6.
Sol:

X ~ N(8,1)
f(x;0) ! e_%(x_g)2 <X<
= — 0 00
1 \/ﬁ 1
Lo oo [ 1 " 23 -0)?
O =110 = 5 ) ©
1 1 ,
InL(@)=nlIn (\/Tj _EZ(Xi - 6)
T
oInL(@) _E o = o
5 oo X(—0) (-1 =X(x - 0)
o L©) _,
060
S -60)=0 = ¥x-n6=0 :é:zf=x
2
o7Inl@ _ _, <o = . 0=X ismle for 4.

0 62

Ex: Let Xy, Xz, ..., Xn be a rssn from Binomial dist" Bin(m, 6), find the m.l.e for 6.

Sol:
X ~ Bin(m, @)

f(x;0)=C) *QA-0)""" ,x=0,1,...,m

L(0) = T1f(x:0) =T1CD 6% (1 —g)=(m—x)
i—1 i—1

In L) = INTICY + XX (@) + (M - x)In( - 0)
i=1

o In L(0)=Zer0—|—zxi +Z(m—x,)x(_1) :in _Z(m—xi)
o0 [ a-20 6 @a-20
C2X(A=0)-0X(Mm=X) XX—0XX -—nmd+0yYx XX -—nmd
- O(1-0) - (- 0) 9(1-0)
oL@ _,
06
2% -nmo _, = Yx -nmd =0 = Yx =nmé BN
@1 —-0) nm
o InLE) _ -Ixi X(M-X) _ I nm-¥x
= - =20 <0
0 6° 6? 1-6)? 0>  (1-6)?

-0 ismle for 6.



Remarks:
1) The m.Le. @ is a function of the sufficient estimator.
2) The m.l.e. 4 is not always unbiased estimator for 6.

Invariance Property of the (m.l.e)
In a rssn from a dist" with p.d.f. f(x;6), let & be a m.l.e. for the parameter 6, and u(6) be a (one-

to-one) function of 6, then u(d) is a m.l.e. for u(6).

Ex: In a rssn from exponential dist” Exp(1/6), find the m.l.e for:

MORE 2 u(0) =1
Sol:
X ~ Exp(1l/0)

f(x:0)=0 e %%, x>0

L(O) = ﬁ f(x;0) = " e 02X

i=1
In L(O&) =nIn(8) — O > X
6InL(¢9):E_ZXi | 6InL(49):O
o6 7 o6
n n A n 1
— - i =0 — = 0 = = =
p; 2% =9 2 = SX X
2
" In ;(0) —2n 0 —..0 ismle for @
o6 0
1
N1 1 - In(0) In(i} - (1
1)u1(9):5:T:x 2) Uy (0) > = T In()_(j
X X

Ex: In arssn from exponential dist" Exp(8), find the m.l.e for 6:

Sol: X ~ Exp(6)
1
f(x;0) = 56"“/9 , x>0

« X's are indep.

L(Q) = f(x1;x1; ey X1 9) = Hf(xi;e)
1

— —Xx;/0
_Q_He zxi/
in
lnL(B): —Tlll’l(g)—7
dInL(6 2x; dInL(6
onL®) _ n x omLe) _

96 6 62 ’ 96



n 2x;

T
—not + Xx;
9/\2 =
—nor+2x; =0
2x; = no" 0" mie = % =X
dInL(0) n+ 2x; < 0
o0~ st !
dInL(0) N Xx;
0 T g
0%InL(6)  Zx 0
002 _ 02

0= X ismleford.

Ex: In a rssn from Geometric dist” Geo(6), with p.d.f ; f(x;0) = 0(1 — 0)** , x=1,2......, find
the m.l.e for 6:

Sol: X ~ Geo(h)

fx;0)=00- 6t x=12, ...

« X's are indep.

L(O) = f(x1, %1, e, x1; 0) = 11 f(x;;0)

= 9" (1 — §)"xin
InL(0) = nIn(@) + (Zx; —n)In(1 — 0)
dInL(0) _n_ Zx; —n) dInL(0) _ 0
a0 0 (1-06) ’ a0

n_QCGx-n)_
0 (1-6)
n(l—-6" — 6"(2x; —n) _ 0

6"r(1-6")
n— nf™—0"xx; + n6* =0
n—0"xx; =0
0"Yx; = n 0" mte = %= =

iX

0%1nL(0) n  (Zx;—n)
“02 o2 a-eg =°

0= 1/X ism.leforé.



H.W: In a rssn from Geometric dist” Geo(d), with p.d.f; f(x;0) = (1 — 0)* ,x =0,1,2,..., find the
m.l.e for 6:

Ex: In a rssn taken from a dist" with p.d.f ; f(x;0) =e-*-9 8 <x <o, find the m.l.e for 6.

f(x;0)= e~ x=0)

LO) = [T1(x:0) = e (9 =0

i=1
InL(@)=—-D(X; —6) =—D.% +né
0 In L(@)
————==7Z7ero+n =n
06
%:O = n =0 (n:sample size)

<X (Y1.Y2.,-Yn)
o<Min(X;) = 0=V

Ex: Let Xy, X, ..., X, be a rssn from normal dist” N(8, 6?), 1) find m.l.e for parameters 6 and
o2, 2) If S?is m.Le. for o2, then find m.l.e. for o.

Sol: 1)
X ~N(@, o?)
1 - 12 (x—¢9)2
f(x;6’,o-2):—e 20 , —00 < X <00
2710'2
n "y 6 - 0)?
2y _ . _ 1 20

L(@,c%)=]]T(%,;0) = e

i=1 27rc72

-3 (6 -0)°

:(2”)—n/2 (0_2)—n/2 e 20



1) For 67?
1
252

> (% — 6)?

In L(O,52) = —g In(27) —g In(c2) —

dIn L(8,c°) 2 2(%~0) XX —no
s — 7ero — zero — FZ(Xi - 0) (-1 = > = o2
oIn L(8,52) _ 0
EY) B
>Xx —no 2%

62

2°In L@, c%)  —n
o 62 o’
. O=xismle for @.

2) For o2?

<0

=0 = >X—nfd =0 = >X=n6 :>ém.l.e:—

2 )2 . — 09)2
o In L(Hz,a)zzero_ n2 +22(x,4¢9) _ n2 L 2% 449)
oo 20 4o 20 20
—no?+ 3 (x —0)?
= 7 =0
20
—no’ +3(x —0)° =0 = no®=3(x - 0)°
= 52 =2 —0)° _X(Xi=X)? _ 52
n n
2 2
.-.8|n L(QZ,O') _ n2 +Z(X|—48) }XZO‘Z
oo 20 20
2
__n+Z(Xi;9)
O
2 2 2 2
o° In L(f’zo-)zzero—Z(XiZQ) :_Z(Xila) <0
o (o) o =

~.S%ism.l.e for o2
2)

u(c?) = u(é?)

u(02)=\/?:a

u(s? =s?) =\/?:\/Z(x‘ —X)° _g
n

. S is mle for o




Second: Moments Estimation Method (MEM)
Let X1, X, ..., Xn be a rssn from a dist" with a p.d.f. f(x; 8), the average value of the k™ powers

k
of (X1, Xz, ..., Xp); My = ZAis the k'™ sample moment , My = E(X¥) is the k™ population
n

moment about origin. The moment’s method estimator is the value of the unknown parameter
6 that makes:

my = My

Ex: Let Xy, Xz, ..., X be a rssn from normal dist” N(6, ¢?), estimate the parameters 6 and o2
using moment method.

Sol:
mg = My
k
mk:& , Mk:E(Xk)

n
m = Mg

%:9 — 0 =X

2
my, = =20 M, = E(X2)
n
Mo = E(X?) =V (X) + (E(X))? =02 + 62
my = Mo
2 —
2 Xi =c? + X2

2 _
..é‘_ZZZXI _x2
n

Ex: Inarssn from a dist" with p.d.f.; f(x;0)=(6 +1) x? | 0<x<1, estimate the parameter
6 using moment method.

Sol:
mg = My
k
M 22X M, = E(X9)
n
> X
m =4
1 n
M1 = E(X)
1
1 1 1 0+2
E(X) = [xf(x;0) dx =[x (0 +1) x? dx=[(0+1) x?* dx=(0+1) 0+l
0 0 0 0 2‘ 0+ 2
0
m1=M1
2% 0+ x_ o = @+2)X=0+1 =>0X+2X=0+1
n  60+2 0+2

S OX-0=1-2X =6X-D=1-2X
1-2X
X -1
10




Ex: Estimate the parameters of I'(a, 1/6), using moment method.

Sol:

When X ~T(a,8) , E(X)=afB ,V(X) =ap?

my = My

k
o - 2

My =E(X¥)

Xi a
le% = M1=E(X)=0!,B=5

a

92

2

a

92

mlel
2Xi_a x4 g
n 0 0
k=2
G 2
my = nl = M2=E(X )
My = E(X%) =V (X) + (E(X))* =
mp =My
2 2
2LXC @ @ in @)
no 92 @2
2 5 2, X
ZXI :£+X2 ZX|_X2=§
n 0 n 0
From (1)
Y:% = a=0X put (3) in (1)
- =2
azizy :X—2
S S
i X? .
= -+ @moment = 5 , Omoment =
S S
Ex: Estimate the parameter by using moment method for:
1) Ber(6). 2) Exp(1/6). 3) Geo(6).
Sol:
1) X ~Ber(®) , E(X)=20
m = My
K
me = =20 My = (X9
mlzszi =X = M;=E(X)=¢
ml - Ml
22X _ g o X=0 ,

n

m

11

oment — X



2) X ~Exp(/6) , E(X)=1/6

me = My
k
me =20 My = E(X9)
> X va 1
==21 =X M, =E(X)==>
m - = M; = E(X) P
m = My
X; 1 - 1 A 1
anz 0 = .. X :5 K Hmoment:?
3) X ~Geo(d) | E(X)zl_ge
mk:Mk
k
mk=ZnXi , My = E(X¥)
Xy 1-6
= =21 =X M, = E(X)="—=
my N = My (X) 0
m =My
>Xi 1-6
n 0
X210 L Xe-1-0 = Xo+0-1 =0(X+)=1= .. 6 -1
e - 0 - - - e moment_y_Fl
Ex: Find an estimate the parameter 0 from; f (x;60) =6 x?1  0<x <1, by using moment
method.
Sol:
my = My
k
mk:ZX. . M, = E(X¥)
n
m1:ZXi :Y
n
1 1 1 X¢9+1‘1 9
M; = E(X) = [xf(x;0) dx=[xOx?tdx=[6x% dx =6 =
0 . 0 0+1,  0+1
m1:M1
XX 0

- v L .x- 2 = @+DX =0 = 0X+X=0 = 0X-0=X
n +1 0+1

=0X-)=X

A X
E Hmoment = ﬁ

12



Third: Minimum Variance Method (MVM)
Let L(6) be the likelihood function of a rssn with p.d.f. f(x;6), then the parameter € has minimum

variance unbiased estimator (m.v.u.e.) if it is possible to express (8—86 In L(@)] in the following

form;

9 InL@)=2=°

06 V (0)
Where; &: is (m.v.e.). : V(é): is variance of 4.

Ex: Inarssn, find m.v.e. for the parameters of; 1) Ber(d). 2) N(6, 6?).
Sol:
1) X ~ Ber(6)

f(x;0)=0*1-0)"* x=0,1
L(6) = lan(xi;H)zezxi L—@)" ~ 2
i=1
INL(8) =2 In(@) + (n—>%;) In(1— 6)
oInL(@) 2% n—-2x _(@A-0)2x-00-2X)_ 2X-02%X —-no+03X

00 6  (1-06) 01— 0) o(L- 0)
:ZHXi -no (+n)
1-0)
xX-60 6-6 - A — V(X) 6@1-0)
_ -7 L 0=X , V(@) =V(X)= =
01-6) v () =V(X) n n
n
. X is mve. for 6.
2) X ~N(@, ¢?)
1 —%(X—@)Z
f(x;e,az):—ezo . —0< X<
2%62
; LY -0)?
L(0,02) = [T f(x:;0) = 2rc?) 2 e 2°
i=1

In L(0,02) = - In2z o?) - Lzz(xi — 0)?
2 20

o1n L0, o2 2 X — 0 X —no
( ):zero ——ZZ(xi—e)(—l):Z('2 ):le }+n
00 20 o o
v N o ) 2
X-0 _0-0  _ 45_% :>V(9):“T

= —— = ~
o“In V(0)

13



olnL@.c®) _ n 2z +22(xi—49)2:_ n +Z(xi—¢9)2

0 o° 2 2702 45 252 25%

_ - n02+2(xi —9)2 ¥ +n
204
2

2 (X — 6) 2
S A S S
26" V(S?) V(6?)
n
j- X g2 _ XX - X)° V(s2) = 25

14



Fourth: Bayesian Estimation Method (BEM)

Philosophy: Observed data X is fixed, and the unknown generating parameter 6 is random.
(Certainty about ¢ depends on both empirical information X and prior knowledge about 6).

In Bayesian estimation method the parameters treats as a random variable with prior probability
p(6), or we have prior informative about the parameter 6.

Let A and B be two events, then the conditional probability of A given B is;

5y_ P(AB) _ p(BIA) p(A)

p(A
p(B) p(B)
Let; A=60and B =x, then inarssn with p.d.f. f(x;0) and prior probability p(6);
X|8) p(@
0(0| x) = PX10) pO)
p(x)

p(x) does not contain &, we can write it as;

p(@ [ x) « p(x|0) p(o)
oc L(6) p(9)
Where;
p(6 | x): is called posterior probability and Bayes estimator denote éBayeS Is the mean of

posterior probability E(€ | X).
L(6): is likelihood function.
p(6): is prior probability.

We have two types of prior probability:
1) Non Informative prior probability (Jeffery’s rule).
2) Informative prior probability.

First: Non Informative prior probability (Jeffery’s rule)
It is proportional to the square root of Fisher information;

p(e)oc(ls(e))llz g = F.l.

15



Ex: Find Bayes estimator for parameter of; 1) Ber(¢). 2) Poisson(#), using non informative
prior probability.
Sol:

1) X ~ Ber(0)
f(x;0)=0"1-0)""
P& | x) oc L(O) p(O)
L(O) = 625 @ —-0)" ="

o /2 (2% In f(x;0)
p©) = (1,(O)) R = E[ P ]

In f(x;80)= xIn(@) +A—-—x)In(1-806)
oln f(x;0) _ X 1-x

00 0 1-0
2°In f(x;0)  -x  1-x
o 02 0> (1-6)

0 0? 0 (1-0)
_E(XX) 1-E(X) _1 1 1

- ==+ =
2 (1-0°> 0 (@1-60) 0@1-0)

_— E(az In f(x;e)j_ E(X) , EQ-X)

1 1/2
(o) (9(1— e)j

o 9—1/2 (1 . 9)—1/2
p(@ | x) o« L(F) p(9)
oC Qin en—in 92 1-— 9)—1/2

c 05 (1-g)" 2N

a-1=3% - = a=Yx+2
2 2
1
ﬂ_lzn_le—i :>ﬂ=n—le+§

p(@ | x) “‘BEta(a:in_;.%’ﬂ:n_zxi_'_%)
When; X ~ Beta(a, )

) _Tla+pB) oa A1 o
f(X’a"B)_—F(a)F(ﬂ)X 1-x) ’E(X)_a+,6’

16



then the complete p.d.f. of the posterior probability is;
I'n+1
pO1%) = 0+

F(in + ;j F(n - )X + ;j

A (24
E(Hl le---: Xn) = eBayes = a + ﬁ

e () L

1
:ZXi“Lz:ZXi . 1

n+1 n+1 2n + 2

2) X ~ Poi(O)

— 60 HX
f(x;H)zi , X=0,1,.......
x!

In f(x;0) =— 60 + xIn(@) — In(x}))
o In f(x;H):_l_Fﬁ

o0 o
82 In f(x;0) x

o 6% o2

82 In f(x:;0) E(X) @& 1
- E 2 Y )

o 0 % 1% o

P(@) < (1.())'?

o [i]:l_/Z _ 9_1/2
()

e—n@ezxi

ED]

L(O) < e "o="
PO | X, %X5,...., X,) o< L(O) p(O)
—nagzxi o2

L(O) =

oCc e

—n@gzxi _%

oCc e

17



P01 %, X, %) ~T(@=2X +3,B=n)
when X ~T'(a, B), f(x;oc,,/)’)=rﬂ(z)x‘)“le‘ﬁX , E(X):Z

a-1=%%-3 = a=XX+53

p=n

1
nZXI + E

1
PO X, Xg ey X)) = 0~ 2e

; YXi+1 1
aBayes =E@@] %, Xp 0 Xp) = =2z —

Ex: Find Bayes estimator for parameters of; 1) Exp(1/6), 2) N(6, ¢?) , using non informative
prior probability.

Sol:

1) X ~ Exp(/6)

f(x;0)=0 e %, x>0
p(@ | x) o« L(F) p(o)
L) = " e Y=¥i

p(g) oc (Is(té?))ll2  FEl=- E(52 In f(x;e)j

0 62

In f(x;80)= In(@) — O x
olIn f(x;0) =1_

o0 0
&% In f(x;0) -1
0 62 6>
2 .
cy__g[@In f(2x,¢9) _ 12
00 0
1/2
1
0 = )

oC 0_1

18



p(@]x) oc L(O) p(O)
oc 0" 702N g7
o gn—l e—Hin
p(@1x) ~I'(x=n, f=2X%)
. . ﬂa a-1_—-px o
when; f(X;a,fB) = —— X e = E(X)=—=
I'(«) Vi
then the complete p.d.f. of the posterior probability is;

p((9| X) _ (in) gn—l e—t9 2 Xj

r'(n)
A o n 1
E(9|X1,,X )ZQB = — == =
n ayes Y in X
1) X ~ N(@, c2)
1 2
1 ——zaz(x——H)

e

A\ 27T O
——1_>(xi —0)?

2

L(Q,O_Z) — (272_0_2)—n/2 e 20
1) For &
P(O | X4, Xz 1. Xn) o L(O) P(O)

— 1S —6)?

20‘2
L(@) < e

Ll o S(xj — O+ x — x)2

oCc e 20_2 }

——Llosxi —-0% -1 on@-x?
oc e 20 e 20

1 _h@-%2
S L(@) < e 262

2
Inf(x:0,02) = — * In2ro?) - X=9)
2 20‘2
. 2
olnf(x;8,0°) _ Jero — 2(x—-6) (-1 _ (x—6)
o0 20'2 0'2
’Inf(x;0,0%) 1

062 o2

19
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0 6% o’
p(9) o« (1s())'?

OC [1)1/2
02

oc Constant

- E[azln f(x;0,02) J 1y

oc 1l
PO | X1, Xa,..., Xy) oc L(O) p(O)
~ 1 h-%?2
202
oc e x (D
—%n(e—i)z
o e 20
2

P(O] X, Xgseens X)) = N(Y,%)

—_— . 62
- mean= X , variance = T
l _ n2 (9_;)2
sopd.fo= pO] X, X Xg) = e 20
2w -
n
éBayes = E(p(6’| X1y X5 Xn)): X
2) For o2
p(c® | %Xz - Xn) = L(c?) p(c®)
-1 50 -0
L(GZ)OC (02)—n/2e 20
/2
p(0?) = (150
2
Inf(x,02) =L In@ro?)- ¥=9)
2 20'2
oinf(x;0%) 1 2z L -0)° (@ _ 1 L — 0)?
802 2 27[0‘2 464 202 204
’Inf(x;o?) 2 (x-60)°@lcY) 1 (5-6)°

8(02)2 B 4(02)2_ 4(02)4 _2(02)2_ (02)3

20



E[ézlnf(x;oz)j: -1 Ex-0°_ -1 o* -1 1
8(62)2 2(62)2 (62)3 2(0_2)2 (62)3 2(0_2)2 (02)2
i LN S

2(0_2)2 2(62)2

p(a?) o (15(6))"?

1 1/2
- (MZJ

oc (0'2)_1

P(o? | X, Xg 1 %) o L(0?) P(0?)

~—Lov0q - 0)?
o (02)—n/2e 20 X(Gz)_l
- L3 - 0)?
oc(02)_(2+l)e 252 !
_ n X — 0)>
P07 [ %1, X v X) =T A= 0, p= 20200
B¢ B
when X ~ T Y(a,B), f(xa,pf)=L—x @D Blx = EX)=
IN'x) a-—-1

(Z(Xi - 49)2}”/2 _[Z(Xi —0)2]
2 (0_2)—(2”) o 2 2

sopdf = p(o?] Xy Xp ey Xy) =
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Second: Informative prior probability
The form of prior probability for parameters of some dist" as follows:

ID Probability Distribution Informative Prior Probability
1 | Bernoulli ~ Ber(6) Beta ~ Beta(a,, fo)
2 | Binomial ~ Bin(n ,6) Beta ~ Beta(a, o)
3 | Geometric ~ Geo(6) Beta ~ Beta(a, o)
4 | Poisson ~ Poi(0) Gamma ~ ["(a,, fo)
5 | Exponential ~ Exp(1/6) Gamma ~ I'(ao, fo)
6 | Exponential ~ Exp(6) Inverse Gamma ~ I'Y(o, fo)
7 | Normal ~ N(0, 6®) (0 known) | Inverse Gamma ~ I'"Y(0,/2, So/2)
8 | Normal ~ N(0, 6®) (c? known) | Normal ~ N(6,, +2)

Ex: Estimate the parameters of; 1) Geo(d). 2) Poisson (6). 3) Exp(6). 4) N(6, 6°) (0 known)
and (c? known)., using Bayesian informative prior probability.

Sol:

1) X ~ Geo(0)

f(x;0) =001 - 6)"

PO | X1, X5 ,...., X5 ) o< L(O) p(O)
L(©) =0"@ - 6)>"

p(0) ~ Beta(ea, , fo)

p(0) = Lo+ Fo) - o1 @—g)ot
1_‘(050) 1_‘(/80)
oC an -1 (1 . 3)'80 -1
p(el X]_,Xz,...., Xn) chn(l_ 6)2X| 9060—1(1_ g)ﬂo—l
o @l@o+n)-1 (1— 0)(in +Bo)-1

PO | X, X5 ,...., X,) ~ Beta(ae =, +n, f= 2% +5,)
The complete p.d.f. of the posterior probability is;
Dot +N + 3% +55) plag+n)-1q _ o\(EXi +6o)-1
0 @-0
(e +Nn) T(ZX; +5,)
a ap+N
a+pf a,+n+2 X +L,

PO X X ey X)) =

L E@ X) = éBayes =
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2) X ~ Poi(&)

— 60 HX
f(x;0) :i , X =0,1,.......
x1
PO | X1.,X2,....., Xp) oc L(O) p(O)
—né 52 Xj
L(O) = e n¢9 !
(TIxi)!
=1
o e NP
P(@) ~ Gamma(c,, Fo)
&0
p(o) = Lo~ % e fof
(o)

oc @40 —1 e Lo €
PO | X1 X5 ,uueey Xp) € e—nHQin g% —1 o= Bo0
oC Q(ZXI + 050) -1 e~ (ﬁo + n)g

PO | X, Xo s Xp) ~T(x=2%X +ay, B =5 +N)
The complete p.d.f. of the posterior probability is;

2 X
DO | X4, Xg oo ) = Lo XTI gy v o1 =050 + )

1_‘(in + ao)
A X
B0 X) = Oaayes = G = Zﬁ':r‘f‘)
0

3) X ~ Exp(&O)

f(x;0) = % e X/0

PO | X1,X2,.....Xp) o< L(O) p(O)
L) = 0~ Ne=xi'?

p(O) ~ T *(ao. Bo)

0(0) = L0° g0+ o= fol0

e oo +D) o= folO
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P(O | X1+ X2 ,.eeey Xpy) C o Ne=2Xi!0 g(ao +1) o= fo !0

o« @+ ag) +1) = (XXi+ Bo)/ O

PO 1%, Xz Xn) ~ T Ha = N+ag, B= T¥ + fo)
The complete p.d.f. of the posterior probability is;

_(Zx (Jrﬁo)n;% o ((N+ a0) +1) o= (X% + Bo) /6
I'(n + a4

P(@ | X1, X2,..vy Xp)

2 ﬂ in +,Bo
LE@@| X, Xo,., Xpn) =6 = =
( | 1 2 n) Bayes 1 n o 1

4) X — N(@, 2) ,When (& known)
—— 1 _(x-0)?

2
f(x;0,02)=——2 o 20

272'0'2

pP(c? | X1, X2 ,..., Xn) o< L(c?) p(c?)
~n 82

2
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o +N

(ﬂo"'nSzJ 2 ao+n _(ﬁO—FnSZJ
2 — +1 2

" p(c72 | X1 X9 4oy Xpy) =

Qg + N
ri,”)
i _(ﬂ +n82)/2_ﬂ +ns’
E(U|X) O'Bayes a—l_ oao+n_l _a§+n—2
2

X ~N(0, c?)  When o known.
P(O | X1, %o .., Xn) o L(O) p(O)
-5 0i - 0)°
L(l9) — (272_0_2)—n/2 e 20
L3 -0% ——Lon@-x?
_ (2762 M2 e 202 o 20°

_AQL,n(g__})Z

2
o< e 20

P ~ N8, , o¢)

5 (06 )2
1 20'0

p(o) = ﬁ e
T oy

-5 (0- 00)*
20'0

+l
X |

oc e

PO | X, X2, Xn) o L(O, 52) P(O)

~ 1 he-x?2 -1 1% 0)2

2
o« e 20 e 260

_1ln 92+ - 9,2
5| 50 =X)"+(0 - 6)

o« e ©0
A(Z — a)% + B(Z — b)? = D(Z — ¢)?
A =L2 , a=x , Z =0 (var iable)
O
1
Co
D=A+B c = (Aa + Bb)
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: 1 : 1
Let; 0'2: , 0 = Ln)2(+0%
n . 1 n 1 o 0o
o2 Gg o2 O'cz)
_ 12(6,_9)2
2 o'

PO | X, X2 ,...,Xp) < €

PO | X1,%X2,...,Xn) ~ N(O', o'
The complete p.d.f.of the posterior probability is;

B 1 2 0'2

n 1
7+7
0'2 Gg

A , 1 X 6
* E(0 | X) =0payes = 0 =[ J (“ >+ %J
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Chapter Two

Interval Estimation

Definition:

In a rssn taken from a dist" with p.d.f. f(x, ), let L1 and L be two statistics, then the
confidence interval (Cl) of parameter 4 is;

p(ly <0<Ly)=1-«
With 100(1 — a)% confidence coefficient, where; L1: is lower confidence limit.
L,: is upper confidence limit.

Confidence Interval (Cl)
Interpretation of The Confidence Interval (C.I)

Confidence Interval

' : !
Probabilistic Practical
We are 100(1 — a)% In repeated sampling
confident that the 100(1 — a)% of all L SE
single computed CI Intervals around 95% Samples
contains p. sample means will in

q X-1.96 SE X +1.96 SE
the long run include p.

1) Confidence Interval for Mean (When the Variance is known)
Let Xy, Xz, ..., Xn be a random sample from a population with unknown 6, and known variance

_ 2 v
o2, then the sample mean X is distributed with mean @ and the variance — and 7 = X = 9 has

n oln

standard normal dist” or: X ~ N(6, 22)
n

X -6
D _Za/ZSO'/—\/ES Zapp | =1— «a

— o — o
X -2 — <@ <X+1z — | =1l-«
p( al? n al? /—nj
or,

(lef—za,z% Ly =Y+za,2%j is 100(L- @) % C1 for 6.
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Note:
a=5% —>1-a=95% :>Zo_025 =1.96

a=10% —1-a=90% = Zgos =1.645
a=1% —>1-a=99% :>ZO.OO5 = 2.58
a=2% —51-a=98% = Zyg =2.326

2) Confidence Interval for Mean when the Variance is unknown
Let X3, Xo, ..., X, be arandom sample from a population with unknown 6, and unknown variance
o2, we have two cases:

X -0

then:
S/+/n

a) Ifasample sizen > 30, 7z =

p(f—zalz% <6 <X+ ZaIZ%j =1l-«a
or;

(lei—za,z% Ly :Y—za,z%j is 100(L-a) % CI for 6.

b) If asample sizen<30, T = has t-distribution with (n — 1) df, then;
S/n

p(— Yai2,n-1) < T <tg/2, n-1) ) =1l-«

X-6
p(— Yal2,n-1) = sidn St(a/Z,nl)j =l-a

p(x _t(a/z,n_l) ﬁ < 0 < X +t(a/2’n_1) ﬁj = 1—a

Ex: In arss100 taken from normal dist" with mean 6 and variance (o2 = 225), and found that X
of the sample is (125). Find (95%) confidence interval for 6.

Sol:

l-a=95%

1-a=0.95 , a = 0.05 v Lo |2 = £0.025 = 1.96

p(f— ZaIZ% <O <X+ Zalz%j =1l-«a

p(125 — (1.96) 15 < 60 <125+ (1.96)£j =1-0.05
+100 +100

p(125-2.94 < 6 <125+ 2.94) = 0.95
- (122,06 < 9 <127.94)
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Ex: Let X1, Xa, ..., Xo be a rss9 from a distribution with mean @ and variance o2, and

(X =19.74 ,S%=0.65). Find (99%) confidence interval (CI) for 6.
Sol:
1-0a=99%

1-a=099 , = 0.01 , t(a/Z, n—1) = t(0.005,8) =3.355
A S g S
D(X a2, -1 7 <O <X+1Yg/2, n—l)ﬁj =l-a

0806 _ y <1974+ (3.355)@) =1-0.01

J9

p[19.74 — (3.355)

p(19.74 - 0.9 < 6 <19.74+0.9) = 0.99
- (18.84 < u <20.64)

Ex: A rss(50) taken from normal population with mean () and variance %, and (X =5.67,
S =1.94). Find (95%) confidence interval (CI) for 6.

Sol:

1-a=95%

1-a=0.95 , a= 0.05 v Lo ]2 = 20,025 = 1.96

p[y—zalz% <é SY—FZO{/Z%) =1-«

1.94 1.94
5.67 — (1.96)~— < 0 <5.67 + (1.96)~— | = 1-0.05
P67 499 5 ( )m)
p(5.67 - 0.538 < @ <5.67 + 0.538) = 0.95
- (5.132 < u <6.208)

Ex: An epidemiologist studied the blood glucose level of a random sample of 100 patients. The
mean was 170, with a SD of 10. Find (95%) confidence interval for 6.

Sol:

1-a=95%

1-a=095 , a4 = 0.05 v Lo l2 = 20,025 = 1.96

10 10
<6 <170+ (1.96)— | = 1-0.05

100 ( )\/1ooj

p(170-1.96 < # <170+1.96) = 0.95

- (168.04 < u <171.96)

p(l?O — (1.96)
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3) Confidence Interval for Difference Between two Means
Let X be a sample mean for a rssn from a normal population with mean xy and unknown

variance 0')2( and Y be a sample mean for a rssn from a normal population with mean sy and
unknown variance a\% , then:

2 2
v O = o
X = N(ux, =) o ¥ =Ny =)
2 2
v v ox |, oy
X —Y)~ N| gy — oy , ZX + 9
( ) (ﬂx M= m]
5 _ (X =Y) — (ux — )
2 2
o% , ov
n m

P(-Zg2<Z<2Zy2)=1-

p—Za/zé(Y_?)_(ﬂx — ) 4

> > <Zyn|=1l-«
o o
oX L9y

n m

2 2 2 2
— = O O (0)
Pl (X =Y) = Zg/2 —nx ”f (ux —my) < (X =Y) = Zy/2 nx YJ=1—a

Ex: Let X bea sample mean for a rss15 from a normal population with mean ux and known

variance 0')2< =60 and Y be a sample mean for a rss18 from a normal population with mean

iy and known variance ov = 40, we find that (X = 70.1), (Y = 75.3), find 90% CI for

(ux — py).
Sol:

a=01 |, % = 0.05 . Zyi2 =Zoos =1.645

X -Y =701-753=-52

n m n m

60 40 60 40
~52-1.645 2 + 10 < (ux — py) < —5.2 + 1645 1-01
P 15 " 18 = X T 4Y) 15 18J

p(-9.303< (ux — my) < —-1.097)=0.9
(-9.303< (ux — py) <-1.097)

2 2 2 2
_ _ o O (o)
Pl (X =) = Zgy2 | X+ 2 (ux - ) < (X =Y) = Zgp2 —X+—YJ=1—a
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4) Confidence Interval for the Variance

Let X1, Xz, ..., X be a random sample from normal population with unknown mean, and
unknown variance, then;

_ 2
2 = =I5 i distributed as 72 with (n—1) .,

2 2
0 (n2—1)S SGgg(n—l)s B

2
Z (04 ZG(
1—? n-1 o n-1

Ex: Let Xy, Xa, ..., Xz be a random sample from normal population with unknown mean, and

unknown variance, we found that (X = 76.1, S2 = 88.36), find 99% CI for ¢°.
Sol:

=001 ,%=0005 , z2 — 2800510 = 6.84
o n-1
2 2
s X, = X0.995,19 = 38.6
1-%,n-1
2
. 2 . 2
) (n2 1) S Sng(nz DS™|_1_4
X
(24 [24
1—5, n-1 > n-1
19 (88.36) _ 2 _19(88.36)) _, 401
38.6 6.84

p(45.87 < o2 < 24522) = 0.995
. (45.87 < 5% < 245.22)
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Ex: Let
X ~N@y,0%) .Y ~N@, o)

n=10 , X =42 , % =49
m=7 ,Y=34 | of=32
Find 90 % CI for (ex—ey)

Sol:

1-a=09 = a=01, Zyp=2Zogs =1.6450005 , »2

=]

49 32

=]

2 H

2 2
o I o
(X =Y) = Zg/2 \/Tx+ﬁs(ex ) <X =Y) = Zg/2

p(0.8 - 5.063< (fx — 6y) < 0.8 + 5.063) = 0.9

p(—4.263< (O — 6y) < 5.863)=0.9
.. (—4.263< (O — 6y) < 5.863)

Ex: from N(6, 6?), we have (n =9, S =7.63), find 95 % CI for c2.

Sol:
1-a2=095 —>a=005 , 7> = zbossg =218
> n-1
2 2
v Xy = 209758 =17.5
1-Z,n-1
2
N Q2 2
D (n2 1S < zs(nzl)s 1_g
X
(24 [04
1—5, n-1 > n-1
MSJZSMJ:;L_Q%
17.5 2.18

p(3.488 < o2 < 28) = 0.95
-, (3.488 < o2 < 28)

32

(4.2-34) 1645 |0+ = < (Ox — ) < (42 - 34) ~ 1645

2
L~ #0008,29 = 6.84

2 2
ox Lo |4,
n m

ﬂ+g =1-01
10 7



