Moment Method for Parameter of Geometric Distribution

X ~ Goe(p) ,firstcase:f(x;p) =pq* E(X) = 1%9 :

= Iy, = E(x* =M
mk — n ) k — ( ) y mk - k
1 _ _
ml:zzi:X' Mle(X):%
my = M1
— 1—p — ~ 1
X :T _)szl_p — Pmoment :1—|—)?

X ~ Goe(p) ,second case: f(x;p) =pqg* ! E(X) = % ,

D k
m, = ,Mk:E(X) , ™ mk=Mk

n

1 _
2% X M, =EX) = >

n

my
my = M
X

< |

1 — A 1
=; _>Xp=1 — DPmoment =7

Note: In all distributions, it is not a requirement. Moment Method equal to the m.l.e Method.
For example, in Beta distribution, or in some cases we cannot use m.l.e. method.

Q//Ism.le p = % unbiased estimator for p in Geo. distriution? p = le



HW:Ism.le p = :1)? = néxi unbiased estimator for p in Geo. distribution? f(x; p) = p g*.

Exponential Family
Q// Is Geometric distribution Geo(p) belongs to exponential family?

D fx p)= pqgq* , x=0,1, ..

f(x; p) = expin f(x; p))

= expl|lnp + xIn(1 — p)]

AB) = In(1 —p) , B(x) =x,C(O) =Inp, D(x)=0

o f(x; p) of Geometric distribution belongs to exponential family.

In arssn;

f(x1,x2, ..., x5 p) = exp(ninp + In(1 — p) X x;)

<~ 2B(X;)) = 2 x; issuff.est. for p.

2)f(x; p)= pg* 1!t , x= 1,2, ...

f(x; p) = expildn f(x; p))

= expllnp + (x — 1) In(1 — p)]

= exp [ln (ﬁ) + xIn(1 — p)]

A(P)=In(1—p) , B(x) =x,C(O) =In (1%) , D(x)=0

o f(x; p) of Geometric distribution belongs to exponential family.

INn arssn;
- — _p — .
F ez, s 05 D) = exp (nin (525) +In(1 — p) 3 x,)

-~ BX;)) = X x; issuff.est.forp



5) Negative Binomial Distribution

Independent Bernoulli trials are performed until (r) successes appear, define the r.v. X is the
number of failure trials before getting the r—th success trial, then a r.v. X defined to have (N.B.)
dist. if the p.d.f. of X given by:

|o(x)={cxx+r_1IOqu X=0,1,2,....

Where the parameters (r) and (p) satisfy [r=1, 2, ...., 0 <p <1].

X: No. of failure trials before getting the r—th success.

r: No. of successes cases (fixed number).

Clearance: Let a coin tossed nine times, in ninth toss we get success trials, success trials (get 3
Heads). What is the probability of the following result?

2 r

@)

Cg : No. of failure trials before getting the (3) success trials (H)

r 3

POTT HT H TT H) — (1)(1)(1)%)(%)(

r =71 r =22

N|F I
‘NII-‘ I



Properties of the Negative Binomial Distribution
Let X be ar.v. has Negative Binomial Distribution, X ~ N.B(r, p), then;

1) mean=E(X) =2

P
b , & L x+r-1r x CAXHr=l X AT
roof : E(X)= Y xp(x)= > xCy P g , But; Cy =(-1)" Cy
x=0 x=0
o 2 Xn—T X _ T < r X T e —r!
=p X X(DCx " =p X xCx (-0)"=p X X
x=0 x=0 x=0 KEr=x)




3) The cumulative dist. function (c.d.f.) of X ~ N.B(r, p).

0 Xx<0
r K X+r—-1 x
F(X)=p(X<k)=9p X Cx g” ,0<x<w
x=0
1 X —> o0

4) The moment generating function (m.g.f.) of X ~ N.B(r, p).

My (t) = <1 _pqet>

Cumulates
The arithmetic mean, variance, etc. can be found through this important method.

m.g.f. = My(t) = E(e™) = (1—Zet)r

g(®) =In E(et*) 5) Additive Property
i- Let Xy, Xa,...., Xn be 1.v.’s and independent, such that X; ~ N.B(ri, p) ,
i=1,2,...,n then;

n n
2 Xi~nb(Xrj,p).
i=1 i=1
Ii- Let Xy, Xo,...., Xy be r.v.’s and independent, such that X; ~ Geo(p), then;
r

> Xj~nb(r,p).
i1



6) Mode of Negative Binomial Distribution
f(m) f(m)
1 1
f(m-1) >4 f(m+1) >
Y = [x] greatest integer less than or equal x. e.g: m=[1.3]=1.3-03=1

Note: lim N.Bin — Poisson(A)

T — 00

Maximum Likelihood Estimation
Let X1, Xz, ..., Xn be arssn from Negative Binomial dist” N.Bin(r, p), find the m.l.e for 6.
Sol: + X ~ N.Bin(r, 9)

flx; p,r) = (x+;_1) p'qg* , x=0,1,..
L(p) = Ty ("4 7") "7 (1 — p)E
InL(p) =In]], (xit;_l) +nrinp+ Y x; In(1 —p)

dlnL(p) nr . Xxi _ nr—mrp-p Yx; dinL(p) 0
ip  p (1-p)  pl-p) ap
nr—nrp—p ) x;
~ ~ =0
p(1—-p)
nr—pnr+)x;)
< " =0
p(1—p)
> nr =p(r+Yx) - p= nri;xi = r:f is m.l.e. estimator for probability of success

but this is a biased estimator. Its inverse (r + x)/r, is an unbiased estimator for 1/p. H.W




Ex: let (r -1) is number of success before the last success from (x + r — 1), then show that;

N r—1

. A r .
unbiased or p = —— biased?
x+r—1 xX+r

Q// Is negative Binomial distribution N.Bin(r, p) belongs to exponential family?

f(x; p,r) = (x+:_1) p"g* , x=0,1, ...

f(x; p,r) = expiln f(x; p, 7))

= exp[ln(x”j_l) +7rinp + xIn(1 — p)]

A(p)=In(1—p) , Bx) =x,C(p) =rlnp, D) =In(*" ™1

. f(x; p,r) of Negative Binomial distribution belongs to exponential family

Now in a rss(n) ; (for Sufficiency)

L(O) = f(x1,x2, .. ; p,1r) = explA(O) X7 B(x;) +n C(O) + 271 D(x;)]
= exp[A(6) 2?=1 B(x;)) +n C(0)]. exp[Xi_y D(x)]
= g(@, 9). h(xq, X2, .., X;,)

=21 B(x;) issuff.est. for 6 and u(O)
InL(O) = A(O) Xi_1 B(x;) +nCO) + i1 D(x;)

dln L (O , ,
RO = A'B) X, B(x) +n C'(O)

8%1In L(O " " .
—;92( > = A" ()X B(x) +nC"(6)

2
— K (a lanngQ) — [A"(OOE i1 B(x;) +n Cc" (0)] — Fisher information in arss(n)



6) Poisson Distribution

Is the limiting form of the binomial distribution when (n — <) and (p — 0). So that (n p) is finite
quantity such as (A). In general 1f (n > 50) and (A < 5), it can be taken to be a case of Poisson
distribution such events are known as rare events.

Applications

1- The number of deaths from a disease such as heart attack.

2- The number of customers entering a service station per hour.

3- The number of defective material per packing manufactured.

4- The number of railroad accidents in same unit of time.

5- The number of telephone calls received at a particular switchboard per hour.
6- The number of cars passing a traffic intersection per minute.

7- The number of insurance claims in same unit of time.

8- The number of errors a typist makes per page.

9- The number of customers to arrive in a bank per hour.



Definition: A r.v. X is defined to have a Poisson distribution if the p.m.f of given by:

( —1 aX I‘(x)“
e A T
C Y — _v) — . x=012,.. g:?; When 2= 1
p(x; 4)=p(X =Xx) =7 «x! 0.06 1
0.02 1
0 ow 0.003 4 , | .

0 1 2 3 4 5 x
! The p.m.f. of Poisson Dist.

Where the parameter (A > 0) is a constant integer of function of any positive real number R™.
[A = np], (A: rate of failure)
Remark: Poisson: n large & p small

Binomial: n small & p large

Properties of a Poisson Distribution X ~ poi(3.)

1- The number of successes (events) that occur in a certain time interval is independent of the
number of successes that occur in another time interval.

2- Mean and variance of Poisson Distribution X ~ poi(3) mean = variance = A

3- The moment generating function (m.g.f) of X ~ poi(d)



4- The c.d.f. of X ~ Poi())

(0 , X<0
X 4. yu
F(X)=p(X <X)=< ¥ n , 0<Xx<w
u=0 '
1 X —> ®©

5- The additive property

Let X1, Xo, ..., X, be a Poisson distribution with A4, Ao, ...., Ay and X’s are independent. Then
Y = X1+ Xo+ ...+ X, has a Poisson distribution };i_; X; ~ Poi(}i—1 4;) .



Maximum Likelihood Estimation
Ex: Let X1, X5, ..., X, denote a random sample from Poisson dist" Poi(4), find the m.l.e for A.
Sol:
- X~ Poi(1)
e A~
fl; A) = por , x=0,1, ......

- X's are indep.

L(A) - f(xl!xl! ey X1, A) - Hf(xi;ﬂ)

e—nAAin
TTCx)!

InL(A) = —nA+2x; In(1) — J](x)!

dInL(A) L Ex oL _
or T ’ oL

b Z'Xi N7
Am.l.e — = X

n

82InL()  Zx

OA? A2

A= X ism.l.e for .

< 0



Ex: In a random sample of size (n). Is T = X unbiased estimator for A of Poisson(4).
X ~Poi(4)

—A3x

flea)= -

E(T = X):E(M):

n

n E(X)

n

= 1 ,—> Xisunbiased est.for A

H.W: 1) Is X is consistent estimator for A.

2) Is > x; sufficient estimator for A?

3) Let X be a random variable from Poisson dist" poi(4). Show that the family of X is complete.

Ex: Let Xi, Xy, ..., X be a rssn from Poisson dist” poi(6). Show that Y = > Xj is a complete

sufficient estimator for 4. Find the unique continuous function of Y, which is the best estimator
for 6 (M.V.U.E).

Ex: Let X1, Xo, ..., X» be a rssn from Poison dist" Poi(6), is T = X an efficient estimator for
p(0) =07



Rao-Blackwell Theorem
Let X has a p.d.f. f(x;8), and u be an unbiased estimator for parameter ¢, and T be a sufficient

estimator for 4, then;
1) E(E(UIT)) = E(U) , EWU) =6
2) Var(E(UIT)) < Var(U) , Var(U)—>M.V.LB —>M.V.UE

For Poisson distribution X~ poisson(A);
ECXi| Xis1 X)) =
=E(X)= 1
A

. 1 1
Y = (X Z?=1Xi)~Bm( ?=1sz) T T4

E()=2=25=% , Var(Y) =Var(X) = =

Q/l Let X; ~Poi(0), and X;, X», ..., X, be ar.s. of size (n) generated from X, can we apply Rao
Black well theorem to E( X;| Y71 X;), and then find Var E( X;| X1 X;),
Var E( X;| 221 X;) < Var(X;).

H.W: How can you prove that Y = p(X;| X;q X;) ~ Bi"( i=1 % %)



Mode of a Poisson Distribution X ~ poi(d)
Ifitisaninteger; m=[A] ,m=Axi-1 , (A, A-1)

m = [A]
m=»A-¢g
f(x)
e
e~ A X \
x! _
e~ Apx-1 ;>1
(x — 1D)!
--m<A->I] — ¢
m=2<2.1
2.1-0.1

Poisson dist. has two modes.

f(x) s 1
fx+1)
e~ A\
X! _ x+1
e—xlxﬂ_ A > 1
(x+ 1)!

A<x+1->A-1< x=m
m=(A-1)+e ,0<ex<1

f(m)
=1 A>0
f(m 1) ’



7) Hyper Geometric Distribution

Suppose that (n) objects are to be drawn at random, one at a time from a collection of (N) objects,
(k) of one kind and (N — k) of another kind. The one kind of object will be thought of as “success”
and coded (1); the other kind is coded (0), then a r.v. X is defined to have a hyper geometric
distribution if the p.m.f. of X given by;

e

kK ~N—Kk
“x Cn-x X=01.2 N
p(x) = p(x;N,k,n) = p(X = x) =+ Cr,]\| , x=0,1,2,.....,,
0 oW

Where; N, k, and n are parameters, such that N>n, N>k, and N, k, and n are all positive integer,
X ~H.G(N, k, n).

Population

Remark: x=a,a+1,a+2,...... , b N
Where; \

a=Max (0,n—(N-—-Kk)) /

b= Min (n, k) K N- k
Where; N: size of population.
X: No. of defective items in the sample. Sample
k : No. of defective items in the population. £
N — k: No. of non-defective items in the population. /\
If k<x then CX = 0. X nx

For(k<x<n)—f(x)=0
This distribution would apply if X is the number of defective in a sample drawn without
replacement from a batch of (n) objects there being (k) defective in the batch.



Properties of the Hyper Geometric Distribution

k ~N—Kk N +k—k
2.Cx Ch—x Chx—x CrI,\I
Ch Ch Ch
2) Mean and variance of X ~ H.G(N, k, n).
K K «x k k—1
mean=np=n— . Where; = — Zesti - : :
P N P N | estimator of i unbiased estimator ———

The mean of the H.G distribution is obtained from the representation of H.G variable as a sum
of the Bernoulli trials.



3) The c.d.f. of X ~ H.G(N, k, n).

0 . x<0
k N—k
X Cy Cy_y
Fx)=p(X<x)=4 > N ., 0<x<nm
u=0 Cn
1 ., X=n

4) The m.g.f. of X ~ H.G(N, £, n).
The m.g.f. Mx(7) of H.G distribution do not exist because 1s very complicated.
Note: 1) if n — o0 v(X) = n p q (with replacement) (Binomial)

A X . k
2)p= “Tlx an estimator forp = v

To find (m.l.e) we need (p = %)

Sample | Not- Sample | Total
Success X k—x k
Failure n—Xx N-n—-k+x |N-k
Total n N-—-n N

H.W: Find (m.l.e) for Binomial, H.G, Uniform and Multimomial distribution.



Multivariate Hyper Geometric Distribution (Generalization)

k1\(k2 ky
fX=x1,X=xp..,.X=%x;N,nk)= (x1)(32]zv))(xr)
N=1lk +ky+-+k. =N +N,+-+N,

n= x,+x,+--+x. ,(rtypes)

Ex: A box containing (N = 20) balls, (N; = 8 Red, N, =5 Blue, N3 = 7 Green). Draw a sample
from this box, (n = 6). What is the probability that it is 1 red, 4 blue, 1 green?

Node: when n — o then the H.G. distribution approaches the Binomial distribution.
Note: Parameterization: It means we do something with the parameter.



The Continuous Distribution

1. Continuous Uniform Distribution

« Used to model random variables that tend to occur “evenly” over a range of values.
« Probability of any interval of values proportional to its width.

« Used to generate (simulate) random variables from virtually any distribution.

« Used as “non-informative prior” in many Bayesian analyses.

Definition: A r.v. X is defined to have continuous uniform distribution iff the p.d.f. of X given

by: FOX
= ,a<x<hb sal —
f(X)I <b-a i i
0 0.W i
e
Where (a and b) are two parameters (—o <a < b < o). a b x

The p.d.f. of C. uniform Distribution
Symbol: X ~C.U(a, b) P

Example: The daily sale of gasoline is uniformly distributed between 2,000 and 5,000 gallons.
Remark: When (a=0and b =1) is called Standard Uniform Distribution.
Special case: whena=0, b =6,

f(x;@)z% 0<x< @



Properties of Continuous Uniform Distribution
1- f(x)isap.d.f.of X~ C.U(a, b).

?

b : b 1 b 1 b 1
[f(x)dx=1 =] dx = [ dx = x| = (b-a)=1
3 b —a b-aj b-a ¢ b-a
2- The Cumulative distribution function (c.d.f.) of X ~ C.U(a, b).
X X 1 1 X 1 X
F(X)=p(X <x)=[f(u)du= du = du = u
(9 =p(X <) = [FW) du = Jp=—du= g [ du=p=uf)
0 , X<a
_ 1 (x — a) ~ L F(x=427% a<x<b
b-a b-a
1 , b>b
3- The mean and the variance of X ~C.U(a, b).
a+b (b — a)?

E(X) = > , Var(X) =

12



4- The moment generating function (m.g.f.) of X~ C.U(a, b).

v b b 1 { b _
MX(:‘):EE'T = L[er'ﬁ‘f(n} di = ‘[9“ dv = | e’ ¥
g a b—a b—a
[ th _ _ta
_ 1 o 1% b _ ° 5 ° . >0
(b —a) a ACIED
1 . 1=0
v My (0) =1, then we use the following method :
My (1) = gé(r} _ be'l — gel@ _ b—a 1
g5 (1) (b — a) . b—a
=

5) Mode and Median of Uniform Distribution
Mode in uniform dist" are multi-mode. The median: [- median = mean]



Maximum Likelihood Estimation
To find m.l.e. for & of uniform dist" C.U(0, 6).

1

f(x; 8) = S ,0<x< 0
L() =

InL(6) = —nln (0)

dlnL(6) _ n JdlnL(0)

= Y, =0 - Oorn # 0 (Thisisnotlogic)

The solution by the derivative is illogical.

L(O)=L(®) ford € Q,0=][0,0:]

Here we work with logic;

Y;,Y,, ..., Y, are an order statistics of the random sample of size (n).

o<y <Y, <---<Y, <86

0 =X, (1 <Y, <--<Y,)

0 > Max(X;)

~ @=Y, ism.l.efor8 (Forthisreason (Y,)is closer than the rest ofthe (Y's).
m.l.e. in general; b = y,



To find unbiased to (Y, Y1, Yn— Y1) from uniform distribution?

H.W: In arss(n) from uniform dist" C.U(0, 6). Is an estimator Y, unbiased in limit estimator for
0.

Ex: Let Xy, X, ..., Xy be arssn from C.U(0, 6), and Y, <Y,<...<Y, be the order statistics, show
that Y, is sufficient estimator for the parameter (6).

Ex: Let X1, Xo, ..., Xn be a rssn from C.U(61— 6, 61 + 6,), and Y, < Y, < ...<Y, be the order
statistics, show that Y; and Y, are the jointly sufficient estimators for the parameters (6., )
respectively.



2) Gamma, Exponential and Chi-Square Distribution

Gamma Distribution: Gamma function and Generated distribution for it:
Gamma distribution has important applications in waiting time and reliability analysis. This is
used for the length of time it takes to do something or for the time between events. When we
study lifetime of machines or devices or any other issue that involves time. That is, the time factor
Is one of the factors. [e.g.: 1) The length of time the machines have been operating in the factory.
2) Study of machinery stops in a particular factory.]. Gamma distribution: the time required (r)
occurrences to occur that follow the Poisson distribution.

To define the family of gamma distributions, we first need to introduce a function that plays an
Important role in many branches of mathematics, i.e., the Gamma Function:
Definition: For (x > 0) , (o > 0), the gamma function I'(a) is defined by:

< a1
() = [ x¥ e " dx
0

Properties of the Gamma Function

1. Forany (o> 1), () =(a— 1) I' (o — 1). (o = positive integer) , e.g: I'(6) =5 I'(5)
2.Forany (o >0), I'(a+l)=al(a). Ifa=1—->T(1)=1,..01=1

3. For any positive integer (a), I' (a) = (a — 1)!



Gamma Distribution
The time required for (r%) events to occur that follow the Poisson distribution. The Gamma
distribution. The gamma distribution is derived from the gamma function.

r'a) = f0°° ye~le™y dy

X 1

1) let, y= : O dy = de, or; 2)let,y = fy>dy = Bdx
o x® 1 29
I'(a) = |, e B de , (divided by I' (a))
1= fooowx“_le_ﬁdx
. . _ _1 a=1,—x/B
~ 1) f(x; a, B) r(a)/;ax e , x>0 ,a,8>0
. —_ ﬂ a-1,—Bx _—_ L a—1_,—PBx
2) f(x; @) = fimxelemhr = Lo (pxyeie

are Gamma density function and has Gamma distribution.
Properties of the Gamma Distribution (First Form)
1. f(x) isa p.d.f. of X.

2. The mean and the variance of X ~ I'(a, f8).
The second form of Gamma dist.

fi @ f) = 4=xtTe P EX) = 5 V(0 =



3. The m.g.f. of X ~I'(a, )
The second form of Gamma dist.

fo @)= Loxeter | M) = —= (L)
1

I'(a)

Another method form.gf. =(1— Bt)~ %
4. The c.d.f. of X ~I'(a, f). = 1- c.d.f of Poisson distribution

5. Additive Property
If X, X,, ...., X, be (n) independent r.v’s , and has a distribution I'(a, ), i.e., Xj~T'(a;, f) thenY = Y7L, X;
have a distribution (%, a;, §) ~ I(na, B), and X ~ I'(n a, ).

6. Mode of Gamma Distribution

. . — a=1,—x/p

HW: f(x; a,f) r(a)ﬁax e
f(x)= r(al)[),a — % x® e B +(@—1)x*2e F| , f(x)=0
— % x*le P +(a—1Dx*%e £ =0

(d _ 1)xa—2 — %xa—l [+ xa—l]

(a—l):l ,—>x=m0de=ﬁ(a—1)» a =1

X




Maximum Likelihood Estimation
Let X ~I'(a, £). Find m.l.e of both parameters (a., 5).

Inverse Gamma Distribution
Theorem: Let; X ~TI(a, f),; Y = §~ (0, B)
Proof:
. — ﬂ a-1 ,—f x
flx; a,B) = F(o()x e

_ 1 — -1 — _ 2 x| _ -2
y=; 2x=y  dx=-y" || =Y
d
9 aB)=f(x a,p) |
_ BN ey 2
_F(a)(y) € y

_ %y—(aﬂ)e—ﬁ/y - p.d.f.of T (o, p)

Mean and Variance of Inverse Gamma Distribution
When X ~T(a, )

p B2 p:

E(X) =

BZ

o — 1 VarX) = G- @2~ @-1¢

(a —1)2%(a - 2)



Three Parameters Gamma Distribution

/
V'Ba ! xa’—le—ﬂx“

r )

flx; a,B,y) =

Special Cases of Gamma Distribution

First: Exponential Distribution

An exponential r.v is a continuous r.v that measures the lifetime of some events.

In this distribution the random variable can only take on positive values, and it’s Right-Skewed
distribution with maximum at x = 0.

The exponential distribution can be used to model;

The length of time between telephone calls.

The mileage you get from one car of benzene.

The length of time until a light bulb burns out.

The length of time between arrivals at a service station (inter-arrival times).
The lifetime of electronic components.

When the number of occurrences of an event follows the Poisson distribution, the time between
occurrences follows the exponential distribution (distances for a Poisson process).



When (a = 1) in gamma distribution, then the gamma distribution reduces to the exponential
distribution, then a random variable is exponentially distributed if its probability density
function (p.d.f.) defined as;

flz)
LeXIB  xs0 B0
f(x;8)=1 8
0 oW

\

Where £ is a distribution parameter, and 5 > 0.

0 Exponential p.d.f. o

or we can get exponential distribution from Gamma function.
ra) = fooo e dy

1) The c.d.f. of X. X ~ Exp(1, p)

X
F() = p(X <x) = |4 e du =—e‘“/ﬁ;
0

0 , X<0
=—@@ P _e=l1-eMF  0<x<w
1 , X > o

2) the mean and the variance of X. Medan = ,B ) Var (X) — IBZ



3) The m.g.f. of X.

Mx(t) = (1 —pt)™

The Memory less Property: (forgets about its past)(Luck of Memory)

(Past history has no influence on the future)(The future is independent of the past): Let X
IS an Exponential random variable (as geometric r.v.) with parameter & > 0. Then X has the
memory less property, which means that for any two real numbers (a, b > 0);

p(X>a+b|X>b)=p(X>a)

Consider the following statements

Relation between Exponential distribution and Poisson distribution
Q// How does the exponential distribution come from the Poisson distribution?

Maximum Likelihood Estimation
In a rssn from exponential dist” Exp(1/6), find the m.l.e for 6.



Second: Chi-Square Distribution

When (o= r /2), and (8 = 2), where (r) is positive integer, then the gamma distribution reduces
to the Chi-Square Distribution, with (r: positive integer) degrees of freedom; X~ )((Zr)with p.d.f.

and 8 = % defined as;

1 xg_le_X/2 x>0 r>0
f(xir) =4 r(r/2) 22

0 o.W

r Variance = 2r

The mean and the variance of X~ x{,, is; Mean

The m.g.f. of X~ x?is;

r/2
My () =@0-Bt) F=@1-2t)"2 =(LJ , t<%

1-2t
The second form of X~ x{,is; When (a=r/2), and (8 = 1/2),
_ a_ /2 _ _ & _ 2 _ — !
E(X) = 5= 12-T7 ,var(X) = 5= (%)2 =2r ,M,(t) = RECTSE

The c.d.f. of X~ X%r) can’t be found by direct integration, then;

XO L_l
PO<X <Xg)= | 1 x2 "o X2 gy

0 T(r/2) 22




Inverse Chi-Square Distribution
Theorem: Let; X~ )((2,,), Y = )l(~1nverse )((2,,)

1

= Ta/Dz y~GtD e=1/2y 5 p d.f.of Inverse X6

Mean and Variance of Inverse Chi-Square Distribution
When X ~ Inverse )((Zr)

| =

22

"(3)
mean = E(X) = a’[il = l:
2

_ ﬂZ 22
VA= = - -1 (-2
2

2

Mean and variance of Second form;

Mean =——— = (C-1)x2  r-2
Var(Y) = (@12 (a—2)B% = 1)2 (5-2)22

2 2

oy 2
x~G*) ¢™% 5 p.d. f.of Inverse x2,

flx; r) =




3. Beta Distribution

Beta distribution, which is used to model percentages, proportions and in cases uncertainty, such
as the proportion of lead in paint or the proportion of time that the FAX machine is under repair.
The beta distribution is used as a prior distribution for Bernoulli, Binomial and Geometric
proportions in Bayesian analysis. It is the special case of the Dirichlet distribution with only two
parameters. Since the Dirichlet distribution is the conjugate prior of the multinomial distribution,
the Beta distribution is the conjugate prior of the Binomial distribution.

Other examples of events that may be modeled by Beta distribution include:

1) The time it takes to complete a task.

2) The proportion of defective items in a shipment.

3) Batting averages in baseball.

4) Percentage of people with a disease in a country.

5) The distribution of activity times in project networks.

Definition: A r.v X is defined to have Beta Distribution. If the p.d.f. of X is given by:

1 x@ 1@ - x)f-1 O<x<1
f(x a, B)=<Bla, p)

0 o.w

"~

Where the shape parameters (o, ) are two positive integer, such that o, § > 0O:
X ~ Beta (a, /).




Beta function;  B(a, ) = jxa 11— x)#~1dx = 11:((06)1;(18,3))
(04
Then the p.d.f. of X is given by.
1_‘(CX +ﬁ) Xa—l(l . X)ﬂ—l
f(x a, B)=T(@)(B)

O<xx<1l

0 o.w
Special Values:
I'(ax)I a-1)1(f —-1)!
B(a,ﬁ): ( ) (ﬂ):( ) (ﬂ ) ’ B(1,1)=1 ’ B(%,%)Zﬂ'
IN'a + P) (ax+ 4 —1)!
Note: Special case: Beta (1, 1) — U (0, 1).
2.4 | ' ' ' . (x=;3=0.5.
22 | *=3:B=3
2l =3 B=3

The p.d.f. of Beta Distribution

The Beta(1, 1) distribution is identical to the standard uniform distribution.
If X and Y are independently distributed Gamma(a, #) and Gamma(, 6) respectively, then

is distributed Beta (a, ).

X+Y)



Properties of Beta Distribution
1- f(x) is a p.d.f. of X ~ Beta(a, ).

2- The Cumulative dlstrlbutlon function (c.d.f.) of X ~ Beta (a, f).

F(X) = p(X £Xx) =+

Mean =

(0 , X<0

}(F(a +/) x“‘l(l— x)ﬂ_1 dx , O0<x<l
o[(a) ()

1 , x21

3- The mean and the variance of X ~ Beta(a, f).
ap
, Var(X) =
a+f X) (a+pB)°(a+B+1)

3- The moment generating function of X ~ Beta(a, £).

w My(t) = Xik=o |

tk e
=14+ X (F.f:(%

[tk th

k!

platk, f)
p(a, B)

Sl = 1T |

a+r )]
a+ f+r

L k!




4- Mode of Beta Distribution

(@ —1)
— X = mode = fora>1,p>1

(@+B—-2)°

Dirichlet Distribution (Peter Gustav Lejeune Dirichlet)
The Dirichlet distribution is a generalization of the Beta distribution for multiple random

variables. The Dirichlet distribution is over vectors whose values are all in the interval [0, 1] and
the sum of values in the vector is (1). In other words, the vectors in the sample space of the
Dirichlet distribution have the same properties as probability distributions. The Dirichlet
distribution can be thought of as a “distribution over distributions”.

The p.d.f. for a K-dimensional Dirichlet distribution (of order K> 2)(number of categories
(integer)) has a vector of parameters denoted a (a4, ..., ak > 0) given by:

K
Fszla- 1
F(xy, Xp, oo, X5 O, Opy e, Qg ) = (2 @) ‘ ‘xl“l
i=1

{<=1 I'(a;)

f(=1 x;=1and x; €[0,1] foralli € {1, ...,K}.
The Dirichlet p.d.f. looks similar to the multinomial distribution.

- The Dirichlet density is proportional to: JT¥_, x* "
0k

- The multinomial mass is proportional to: [Tj_; x, *.
We conclude this analogy: Beta: Binomial :: Dirichlet: Multinomial.



4. Weibull Distribution
A random variable X is said to be distributed according to Weibull distribution if the p.d.f. is;

ft;a,pB) = aﬁtﬁ_le_“tﬁ >0 ,a,8>0
o: scale parameter, is the characteristic life. f: Shape parameter [Determines the shape of the
curve]. The (a, B) in Weibull dist. can represent decreasing, constant, or increasing failure rate.
If(f=1)->T ~ Exp(a)
Q// when use Weibull distribution in real-life?
Two main area this distribution be used are;
1) Lifetime Testing. 2) Reliability.
T — Failure density f(t)
R(t) =p(T>t)=1-F(t)

Note: In the Weibull distribution: the distribution of failure resulting from a strong cause.



Reliability:
Probability of non-failure up to time (T =t) — p(T >1)

ft;a,p) = aftP1 e—atf
Z(f) R(®)
Vel

Hazard function
R(t) = P(T > t) = ftoo aﬁ Sﬁ—le—asﬁ ds = e_atﬂ

- Stochastically

Failure
™~ Determinative

f& aB)=2().R(t)
F(t)=1— e %t

R(t) = e 4t
f(t; @) =a e %!
Z(t) R(t)
Mean and Variance for Weibull Distribution
E(X) = ri‘fjﬁl) , T =123,...,1
E(XY) = mean = F(EEJ;) : E(X?) = Fiﬁzj;)
2
2 2 1
r(%+1) r(%+1) F(g+1)—<F(g+1)>
Var(X) = 22/B T = 22/B

ab



How to extract the Weibull distribution from the gamma function
ra) = fooo x®* e * dx
r@) = fooo e ¥ dx
let;x = atl - dx = aftfldt
r( = ["e " apth-tdt =1
flt;a, B) = aBtPle=®” — Weibull Dist.

Maximum Likelihood Estimation (m.l.e) for Weibull Dist.
f@t a,B) =Z(t) .R(t)

Z(t) = apth!

If;

D=1 - Z(t) = «

2)B=2 - Z(t)= 2at

3) =3 - Z(t) = 3at*

H.W: Find Mode and Median of Weibull Distribution



4. Normal (Gaussian) Distribution

The normal distribution is the cornerstone distribution of statistical inference. Many distributions
can be approximated by a normal distribution. This distribution is considered the basis for the
Issue of monitoring the quality of production (quality control). The importance of this distribution
Is also highlighted by (the central limit theory), which proves that all probability distributions,
whether discrete or continuous, approximate their distribution (according to certain conditions)
to the normal distribution. Complex distributions may exist and therefore an approximation to a
normal distribution can be used for them. In addition, all sampling distributions (Z, t, x*> and F)
are derived primarily based on this distribution (Which assumes sampling from a normal
distribution).

A r.v X is defined to be normal distribution, if the p.d.f. of X is given by:-

( 1 2 x N 2 1): N(100, 400

- 2 (X o ,Ll) ) = Ez§:NEIOG.II]D;

e 20 X R

f(x, o O_) = 3 20 o € ! 0 < < O - ES;QNEQEADE'])
o) o.W

=

Where the parameter 4 & o must satisfy [- o< U < o0, 6 > 0], and T = 3.14285... ,and e =
2.71828....., X ~N(u, ).



Uses: 1) Biological statistics: Used to model many phenomena (spatially biological phenomena).
If we calculate the ratio of male to female births in a specific area over a number of years, we
will find that the distribution of this ratio follows a distribution similar to the natural distribution.
2) Organic measurements: Height and weight, for example, in a group of individuals with the
same age, sex, and environment, are distributed in a distribution close to the normal distribution.
3) Social phenomena:

The special case of normal distribution, when (« = 0, and o = 1), then we called the resulting

p.d.f. (Standard Normal Distribution), and denoted by; Z ~ N(0, 1). Let;
X — U 1 —7%/2
Z = ~ N(0, 1 = ... f(z)=—=0-¢
>~ NE.D = Tz

Properties of Normal Distribution
1. f(x) is a p.d.f. of X:

2. The mean and the variance of X ~N (u,¢%). Mean=u , var(X)=o¢".

3. The m.g.f. of X~N (u,c?) is My(t) = e" t+ Lo2¢2
4. The c.d.f. of X ~ N (u , 67)

, —0O<Z<00

1 2
——5 U —u)
1 e 20° du = N(x)

X
FO) = p(X <x) = |

o 27O

5. The c.d.f. of standard normal has been tabulated as follows; X~ N (0, 1).



X—u

o

6. If X~N (u,c%),thenther.v. Z =

~ N(0,1) is called standard normal distribution.

7. The inflection points are (u + o).
In the normal distribution, show the location of (c) In an image.

8. The normal distribution curve is a bell shaped, and symmetrical around the mean u.

f(x) = f(—x)

9. In normal distribution: Mean = Mode
10. If X ~ N (u, 6%), then;

p(a<x<b):?f(x)d><=p(a_y<x_”<b_”j

a O O O

o R O RYCEY)
O O O O




11. The area under the normal distribution curve lies in the following;

The area under the normal curve

P(u—o< X <u+o)=0.68
Pp(u—-20< X <u+20)=0.95
p(u—-—3c< X <u+30)=0.99

p—-36 u-2c [T u pto u+26 ut+3c

H.W: Is necessary a consistent estimator to be unbiased estimator? Give an example.
In a random sample of size (n) from normal dist" N(8, 6%), 52 - 1 S (X; — X)?
n

Maximum Likelihood Estimation
Let X1, Xo, ..., Xn be a rssn from normal dist" N(0, ), find m.l.e for parameters 6 and 2.



Moments Estimation Method
mk = Mk

k
my = =X S My = E(XK)

N

m1=|\/|1

ani = 0 — .0 = X

2
my = =X M, = BE(X2)

-]

Mo = E(X?) =V (X) + (E(X))? =52 + 67




Non-Informative prior probability

Find Bayes estimator for parameters of N(8, 6%) , using non informative prior probability.
1) X — N@, o2)

-
f(X;Q,o—Z)z 1

2
(x — &)
e 252
\/272‘0—2

o a
L(@,o2) = (272_0_2)—n/2
1) For @

> (xi — =
e 20—2
PO | Xq ., X5 Xnp) o< L&) p(&)
— 1 >0 — =
L(O) o< e 2
— 122(xi—¢9—|—>_<—>_<)2 .
o< e = ==
—— 1 o> — 0% ——Lon @ -2
o e 20—2 e 20—2
——31 _ n (o — )2
L L(O) o< e 2
h f(x:8.00) = — tm(2rody- &9
: 20°
el f(x:6.0°) e 2= (ED _ (x-6)
A8 - 252 53
&'l f(x:6.0°) 1
28” :



_ ¢ In f(.r;ﬁE-"zc?‘] |
. 88- |

[

p(8) = (I.(8))
1 “;I'

] I

I-\. G i _II

]

a

o Cons tan ¢

a1

p(6 | x. xy....xy) ® L(F) p(f)

o

o

=

=

=

| -
= i @

a2
= i @

P(O] 3. %y s ) ~ N (X

*mean =X | varianuce =

L pdf. D PO Xy Xy X)) =

 Opayes = E(p(6] 57 3 00 1,)

2
o

)
1

2
o

H




5
2) For o~

p(o? | x.x5...x,) % L(6?) p(a?)
- 1? ¥ (x; _5]2
.[,f.:-r_‘,!-':) - (52)—?? EE.' 2a”
pe?) =1,
i f(v.0%) = Ln2ro?) - =9
A Q2o
éln fx:a”) _ 127 (x —8)? (2) 1l (x _8)?
8o’ 2 2757 4c” 267 25"
Flnfio?) 2 (-6 () 1 (x-6)
o(c”)’ 4 4(c*) 2c°) (%)



b

Empeo)) -1 B9 -1 -1
o ) 20 (@ A @ 2P (0P
_ —-1+2 _ 1 _FJI

Ay 2

p(c?) = (I.(8)*

w1/ 2

1)

- — |

(o))
i [ij—l

p[‘j; X5 X 5--m -T;l_i-:' - L':f-_’_.:' P':f-_’_.:'
L5y -8’
2o~ N |

i I:L_rf:l—a_i' EE?‘ «(62)




1

Y B

T (xj - 6)°

< (c7) 2 e 7
y _ 1 S(x; —8)°
plo” | x.x5..x,) ~T 1(a=; LB = 2 ’ﬁ ) )
-1 BY  _@e1 —pia p
when X ~T (a.f). flyvia.f)=—x e E(X) =
‘ o) o —1
5 012
‘ G (2 -8)?
. 2 | 5 —|2+1] ) 52
Sopdf.= plaT]x.xn Y, ) = 2 agT) - e
1‘|£j
> (X; - 6)
. a2 ) 2 (X —-8)7
" O Bayes =E[LT X1, X3 1”]— - = ! .
__1 H— 4
,]

Informative prior probability

Probability Distribution Normal ~ N(8, 6%) (8 known) — Informative Prior Probability
Inverse Gamma ~ I'Y(0,/2, S0/2)

Probability Distribution Normal ~ N(8, 6%) (¢®> known) — Informative Prior Probability
Normal ~ N(6, 2)

H.W: Find for p(1/c?)



