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Trigonometric Function

3
| sin?0+cos20=1 | - (1)
r
. ¥\ opposite
0 0
tan0 =—- =2 and cotf=-==% s L x
cos® x sin®@ y 0 X
. y ) . adjacent
secO=——=- and cscfH=—=-
cos© x sin 6 y
. - y .
sin(—=0) = == —-==—sinh = sin(—0) = —sin @

cos(—0) = cosH

Divide equation (1) by cos?8 we get:

| tan?0 + 1 = sec?0 ‘

Divide equation (1) by sin’0 we get:

| 1+ cot?0 =csc?0 |

Since the circumference of the circle is 277 and one complete revolution of a circle is
360°, the relation between radians and degrees is given by

7 radians = 180°. Degrees Radians

For example, 45° in radian measure is

LTl
91 = g™
and /6 radians is
m 180 5
5w =30

Conversion Formulas
1 degree = %(zo.oz) radians
Degrees to radians: multiply by %

| radian = g(zﬂ) degrees

Radians to degrees: multiply by 18#0 11
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Even Odd

cos(—x) = cosx sin(—x) = —sinx

sec(—x) = secx tan(—x) = —tanx
csc(—x) = —cscx
cot(—x) = —cotx

Some Important Identities

1.sin(a + B) = sina cos B + sinff cos a
2. cos(a + B) =cosacosf tsinasinf

3.tan(oc +ﬁ) _ tana+tan g

l1-tanatanf

_ fana-tanf
4, tan(a ﬁ) - 1+tanatan B

a 1+cosa
5.c0s%— = ——
2 2

2 _ l—cosa
2 2

6. sin

1. Sine Function

Itis a function f:R — [—1, 1] defined by f(x) = sinx.

sinx =0 iff x =0, +%mn, +2n, ¥37,... = nm,n € Z.
sinx = ¥1 iff x = ?%,?37”,... = (n +%)7t,n € Z.
Since sin(—x) = —sin x, therefore the sine is an

odd function.

12

Periods of Trigonometric

Functions

Period w: tan(x + 7) = tanx
cot(x + m) = cotx

Period 277: sin(x + 27) = sinx
cos(x + 27) = cosx
sec(x + 27) = secx
csc(x + 27) = cscx

—W w 3 7w
? 2 ?

Domain: —oc << x << ==
Range: —-l=y=1
Period: 2%
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2. Cosine Function

i

|

\ /I

Itis a function f:R — [—1,1] defined by f(x) = cosx. '

_1T/ﬁ_r 0 ‘b’ w ‘n':x
| J2 2\ | /2
cosx = 0 iff x=$§,$32—n,...=(n+%)n,nez. ! !
- - — - Domain: —= < x < ==
cosx = +1 iff x =0,+m, +2m,+3m,... = nm,n €Z Rm":e':n' _1 S;S |
Since cos(—x) = cos x, therefore the cosine is an SEE R

even function.

3. Tangent Function

[tis defined by tan:D,, = R,

sinx
f(x) =tanx = o COSX # 0.

cosx =0 ifx=(n+%)n,nEZ,

y
4. Cotangent Function

[tis defined by cot: Dot = R, K 1 —\
: £ .
f(x) = cotx = =22 sinx # 0. —v—%\ﬂ— %\T 7}\
sinXx
sinx =0 if x =nm,n €Z,

Domain: x # 0, =4, *25, ...
Range: —=—= <y<a=
Period: #

13
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5. Secant Function
Itis a function f:Dge. = (—0,—1] U [1, ), and
defined by f(x) =secx = ﬁ,cosx + 0.

cosx =0 ifx=(n+%)n,nEZ,

6. Cosecant Function
Itisa function f:D.s. = (—o0,—1] U [1, ),
and defined by f(x) = cscx = ﬁ,sinx * 0.

sinx =0 if x =nm,n € Z,

The Inverse of Trigonometric Functions

1. The inverse of sine function

It's denoted by sin~!, and defined to be the inverse of

the sine function for —g <x< g

f(x) =sin"'x,sin":[-1,1] - -2

2. The inverse of cosine function
It's denoted by cos™!, and defined to be the inverse of
the cosine function for 0 < x < m,

f(x) =cos™tx,cos1:[-1,1] - [0, 7]

14

t y=cscx
.U
1 1 1 O
- 70| =@ % 3w 2w
< m

Domain:x # 0, *r, =2, . . .
Range: y=-landy=1

Period: 27
“"TFigure 2.10
y
A
“.| x=siny
y= sin~'x
x| ' Domain: [-1,1]
2 Range: [-#/2, w/2]

> X

|
(=]

)
T

Figure 2.11

X =cosy

\ y¥= cos'x

Domain: [-1, 1]

%\':\ Range: [0, 7]
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3. The inverse of tangent function

It's denoted by tan™!, and defined to be the inverse of

the tangent function

f(x) =tan"lx, tan":R - (—g,g)

4. The inverse of cotangent function
It's denoted by cot™!, and defined to be the inverse of

the cotangent function

f(x) =cot™lx,cot™:R - (0,m)

5. The inverse of secant function

[t's denoted by sec™ 1, and defined to be the inverse of

the secant function

f(x) =sec™lx,sec™t:(—o0,—1] U [1,00) > [O,g) U (g,n]

6. The inverse of cosecant function

It's denoted by csc™!, and defined to be the

inverse of the cosine function

f(x) =csc™lx,csct: (=00, —1] U [1,00) > [—g,O) U (0,%]

15

4 Domain: (—eo, oo}
Range: (-w/2, wl2)

r y= cot 'x

Domain: (—oe, o)
Range: (0, 7)

¥y= sec"x
Domain: |x] =1
Range: [0, #/2) U (7/2, @]

A

y=csclx
Domain: |x] = 1
Range: [-#/2,0) U (0, #/2]

A
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Logarithmic Functions

1. The General Logarithmic Functions
Let a > 0, a # 1 be any real number, the general
logarithmic from Log,: R™ - R where a is the base of

logarithmic function.

Some Properteis y=log,x
If x and y are positive numbers, then

1. Log,(xy) = Log,x + Log,y

2. Log, (i) = Log,x — Log,y

3. Log,x" = rLog,x (where r is any real number)
4.Log,1=0

5.Log,a=1

6.For 0<x<1, Log,x <0

7.For x > 1, Log,x >0

8. xll%l+ Log,x = —oo, J11_)11.}0 Log,x =

9. Itis one to one and onto function, so it is bijective function.
-If a = 10, then we denote this function by f(x) = Log x.
-If a = e (e is the Euler’s number and e = 2.718281828 ...),
we denote this function by f(x) = Inx and it is called the
natural logarithmic function.

2. The Natural Logarithmic Functions

It is the logarithmic function with the base a = e.

i.e. f(x) =Log,x =Inx,In:R* > R.

Some Properteis

If x and y are positive numbers, then

1.In(xy) =Inx +1Iny

Inx
Z'E_ Inx —Iny

3.In1=0,Ine=1

4. Inx" =rinx

16
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5.ln§= Ina!=—-1Ina

6.For 0<x<1, Inx<0
7.For x> 1,Inx >0

8. lim Inx = —c0, lim Inx = o
x—0% xX—00

9. Itis one to one and onto function, so it is bijective function.
Exponential Functions
1. The Natural Exponential Functions

Since the natural logarithmic function is a bijective function, so it has an inverse,
which'’s the natural exponential, hence exp: R - R* defined by f(x) = e*,Vx € R.
Some Properteis

The natural exponential e* obeys the following laws:

l.e¥e?Y =e*V Vx,yER ¥4
y=e
_ 1 —_
2.e * = e_x y=x
e* x—y
e_y =e
1
y=Inx
4. (e*)Y =e* = (e¥)* ——/”/{7’ -
1 X
5.e0=1
6. elnx =x
7.Ine* =x
2. The General Exponential Functions ¥4 —
Itis defined f: R - R* by
f(x)=a*,VvxeR,a>0,a#1
It is the inverse function of the logarithmic function. y=a',a>1
Sinceel™ = x = elfa =g ——"// >
0 X
lna)* _ . x
= (eln?)” =aq
y=log,x, a>1
-

logzx = . & Inx = Inx
Ina Ina 17
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Inverse Equations for ¢ and log, x
a8 = x (x > 0)
log,(a*) = x (all x)

Some Examples

Example :
.41 T T 1
sin~| = |==, since sin| = [==
2 6 6 2
Sin’l(—l):—Z since Sln( ij—l
2 2
. ._1(2j 2
SInsSin — |=—=
5 5
But

sinsin(27)=0, not 27

R .- . /4
SIn 1Sln(27z) can't be 27 because Sin™ always returns an angle in the range [7,5} .

Recall:-
The inverse cosine by inverting COS X , restricted to O ]

T
The inverse tangent by inverting tan X , restricted to (7 Ej

V4 Vs
The inverse secant by inverting SecXx , restricted to (O'Ej U(E,ﬂ'j

Example : Find sin™* sin(lj
16

T /A
Solution: Since— €| ——,— |, then
16 2 2

18
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Exponential and logarithmic functions:

Example :

(1) f (x)=3"is exponential function with base 3.

(2 f (x)= (%) is exponential function with base %

(3) f (x)=x"isan exponential function with base 7.

Examples:-
2 1 1 3
log,,100 =2 because 100 =10 log,,| —— |=-3 because ——=10
1000 1000
log,16 = 4 because 16 =2* log,1=0 because 1=b°
3
log, b =1 because b'=b log,, 2T 3 because a :(ﬁj
8 8 2
1\* ; 5 ; 57
log, ; 36 = -2 because 36| < log, {/32 = = because {/32 =(2)
log1000 =3 because 1000 =10° In1=0 because 1=e”’
Ine =1 because e =e* nt-_1 because e
e e
Ine? =2 because e?=e’ In3fe =% because 3 =e¥?

Example : Find the domain of the function f (X) =1In (9—4X 2).

Solution: We must have 9—4x % > 0, so that

19
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9 9 3 33

A’ <9 x <X <= kl<==x el -, 2.

4 Vg = Kl<g=xe(—53

)

Example : If f (X) = 4e™, find the value of b for which f (2) =2 .

Thus Dom (f ) = [—

N | W
N | w

Solution:

f(2=2=4"=2=¢” :i:In(eZb):ln(lj:Zb :In[lj:b :lln(ij:—lan:—lnﬁ
2 2 2 2 \2 2

Example: If f (Xx)=e" +3 7, find f (In2).

Solution

1

Inf =
f(In2)=e"?+3 " =e"? 13 {2] =2+3(%)=%

Example : Solve 10g,, X = J2

Solution

log,, X —J2=x =10"

Example : Solve In(x —I—l):5 )
Solution : In(x +l)=5:>X +l=e’=x =e°-1

Example : Solve 5* =7 .

Solution

5 =7=In(5")=In(7) = x In5=In7 =X ::n_;
n

H.W. : Solve log 10\/X_=—1 :
1

H.W.: Solve In(—) =-2 .
X

H.W.: Solve log .5” =8 .

H.W.: Solve In(Xl) +In(2x*) =In(3) .
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