
Mathematics I  

 

11 
 

Trigonometric Function 

 

             …  (1)                     

 

 tan θ =
sin θ

cos θ
=

𝑦

𝑥
  and  cot θ =

cos θ

sin θ
=

𝑥

𝑦
  

 sec θ =
1

cos θ
=

𝑟

𝑥
  and   csc θ =

1

sin θ
=

𝑟

𝑦
 

 

 

 sin(−θ) =
−𝑦

𝑟
= −

𝑦

𝑟
= − sin θ ⟹ 

 cos(−θ) =
𝑥

𝑟
= cos θ ⟹                     

 

Divide equation (1) by  cos2θ  we get: 

 

 

Divide equation (1) by  sin2θ  we get: 

 

 

 

 

 

 

 

 

 

sin2θ + cos2θ = 1 

sin(−θ) = − sin θ 

cos(−θ) = cos θ 

tan2θ + 1 = sec2θ 

1 + cot2θ = csc2θ 
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Some Important Identities  

 

1. sin(𝛼 ∓ 𝛽) = sin 𝛼 cos 𝛽 ∓ sin 𝛽 cos 𝛼  

2.  cos(𝛼 ∓ 𝛽) = cos 𝛼 cos 𝛽 ± sin 𝛼 sin 𝛽 

3. tan(𝛼 + 𝛽) =
tan 𝛼+tan 𝛽

1−tan 𝛼 tan 𝛽
 

4. tan(𝛼 − 𝛽) =
tan 𝛼−tan 𝛽

1+tan 𝛼 tan 𝛽
 

5. cos2 𝛼

2
=

1+cos 𝛼

2
 

6. sin2 𝛼

2
=

1−cos 𝛼

2
 

 

1. Sine Function  

 

It is a function  𝑓: ℝ → [−1, 1] defined by  𝑓(𝑥) = sin 𝑥. 

sin 𝑥 = 0  iff   𝑥 = 0, ∓𝜋, ∓2𝜋, ∓3𝜋, … = 𝑛𝜋, 𝑛 ∈ ℤ. 

 sin 𝑥 = ∓1  iff   𝑥 = ∓
𝜋

2
, ∓

3𝜋

2
, … = (𝑛 +

1

2
) 𝜋, 𝑛 ∈ ℤ. 

Since  sin(−𝑥) = −sin 𝑥, therefore the  sine is an 

odd function. 
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2. Cosine Function  

 

It is a function  𝑓: ℝ → [−1, 1] defined by  𝑓(𝑥) = cos 𝑥. 

 cos 𝑥 = 0 iff   𝑥 = ∓
𝜋

2
, ∓

3𝜋

2
, … = (𝑛 +

1

2
) 𝜋, 𝑛 ∈ ℤ. 

 cos 𝑥 = ∓1  iff   𝑥 = 0, ∓𝜋, ∓2𝜋, ∓3𝜋, … = 𝑛𝜋, 𝑛 ∈ ℤ 

Since  cos(−𝑥) = cos 𝑥, therefore the  cosine is an 

even function. 

 

 

3. Tangent Function  
 

It is defined by   tan: 𝐷tan → ℝ,  

 𝑓(𝑥) = tan 𝑥 =
sin 𝑥

cos 𝑥
, cos 𝑥 ≠ 0.  

 cos 𝑥 = 0  if  𝑥 = (𝑛 +
1

2
) 𝜋, 𝑛 ∈ ℤ, 

 

            

 

 

4. Cotangent Function  

 

It is defined by   cot: 𝐷cot → ℝ,  

 𝑓(𝑥) = cot 𝑥 =
cos 𝑥

sin 𝑥
, sin 𝑥 ≠ 0.  

 sin 𝑥 = 0  if  𝑥 = 𝑛𝜋, 𝑛 ∈ ℤ, 

. 
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5. Secant Function  
 

It is a function   𝑓: 𝐷sec → (−∞, −1] ∪ [1, ∞), and 

 defined by  𝑓(𝑥) = sec 𝑥 =
1

cos 𝑥
, cos 𝑥 ≠ 0.  

 cos 𝑥 = 0  if  𝑥 = (𝑛 +
1

2
) 𝜋, 𝑛 ∈ ℤ, 

  

 

  

 

6. Cosecant Function  
 

It is a function   𝑓: 𝐷csc → (−∞, −1] ∪ [1, ∞),  

and defined by  𝑓(𝑥) = csc 𝑥 =
1

sin 𝑥
, sin 𝑥 ≠ 0.  

 sin 𝑥 = 0  if  𝑥 = 𝑛𝜋, 𝑛 ∈ ℤ, 

  

 

 

The Inverse of Trigonometric Functions 
 

1. The inverse of sine function   

It’s denoted by  sin−1 , and defined to be the inverse of  

the sine function for  −
𝜋

2
≤ 𝑥 ≤

𝜋

2
. 

 𝑓(𝑥) = sin−1 𝑥 , sin−1: [−1, 1] → [−
𝜋

2
,

𝜋

2
]                                                          

 

 

 

2. The inverse of cosine function  

It’s denoted by cos−1 , and defined to be the inverse of  

the cosine function for  0 ≤ 𝑥 ≤ 𝜋, 

 𝑓(𝑥) = cos−1 𝑥 , cos−1: [−1, 1] → [0, 𝜋]  

 

  

Figure 2.11     

Figure 2.9 

Figure 2.10 
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3. The inverse of tangent function  

It’s denoted by tan−1 , and defined to be the inverse of  

the tangent function 

  𝑓(𝑥) = tan−1 𝑥,  tan−1: ℝ → (−
𝜋

2
,

𝜋

2
)  

 

                                                                                                                                       

4. The inverse of cotangent function  

It’s denoted by cot−1 , and defined to be the inverse of  

the cotangent function  

 𝑓(𝑥) = cot−1 𝑥 , cot−1: ℝ → (0, 𝜋)  

 

 

 

 

 5. The inverse of secant function  

It’s denoted by sec−1 , and defined to be the inverse of  

the secant function  

 𝑓(𝑥) = sec−1 𝑥 , sec−1: (−∞, −1] ∪ [1, ∞) → [0,
𝜋

2
) ∪ (

𝜋

2
, 𝜋]  

 

 

                                                                                                                                                 𝑦 = sec−1 𝑥                                                                                                                                                                                                                                                                                                       

                                                                                                                                           

 

 

6. The inverse of cosecant function  

It’s denoted by csc−1 , and defined to be the 

 inverse of the cosine function  

 𝑓(𝑥) = csc−1 𝑥 , csc−1: (−∞, −1] ∪ [1, ∞) → [−
𝜋

2
, 0) ∪ (0,

𝜋

2
]  
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Logarithmic Functions 

1. The General Logarithmic Functions 

           Let  𝑎 > 0, 𝑎 ≠ 1 be any real number, the general 

 logarithmic from   Log𝑎: ℝ+ → ℝ where  𝑎 is the base of  

 logarithmic function.  

 

Some Properteis 

If 𝑥  and  𝑦 are positive numbers, then 

1. Log𝑎(𝑥𝑦) = Log𝑎𝑥 + Log𝑎𝑦 

2. Log𝑎 (
𝑥

𝑦
) = Log𝑎𝑥 − Log𝑎𝑦 

3. Log𝑎𝑥𝑟 = 𝑟Log𝑎𝑥  (where  𝑟 is any real number) 

4. Log𝑎1 = 0  

5. Log𝑎𝑎 = 1 

6. For   0 < 𝑥 < 1, Log𝑎𝑥 < 0 

7. For  𝑥 ≥ 1, Log𝑎𝑥 ≥ 0  

8. lim
𝒙→𝟎+

Log𝑎𝑥 = −∞, lim
𝑥→∞

Log𝑎𝑥 = ∞ 

9. It is  one to one and onto function, so it is bijective function. 

-If 𝑎 = 10, then we denote this function by  𝑓(𝑥) = Log 𝑥. 

-If 𝑎 = 𝑒 (𝑒 is the Euler’s number and 𝑒 = 2.718281828 …), 

 we denote this function by 𝑓(𝑥) = ln 𝑥 and it is called the  

natural logarithmic function. 

2. The Natural Logarithmic Functions 

It is the logarithmic function with the base  𝑎 = 𝑒. 

𝑖. 𝑒.  𝑓(𝑥) = Log𝑎𝑥 = ln 𝑥 , ln: ℝ+ → ℝ. 

Some Properteis 

If 𝑥  and  𝑦 are positive numbers, then 

1. ln(𝑥𝑦) = ln 𝑥 + ln 𝑦  

𝟐. 
ln 𝑥

ln 𝑦
= ln 𝑥 − ln 𝑦 

3. ln 1 = 0, ln 𝑒 = 1 

4. ln 𝑥𝑟 = 𝑟 ln 𝑥   
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5. ln
1

a
= ln 𝑎−1 = − ln a 

6. For   0 < 𝑥 < 1, ln 𝑥 < 0 

7. For  𝑥 ≥ 1, ln 𝑥 ≥ 0  

8. lim
𝒙→𝟎+

ln 𝑥 = −∞, lim
𝑥→∞

ln 𝑥 = ∞  

9. It is  one to one and onto function, so it is bijective function. 
 

Exponential Functions 

1. The Natural Exponential Functions 

Since the natural logarithmic function is a bijective function, so it has an inverse, 

which’s the natural exponential, hence  exp: ℝ → ℝ+ defined by  𝑓(𝑥) = 𝑒𝑥 , ∀𝑥 ∈ ℝ. 

Some Properteis 

The natural exponential 𝑒𝑥 obeys the following laws:  

1. 𝑒𝑥  𝑒𝑦 = 𝑒𝑥+𝑦  ∀ 𝑥, 𝑦 ∈ ℝ 

2. 𝑒−𝑥 =
1

𝑒𝑥 

3. 
𝑒𝑥

𝑒𝑦 = 𝑒𝑥−𝑦 

4. (𝑒𝑥)𝒚 = 𝑒𝑥𝑦 = (𝑒𝑦)𝑥 

5. 𝑒0 = 1 

6. 𝑒ln 𝑥 = 𝑥 

7. ln 𝑒𝑥 = 𝑥   

 

2. The General Exponential Functions      

It is defined 𝑓: ℝ → ℝ+ by  

 𝑓(𝑥) = 𝑎𝑥 , ∀𝑥 ∈ ℝ, 𝑎 > 0, 𝑎 ≠ 1  

It is the inverse function of the logarithmic function. 

Since 𝑒ln 𝑥 = 𝑥   ⟹ 𝑒ln 𝑎 = 𝑎 

                              ⟹ (𝑒ln 𝑎)
𝑥

= 𝑎𝑥  

                              ⟹ 𝑎𝑥 = 𝑒𝑥 ln 𝑎  
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Some Examples 

Example : 

1 1
sin

2 6

  
 

 
, since  

1
sin

6 2

 
 

 
 

 1sin 1
2

     , since sin 1
2

 
   
 

 

1 2 2
sin sin

5 5

  
 

 
 

But  

 1sin sin 2 0  , not 2  

 

 1sin sin 2
 can't  be 2  because 1sin  always returns an angle in the range  ,

2 2

  
 
 

 . 

Recall:-  

The inverse cosine by inverting cosx , restricted to  0, . 

The inverse tangent by inverting tanx , restricted to  ,
2 2

  
 
 

 . 

The inverse secant by inverting secx , restricted to 0, ,
2 2

 


   
   

   
 

 

Example : Find 
1sin sin

16

   
  
  

 

Solution: Since ,
16 2 2

   
  
 

, then 
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1sin sin
16 16

    
  

  
 

 

 

Exponential and logarithmic functions: 

 

Example :  

(1)  ( ) 3xf x  is exponential function with base 3 . 

(2)  
1

( )
5

x

f x
 

  
 

is exponential function with base 
1

5
. 

(3)   ( ) xf x  is an exponential function with base  . 

 

 

Examples:- 

2 3

10 10

4 0

2

1 1
log 100 2             because     100 10                 log 3     because   10

1000 1000

log 16 4                because     16 2                    log 1 0                 because    1

l

b b

 
     

 

   

 

3

1

3 2

2
5 77 7

1 6 2

27 27 3
og 1               because                        log 3          because   

8 8 2

1 5
log 36 2        because   36                log 32         because   32 2

6 7

log1000 3        

b b b b



 
    

 

 
     

 

 3 0

1 1

2 2 2

     because  1000 10                   ln1 0               because   1

1 1
ln 1                because                        ln 1                because  

ln 2                because      

e

e e e e
e e

e e e



  

    

  1 33 31
                  ln               because  

3
e e e 

 

Example : Find the domain of the function  2( ) ln 9 4f x x  . 

Solution: We must have 
29 4 0x  , so that 
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2 2 29 9 3 3 3
4 9 ,

4 4 2 2 2
x x x x x

 
          

 
. 

 Thus  
3 3

,
2 2

Dom f
 

  
 

. 

 

Example : If ( ) 4 bxf x e , find the value of b  for which (2) 2f   . 

Solution: 

 2 2 21 1 1 1 1 1
(2) 2 4 2 ln ln 2 ln ln ln 2 ln 2

2 2 2 2 2 2

b b bf e e e b b
     

                   
     

 

Example : If ( ) 3x xf x e e   , find (ln 2)f . 

Solution 

1
ln

ln 2 ln 2 ln 2 2 1 7
(ln 2) 3 3 2 3

2 2
f e e e e

 
     

       
 

 

Example : Solve 10log 2x   . 

Solution 

2

10log 2 10x x    

Example : Solve  ln 1 5x    . 

Solution  :   5 5ln 1 5 1 1x x e x e         

Example : Solve 5 7x   . 

Solution 

ln 7
5 7 ln(5 ) ln(7) ln5 ln 7

ln5

x x x x        

H.W. : Solve 10log 1x    . 

H.W.: Solve 
1

ln( ) 2
x

   . 

H.W.: Solve 
2

5log 5 8x   . 

H.W.: Solve 
31

ln( ) ln(2 ) ln(3)x
x

   .                                        


