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permutation G-sets as permutation for balanced / well-powered / co-well-powered. 
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1. Introduction  

In 2014, the permutations in symmetric groups are studied by Mahmood [1] to consider non- 

classical set. Next, the permutations in symmetric groups are studied as non-calsical sets [2-5], 

where in the last years the non-classical sets are became so important because they have many 

applications in our life like, nano sets [6], fuzzy sets [7], soft sets [8], neutrosophic sets [9], and 

others. Eilenberg and MacLane [10] proposed categories, functors, and natural transformations in 

1945. However, it was not evident in this work that the principles of category theory would be 

more than a convenient language, so it stayed unpublished for about fifteen years. In 1969, 

Lawvere proposed an axiomatization of the category of categories [11]. In 1972, the concept was 

developed and applied in a variety of ways [12]. Finally, category theory has occupied a 
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significant role not only in contemporary mathematics but also in theoretical computer science, 

where it has deep roots and contributes to the development of programming semantics and new 

logical systems, among other things ([13], [14]). G-set is, in reality, a permutation on a set 

extended to a group action on a set. G-sets are derived from the concept of groups with 

operators, which was explored in [15] and has been used to define permutation orbits and prove 

Sylow theorems for groups. We investigate various features of a structural category, i.e. a 

category of permutation G-sets, in this paper. We will merely cover the fundamental ideas of 

permutation G-sets here to avoid unnecessary length.  

2. Preliminaries 

Here, we will recall basic ideas and results that are necessary in this research. 

Definition 2.1: [1] 

       For any permutation 



)(

1




c

i

i  in a symmetric group nS , where )(

1}{  c

ii 
is a composite of 

pairwise disjoint cycles )(

1}{  c

ii 

 
where

 
),...,,( 21

iii

i i
ttt   , )(1 ci  , for some nci  )(,1  . 

If ),...,,( 21 kttt is k cycle in nS , we define  set as },...,,{ 21 kttt and is called  set 

of cycle  . So the  sets of )(

1}{  c

ii 
are defined by )}(1|},...,,{{ 21  

 cittt i

i

ii

i  .  

Definition 2.2:[1] 

Let   be permutation in nS with ( ),...,, 21 nttt . We say   has single  set }{a , where 

a  and n||  .
 

 

Definition 2.3[1] 

Let i , },...,3,2,1{ nj   be two  sets . Define  and   by:  
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3. Permutation 𝑮-set 

In this section, we will give new notion is called a permutation 𝐺-sets and study some of their 
basic properties. 

Definition 3.1: Let 𝑋 =
 

)(

1}{  c

ii 
 be a collection of  sets, where   is a permutation in 

symmetric group  𝐺 = nS . Then 𝑋 is said to be  a permutation 𝐺-set if there exists a mapping  

∗  ∶ 𝑋 × 𝐺 ⟶ 𝐺  such that the following conditions: 

a) i
∗ 𝑎𝑏 = ( i

∗ 𝑎) ∗ 𝑏, 

b) i
∗ 𝑒 = 

i , for all 𝑎, 𝑏 ∈ 𝐺  and  i
∈ 𝑋 , where 𝑒 is the identity of 𝐺 and it is denoted 

by 𝑋𝐺
∗ . 

 

Example 3.2: 

Let ( 12S ,𝜊) be a symmetric group and 









101112987654123

121110987654321


 

be a 

permutation  in 12S . Since 









101112987654123

121110987654321
  

)1210)(11()9()8()7()6()5()4()2()31( . Therefore, we have  𝑋 =
 

},4{},2{},3,1{{}{ 10

1 ii



}}12,10{},11{},9{},8{},7{},6{},5{ . Define ∗∶ 𝑋 × 12S ⟶ 12S  by ∗ ( i
, 𝑎) =

i 𝜊 𝑎, where 
i

is a cycle for i
and 12Sa . Then 𝑋𝑆12

𝜊 is a permutation 𝐺-set. 

Definition 3.3: Let 𝑋𝐺
∗ be a permutation 𝐺-set. Then a subset 𝐴 of 𝑋𝐺

∗  is called a permutation 𝐺-

subset of 𝑋 if 𝐴𝐺
∗  is also a permutation 𝐺-set. 

Definition 3.4: Define # ∶ 𝑋 × G ⟶ 𝑋 by # ( i
, 𝑎) = i   {

a

i

ac

i




)(

1

}, where 



)(

1

ac

i

ia   is a 

permutation in group G and each a

i  is a set of cycle 
i , for all )(1 aci  . 

Definition 3.5: Let 𝑋𝐺
∗ and 𝑌𝐺

∗ be two permutation 𝐺-sets. Then a mapping 𝑓:𝑋𝐺
∗ ⟶𝑌𝐺

∗ is called 

a permutation 𝐺-equivariant map if  𝑓(𝑥#𝑎) = 𝑓(𝑥)#𝑎 for all 𝑎 ∈ 𝐺 and 𝑥 ∈ 𝑋𝐺
∗ . 
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Remark 3.6:  

a) Let }{   be a single set, we define a mapping 𝜙: }{  × 𝐺 ⟶ 𝐺 by 𝜙 (  , 𝑚) =   

for each 𝑚 ∈ 𝐺. So, 𝛼𝐺
∗  is a permutation 𝐺-set. 

b) The empty set  is a permutation 𝐺-set and dented by ∅𝐺
∗ . 

c) The image of a permutation 𝐺-equivariant is a permutation 𝐺-set. 

d) The composition of two permutation 𝐺-equivariants is a permutation 𝐺-equivariant, i.e. if 

𝑓:𝑋𝐺
∗⟶ 𝑌𝐺

∗, and 𝑔:𝑌𝐺
∗⟶ 𝑍𝐺

∗ , then (𝑔 ∘ 𝑓)(𝑥#𝑎) = ((𝑔 ∘ 𝑓)(𝑥))#𝑎. 

e) The identity map  𝐼𝑋𝐺
∗ :𝑋𝐺

∗ ⟶ 𝑋𝐺 
∗  is a permutation 𝐺-equivariant. 

Example 3.7: Let  𝑋 = { 1 ,
2 } be a family of  –sets and  𝑔:𝑋 × 𝐺 ⟶ 𝐺  be a mapping, 

where 𝑋 is a subset of group 𝐺 and  ℎ defined by 

𝑔(𝑥,𝑚) = {
1 𝑖𝑓 𝑥 = 1

2 𝑖𝑓 𝑥 = 2

 

for all 𝑚 ∈ 𝐺 , 𝑥 ∈ 𝑋.

 

Then 𝑋 is a permutation 𝐺-set. 

Also, define ℎ:𝑋 × 𝐺 ⟶ 𝑋  by 

ℎ(𝑥,𝑚) = {

1 𝑖𝑓 𝑥 = 1

2 𝑖𝑓 𝑥 = 2

 

for all 𝑚 ∈ 𝐺 , 𝑥 ∈ 𝑋.

 

Then ℎ is a permutation 𝐺-equivariant. 

 

Lemma 3.8: Assume that  𝑋𝐺
∗ and 𝑌𝐺

∗  are two permutation 𝐺-sets. Then, 

a) 𝑋𝐺
∗
𝑌𝐺

∗ is a  permutation 𝐺-set, 

b) 𝑋𝐺
∗ × 𝑌𝐺

∗permutation 𝐺-set, 

c) Disjoint union of 𝑋𝐺
∗ and 𝑌𝐺

∗ is a permutation 𝐺-set. 

Note: Since the composition of permutation 𝐺-equivariant is again a permutation 𝐺-equivariant 

and every identity mapping is a permutation 𝐺-equivariant, therefore we can construct a category 
by taking the class of all permutation 𝐺-sets as the class of objects of such category and the class 

of all permutation 𝐺-equivariant as the class of permutation equivariant of the category. It is 

called the category of permutation 𝐺-sets. 

Proposition 3.9: A permutation 𝐺-equivariant 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ of permutation 𝐺-sets is injective if 
and only if it is left cancellable. 

Proof: Suppose that 𝑝:𝑋𝐺
∗ ⟶𝑌𝐺

∗ is an injective permutation equivariant in permutation 𝔾-sets. 

For any 𝑍𝐺
∗ permutation G-set, suppose there are two permutation 𝐺-equivariants ℎ,𝑘:𝑍𝐺

∗ ⟶ 𝑋𝐺
∗  

such that 𝑝 ∘ ℎ = 𝑝 ∘ 𝑘. Then for any 𝑧 ∈ 𝑍𝐺
∗ , we have 

(𝑝 ∘ ℎ)(𝑧) = (𝑝 ∘ 𝑘)(𝑧) 
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Then,      𝑝(ℎ(𝑧)) = 𝑝(𝑘(𝑧)) 

Therefore,            ℎ(𝑧) = 𝑘(𝑧)   (as 𝑝 is injective) 

Hence, ℎ = 𝑘 

Implies that 𝑝 is left cancellable. 

 Conversely, let 𝑝 be left cancellable and 𝑝(𝑥1) = 𝑝(𝑥2) for 𝑥1,𝑥2 ∈ 𝑋𝐺
∗  . Consider the set 

𝐶𝐺
∗  = {𝑐} and define two permutation equivariants ℎ, 𝑘:𝐶𝐺

∗⟶ 𝑋𝐺
∗  with ℎ(𝑐) = 𝑥1 and ℎ(𝑐) =

𝑥2. So, ℎ and 𝑘 are  permutation 𝐺-equivariants. Hence we get 

𝐶𝐺
∗
    ℎ    
→   𝑋𝐺

∗
    𝑝    
→   𝑌𝐺

∗ = 𝐶𝐺
∗
    𝑘    
→  𝑋𝐺

∗
    𝑝    
→   𝑌𝐺

∗ 

Then            𝑝 ∘ ℎ = 𝑝 ∘ 𝑘 

Therefore,                   ℎ = 𝑘                (as 𝑝 is left cancellable) 

Hence,                          ℎ(𝑐) = 𝑘(𝑐), ∀𝑐 ∈ 𝐶𝐺
∗  

Which implies that 𝑥1 = 𝑥2 and hence 𝑝 is injective. 

Corollary 3.10: A permutation equivariant in the category 𝔾-sets is a monomorphism if and 
only if it is an injective. 

Proof: By proposition (3.9), the proof is obvious. 

Proposition 3.11: A permutation equivariant 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ in permutation 𝔾-sets is surjective if 
and only if it is right cancellable. 

Proof: Assume 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ is a surjective permutation equivariant in 𝔾-sets. For any 𝑍𝐺
∗  

permutation G-set, suppose there are two permutation equivariants ℎ, 𝑘: 𝑌𝐺
∗⟶𝑍𝐺

∗  in permutation 

𝔾-sets with ℎ ∘ 𝑝 = 𝑘 ∘ 𝑝. Since 𝑝 is surjective, for every 𝑦 ∈ 𝑌𝐺
∗ there exists 𝑥 ∈ 𝑋𝐺

∗ satisfies 

𝑦 = 𝑝(𝑥). Thus we get 

ℎ(𝑦) = ℎ(𝑝(𝑥)) 

             = (ℎ ∘ 𝑝)(𝑥) 

            = (𝑘 ∘ 𝑝)(𝑥) 

         = 𝑘(𝑝(𝑥)) 

 = 𝑘(𝑦), ∀𝑦 ∈ 𝑌𝐺
∗ 

implying that ℎ = 𝑘 , therefore  𝑝 is right cancellable. 

 Conversely, assume that 𝑝 is right cancellable. Define two permutation 𝐺-equivariants 

ℎ,𝑘:𝑌𝐺
∗⟶ {

1 ,
2 } 𝐼𝑚(𝑝), by 

ℎ(𝑦) = {
𝑦 𝑖𝑓 𝑦 ∈ 𝐼𝑚(𝑝)
1 𝑖𝑓 𝑦 ∉ 𝐼𝑚(𝑝)

 and 𝑘(𝑦) = {
𝑦 𝑖𝑓 𝑦 ∈ 𝐼𝑚(𝑝)
2 𝑖𝑓 𝑦 ∉ 𝐼𝑚(𝑝)

, where  𝛽 is a member in 𝐺. 
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By Example 3.7, and Remark 3.6-(c), we get  { 1 ,
2 } and 𝐼𝑚(𝑝)are permutation 𝐺-sets 

respectively.  

 In other side to show that ℎ and 𝑘 are permutation 𝐺-equivariant, we show that of 𝑦 ∈
𝐼𝑚(𝑝), then 𝑦#𝑎 ∈ 𝐼𝑚(𝑝), ∀𝑎 ∈ 𝐺. To substantiate this, let 𝑦 ∈ 𝐼𝑚(𝑝), then 

𝑝(𝑥) = 𝑦  for some 𝑥 ∈ 𝑋𝐺
∗  

Thus,                     𝑝(𝑥)#𝑎 = 𝑦#𝑎 

Hence,                      𝑝(𝑥#𝑎) = 𝑦#𝑎  

Which yields 𝑦#𝑎 ∈ 𝐼𝑚(𝑝). Thus we have 

ℎ(𝑦#𝑎) = 𝑦#𝑎 

             = ℎ(𝑦)#𝑎 

 Next, we show that if 𝑦 ∉ 𝐼𝑚(𝑝), then 𝑦#𝑎 ∉ 𝐼𝑚(𝑝) for all 𝑎 ∈ 𝐺. Suppose, on contrary 

that 𝑦 ∉ 𝐼𝑚(𝑝) that is to say 𝑦#𝑎 ∈ 𝐼𝑚(𝑝), then 

                                                                       𝑝(𝑥) = 𝑦#𝑎 ,   for some 𝑥 ∈ 𝑋𝐺
∗  

Thus,        (𝑝(𝑥))#𝑎−1 = 𝑦  

So,            𝑝(𝑥#𝑎−1) = 𝑦 

Implying that 𝑦 ∈ 𝐼𝑚(𝑝) which is a contradiction. Thus,  

ℎ(𝑦#𝑎) = 1  

                      = 1  #𝑎        (from Example 3.7) 

                    = (ℎ(𝑦))#𝑎.  

Therefore, ℎ is a permutation 𝐺-equivariant. Similarly, we can show that 𝑘 is also a permutation 

𝐺-equivariant. Hence ℎ,𝑘 are elements of permutation 𝐺-sets. 

Now, for any 𝑥 ∈ 𝑋𝐺
∗, we have 

(ℎ ∘ 𝑝)(𝑥) = ℎ(𝑝(𝑥)) 

      = 𝑝(𝑥)               (from definition of ℎ) 

                                                                               = 𝑘(𝑝(𝑥))          (from definition of 𝑘) 

Implies ℎ ∘ 𝑝 = 𝑘 ∘ 𝑝 which gives ℎ = 𝑘 (since 𝑝 is right cancellable). Suppose 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ is 

not surjective, then there exists some 𝑦 ∈ 𝑌𝐺
∗  such that 𝑦 ∉ 𝐼𝑚(𝛼). Thus, we have 

1  = ℎ(𝑦) =

𝑘(𝑦) =
1  which is a contradiction and the results follows.  

Corollary 3.12: A permutation 𝐺-equivariant in the category 𝐺-sets is an epimorphism if and 
only if it is surjective. 

RAM COMPUTER
Highlight

RAM COMPUTER
Highlight



 المؤتمر الدولي السادس للدراسات العلمية والأنسانية
 

Definition 3.13: A permutation equivariant 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ in permutation 𝐺-sets is called 
permutation co-retraction (permutation section) if and only if there exists a permutation 
equivariants 𝜗: 𝑌𝐺

∗⟶ 𝑋𝐺
∗  in permutation 𝔾-sets such that 𝜗 ∘ 𝛼 = 𝐼𝑋𝐺

∗ . 

Definition 3.14: A permutation equivariant 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ in permutation 𝐺-sets is called 

permutation retraction if and only if there exists a permutation equivariants 𝜗:𝑌𝐺
∗⟶𝑋𝐺

∗ in 
permutation 𝔾-sets such that 𝛼 ∘ 𝜗 = 𝐼𝑌𝐺

∗. 

Theorem 3.15: A permutation equivariant 𝑝:𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ in permutation 𝐺-sets is a 
monomorphism if and only if it is a permutation section( permutation co-retraction). 

Proof: Let 𝑋 be a permutation 𝐺-set with a fixed element 𝑤 ∈ 𝑋𝐺
∗  such that 𝑎𝑤 = 𝑤 for all 𝑎 ∈

𝐺 and let 𝑝:𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ be a monomorphism in permutation 𝔾-sets. For any 𝑦 ∈ 𝑌𝐺
∗, define a 

mapping 𝜗: 𝑌𝐺
∗⟶ 𝑋𝐺

∗  by 

𝜗(𝑦) = {
𝑥 if   𝑦 ∈ 𝐼𝑚(𝑝) and 𝑝(𝑥) = 𝑦 for some 𝑥 ∈ 𝑋𝐺

∗

𝑤 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 .
 

 To show that 𝜗 is well defined, suppose 𝑦 = 𝑦′ for all 𝑦,𝑦′ ∈ 𝑌𝐺
∗. Then either both 𝑦,𝑦′ ∈

𝐼𝑚(𝑝) or both 𝑦,𝑦′ ∉ 𝐼𝑚(𝑝). If 𝑦,𝑦′ ∉ 𝐼𝑚(𝑝), then 𝜗(𝑦) = 𝑤 = 𝜗(𝑦′). 

 Suppose, 𝑦, 𝑦′ ∈ 𝐼𝑚(𝑝), then there exist unique 𝑥,𝑥′ ∈ 𝑋𝐺
∗  such that 𝑝(𝑥) = 𝑦 and 

𝑝(𝑥′) = 𝑦′ implying thereby 𝜗(𝑦) = 𝑥 and 𝜗(𝑦′) = 𝑥′ . Then 𝜗 is well defined, for if 

𝑦 = 𝑦′ 

Therefore,                       𝑝(𝑥) = 𝑝(𝑥′) 

Then,        𝑥 = 𝑥′   (since 𝑝 is injective) 

Thus,            𝜗(𝑦) = 𝜗(𝑦′). 

 In order to prove that 𝜗 is a permutation 𝐺-equivariant, we show that if 𝑦 ∉ 𝐼𝑚(𝑝), then 
𝑦′#𝑎 ∉ 𝐼𝑚(𝑝) for all 𝑎 ∈ 𝐺 . Suppose on a contrary note that 𝑦′ ∉ 𝐼𝑚(𝑝) implying thereby 𝑦 ∈
𝐼𝑚(𝑝) which in turn yields 

                                                          𝑝(𝑥) = 𝑦#𝑎, for some 𝑥 ∈ 𝑋𝐺
∗  

Thus,               (𝑝(𝑥))#𝑎−1 = 𝑦 

Thus,      𝑝(𝑥#𝑎−1) = 𝑦 

Which implies that 𝑦 ∈ 𝐼𝑚(𝑝) a contradiction. 

Therefore, we have  

𝜗(𝑦#𝑎  ) = 𝑤 

                                                                                = 𝑤#𝑎  

                                                                       = (𝜗(𝑦))#𝑎, for all  𝑦′ ∉ 𝐼𝑚(𝑝) 

 Again we show that if 𝑦 ∈ 𝐼𝑚(𝑝), then 𝑦#𝑎 ∈ 𝐼𝑚(𝑝) for all 𝑎 ∈ 𝐺. If 𝑦 ∈ 𝐼𝑚(𝑝), then 
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                                                           𝑝(𝑥) = 𝑦,   for some 𝑥 ∈ 𝑋𝐺
∗ 

Then,       (𝑝(𝑥))#𝑎 = 𝑦#𝑎  

Thus,           𝑝(𝑥#𝑎) = 𝑦#𝑎,   for all 𝑦#𝑎 ∈ 𝐼𝑚(𝑝) 

Which implies 𝑦#𝑎 ∈ 𝐼𝑚(𝑝). 

Now, if 𝑦 ∈ 𝐼𝑚(𝑝), then we have 

                                                          𝑝(𝑥) = 𝑦 , for some 𝑥 ∈ 𝑋𝐺
∗  

Then,       (𝑝(𝑥))#𝑎 = 𝑦#𝑎  

Thus,           𝑝(𝑥#𝑎) = 𝑦#𝑎,   for all 𝑦#𝑎 ∈ 𝐼𝑚(𝑝) 

Implying thereby 𝜗(𝑦#𝑎) = 𝑥#𝑎 = (𝜗(𝑦))#𝑎 which means that 𝜗 is a permutation 𝐺-

equivariant. 

Lastly, we show that 𝜗 ∘ 𝑝 = 𝐼𝑋𝐺
∗ . 

 Let 𝑥′ ∈ 𝑋𝐺
∗  and 𝑝(𝑥′) = 𝑦′ for some 𝑦′ ∈ 𝑌𝐺

∗. Then 𝜗(𝑦′) = 𝑥′ by definition of 𝜗. Thus, 
we have 

(𝜗 ∘ 𝑝)(𝑥′) = 𝜗(𝑝(𝑥′)) 

              = 𝜗(𝑦′) 

        = 𝑥′ 

                                                        = 𝐼𝑋𝐺
∗ (𝑥′), for all  𝑥′ ∈ 𝑋𝐺

∗  

Which gives 𝜗 ∘ 𝑝 = 𝐼𝑋𝐺
∗  and henceforth 𝛼 is a permutation section. 

 Conversely, suppose that 𝑝:𝑋𝐺
∗⟶ 𝑌𝐺

∗is a permutation section, then there exists a 
permutation equivariant 𝜗:𝑌𝐺

∗⟶𝑋𝐺
∗ such that 𝜗 ∘ 𝑝 = 𝐼𝑋𝐺

∗  which means that 𝑝 is an injective 

and by Corollary 3.12, it is a monomorphism. 

Proposition 3.16: A permutation equivariant 𝛼: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗ in permutation 𝔾-sets is an 
epimorphism if and only if it is a permutation retraction. 

Proof: Assume 𝑝: 𝑋𝐺
∗ ⟶ 𝑌𝐺

∗  is an epimorphism in permutation category 𝐺-sets. Then for every 

𝑦 ∈ 𝑌𝐺
∗ there exists 𝑥 ∈ 𝑋𝐺

∗ such that 𝑝(𝑥) = 𝑦. For each 𝑦 ∈ 𝑌𝐺
∗ choose by the axiom of choice 

and fix such an element 𝑥, say 𝑥𝑦, where 𝑥𝑦 ∈ 𝑝
−1(𝑦). Therefore, we define a mapping 𝑞:𝑌𝐺

∗⟶

𝑋𝐺
∗  by 𝑞(𝑦) = 𝑥𝑦 for all 𝑦 ∈ 𝑌𝐺

∗. 

 We show that 𝑞 is a permutation 𝐺-equivariant. 

Since,    𝑥𝑦 ∈ 𝑝
−1(𝑦) 

Hence,    𝑝(𝑥𝑦) = 𝑦 
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Thus,     𝑝(𝑥𝑦)#𝑎 = 𝑦#𝑎,     for all 𝑎 ∈ 𝐺 

So,     𝑝(𝑥𝑦#𝑎) = 𝑦#𝑎 

Then,     𝑥𝑦#𝑎 ∈ 𝑝
−1(𝑦#𝑎) 

Thus,     𝑞(𝑦#𝑎) = 𝑥𝑦#𝑎 

Therefore,    𝑞(𝑦#𝑎) = (𝑞(𝑦))#𝑎 

Which show that 𝑞 is a permutation equivariant in 𝐺-sets. 

Next, for any 𝑦 ∈ 𝑌𝐺
∗, we have 

(𝑝 ∘ 𝑞)(𝑦) = 𝑝(𝑞(𝑦)) 

               = 𝑝(𝑥𝑦) 

     = 𝑦 

Which implies that 𝑝 ∘ 𝑞 = 𝐼𝑌𝐺
∗ and so  𝑝 is a permutation retraction. 

 Conversely, suppose that 𝑝:𝑋𝐺
∗⟶ 𝑌𝐺

∗ is a permutation retraction, then there exists a 
permutation equivariant 𝜗:𝑌𝐺

∗⟶𝑋𝐺
∗   such that 𝑝 ∘ 𝜗 = 𝐼𝑌𝐺

∗ which means that 𝑝 is surjective and 

from Corollary 3.12, it is a epimorphism.  

Proposition 3.17: The permutation category 𝐺-sets is balanced. 

Proof: Since in the permutation category 𝐺-sets, every bimorphism is an isomorphism, therefore 

the permutation 𝐺-sets is balanced. 

Definition 3.18: Let 𝑋𝐺
∗  be a permutation 𝐺-set. Then, a permutation 𝐺-subset 𝑌𝐺

∗ of 𝑋𝐺
∗  together 

with inclusion equivariant 𝑖: 𝑌𝐺
∗⟶ 𝑋𝐺

∗ is called the permutation sub-object of 𝑋𝐺
∗ in permutation 

𝐺-sets. 

Definition 3.19: Let 𝑋𝐺
∗  be a permutation 𝐺-set and let ∽𝐺 be a permutation 𝐺-equivalence 

relation on 𝑋𝐺
∗. Then, the quotient set 𝑋𝐺

∗/∽𝐺 together with natural projection 𝑝:𝑋𝐺
∗ ⟶ 𝑋𝐺

∗/∽𝐺 is 

called a permutation quotient object of 𝑋𝐺
∗  in permutation 𝔾-sets. 

 Trivially, ∅𝐺
∗  forms a permutation 𝐺-set, that is., ∅𝐺

∗  in permutation 𝐺-sets and for any 

other object 𝑋𝐺
∗ ∈ 𝐺-sets, there is only one equivariant from ∅𝐺

∗  to 𝑋𝐺
∗  with no assignment, that is, 

𝐻𝑜𝑚(∅𝐺
∗ , 𝑋𝐺

∗) is singleton. Thus, we have the following proposition: 

Proposition 3.20: The permutation category 𝔾-sets has initial object. 

 Also, from Remark 3.6, every singleton set {𝑤} forms a permutation 𝐺-set, that is {𝑤} ∈
𝔾-sets and for any other object 𝑋𝐺

∗ ∈ 𝐺-sets, there is only one equivariant from 𝑋𝐺
∗ to {𝑤}, that is, 

𝐻𝑜𝑚(𝑋𝐺
∗ , {𝑤}) is singleton. Thus, we have the following proposition: 

Proposition 3.21: The permutation category 𝐺-sets has terminal object. 

Remark 3.22: the permutation category 𝐺-sets has no zero object. 
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Proposition 3.23: The permutation category 𝔾-sets is well powered. 

Proof: Since for any permutation 𝐺-set 𝑋𝐺
∗ , the collection of all sub-objects of 𝑋𝐺

∗  is permutation 

equivariant to the collection of all subsets 𝑃(𝑋𝐺
∗), the power set of 𝑋. But 𝑃(𝑋𝐺

∗) is a set. Hence, 

𝐺-sets is well powered. 

Proposition 3.24: The permutation category 𝔾-sets is co-well powered. 

4. Conclusion 

Some new notions of non-classical sets by using permutation sets in symmetric group are given 

and discussed their basic properties. In future work, we will use other classes of non-classical 
sets to investigate and study new classes of 𝐺-sets. Moreover, we will study permutation sets in 
other groups like Alternating, Dihedral, Mathieu, and others.  
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