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ABSTRACT

An element of aring R is called clean if it is the sum of an idempotent and a unit.
Aring R is called clean if each of its element is clean. An element r € R called
regular if r = ryr for some y € R. Thering R is regular if each of its element is
regular. In this paper we define a ring is r-clean if each of its elements is the sum of
a regular and an idempotent element. We give some relations between r-clean and

clean rings. Finally we investigate some properties of r-clean rings.
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INTRODUCTION

Let R be an associative ring with unity. An elementa € R is said to be clean if
a =e + u,where e is an idempotent and u is a unit in R. If every element of R is
clean, then R is called a clean ring. Clean rings first were introduced by Nicholson
in (Nicholson, 1977), He proved that every clean ring is an exchange ring, and a
ring with central idempotents is clean if and only if it is an exchange ring. Several
peoples worked on this subject and investigate properties of clean rings, for
example see (Ashrifi & Nasibi, 2013) (Chen, 2008) (Chen & Abdolyousefi, 2022)
and (Camillo & Yu, 1994). In 1936, von Neumann defined that an elementr € R
is regular if r = ryr for somey € R, the ring R is regular if each of its element is
regular. A ring R is called unit regular if, for each a € R, there exists a unitu € R
such that aua = a. In (Camillo & Yu, 1994) proved that every unit regular ring is
clean. Let Reg(R) = {a € R : aisregular}. We call an element x of aring R is
r-cleanifx = r + e,wherer € Reg(R) ande € Id(R). Aring R is r-clean if
each of its elements are r-clean.

This project consists two chapter. In chapter One, we give some necessary
definition and theorems in a ring theory we needed in the project. The second
chapter, consists two section, in the first section, we introduce the definition of r-
clean element and r-clean ring and we give some properties of r-clean elements.
The second section, we give some properties of r- clean ring and what are the

relations with clean rings.



CHAPTER ONE

1.1. Background

Definition 1.1.1: (Fraleigh, 1982)

A nonempty set R with two binary operation + and - called addition and
multiplication (also called product) respectively, such that (R, +) is an additive

abelian group.

(1)  (R,+) is an additive abelian group.

(i) (R, is a multiplicative semigroup.

(iti)  Multiplication is distributive (on both side ) over addition ; that is for all
a, b, ceRr,

a-(b+c)=a-b +a-c, (a+b)-c=a-c+b-c

Example: (Z,+,),(R,+,)

Definition 1.1.2: (Fraleigh, 1982)
A commutative ring is a ring R in which the multiplication is commutative that is

a-b=>b-aforall a,ber .

Definition 1.1.3: (Fraleigh, 1982)

A ring R with a multiplicative identity 1 suchthat 1.x = x.1 = x forallx € Risa

ring with unity A multiplicative identity in a ring is unity.

Definition 1.1.4: (Bhattacharya, et al., 1994)
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An element a in a ring R is called idempotent if a? = a clearly 0 and 1 (if R has

unity) are idempotent elements.

Example: (Zg 16 -6)

{0,1,3,4} are called idempotent in Z,.

Definition 1.1.5: (Bhattacharya, et al., 1994)

An element ainaring R is called nilpotent, if there exists a positive integer n such
that a™ = 0.

Example: (Z; 44.4)

{0,2} are nilpotent element.

Definition1.1.6: (Fraleigh, 1982)

If a and b are two nonzero elements of a ring R such that ab=0, then a and b are
divisors of O (or 0 divisors) in particular, a is a left divisors of 0 and is a right

divisors of O.

Definition1.1.7: (Ashrafi & Nasibi, 2011; Chen & Abdolyousefi, 2022)

An element r € R called regular if r = ryr for some y € R. The ring R is regular if

each of its element is regular.

Definition 1.1.8: Aring is called abelian if all its idempotents are central.
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CHAPTER TWO

Clean ring and r-Clean ring

2.1. Some properties of r-clean elements

Definition 2.1.1: (Ashrafi & Nasibi, 2011)

An element a € R is said to be clean if a = e + u, where e is an idempotent and u

iIsaunit in R. If every element of R is clean then R is called a clean ring.

Definition 2.1.2: (Ashrifi & Nasibi, 2013)

Anelement a € R is said to be r-clean if a = e + r, where e is an idempotent and
r is a regular (von Neumann) element in R. If every element of R is r-clean, then R

is called an r-clean ring.

Lemma 2.1.3: Every clean and regular rings are r-clean ring.

The converse of above is not true.

Example: Z,, the ring of integers modulo 4.
Since 2 € Z, but is not regular element, hence is not regular ring and

It is easy to check that Z, is r-clean.

Lemma: every elements in Z,, n is prime are r-clean

Definition2.1.4: (Chen, 2008)



Let Rbearingand x € R. Then x is strongly clean if and only if there exist e
€ Id(R),u € U(R)suchthate = xue,e — 1 = (x — Du(e — 1) and eu = ue.

Hence R is strongly clean if and only if every x of R satisfies the above conditions.

Lemma 2.1.5:

Let R bearingand e € Id(R). if a € eRe is strongly clean in eRe, then a is
strongly clean in R.

Proof: eRe suppose a = f + v where fv = vf,f? = f € eRe ,v € eRe and

vw =e =wvforw € eRe. Thenu =v + (1 —e) isaunitin R(with

ul=w+({@—-e))anda—u = f + (1 —e)isidempotent because f and 1 — e

are orthogonal.

Lemma 2.1.6:
Let R be an abelian ring. Let a € R be a clean element in R and e € Id(R). Then
(1) The element ae is clean.

(2) If —ais clean, then a + e is also clean.

Proof: (1) SinceaiscleaninR,a = u + fwithu € U(R)and f € Id(R).So
ae = ue + fe.Clearly ue € U(e Re) and fe € Id(e R e) since R is Abelian.
And R is Abelian implies ae is strongly in eRe. By Lemma 2.1.5, ae is strongly

clean in R and hence ae is clean.

(2) It is known and easy to prove that a is clean if and only if 1 — a is clean for a
€ R.Sincea and —a are clean,soareaand 1+ a.Leta=u+fand1+a =

v+gwhereu,v e U(R)and f,g € Id(R). Thena+e=ae+a(l—e)+e =
1+aet+a(l—-e)=wW+gle+t(u+f)(1—e)=ve+u(l—e)+ge+
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f(1 —e). Note that R is Abelian, it is easy to check that v e + u(1 —e) € U(R)
with(ve +u(l—e))™* = vle + u1 (1 — e)and ge + f(1 —e) € Id(R).

Hence a + e is clean in R.

Theorem 2.1.7:
Let R be aring, then x € R is r-clean if and only if 1 — x is r-clean.

Proof: Let x € R be r-clean. Then write x = r + e, wherer € Reg(R) and e €
Id(R). Thus1 —x = —r + (1 — e). But there exists y € R such that ryr = r.
Hence (—r)(—=y)(—r) = —(ryr) = —r and since —r € Reg(R)and 1 —e €
Id(R),so 1 — x is r-clean.

Conversely, if 1 — x isr-clean, write 1 —x = r 4+ e, where r € Reg(R) and e €
Id(R). Thus x = —r + (1 — e), like previous part,—r € Reg(R) and 1 — e €

Id(R). Therefore x is r-clean.

2.2. Some properties of r-clean rings

Theorem 2.2.1:
Let R be an abelian ring. Then R is r-clean if and only if R is clean.

Proof: One direction is trivial. Conversely, let R be r-clean and x € R. Thenx =
e’ + r,where e’€ Id(R) and r € Reg(R). So there exists y € R such that ryr = r.
Clearly, e = ry and y rare idempotents and (re + (1 — e)).(ye + (1 —e)) = 1
Also since R is abelian, we have

(ye+(1—e))(re+(1—e))=yre+1e=eyr+1—e=

ry(yr)+1—-e=r(yr)y+l—e=e+1—-e=1.



Sou =re+ (1 —e)isaunit. Furthermore, r = eu. Now, set f = 1 —e. Then
eu + f and hence, —(eu + f) is a unit. Since f is an idempotent, so —r = f +
(—(eu + f)) is clean. Then since r € Reg(R), it follows by Lemma 1.7(2) that x is

clean, as required.

Theorem 2.2.2:

Every factor ring of an r-clean ring is r-clean. In particular a homomorphic image
of an r-clean ring is r-clean.

Proof: Let Rber-cleanand I<R. Alsoletx = x + I € ?. Since R is r-clean so

we have x = r + e, wherer € Reg(R) and e € Id(R). Thus x =1 + é. But there

exists y € R such that ryr = r. Therefore ¥yr=r. So © € Reg(R) and since e € Id(

%), it follows that% Is r-clean.

Remark 2.2.3:

In general, inverse of above theorem may not be correct. For example, if p be a

. VA . .
prime number, then 7 = Z, is r-clean, but Z is not r-clean.

Theorem 2.2.4:

A direct product R = [];; R; of rings {R; }; is r-clean if and only if so is each
{Ri}ier -

Proof. One direction immediately follows from Theorem 2.2.2 . Conversely, let R;

be r-clean for eachi el Setx = (x;); €[lie; R; - FOr each i, write x; =7; + ¢; ,

where r; € Reg(R;) and e; € Id(R;). Since r; € Reg(R;), there exists y; €R; such



that r;y;r; =1, . Thus x = (1) e + (€;)ier, Where (77) ;1 € Reg([1ier R;) and
(€)ier€ Id([ ;¢ R;). Therefore [];; R; is r-clean.

Lemma 2.2.5:

Let R be a commutative ring and f = Y, a; x* € R[x] be regular. Then a,is

regular and a;is nilpotent for each i.

Proof: Since f is regular, thus there exists g = ¥, b;x'€ R[x] such that fgf = f.
So aybya, = a, Therefore a, is regular. Now to end the proof, it is enough to show
that for each prime ideal P of R; every a;€ P. Since P is prime, thus g[x] IS an
integral domain. Define ¢ : R[x] — g [x] by (K, a;x") =3 ,(a; + p) x*.

Clearly ¢ is an epimorphism. But ¢(f)e(g)e(f) = o(f),
so deg(e(f)e(@e(f)) =deg(e(f)). Thus deg(o(f)) + deg(p(g9)) +

deg(e(f)) = deg(@(f)). Therefore deg(p(f)) + deg(¢(g)) = 0.S0
deg(o(f)) = 0.Thusa, + P=...= a, + P = P,as required.

Theorem 2.2.6:
If R is a commutative ring, then R[x] is not r-clean.

Proof. We show that x is not r-clean in R[x]. Suppose that x = r + e, where r &
Reg(R[x]) and e€ Id(R[x]).Since Id(R) = Id(R[x]) and x =1 + e, sox—e is
regular. Hence by pervious Lemma, 1 should be nilpotent, which is a contradiction.

Lemma 2.2.7:

Even If R is a field, then R[x] is not r-clean.



Corollary 2.2.8:

If R is a commutative ring, then R[x] is neither clean nor regular.

Theorem 2.2.9: Let R be a ring. Then the ring R[[x]] is r-clean if and only if so is
R.

Proof: If R[[x]] is r-clean, then by Theorem 2.2.2, R= % IS r-clean.

Conversely, suppose that R is r-clean. We know that R[[x]] = {(a;) : a; € R, for
each i >0} = [I;50 R.So the result is clear by Theorem 2.2.4.

Theorem 2.2.10:
For every ring R, we have the following statements.

(1) If e is an central idempotent element of R and eRe and (1 — e)R(1 — e) are

both r-clean, then so is R.
(2) If Risr-clean, then so is the matrix ring M,,(R) forany n > 1.

Proof: We use é to denote 1 — e and apply the Pierce decomposition for the ring R,

i.e.,
R =eRe @ eRe @ eéRe P eRe.

eRe 0)

But idempotents in R are central, so R = eRe @ éRe = ( 0  &Re

a 0
0 »b

respectively. By our hypothesis a, b are r-clean. Thusa =1, +e;, b =1, + e,,

Foreach A € R, write A = ( ) where a , b belong to eRe and eReée

where 1 1, € Reg(R) and e; e, € Id(R). So

_fa 0\ _ (r1te 0 )_(7‘1 0) (el 0)
A_(O b)_<0 r2+ez_0r2+092'
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But there exists y,,y, € Rsuch that r,y,ry, =1, , r,y,1, =15, . Therefore
(3 20 26 = ) (6 )
0 nn/\0 y,)J\0 nr,)] "~ 0 rYy,r,)  \0 1)

So (rl 0) € Reg(R), since (e1 0) € Id(R), it follows that R is r-clean .
0 n, 0 e,

Proposition 2.2.11:
Let R be ar-clean ring and e be a central idempotent in R. Then eRe is also r-clean.

Proof: Since e is central, it follows that eRe is homomorphic image of R. Hence
the result follows from Theorem2.2.2.

Theorem 2.2.12:

Let R be a ring in which 2 is invertible. Then R is r-clean if and only if every

element of R is the sum of a regular and a square root of 1.

Proof: Suppose that R is r-clean and x € R, then XT“ €ER. WritexTJr1 =r + e,

wherer € Reg(R) ande € Id(R). Sox = (2e — 1) + 2r.Butthereexistsy €

R suchthatryr = r.Thus (r +r) % (r+r)=%+%+%+%=%(r+
r+r+r)=2r. Thus 2r € Reg(R) and since (2e —1)?> = 1,so0 x isasumof a
regular and a square root of 1.

Conversely, if x € R ,then2x —1 = t+r,wheret? = 1andr € Reg (R).

Gab ~ itis easy to check that % € Id(R). Now since > (y +y) > =

Thus x =
ryr . ryr

-t = g , it follows thatg € Reg(R). Hence x is r-clean, which shows

that R is r —clean.
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Lemma 2.2.13: Let R be a ring with no zero divisors. Then R is clean if R is r-

clean.

Proof: For every x € R, we write x = e + r, where e € Id(R) and r € Reg(R).
Then there exists y € R such that ryr = r. Now, if r = 0, thenx = e = (2e —
1) + (1 — e) is clean. But if r #0, then since R is a ring with no zero divisors

andryr=r,sor € U(R). Hence x again is clean.

Theorem 2.2.14: Let R be aring. Then R is r-clean if and only if every element x €

R can be written as x = r — e, where r € Reg(R) and e € Id(R).

Proof: Let R be r-clean and x € R. Then as R is r-clean, so —x = r 4+ e, Wherer €
Reg(R) and e € Id(R). Hence x = (—r) — e, where —e € Reg(R) and e €

Id(R).

Conversely, suppose that every element x € R can be writtenas x = r — e,

where r € Reg(R) and e € Id(R). So for every element x € R, we can write —x =
r —e,wherer € Reg(R) and e € Id(R). Hence x = (—r) + e, where —r €

Reg(R) and e € Id(R).
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