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Abstract

The purpose of the present work is to introduce and study the concepts of square
idempotent rings as a generalization of the concept of the idempotent ring and find the
square idempotent elements in the rings of integer modulo n and study some of its

properties.
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INTRODUCTION

An element x is said to be idempotent if x * x = x. Idempotent elements have an
important role in a decomposition of rings. Within any ring including a unity element, at
least there are two idempotent elements, namely 0 and 1. These particular idempotent
elements are commonly referred to as the trivial idempotent. In Invalid source specified.
the concept of m-idempotent element introduced as a generalization of an idempotent
element. An element x of a ring R is m-idempotent if m is the least positive integer such
that x™ = x. Aring is called Boolean if each elements are idempotent.

Many ring theoretic generalizations of Boolean rings. Boolean like rings was introduced
by Foster (Foster., 1946). is a commutative ring with identity of characteristic 2 in
which (1— a) a (1— b) b = 0 holds for all elements a, b of the ring. .In recent
times, there have been many studies on certain aspects of idempotent elements, for
example see (Dereje , et al., 2022) (Venkateswarlu & Wasihun, 2020) and ( Mellese,
2020)

In this paper, we introduce the concept of square idempotent elements. An element in R
is called a Square idempotent element (SIE) if a*=a?. Aring (R, +, .) iscalled a
Square idempotent ring (SIR) if R is of characteristic 2 and a*= a? for eacha € R

foreach a € R.

The project consists three chapters. In chapter One, we give some necessary definition
and theorems in a ring theory we needed in the project. The second chapter, consists of
two section, in section one, we give some basic properties of square idempotent elements.
The second section, we find the square idempotent element in Z,, the ring of integer

modulo n. The third chapter, we give some properties in ideals of SIR.



CHAPTER ONE

1.1. Background

Definition 1.1.1. (DAVID, 2004) a non empty set R is said to form a ring with respect to
the binary operations addition (+) and multiplication(.) provided for arbitrary a,b ,c €

R, the following properties hold:

l.a+b)+c=a+(b+c) (associative law addition)
2.a+b=b+a (Commutative Law of addition)
3.(a.b).c =a.(b.c) (associative law multiplicative)
4.a(b+c)=ab+a.c (distributive)

Example 1.1.2. (R, +,.),(Q,+,.),(C, +,.) are rings

Definition 1.1.3. (DAVID, 2004)R is called a commutative ring if multiplication is

commutative; and called with identity if R has a multiplicative identity element.

Definition 1.1.4. (Dummit, & Foote,, 2004) Let n be a fixed positive integer. Two
integers a and b are said to be congruent modulo n, written a = b(mod n) if and only

if a — b = kn for some integer k or (a — b) is divisible by n.

Theorem 1.1.5. (First isomorphism theorem)

If £ is a homomorphism from the ring (R, +,.) onto the ring (R',+',."). Then
R N ~ (p/ 4! !
(/kerf;-l_;):(R)-l_)')'
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Proposition 1.1.6. In a ring with identity every proper ideal is contained in a maximal
ideal
Proposition 1.1.7. Assume R is commutative. The ideal M is a maximal ideal if and

only if the quotient ring R/ M is a field.

Proposition 1.1.8. Assume R is commutative. Then the ideal P is a prime ideal in R if

and only if the quotient ring R/P is an integral domain.

Corollary 1.1.9. Assume R is commutative. Every maximal ideal of R is a prime ideal.

Definition 1.1.10. (DAVID, 2004)An element a of a commutative ring R is called

nilpotent if a= 0 for some positive integer n.

Definition 1.1.11. (DAVID, 2004)a left, right or two-sided ideal of a ring is said to be

a nil ideal if each of its elements nilpotent.

Definition 1.1.12. (Dummit, & Foote,, 2004) An element a of aring R is said to be

idempotent if a?=a.

Definition 1.1.13. (Dummit, & Foote,, 2004)Boolean ring: : is a commutative ring

with unity if all elements of satisfying a?=a

Definition 1.1.14 (Dereje , et al., 2022) Boolean like ring: is a commutative ring with

unity is of characteristic 2 in which ab(1+a)(1+b)=0


https://en.wikipedia.org/wiki/Ideal_(ring_theory)
https://en.wikipedia.org/wiki/Ring_(mathematics)
https://en.wikipedia.org/wiki/Nilpotent_element

Example 1.1.15. (Z,,+,,.2)

Remark. It is clear that every Boolean ring is a Boolean like ring but not conversely.

We substantiate this in the following example.

Example 2.1.17. The ring (H4, +,*) with H4 = {0, 1,p, q} and + and * are defined by

the following tables is a Boolean like ring, but not a Boolean ring

+ 0 1 P q
0 0 1 P q
1 1 0 Q p
P p q 0 1
Q q p 1 0
Table 1
* 0 1 P Q
0 0 0 0 0
1 0 1 P Q
P 0 p 0 P
Q 0 q P 1
Table 2



Definition
Let R be aring. We say that a€ R is a quadratic residue if a =x2, for some

X ER.

Definition 2.1.29. (Dummit, & Foote,, 2004)Let @ : R —S be a ring homomorphism.

The set
{a eR| @ (a) == O}is called the kernel of @, denoted by Ker(®).

Definition 2.2.15. (Dereje , et al., 2022)the ideal P of a SIR R is called completely

prime if and only if ab € P implies a € Porb € P.



CHAPTER TWO

2.1. Basic Properties in Square ldempotent Rings

In this section we give some properties in elements in square idempotent rings, we
started by definition of SIR.

Definition 2.1.1. Aring (R,+, .) is called a Square idempotent ring (SIR)

if R is of characteristic 2 and a*= a? foreacha € R

Example 21.2. Let U,(Z,) be the ring of 2 X 2 upper triangular matrices over with the
usual addition and multiplication of matrices. Then a* = a? and a + a = 0, for all

a € U,(Z,) Clearly is non-commutative ring but is Weak idempotent ring with unity.

Example 2.1.3. Let R = Z,. Define “+” and “*"onR = R X R by

(a,b) + (c,d) = (a+c, b+d) and (a, b) * (c, d) = (bc, bd) for (a, b), (c, d) € R.
Then (R, +,%) is a Weak idempotent ring with unity (a, 1), for any a € R, as a left
unity. But R has no right unity and hence R has no unity.
Furthermore, the ring R is a non-commutative ring since (1,0) * (a, 1) = (0,0) # (1,0) =
(a,1) * (1,0). Thus, (R, +,") is a non-commutative Weak idempotent ring and without
unity.

Example 2.1.4. The quaternion ring Q over the field Z, is a commutative ring with
unity satisfies thata* =a? and a +a =0 for all a € Q. Hence Q is a commutative
WIR with unity.



Lemma 2.1.5. Every idempotent element is a square idempotent element.

But the convers is not true .

Example 2.1.6.( Z,, +4,.4 )-

Lemma 2.1.7. Let R be a SIR with unity. Then a € R is a unitifand only if a? =1
Proof. Let a be a unit with inverse a™1. Since
a?(1 +a?) = a?+ a*=a?+ a?=0;

then by multiplying by a=2on the left we get 1+a? = 0 that implies the conclusion.

Lemma 2.1.8. Let R be a SIR with unity. Thena € R isaunitifand only if
1 + a is nilpotent.
Proof. (1 +a)2=1+a?=0iffa?=1

Lemma 2.1.9. Every non-zero, non-unit ina SIR R with unity is a zero-divisor.
Proof: Let 0 # a € R be a non-unit. Since a* = a? implies a(a® + a) = 0.

If (a®+a)#0, then a is a zero divisor.

If (a®+a)#0,thatis a(a®? + 1) =0.. Since a is non-unit, a®> + 1 # 0.

Hence, a is a zero divisor in R.

Proposition 2.1.10. The set of all unit elements of a SIR with unity is precisely
{1+n: ne N}.

Proof. Let R be a SIR and a be a unit element of R. Then (1 +a)> =1+a+a+a? =0,
as a®>+1 =0.Hence, 1+ a is nilpotent and a =1+ (1 + a). On the other hand, for any

nilpotent element n inR, (1+n)’ =1+n+n+n?=1
7



Thus, 1 + n is a unit element in R.

Lemma 2.1.11. Let R bea SIR. Thenforalla € R
(1) a™= a, a? or a3 for any positive integer n.
(2) If 0+ ais a nilpotent element, then a®= 0.

(3) a=a?+ (a?+ a), where a? is idempotent and a?+ a is nilpotent.

Proof. If 0 = a” = a3; then a?=a*=aa®=a0 =0.

3. (a%+ a)? = a*+ a?=a?+ a?=0.

Remark 2.1.12: Let R be a SIR. We denote the set of all idempotent elements of R by
Id(R) and the set of all nilpotent elements of R by Nil(R).

Proposition 2.1.13: Let R be a commutative square idempotent ring with
unity. For any two elements a and b of R, the following are satisfied.

. Id(a + b) = Id(a) + Id(b) and Nil(a + b) = Nil(a) + Nil(b)

. Id(ab) = Id(a)Id(b) and

Nil(ab) = Id(a)Nil(b) + Nil(a)Id(b) + Nil(a)Nil(b)

. Id(ab) = 0and Nil(ab) = ab,if b is nilpotent.

2.2. Square idempotent elements in Z,

In this section, we find the square idempotent elements in the ring of integer modulo n.



Proposition 2.2.1: In Z,,, p is prime. The only nontrivial square idempotent element is

p—1.
Example 2.2.2: In z;, , the only SIE is 10 since 10* = 1 = 107

Proposition 2.2.3: In Z,,,, p is prime. The nontrivial square idempotent elements are

p—1,p,p+1and2p—1.

Example 2.2.4: In Z,,, the nontrivial SIE are 6,7,8 and 13.
Since 6*=8= 6% ,7*=7= 7% 8'=8= 82, 13*=1= 132

Examp2.2.5: Each element of Z, is square idempotentbuta + a = 01is

not true forall a € Z, since 3+ 3 = 2 # 0. Thus, Z, isnot a SIR.

Proposition 2.2.6: In Z,,, is prime. The nontrivial square idempotent elements are g —

1,9, +1,2q—1,2q,2q+1and pqg — 1

Example 2.2.7: In Z, <, the nontrivial SIE are 4,5,6,9,10,11and 14.
Since4* = 1 = 42 ,5*= 10 = 52,6* =6 =62, 9* = 6 =9%, 10* =
10 =10%,11* = 1= 112, 14* = 1 = 142

Proposition 2.2.8: In Z

pqr 1S prime. The nontrivial square idempotent element are g —

1,9, +1

Example 2.2.9: In Z5, the nontrivial SID
are 4,5,6,9,10,11,14,15,16,19,20,21,24,25,26,29



Since

4*=16 = 4%, 5* = 25 =52, 6* = 6 =6%,9* = 21 =92 10* = 10 = 102, 11* =
1=112%, 14* = 16 = 142,15* = 15 = 15%,16* = 16 = 162, 19* = 1 =192,

20% = 10 = 20%,21%* = 21 =212,24* = 6 = 242, 25*% = 25 =252, 26* =

16 = 262,29 =1 =292

Remark 2.2.10:.

The ring of integers modulo n is not a SIR

10



Chapter Three

1.3. lIdeal and quotient in square Idempotent rings.

Lemma 3.1.1. Let R be a square idempotent ring. If R is a non-commutative, then the

set of all idempotent elements I1d(R) need not be a subring of R.

Remark 3.1.2. Let R be a square idempotent ring Commutativity is sufficient
condition for 1d(R) to be a subring of R and Nil(R) to be an ideal of R.

Proposition 3.1.3. If R is a local ring with unity, then the only idempotents are 0 and 1.

Proof. Let R be alocal ringand R = AU M , where A is the set of all unit elements in R
and M is the maximal ideal of R and for every x € R such that x? = x, either x € A4
orx € M.

If x € A, thenx = 1. Otherwise, x € M andhence1 —x € Aand 1 — x isan
idempotent. So x — 1 = 1 implies that x = 0. .

Hence 0 and 1 are the only idempotents of the ring

Theorem 3.1.4. If R is a SIR with unity such that I(R) = {0,1}, then every proper ideal
of R is a nil ideal.

Proof: For every x= 0,1, Since x? is idempotent, then either x2 = 0 or

x? = 1. Thus x is nilpotent or a unit. Let M be proper ideal of R. If x € M then

x#1. Suppose x#0. Then x is nilpotent or a unit. But M does not contain a

unit element. Thus x is nilpotent and hence M ©N. Hence, M is nil.
11



Theorem 3.1.5. Let R be SIR which is a local ring with unity. Then we have:
1. The set Nil(R) of all nilpotent elements of R is the unique maximal ideal of R.

2. R is a commutative ring.

Proof. (1) Let M be the unique maximal ideal. By Lemma and by Theorem we have
that M is a nil ideal. Let a be a nilpotent element such that a€ M. Then there exist
r,s+0such that 1 = ras. This implies that r = rras and s = rass. Hence, r and s are units
(i.e., , = s, = 1).By1=raswederive rs=rrass =a. Thus rsrs =0 and,
multiplying by s~1r~1 on the left, we get

a =rs = 0. Contradiction. We conclude that M = N(R).

(2) The product of units is commutative: ab = ba iffa=abb =bab iff 1 =

aa = abab. This last condition is true because ab and ba are units. The product

of nilpotents is commutative. If a, b are nilpotent, then 1 + a and 1 + b are units.
Then, 1+b+a+ab = (1+a)(1+b) = (1+b)(1+a) = 1+a+b+ba. By subtracting

1+a+b we get ab = ba. The product of a unit and a nilpotent is commutative. If

a is nilpotent and b is a unit, then we have b + ab=(1 +a)b =b(1 + a) = b + ba.

Then subtracting b we get ab = ba.

Theorem 3.1.6. Every non-commutative square idempotent ring R with unity is not
local.

Proof. Let R be a non-commutative ring with unity. Suppose R is a local ring. Then
by Theorem 3, N is an ideal of R and for all a, b € N and ab =ba.
Letc,d € R, where c=cB +cN and d =dB +

dN. Then c¢d = (cB + cN)(dB + dN) = cBdB + cBdN +

12



cNdB + cNdN= dBcB +dBcN +dNcB + dNcN =dcsince cB and dB are in the
center of the ring (either 0 or 1). Thus R is commutative and it is a contradiction. Hence

R is not local.

Theorem 3.1.7. Let I is an ideal of a square idempotent ring R R , then R/I is a Square
idempotent ring.

Proof: It is obvious that R/l isaring .

Leta+1€R/lI. Then(a+ D)+ (a+D=a+a+1=0+1=1

and (a+D*=a*+1=a*+1=(a+1)>

Hence, R/I is a SIR.

Note 3.1.8. For aring , if R/I Square idempotent rings, then R need not be Square

idempotent ring.

Example 3.1.9: R = Z,, the set of all integers modulo 4, I = {0,2}and . Then R/I and

I are Square idempotent rings but R is not a SIR as the characteristic of R is 4, not 2.

Lemma 3.1.10. If R is a commutative SIR, then the map f: R — R, define by f (x) =x?2,

is an endomorphism of R.

Proof: It is obvious that f is well defined. Let a,b € R. Then f(a + b) = (a + b)?=
a’+ b? = f(a) + f(b) and f(ab)= (ab)*=a?b?*= f(a) f(b).

Hence, f is an endomorphism of R.

Theorem 3.1.11. Every completely prime ideal of a SIR with unity is maximal ideal.
13



Proof: Assume P is a completely prime ideal of R and J is an ideal of R such that P &
J] € R.Leta ¢ Panda € J. Then a® ¢ P because of P is a completely prime ideal of
R. Now a*=a? implies a?(a? + 1) = 0 € P.Thena?® + 1 € P because of P is a
completely prime ideal of R. Thus, a? + 1 € J.Since a® € ], a? + a®> + 1 € ] which

implies 1 € J. Thus, ] = R. Hence, P is a maximal ideal of R.

Theorem 5. Let R be a commutative square idempotent ring. Then Id(R) is

iIsomorphic to R/Nil(R).

Proof. Put Nil(R) = NDefine f : Id(R) - R/N by f(a) =a+ N.

Clearly f is a well-defined ring homomorphism

Suppose for a,b € Id(R), f(a) = f(b).

Thena+N=b+N=>a+beN = (a+b)?>=0=>a’+ab+ba+b*=0
= a+b=0=>a=h.

Thus, f is monomorphism. For a + N €R/N,

a+N =1ld(a) +Nil(a) + N =1d(a) + N = f(ld(a)), where id ( a)€ld(R).

Thus f is an epimorphism and hence it is an isomorphism.

14
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