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Second order Linear ODEs with Constant Coefficients

(Homogeneous)

We consider second-order homogeneous linear ODEs whose coefficients a and
b are constant

M

y' +ay +by=0. ... (1)

The equation can be solved by using A operator where each

d d?
A=—, and A2 = =2
dx dx?

Re write equation (1) substituting A instead of derivative

(A°+ak+b)y=0 ... (2)

The proportional Integral solution is :
Yh = Cleﬂl X+ Czexz X



A =2l—a+ Vd® - ). Ay = ~a - Va® - 4b).
y; = e and yp = 2"

because y; and v2 are defined (and real) for all x and their quotient is not constant. The
corresponding general solution 1s

y = c1e™* + coe?®.



(Case I) Two real roots f'faz —4b = 0.

(Case IlI) A real double root zfaz — 4b = 0,
(Case III) Complex conjugate roots if a’ — 4b < 0.

example
Y’-y=0 willbe (A*—1)y=0 , Solve to find A value
(A+1)(A-1)=0 orA=+1

X —
v = 1€ + c9e



If (a® —4b = 0) this will result of just one root, A = —a/2

Ax Ax

This will make y; = C; e™ ,and y2=0(C,xe

So the corresponding general solution will be :



The complex conjugate root result :
7&1=—%+iw : 7&2=_7a-iw
To find bases of real solution

v, = e~ %2 cos wx, yo = e~ %2 gin wx

And general solution :

y = e 2 (A cos wx + B sin wx)



Tutorials : Solve 2" order linear ODE

1) y"+y’-2y =0, y(0)=4,

2) v+ v+ 025 =0, vi0) = 3.0,

3) ¥ + 04y + 004y =0, y(0)=0.

y'(0)=-5

v'(0)

v (0)

—3.5.



Second order Linear ODEs with Constant Coefficients
(hon-Homogeneous)

Standard form : v’+ay’ +by=f(x)
This equation solve by :  y=yh +yp
Yh = Clexl X+ Czexz X , let Uq= exl X ; uZ:QXZ X

Yp=uqv{ + Uy V2

0 Uo

v = fu(f) lffz' then integrate to find v,
ug Uy
U4 0 ‘
!/

v, = ulul f(xl)tz then integrate to find v,
uy uy!




Solve the following DE
o y'+3y'+2y =e”*
Ans.:Cie ™ + Cye %% + % e*
 y’+y=tan x
Ans.: C;Cosx+ C, Sin x — Cos x In | sec x + tan x|



Partial Differential Equations PDE

Partial differential equations are equations that involve partial derivatives of an
unknown function depends on two or more independent variables.

du(x f
ODE : d—i) =0 u(x)=C  ;constant
Type equation here.
ou(x,y) j : :
PDE": ™ =0 u(x,y) =f(y) ; arbitrary function
. ou ou 0%u
. — . — m : nam
Some important abbr ™ named u, . 5, 2 edu, ; oz, N° ed Uy,
0%u 9 0%u 9
ﬁ Named U, : 6_312 Nname uyy : soon



Second — order PDE Standard form

AUy, +Buy, +Cuy, +Duy, +FE uy,+Fu=0

A,B,C, D, E,F G{ constant or function of (x,y), or function of u }

Examples :

Ju Ju
—_— 4 — =
dx 0dy

0

* Uy Uy + Uyy + 3Uyy+5uy, + Up+ u= X3



Some special cases of 2" order PDE

* Wave equation

1
Uxx= c2 Ut

* Heat equation

1
Uxx="% Ut

e Laplace equation
Uyxt Uyy = 0
* Euler equation
AUy, +Buy, +Cuy,=0



Euler Solution of P.D.E

Standard form of equation:  Au,, + B uy, + Cu,,=0......

If X, # A,
|f 7&1 —_ XZ

If A, # A,
If 7&1 — XZ

Let: Uyy=1 , Uyy =K ,Uyy = X2
So equation (1) will be written as : A + B A + C A2
D u(xy)=F(x + A1) + G(x + Ayy)
u(x,y)=F(x + Ay) +vy G(x +Ay)
or,
Let: Uyy=2% , Uyy =X Uy, =1
So equation (1) will be written as : AX*+ B A+ C
: u(x,y)=F(y + A1x) + G(y + A,Xx)
. u(x,y)=F(y + Ax) + x G(y + Ax)



Find the solution of P.D.E

Ex1: Uyy + 21Uy, +Uyy,=0

Sol: Let: Uyy=1, Uy =X Uy, = A°
A%+2 X +1=0
Xi=A, = —1

General solution : u(x,y) =F(x -y) +y G(x -y)



Ex2: Uy, + Uyy,=0
sol: A%+1=0 A =+i , X, =—1i
General solution : u(x,y) =F(x +iy) + G(x -iy)

EX3: Uy, + 51Uy + 6Uyy,=0

1

Ex4: u,, = 7 Ut (wave equation)



Ex5: Find particular solution of PDE
Uyy — 21Uy, +Uy,=0 ,ifu(x,0)=e*, u(0,y)=y>+e”
Sol:

let uy, =A%, Uyy =R, Uy =1

1-2X+ A%=0

(A-1)(A-1)=0, Al=A2=1

u(x,y)=F(x+y) + yG(x+y)

if u(x,0)=e* = F(x) + 0, F(x+y)=e*tY
So; u(x,y)= e*V+yG(x+y) , u(0,y) =y3 +e¥ = e¥+yG(y)
Gly)=y® ;and G(x+y)= (x +y)?

u(x,y)=e**tV+y (x + y)?



