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ABSTRACT 

 

         In this work we study the topological properties of the metric spaces (ℕ, 𝑑) 

(the Metric space 𝐿𝑐𝑚 minus gcd  of natural numbers). 

We prove that every set in (ℕ, 𝑑)is open, closed, and discrete. Moreover, we prove 

that every subset of ℕ is compact if and only if it is finite.  Also we prove that the 

boundary and derived of every set in (ℕ, 𝑑)is empty. 

Furthermore, we give some interesting examples in this metric space.
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INTRODUCTION 

Analysis is the branch of mathematics dealing with continuous functions, limits 

and related theories such as differentiation, integration, measure, infinite 

sequences, series, and analytic functions. These theories are usually studied in the 

context of real and complex numbers and functions analysis evolved from 

calculus. Which involves the elementary concepts and techniques of analysis.   

          Analysis may be distinguished from geometry; however it can be applied 

to any space of mathematical objects that has definition of nearness a (topological 

space) or specific between objects a (metric space). 

            

          In the early 1900s, the usual approach to mathematics was far less abstract 

and axiomatic. Hence, at the time, various spaces that mathematicians studied 

(such as function spaces as we have studied a bit of in this class) had different 

notions of convergence. Each space has it’s own notion of the word, which was 

studied in its own respect. There were some similarities between these notions, 

but there was no general understanding of the term. 

Then, in 1906, Fréchet introduced the idea of metric spaces in his Ph.D. 

Dissertation. (Dote 2022) 

Metric spaces provide a notion of distance and a framework with which to 

formally study mathematical concepts such as continuity and convergence, and 

other related ideas. Many metrics can be chosen for a given set, and our most 

common notions of distance satisfy the conditions to be a metric. Any norm on a 

vector space induces a metric on that vector space and it is in these types of metric 

spaces that we are often most interested for study of signals and systems. (al 2022) 
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CHAPTER ONE 

Background 

Definition 1.1: (Dhananjay Gopal 2021) 

Let 𝑋 be a non empty set. A function𝑑: 𝑋 × 𝑋 → ℝ, is called a metric (distance) 

function if: 

1. 𝑑(𝑥, 𝑦) ≥ 0, ∀𝑥, 𝑦 ∈ 𝑋 

2. 𝑑(𝑥, 𝑦) = 0 If and only if 𝑥 = 𝑦,   ∀𝑥, 𝑦, 𝑧 ∈ 𝑋 

3. 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)     ∀𝑥, 𝑦, 𝑧 ∈ 𝑋 

4. 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)          ∀𝑥, 𝑦, 𝑧 ∈ 𝑋 

In this case (𝑋, 𝑑) is called a metric space. 

Definition 1.2: (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑥0 ∈ 𝑋. A neighborhood of a point 𝑥0 of all 

points their distance from 𝑥0 less that 𝑅 and denoted by 𝑁𝑟(𝑥0) = {𝑥 ∈

𝑋: 𝑑(𝑥, 𝑥0) < 𝑅} 

Definition 1.3: (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 A point 𝑥0 ∈ 𝑆 is called an interior 

point of 𝑆 if there is a nbd of 𝑥0 ( say 𝑁𝑟(𝑥0) such that 𝑁𝑟(𝑥0) sub set of 𝑆 the set 

of all interior point of 𝑆) denoted by 𝑖(𝑆). 

Definition 1.4:  (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 A point 𝑥0 ∈  𝑆𝑐 is called exterior 

point of 𝑆 if there is a 𝑁𝑟(𝑥0) ∈  𝑆𝑐  the set of all exterior point of 𝑆 is denoted by 

𝑒(𝑆). 

Definition 1.5: (Dhananjay Gopal 2021) (Alexander S. Kravchuk 2007) 
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Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 A point  𝑥0 ∈ 𝑆 is called a boundary 

of 𝑆 is every nbd of  𝑥0 contains at least a point of 𝑆 and at least a point of  𝑆𝑐 the 

set of an boundary points 𝑆 is denoted by 𝑏(𝑆).  

Definition 1.6: (Alexander S. Kravchuk 2007) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 then 𝑆 is called an open set If every 

element of 𝑆 is an interior element. 

Definition1.7: (Alexander S. Kravchuk 2007) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 then 𝑆 is closed set If  𝑆𝑐 is open 

in (𝑋, 𝑑) 

Definition 1.8: (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 A point 𝑥0 ∈ 𝑋 is called a cluster 

point of 𝑆 is every nbd of 𝑥0 contains infinite points of 𝑆, that is  𝑁𝑟(𝑥0) ∩ {𝑆 −

{𝑥0}} = ∅ for all 𝑥 ∈ ℝ set of an cluster points of 𝑆 denoted by 𝑑(𝑆). 

Definition 1.9: (Alexander S. Kravchuk 2007) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋 then closure of 𝑆 is denoted by 𝑆 

and defined by  𝑆 = 𝑆 ∪ 𝑑(𝑆) . 

Definition 1.10: (Dhananjay Gopal 2021) 

Let 𝑑(𝑆) be a metric space and 𝑆 sub set of 𝑋, A point 𝑥0 ∈ 𝑆 is called an isolated 

point of 𝑆 if 𝑥0 is not a cluster point of 𝑆. If all point of 𝑆 are isolated then 𝑆 is 

called a discrete set. 

Definition 1.11: (Alexander S. Kravchuk 2007) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋. then 𝑆 is called dense initself. if 

𝑆 ⸦ 𝑑(𝑆)  

Definition 1.12: (Dhananjay Gopal 2021) 
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Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋. then 𝑆 is called perfect if 𝑆 =

𝑑(𝑆) 

Definition 1.13: (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋, then we say that 𝑆 is a compact 

set if every open cover for 𝑆 has a finite sub cover for 𝑆. 

Definition 1.14: (Dhananjay Gopal 2021) 

A metric space (𝑋, 𝑑) is called complete if every Cauchy sequence in is (𝑋, 𝑑) 

convergent to a point in (𝑋, 𝑑). 

Definition 1.15: (Dhananjay Gopal 2021) 

Let (𝑋, 𝑑) be a metric space and 𝑆 sub set of 𝑋,𝑥0 ∈ 𝑆 and then we say that 𝑆 is a 

bounded set in (𝑋, 𝑑) if ther exsist 𝑀 ∈ ℝ such that 𝑑(𝑥, 𝑥0) ≤ 𝑀for all 𝑥 ∈ 𝑆 or 

𝑑(𝑥, 𝑥0) ≤ 𝑀 for all 𝑥, 𝑦 ∈ 𝑆 

Theorem 1.16: In the metric space (ℕ, 𝑑), every set is open. 

Proof: seen p.7 

Theorem 1.17: In the metric space (ℕ, 𝑑), every set is closed. 

Proof: seen P.8 

Theorem 1.18: In the metric space (ℕ, 𝑑), the derived set of 𝑆 sub set of ℕ is 

empty, that is 𝑑(𝑆) = ∅. 

Proof: seen P.9 

Theorem 1.19: In the metric space (ℕ, 𝑑), the closure of every set 𝑆 sub set of ℕ 

is 𝑆 itself that is, 𝑆= 𝑆 

Proof: seen P.10 

Theorem 1.20: Let 𝑆 be any nonempty set in the metric space (ℕ, 𝑑) then any 

element of 𝑆 is isolated. 
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Proof: seen P.10 

Theorem 1.21: every nonempty set 𝑆 in the metric space (ℕ, 𝑑) is discrete. 

Proof: seen P.10 

Theorem1.22: A set 𝑆 in the metric space (ℕ, 𝑑) is compact if and only if  𝑆 is 

finite 

Proof: seen P.8 
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Chapter Two 

 

On the Metric space 𝑳𝒄𝒎 minus 𝒈𝒄𝒅 of natural numbers 

 

Definition 2.1: Let 𝑑: ℕ × ℕ ⟶ ℝ defined by  𝑑(𝑛, 𝑚) = 𝐿𝑐𝑚(𝑛, 𝑚) −

gcd(𝑛, 𝑚). Then 𝑑 is a metric function on ℕ. So the order pair (ℕ, 𝑑) is a metric 

space called 𝐿𝑐𝑚 minus 𝑔𝑐𝑑 metric space of natural numbers. As shown below 

1. 𝑑(𝑛, 𝑚) ≥ 0  ,               ∀𝑛, 𝑚 ∈ ℕ  

 𝑠𝑖𝑛𝑐𝑒 𝐿𝑐𝑚(𝑛, 𝑚) ≥ gcd(𝑛, 𝑚)  

𝑠𝑜   𝐿𝑐𝑚(𝑛, 𝑚) − gcd(𝑛, 𝑚) ≥ 0             

𝑇ℎ𝑒𝑛 𝑑(𝑛, 𝑚) ≥ 0  ,       ∀𝑛, 𝑚 ∈ ℕ  

2. 𝑑(𝑛, 𝑚) = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑛 = 𝑚 

𝑑(𝑛, 𝑚) = 0 

⇔ 𝐿𝑐𝑚(𝑛, 𝑚) − gcd(𝑛, 𝑚) = 0 

⇔ 𝐿𝑐𝑚(𝑛, 𝑚) = gcd(𝑛, 𝑚)   

⇔ 𝑛 = 𝑚,      𝑤ℎ𝑒𝑟𝑒 𝑛, 𝑚 ∈ ℕ           

3. 𝑑(𝑛, 𝑚) = 𝐿𝑐𝑚(𝑛, 𝑚) − gcd(𝑛, 𝑚) 

𝐿𝑐𝑚(𝑚, 𝑛) − gcd(𝑚, 𝑛) 

𝑑(𝑚, 𝑛)                          ∀𝑛, 𝑚 ∈ ℕ 

4. 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛, 𝑚, 𝑘 ∈ ℕ 𝑤𝑒 𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡  

𝑑(𝑛, 𝑘) = 𝐿𝑐𝑚(𝑛, 𝑘) − gcd(𝑛, 𝑘) 

≤ 𝐿𝑐𝑚(𝑛, 𝑚) + 𝐿𝑐𝑚(𝑚, 𝑘) − [gcd(𝑛, 𝑚) + gcd (𝑚, 𝑘) 

= 𝐿𝑐𝑚(𝑛, 𝑚) − gcd(𝑛, 𝑚) + 𝐿𝑐𝑚(𝑚, 𝑘) − gcd(𝑚, 𝑘) 

= 𝑑(𝑛, 𝑚) + 𝑑(𝑚, 𝑘) 

𝑠𝑖𝑛𝑐𝑒 𝐿𝑐𝑚(𝑛, 𝑘) ≤ 𝐿𝑐𝑚(𝑛, 𝑚) + 𝐿𝑐𝑚(𝑚, 𝑘)      ∀ 𝑛, 𝑚, 𝑘 ∈ ℕ 

𝐴𝑛𝑑 gcd(𝑛, 𝑚) + gcd(𝑚, 𝑘) ≤ gcd(𝑛, 𝑘)               ∀ 𝑛, 𝑚, 𝑘 ∈ ℕ             

𝑇ℎ𝑒𝑛 − [gcd(𝑛, 𝑚) + gcd (𝑚, 𝑘) ≥ gcd(𝑛, 𝑘)       ∀ 𝑛, 𝑚, 𝑘 ∈ ℕ 

𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 (, 𝑑) 𝑖𝑠 𝑎 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. 
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Example2.2: The neighborhood of the point 4 of radius 0.5 is, 𝑁0.5(4)  

𝑁0.5(4) = (𝑥 ∈ 𝑋: 𝑑(𝑥, 4) < 0.5} 

= {𝑥 ∈ ℕ;  Lcm(x, 4) − gcd(x, 4)} 

           = {𝑥 ∈ ℕ ; x = 4} 

           = {4} 

Example2.3: The neighborhood of the point 4 of radius 1 is, 𝑁1(4)  

           𝑁1(4) = (𝑥 ∈ 𝑋: 𝑑(𝑥, 4) < 1} 

= {𝑥 ∈ ℕ; Lcm(x, 4) − gcd(x, 4) < 1} 

           = {𝑥 ∈ ℕ ; x = 4} 

           = {4} 

Example2.4: The neighborhood of the point 4 of radius 2 is, 𝑁2(4)  

           𝑁2(4) = (𝑥 ∈ 𝑋: 𝑑(𝑥, 4) < 2} 

= {𝑥 ∈ ℕ; Lcm(x, 4) − gcd(x, 4) < 2} 

           = {𝑥 ∈ ℕ ; x = 4} 

           = {4} 

Example2.5: The neighborhood of the point 4 of radius 3 is, 𝑁3(4)  

          𝑁3(4) = (𝑥 ∈ 𝑋: 𝑑(𝑥, 4) < 3} 

= {𝑥 ∈ ℕ; Lcm(x, 4) − gcd(x, 4) < 3} 

           = {𝑥 ∈ ℕ ; x = 4 , x = 2} 

           = {2,4} 

Theorem 2.3: In the metric space (ℕ, 𝑑) every set is open.  

Proof: Let 𝑆 ⸦ ℕ  

If 𝑆 = ∅, then ∅ is an open. Since ∅ does not contain  𝑋, where 𝑥 is not interior. 
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Let 𝑆 ≠ ∅ , and 𝑥 ∈ 𝑆 , then 𝑁1(𝑥) = {𝑥} ⸦ 𝑆. 

Then x is an interior point of  𝑆. 

Hence 𝑆 is open set. 

Theorem 2.4: In the metric space 𝑑(ℕ, 𝑑) every set is closed. 

Proof: Let 𝑆 be any set in (ℕ, 𝑑) then 𝑆𝑐⸦ℕ. 

By theorem 2.3 every set in (ℕ, 𝑑) is open. Then 𝑆𝑐is an open set in (ℕ, 𝑑) 

So (𝑆𝑐𝑐
) = 𝑆 is closed in (ℕ, 𝑑) [ by def. of closed set]  

Example 2.5:  The set 𝐴 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} in the metric space (ℕ, 𝑑). 

Then 𝐴 is open set of the metric space(ℕ, 𝑑), since by Theorem [In the metric 

space (ℕ, 𝑑) every set is open]. Then 𝐴 is closed. Since 𝐴𝑐 = ℕ − 𝐴  is open.  

Every element of 𝐴 is interior. Since 𝐴 is open. Then the exterior point of  𝐴 is 

ℕ/𝐴. The boundary set of  𝑆 is 𝑏(𝐴) = ∅. Then 𝐴 is not dense itself. Since 𝐴 ⊈

𝑑(𝐴) 

 The 𝐴 is not perfect. Since 𝐴 ≠ 𝑑(𝐴). And the derived set of 𝑆 is 𝑑(𝐴) = ∅. 

Every point in 𝐴 is isolated point since 𝐴 is not cluster point. Then closure of 𝐴 is   

𝐴 = 𝐴 ∪ ∅    then  𝐴 = 𝐴 [since𝑑(𝐴) = ∅]   

Theorem 2.6: A set S in the metric space (ℕ, 𝑑)is compact if and only if  𝑆 is 

finite 

Proof: to prove that 𝑆 is compact. 

We take an open cover {𝐺𝛼: 𝛼 ∈ ∆} 𝑓𝑜𝑟 𝑆. 

Then  𝑆 ⸦⋃ 𝐺𝑎𝑎∈∆  then {𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛 } ⸦  ⋃ 𝐺𝑎𝑎∈∆  

Then ∃  𝐺𝛼𝑖 
in  {𝐺𝛼: 𝛼 ∈ ∆}  such that 𝑎𝑖  𝜖 𝐺𝛼𝑖

,   ∀𝑖 = 1,2, … , 𝑛 

Then ⋃ {𝑎𝑖} ⸦𝑛
𝑖=1  ⋃ 𝐺𝑎𝑖

𝑛
𝑖=1  
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Then 𝑆 ⸦⋃ 𝐺𝑎𝑖

𝑛
𝑖=1   that is {𝐺𝛼𝑖

: 𝑖 = 1,2, … , 𝑛} is a finite sub cover of {𝐺𝛼: 𝛼 ∈

∆}   

Covering 𝑆.  hence 𝑆 is compact. 

Conversely: Let 𝑆 = {𝑎1, 𝑎2, 𝑎3, … }  be an infinite set in the metric space (ℕ, 𝑑); 

then we take the open cover {𝑁1(𝑎𝑖)  ; 𝑖 = 1, 2, 3, … . } for 𝑆 

Since 𝑁1(𝑎𝑖) = { 𝑎𝑖},         ∀𝑖 = 1,2,3 … 

Then 𝑆 ⊆ ⋃ 𝑁1
∞
𝑖=1 (𝑎𝑖),   ∀𝑖 = 1,2,3 …  

We see that the open cover {𝑁1(𝑎𝑖)  ; 𝑖 = 1, 2, 3, … . } has no finite sub cover for 

𝑆 

Thus 𝑆 is not compact. 

Therefore only finite sets in (ℕ, 𝑑) are compact set.        

Example 2.7: consider the metric space (ℕ, 𝑑) and the sequence 

𝑎𝑛 = {
2, 𝑛 ≤ 100
6, 𝑛 > 100

 

𝑎𝑛 = {2, 2, … , 2, 6, 6, … } 

𝑁0.5(6) = {6} contain infinite terms of {𝑎𝑛} except finite terms. 

Therefore     𝑎𝑛 ⟶ 6. 

Example 2.8: consider the metric space (ℕ, 𝑑) and the sequence 

𝑏𝑛 = {
2, 𝑛 ≤ 100
𝑛, 𝑛 > 100

 

Is not converge. 

Theorem 2.9: In the metric space (ℕ, 𝑑) ,the derived set of 𝑆 sub set of ℕ is 

empty, that is 𝑑(𝑠) = ∅ . 

Proof: Let 𝑆 ⊆ ℕ  then for every 𝑚 ∈ ℕ , we have 𝑁0.5(𝑚) =  {𝑚}   
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So 𝑁0.5(𝑚) ∩ (𝑆 − {𝑚}) = ∅   

Hence, m is not a cluster point of 𝑆. 

Theorem 2.10: In the metric space (ℕ, 𝑑) ,the closure of every set 𝑆 sub set of ℕ 

is 𝑆 itself that is, 𝑆 = 𝑆  

Proof: Let 𝑆 ⊆ ℕ  . Then we know that 𝑆 = 𝑆 ∪ 𝑑(𝑠) 

But 𝑑(𝑆) = ∅ by Theorem 2.9 then 𝑆 = 𝑆.  

Theorem 2.11: Let 𝑆 be any nonempty set in the metric space (ℕ, 𝑑) then any 

element of 𝑆 is isolated. 

Proof: Let 𝑥0 ∈ 𝑆. Then 𝑥0 is not a cluster point of 𝑆, 

Since ∃ 𝑎 neighbor hood (say 𝑁0.1(𝑥0)) 𝑜𝑓 𝑥0 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑁0.1(𝑥0) = {𝑥0} 

So 𝑁0.1(𝑥0) ∩ (𝑠 − {𝑥0}) = ∅. 

Therefore 𝑥0 is an isolated of 𝑆. 

Theorem 2.12: every nonempty set 𝑆 in the metric space (ℕ, 𝑑) is discrete. 

Proof: Let 𝑆 ⊆ ℕ  be a nonempty set and 𝑥0 ∈ 𝑆. Since 𝑥0 is not a cluster point 

of 𝑆. (𝑑(𝑆) = ∅), then  𝑥0 ∈ 𝑆 is an isolated point of 𝑆. 

Hence 𝑆 is discrete. 

Example 2.13: Let 𝑆 be the set of prime numbers of ℕ. Then 𝑆 =

{2, 3, 5, 7, 11, 13, 17, … }. Then 𝑆 is an open set of the metric space (ℕ, 𝑑), since 

for each 𝑚 ∈ 𝑆, there is a neighborhood (say 𝑁0.5(𝑚)) such that 𝑁0.5(𝑚) =

{𝑚} ⊆ 𝑆. 

Every element of 𝑆 is interior. Since 𝑆 is open  

Also, 𝑆 is closed, since 𝑆𝑐 = ℕ − 𝑆 is an open set. 

The boundary set of  𝑆 is 𝑏(𝑆) = ∅. And the derived set of 𝑆 is 𝑑(𝑆) = ∅. 
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That is no element of ℕ is a cluster point of 𝑆. So every element of 𝑆 is isolated, 

then 𝑆 is a discrete set. 
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 پوختە:

 یدوور یشاۆ)ب ەوەنیلۆکەد  کانیەدوور یشاۆب یکانیەژۆلۆپەت ییەندەتمەبیتا ەل داەکار مەل ەمیئ

 ەژمار ەل شەهاوب ەیلکۆک نیترەورەگ مەک شەهاوب ەیجار ندەچ نیبچوکتر

                                                                  (کانیەسروشت

 ەیجار ندەچ نیبچوکتر یاوازیج ەیوێش رەس ەل ەیەیخشەن وەئ ەک نەیدەد یشانین ەمێئ داەکار مەل

  ۆیەب یدوور ەیخشەن ەتێبەد کانیەسروشت ەژمار رەس ەل شەهاوب ەیلکۆک یترەورەو گ شەهاوب

ەتێیدا دەسەلمینین هەر کۆمەڵیەک لە دەبیتە نەخشەی دووری. ک   (N, d)   

 N کراوە، داخراو، جیاکراوە و کۆمپاکتە بە مەرجیک کۆمەڵەکە کۆتای بیت. 

نموونەێک دەهێنينەوە.جگە لەوەش لە بۆشای دووری چەند   

 

 


