Directional Denvatives and Gradient Vectors



DEFINITION  The derivative of f at Py(xy, yp) in the direction of the unit
vector u = uyl +u,j 1s the number
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provided the limit exists,

The directional derivative defined by Equation (1) 1s also denoted by
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in the direction of u




EXAMPLE1  Using the definition, find the derivative of

fley) =x +x
at Py(1, 2)inthe direction of the unit vector = (1/V/2)i + (1/V/2)j.




Solution  Applying the definition in Equation (1), we obtain
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DEFINITION The gradient vector (gradient) of f(x, y) at a point Py(x,. vg)

1s the vector
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obtained by evaluating the partial derrvatives of f at Py.

THEOREM 9—The Directional Derivative Is a Dot Product
differentiable in an open region containing Py(xy. V). then

(%) = -

the dot product of the gradient V[ at P; and u.

If f(x,y) is
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EXAMPLE 2  Find the derivative of f(x, v) = xe' + cos (xy) at the point (2, 0) in the
direction of v = 31 — 4j.

Solution  The direction of v 1s the unit vector obtained by dividing v by its length:
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The partial derivatives of f are everywhere continuous and at (2, 0) are given
f(2,0) = (& — ysin(xy))pg =€" — 0 =1
f2,0) = (xe’ — xsin(xy) )20 = 2¢" — 2.0 = 2.
The gradient of f at (2, 0) 1s
Vilzo) = fd2,0)i + f(2,0)] =i + 2j



Dyf = Vf-u =|Vf||lu|cosf = |Vf]|cos#,



Properties of the Directional Derivative Dyf = Vf-u = |Vf|cos @

1. The function f increases most rapidly when cos @ = 1 or when # = 0 and u
1s the direction of Vf. That is, at each point P in its domain, f increases most

rapidly in the direction of the gradient vector Vf at P. The derivative in this
direction is

Duf = |Vf|cos (0) = |Vf].

2. Similarly, f decreases most rapidly in the direction of —Vf. The derivative in
this direction is Dyf = |Vf|cos (7) = —| Vf|.

3. Any direction u orthogonal to a gradient Vf/ # 0 1s a direction of zero change
in f because # then equals /2 and

Duf = |Vf|cos(m/2) = |Vf|-0 =10




EXAMPLE 3  Find the directions in which f(x, v) = (x*/2) + (y*/2)

(a) increases most rapidly at the point (1, 1).
(b) decreases most rapidly at (1, 1).
(¢) What are the directions of zero change in f at (1, 1)?

Solution

(a) The function increases most rapidly in the direction of Vf at (1, 1). The gradient there - i
IS

(V)i = (xd + yj)oy =i + .
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(b) The function decreases most rapidly in the direction of —Vf at (1, 1), which 1s
| 1
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(¢) The directions of zero change at (1, 1) are the directions orthogonal to V-
1 1 . 1 1
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Algebra Rules for Gradients

1. Sum Rule:

2. Difference Rule:

3. Constant Multiple Rule:
4. Product Rule:

5. Quotient Rule:

Vif +g =Vf+ Vg
Vif—g)=Vf—- Vg
Vikf) = kVf  (any number k)

Vifg) = fVg + gVf
_&gVf — JVg
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EXAMPLE 5 We illustrate two of the rules with

flx.¥) =x — ¥ glx,y) = 3y

1L V(f — ] = Vix - 4y) =i — 4] Z‘Ff - "7*'

2. V(fg) = V(3xy — 3y%) = 3yi + (3x — 60)j
= 3pi —j) + 3vj + (3x — 6y)j
= 3p(i — j) + (3x — 3v)j
=3i—j) +(x—v)3) =egVf+ fVe Rule4 m £




EXAMPLE 6

(a) Find the derivative of f(x,y,z) = x? — ,!:}-'2 — z at Pyl 1, 1, 0) in the direction of
v =21 — 3] + bk

(b) In what directions does f change most rapidly at P, and what are the rates of change
in these directions?

Solutiomn

(a) The direction of v is obtained by dividing v by its length:

vl = (2P + (—3)% + (6)° = Va9 = 7

LA 3‘—|—EI-:.

W 7Y T 7

The partial derivatives of f at Py are

Fr = (3xF — ¥ 10y = 2. v = —2Z2xv|100 = —2, == —1lga.00 = —1.
The gradient of f at Pp 1s

vflql_]_ﬂ.] — 21 — Ej — k.
The derivative of f at Fgo in the direction of v is therefore
— — - - 2 . 3 . O
(DufNiaey = Vijnae-a = (2i — 2 — k)-|Fi —5j + 5k
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(b) The function increases most rapidly in the direction of Vf = 21 — 2j — k and de-
creases most rapidly in the direction of — V. The rates of change in the directions are,
respectively,

IVfl= V2P + (22 +(-1=V9=3 and —|Vf|=-3.



