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Chapter one

Principle of multivariate Statistical Analysis
Why Multivariate Analysis:

Multivariate analysis consists of a collection of methods that can be
used when several measurements are made on each individual or
objects in on or more samples.

We refer to the measurements as variable and to the individuals or
objects as units(research units, sampling units, or experimental units)or
observations, the below table contains some examples of Multivariate
analysis.

OLSSELwlid plids> S g )8 ol gion &J\y.& ;i}J«a}ch 0995l gib
SowdS 9g0dd §3 65T (19,56)09 (wdS S g5 OE Bluolid dasbeciodn
.Q_.;)foa)og

(variables) gies o ¢p2,Se3)09 45 (S43Lulid 945 (measurements)
¢«(observations )udes (& 293UL(units)oies (individuals) 4 o9

9l o (0S5 (owlid (ilgios duda Olatd I dalb (Se9ds Yl
(measurements) §:aS 05 SguwdS Syl 9 pod (wlid dS dyogd) Olasiwdyde iluolid
Ob 9l JSU gl 395 beslr JaB gl 0195 (43 OL 50 3 3l (G (ol diggas
3,86 B8 0 ydwd) (G5 [dod5cdSos (Luld odids LriuscdSaxsgS JaSd dSxigS
4&3.) LS'V‘L”JM Obedyds Hdwd Olwlid Ql..gcc;é‘)fo.) M)’ojlfs ydwd 39554.3



Example of Multivariate Data

Lhits (individuals or Variables

# dbjects) (measurenrents)

1 students several examscoresin a single course

2 Sudents Byes, ears, nose, nouth, eyebrows, chin, etc

3 people Grades in mathematics, history. Music. Art. Physics

4 Skulls Height .weight. percentage of body fat. Risting heart rate

5 Conpanies Length Wdth. Qranial capacity

6 Manufactured items Expenditures for advertising, labour, raw,meterials

7 Applicants for bank loans | Various measurements to check on conpliance with specifications
8 Segments of literature Income, education level, length of residence, saving ,account, current debt load
9 Human hairs Sentence length, frequency of usage of certain words and of style characteristics
10 Brds Conposition of various elements

L Human face Lengths of various bones

A (§ydd dis S OliwSe9nyan(individual)ases Ob(units)ases (student) -1

KB cdd pbodle Wgd> Hll dww dd>ydeidiged §recpdSo(student)gwld (pwlgios e
Olomlish iduw dats digad 264200 Cigd> A0 033l gds> gdicpdSdy (guy3S (SO Oloxsings
420)0> duwipoggd 3Ugd §r dr0)d WdwipdSd 3gd §r dr0)pd Wdw dihod dilgdSiddn
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Lodd> Mcwcdgcdﬂ)a ‘3lwld(skulls) - 4
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09 digad FacpdSes 3 SBld z wBYE 33,5y d(Manufactured items) -6
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SOl (S035) Obeodidsr wdileds 09l 945 s (9 G035 (il dged FaecpyS03)08 wdileds

L 395-b 0990 w38 Oleodia
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3,50509
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36000 (B Gy (5193036040 $ae(5(slsal J—adoxS) 519500 Ao Secpidy gi—ddy

4528 (0 ObeOlaidnd (S ObeGuungddds oy Ol (gl (G dipdSiidigod

B OLTW)eS Wdx OLTo3s W (841 Wl SwaSdy HaSa diges H(Birds) -
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Multivariate Analysis is concerned generally with two areas, descriptive and
inferential Statistics, and the descriptive field, we often obtain optimal linear
combinations of variables ,in the inferential area, many multivariate techniques
are extensions of univariate procedures.
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linear)owlgioscdaibcsdn  Olo(variables) gy 4wd diged $a¢( Multivariate)d swos
JedadSely cpdids 4 093y Su( linear combinations)epdSs cawg)yd $1¢(combinations
Sudly(univariate)S4 §  Pdasss Ob(t-test) 4w (inferential))ls:
Sa  p(t-test) 094 d¢(Multivariate)dudSsos Ll ﬁﬂ@(Variable)&S‘\é

«Sy(variables) 4= 3 (nisnon84(t-test) das luliecy,Su0s(variable)

Basic Types of data and Analysis.os,S (Jd=s ) 9(Glo)d) dda Ol 3 Sod=>

The four basic types are as follows. (Jd=s ) 9(Blo)d) dhdd Oloyg=> yle=

1- A single sample with several variables measured on each sampling unit
(subjects or object)

03¢ w3 g8 03 cdc&":)_fo.yog Siheolw Hlols S (£L550 dJ dig o j_gcwﬁo.yog ol Sa,
4 g—a) Ecw)fogog d_wdS 03 9d(variable)pdds 0945 (Sl9s Lawwb(sample) 4 g dSduulsgh
23053 slece (variable) iz caiumg) Ol ogdladiobsle Siayodidr OlagS oz OlzDs
JaS i, Soayog(sample)eylals soslo dlepdSds ((§ydiuas) A GLBD3 dgad §,, S)o9
s—=d(variable)cpdiidx o9¢p, Sony09(sample)SapdS e jlgii 3Ly, (variable) i
.c,t})foa

2- A single samples with two sets of variables measured on each unit.
3o SS(variable)diges 3ueep,Soays(variable)d(set) 5= 99 ‘43349&:«:0')5)09 olSS(sample)
99 00995 L= 0993 (set) S paS 4y JLs 3Loac080)5S 3 S3(variable)ogcl Sa=S
psSeases(set) 3

3- Two samples with several variables measured on each unit.

20993 JLs-cduogds pog9s Il JaSd )l (variable) i Jafd.lcw)fo.yog(sample)jgo
.gg)foa)og(sample)gga pdnw s fs}}c\gcwﬁw)og(sample)gfc\_g

4- three or more samples with several variables measured on each unit.
AB(UNit) 945 ydwd) d3yS Olowslid oS aui Syog(variable)pakidar o9 5L Ob(sample)ise 3

Obepdsiw §y3 JE A paSay 5y BLidSs OLS 4 J4S5 03 Sl 945 (rils505 Laogyd o
4S5 OWS 4y JaS5 il gioaco gt Gledady (2400 (lgdiepdS ey (5y32 JaSd pogga

35S Olownl dS GAA> Hlgm 9l S Hdd §3 digad 0945 (S190 i



1- A single sample with several variables measured on each sampling unit
(subjects or object).

a- test the hypothesis that the means of the variables have specified values.

dadBeSy S ool A Ololigh (Sdz0y00 Josdedacdn,Siog Olo(sample) S a0,y
cedos aS¢ paSos(hypothesis) 9dics(test)dadcdn Hlo(hypothesis)ggs

Ho.m=50 H.: # 50 50=0lG4d Jovdedao
ol Josdede 4=yl Joddeds d= Ll Josdeda cudoscSay (2038 dJ 5Ll Soolo 4 digad §
T 9193 O 0919d5 0945 s LiuscdSds 509 Oloddeda (yudod daxs L
R,S 63509 0935 d(variable)plidr 4us,Siog(sample)Sa

B- test the hypothesis that the variable are uncorrelated and have a common
variance.

093> d(variable) gubd> p¥aaan gle(sample) SaxaSos(hypothesis) s(test) bo/;fs.l
1Ll g6 d)(correlation)sgs-Licdsda 1uGLilgi d(correlation)4ls cﬁb(variable)jﬁ‘CAé)-{‘m
G

c- find a small set of linear combination of the original variables that summarizes
most of the variation in the data (principal components )

ols(variable) iz 150, eaSs cwgyd(combination)d) Sy §dde sazdo cos
Ol pdu(variable)JaSd olepoggs(variable)JaS 4 paSdccs(variable) ol ol gioscddn
@030 3S cdadSood(principal components)cad;iges (g 4ilgdicdidSsly Sdy dadSuod exies0g
4LSyds(components leaner)aitues l9dsc pdigd> JaSdle pdmity JaSdlepaSay JodyyLBcadS

.p0993¢$(principal components)4ies

d- Express the original variables as linear functions of a smaller set of under_lying
variables that accounts for the original variables and intercorrelations (factor
Analysis).

oA=dos o)l>gdicdbda (sla(variable)pisds 45 1 dSos (factor Analysis) vl
sl S(function linear)gdscasar L o(function linear)pd——m 34>
.(factor Analysis) gl diog= 19dic099 Cwgyacdil(variable)

pSog(sample)Say 953l jaSas paSay Js 5 Alges gz 945

2- Assingle samples with two sets of variables measured on each unit.



0945 43 (0L—S(variable) g9—sda pYey ¢, Spog(sample)Say ja8 5 poges JL—= &
ogc&_.)ct.? @_‘uoagcu(variable):t.cj_pu dl_»ug_”)jjstt.c‘s_wtu 992 44\_34&»» dl—"U"L’
Sy (Bwod d(variable)ds gazdo

A- Determine the number ,the size, and the nature of relationships between
the two sets of variables (canonical correlation),for example, you may wish
to relate a set of interest variables to a set of achievement variables, How

much overall correlation is there between there two sets.
pVdascdian(sample) S4 4sxi(canonical correlation)oidos (g 44 OLSGAL 1so 4
993¢o(variable)ds gazda 993 945 O)lg0 dJ dvddr dS (SdNe 945 (§)5-= 9 0)Ludd g 0yla)
canonical )oiTes (s o9dics(sample)Swd wda Hls(variable)ds ¢azde
DA wd 4da o(variable)oyg— = 995 g a3 § s¢(correlation
9d¢(inters variables)cl,iges (s 6(var|able)4r—5—a-?4m6(sample)643
«aSp3(variable)ds gazdo 0930503 13 (b )3) daid 4SS )8 OLeY 4l 45 (s(variable)
Al OB 45 9daSiwod (L s 3Lo(achievement variable)cw3,3900 (&
Cdode gaz>dao 990 943 (uds 4 dda(correlation)id>
B- find a model to predict one set of variables from the
set(multivariate multiple regression).
JaSdcapan(depended)Sa GLy(X)cpasazd og(Y)S 4w oggila S(regression)
depended )epdSds ggila ya8a5 Sodsasbe(  independed  variable)cpdsds
multiple )odl (g G5 9459 9994 (X) cpdid 09¢9904a(Y) pdodx 3Leggda(variable
single )y4» Y4 (multivariable multiple regression)cades (& e84, (regression
.o(sample

3- Two samples with several variables measured on each unit.
44 s(variable)plid> 9dS4)da aSo(sample) g9s 45

other

a- compare the means of the variables across the tow samples(Hotellings

T>-Test)
095——= dles(variable) pd——dz> 9aSdyydacdidn QL s(sample)ggs
eojjacs(sampIe)ogco%_S)f035_543(variabIe)J._34>,c¢4§43cLs(sample)k;l_gcoggbf
T-) ol g3l 5 da 5 il S945.0993,S 095> d)(variable)pi— Sd>
.onso)Sau(Hotellings T>-Test) ¢Sddue sy S ao(test

B- Find a linear combination of the variable that best separates the two

samples( discriminant analysis)
accpySoayg(sample) 993 dasi(discriminant — analysis)oides Gucddd HleSieg)gde
Bl 23545 95 5 (g S Slgds JaS e g4 (SUlgds dig
O3> wU,dda(variable)ds gozdo (S o dS (Sdilgds 09, dda(variable)ds ga>da




aSegides yes(discriminant  analysis)4edsS paSes(sample) 995 945 Olg-5 Sloler
.c,gjfoa §>dJ(variable)piid= 09‘¢§)§°-> §>4(sample)gg>

C- Find a function of the variables that accurately allocates the units into

the two groups (classification analysis)
9 e yaS«(classification analysis)ides (o wda oloedSs Sl la_io,l
S Olaecmlgios O3zc,Sos 3>dl(variable)pasdr ogecbian cola(sample) 993
o 99 4wdS Ol U3 (groups)s9d

4- three or more samples with several variables measured on each unit.

3,5 09355 d(variable)pediasr S(sample) yas 45 3Lj(sample) gwdd

A- Compare the means of the variables across the groups(multivariable

analysis of variance)

Jscdaa(sample)m— % Bl ads 0L g S 4 o G
dlgdicc 5803095 sd(variables)cpd— Sd>cS3(sample)
analysis of )ebda 3Lo(ANOVA)dai—Scbdn(mean)Ologednydn
130 54 J oY, 4y (X) ok Jd> 09,442(Y)S4(variance
&= «S(multivariable analysis of  variance)dadosccJuodiOlo(Y)pdid>

(MANOVA)tes

B- Extension of 3(b)to more than two groups.

c- Extension of 3(c)to more than two groups.
doi 5 (50945 L;;,qajcofﬁ)og(sample)gga EVI] W UM 1] VN Ha8as Bl
oSes(sample) g9

Data Organization

We will use the notation to indicate the particular value of the
variable that is observed on the jth item, or trial. That is,
0wwdS 03 4 gad $2dui,S)og dilwdS 945 $a(variable) piidr 09cddd OlawwdS (pdida dass
©l50 O3=cdndyS)09 1) @3 Luwld 03 3Lidws,Shog tdep(variable)os SiwdS ydacdus, Syog
gad PTCT wgiod Oircdoddim wdS (§ pdiuw (owlid 09cdeg9n (welS (3 p0993 (old
Olo—wld Jd> wSeacdidn Ola(variable)g9s bewdSc 2B gd 63 23S 05 3598 05 (535
$0960,503)09 (swlid 03 (5550 $acduwdS 03 945 S 92rc a3 )5)09 Euslid(Y - ) 0T w3 \Syo9
4091l 04y JUazes 4 09¢4u3)5109 @uuld(Y - )46 43l94S 4nt,Siog unlid 03 (S 4sS
HEd g0

X, =measurement of the K" variable on the j" item.

X=(z)$3> 5(7) ©3> oW K=

Consequently, N measurement on p variables can be displayed follows.
(P=2)o5(N=10)3b



=20
Q) there are 4 types of data, what are they?

1- A single sample with several variables measured on each sampling unit (
subject or object.

2- A single sample with two sets of variables measured on each unit.
3- two sample with several variables measured on each unit.

4- three or more samples with several variables measured on each unit.



Chapter two

Matrix Algebra

Def: matrix (or rectangular matrix, or {m, n}matrix)is a rectangular array of
numbers, that are written M rows and N of column ,the matrix A is accepted in
from:

(n)ogee $)ole) 09(M)OB WA 50yl SIdgole Widx 9 Ssdduo Lidx dJ 0943l Lo il

i1 Q2 Q13 -t Qqn

Az1 QApp QA3 -+ Q4
A= L) LX)

m1 mz m3 e mn

Or in abbreviated from A=A{m,n}=(a;; )mni=1,2,......,m, j=1,2,........ ,n.
(matrix algebra) 4 4w§p 34 . Some Important operation in Matrix Algebra
1. Transpose

If A is Square matrix then.

;71 4
. 1 2 3
IL(A) =A A=[4 : 6]=[2 5]
3 6
F §]=[1 2 3
: 4 5 6
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II.(A+B) =A'+B'
wly 5l e=[3 ¢

(AJ’B)':E §+§ é:[1+8 . _2 163],=2 163]

3+43 7+6]°
oo =B 3 o -0
aels Sleell Hsiy sie=le 13l

II.IFA'A=AA" - then Aisasymmetric matrix, for instance : 05 4&§uw 4l

PlSa
1 2 37 1 2 3 s 3 (Transpose ) 9 e yaS 4
A= 12 4 6| =12 4 6 094iiz03)03 Olo g plawids (lods
3 6 1 3 6 1
e B [0 01.. . e - .
IV. fAA"=0 —A=0 A_[O O]V&we&bww@«b
0 0]_, _[1 4
Ao 0]_‘4_[4 7
o 1 2 3 4
V. (AB ) =B' A A=[3 4] B=[2 .

gy ol =100 nTil=lG W=l el

P A IS R R
3 2] [1 3]_3*1+2*2 3*3+2*4]:[7 17]
' 6 16

BA=[4 U2 al7las14+1%2 4+3+1+4

11



2. Multiplication 09,5} 995 (33,5 Ohl>
-£099 wgfjslﬂ L;SOJ';{) Do Ql.deA QSdAﬁL.u ‘54544 603b5}3) d d>ydo UJJ)SU!)L‘> 4
A3*§.B§*5=C3*5
[. Al =IA = A ,what is [ Matrix?
12 31 .11 0
A_[4 6]"_[0 1]
Solution:

of ) R 2

4x14+6+x0 4x0+6x11 14 6

fy TanB U-BIEI SN ¢

SASS(1 A)z GASH(A 1)z OLS992)4 duts (§)dd mud

1 0 0
43‘@&5‘*3)‘5%'3“35%('4))“-?‘6"3|3=[0 1 0] WIS S (o 1996 953(15) )45
0 0 1
_ _ _[1 3 _
I A0 =04 =0 A= 5](0)_0

@5 §l=o0

III. Ingeneral, AB# BA

I B B R e P A
—4%x-3+4+2x—1 —4x-34+2x1]17110 14
- [2 * =3+ (—4x—-2) 2%-3+(4x 1)]=[—2 —10

A=

(AB) paSy 34>

(BA)po99s Gl jduw diudd L
o] Dl -
—3%—4 4+ (—=3%2) —3*2+(—3*—4]=[6 6]
1x—4+142 —1x2+1x—411l6 —6

(AB# BA)O9gpd OluS d &lgdS

12



But AB = BAIF A= BORB =4

2= A e=15 A

— 5
AB = [2 ] [5 2] [2** 5++(5fz 22)) 1+2(* 22++(si;1)
0
- [o ] =1
BA = [—52 _12] ' B _2] [5 *21*+1(+ i : 3) 5—*2_*2—-'_2(-:i : g) - é (1)]
=1

(AB = BA)ndos 436945 995(Identity matrix)s(BoLA) sgile ja8as 3L

(AB = BA)xdos 436945¢ 9g3(Identity matrix)S(BOLA) ggila ;4845 po99> Ul

A=t 9=t 2

0 1 3 4
T E R eebe i eie R

BA:B 2][ ] [3*1+2* 1*0+2*1_[

*14+4%0 3x0+4x11 13 4

(AB = BA)ndos 4589459 93(Zero matrix)(BoLA) ggile yaS'ds peuden >

=3 dl =l o

18=[3 310 o=l o
sa=y o3 dl=o o

(B=A")OL(A=B™) 953l HdS5 poylgz (Gl

A.B=B.A=I, B.B'=B".B=I, A A=A A= A=B*, B=A"

13



|

o 1l &l

(if A or B is diagonal matrix, for instance) 9gile ;a8 4Sos (sl

(AB = BA)&E gdsccds Syl yan(diagonal)egecds(0) oLpSu_;,i;w(B)oLg(A)c &lg
1 0 O 3 0 0
=10 4 0 =0 1 0 pdS 4 &)
0O 0 5 0 0 2
1 0 O0]3 0 0] [1+340%04+0%0 1%0+0%14+0%0 1%0+0%8+0%2
B=|0 4 O.[o 1 0]=[0*3+4*0+0*0 0x0+4%1+0%0 0*0+4*0+0*2]
0 0 § 0O 0 2 0x3+0+x0+5%«x0 0x0+0x«x1+5«x0 0x0+0x0+5%2
3 0 O
=0 4 O
0 0 10
3 0 0111 O O 3*1+0*0+0*0 3x04+0%x4+0x0 3%x04+0%x0+0x5
BA=[0 1 O0[|.]10 4 O|=[0*14+1%04+0%0 0x0+1%44+0%0 0*0+1*0+0*5]
0 0 2110 0 51 0x14+0*0+2%x0 0x04+0%x4+2+x0 0%x0+0x0+2%5
BA-[O 4 O]
0 0 10

14



(1#4%5)*(3%1%2)=120 06l pog9s SE3y , (3*1*2). (1+4*5)=120

AB=BA  po99> LQK}J

V. If D; and D, are two diagonal matrices of all the same order then
D,D,=D,D;.

1 0 O 3 0 0
D=0 2 0| D,=|0 6 0 ﬁéagsgb
0 0 3 0 0 8

1 0 0y[3 0 01 [1*34+0x04+0%«x0 1x04+0*6+0x0 1*x0+0x0+0=%8
DiDs0 2 0¢]10 6 O0|=|0*3+2+x0+0+x0 0x0+2+«*6+0x0 0x0+2+x0+0%8
0 0 3)10 0 8 10*x3+0x6+3+«x0 0x04+0x6+3x0 0+x04+0x6+3x8
3 0 07
=[0 12 0 |=3*12*24=864
0O 0 24.
30 0111 O O13*1+0*x0+0+0 3*x0+0%2+0%0 3%*0+0+x0+0%3
D2D1=[o 6 0.0 2 0H0*1+6*0+0*0 0%x04+6%24+0%0 0%x6%x0+0%3 ]
0 0 810 O 3/10x14+0+«x0+8%x0 0x0+0%*2+8*x0 0x0+0+x0+8=%3
3 0 0]
0 12 0 |=3*12*24=864
0O 0 24.

pe99s &

1 0 0 3 0 0
Di=[0 2 0[=1*2*3=6 ,D,=[0 6 0[=3*6%*8=144
0 0 3 0 0 8

6*144=864

15



3 0 0 1 0 O
D,=|0 6 0|=3*6*8=144 ,D,=|0 2 0]|=1*2*3=6 ,144*6=864
0 0 8 0 0 3

3- Determinants:
Def": for any square matrix An.n , then the determinant of A (JA|) is defined by:

.Cd(square matrix)cgies BL(OE W giw $0)lei=08 03y) S0yl Cuuos il

IYED) a;; Ay a = 09l,Si) 3645, j=08 A g o)l €i=0803) Syl
Where Aiij is the cofactor aij which is equal to Aij =(-1)") x minor the minor of
element aij is the determinant of the sub matrix A obtained by deleting the i row

amd the j™ column of A.

A=|az1 Az Aaz3

ap;; ap a13]
aszy; 4as; Aass

Arrow method to find determinant:

a’fs\]\au a3
az; 22\\5‘244\% azs
asi Az hg\d%\as.;\

|A| = (aq1.a32.a33) + (Qq3.0Q33 .A37) + (A3 .02;.A33) — (A31.03; .Aq3)
—(Q3z.033.0493) — (A33.03;.043)

| Al=

16



For example:

—7 —-10 4 —7~—1 5;]'\—7 —10
A=| 3 —9 2] ,solution—|A|=| 3 —9\\Zl\\3 -9
7 1 2 7 12 \7\\1\

A= (-7Xx-9%x2)+(-10%x2X7)+(4%x3%x1)—(7Xx-9%x4)—(1x2x-7)—(2%x3x—-10)
=126 —-140+ 12+ 252+ 14 + 60 = 322

Theorems about the properties of determinants:

1- the determinant of a diagonal matrix of identity matrix is the product of
diagonal elements.

10 gi pdu(identity) 9(diagonal)oleis lake

0O O
0 1 0 | = diagonal = cw() )il 0g9gila 1ayduwds adduw Sl 945 89 0 yhuw OLOE dés 3w
0

0

0 O
N — identity— () )cdos 0955 1yduwds odduw Ayl 945 09 0 ykw LOE A 3w
0 O

For example: into diagonal:

0 0
A= Molutione 3x5x8=120
0 0

For example: into identity:

0 0
A=|0 0| solution—»1x 1 x 1=1
0 0

17



2. let A be (n*n) matrix, then B obtained from A by multiply row(or column)
of A by a scalar C ,then|B|=C|A|.

2 3

Example// A= 1 4

| c=5

solution//5x [# 3] =g=[%) 1%

P8990 (s Yo A 9dS Cwddiea(B) S 92040 9 ¢5(C) Sy S50

||3.|=[150 ;(5)] =10x 20 — 5 x 15 =200-75= 125
C|A|=5% [i Z] = [150 ;(5)] =200-75= 125

e 45 Olada dilgdS

3- if B obtained from A by interchanging two rows or columns, then |B|= -|A|

Bl =[5 3]=-1I=[ 3] (500554l
=} g-m}

4- if a row or column of a square matrix is zero, then the determinant zero.

1 3 4
A:[ﬁ—ﬁ—ﬂ]% =0, solution—(,aw)diEos 535 Gdmias G8a( i) (05 99edd O3S &) iS4y il
2 4 1

(08u0)4S (0D Aagl3S 95 dats i

0det|; 2|+Odet|i ‘;|—0det|; ‘;

18



0(1*4—2*3)+0(3*1—-4*4) — 0(1*1—-2*4)
=0(-2)+0(-5) — 0(-7)=0
O ddduw & SISy 0L podggele dJ SIS pdle (s HE Al gis- ggadd LB Cudgiy PV
OB ddduwd) (SIS <590 )duw (S gad 95 99509 ¢ pauw AIBY Awidd JAuwS ds 195 999y
03w (9904

5- if two rows or columns in A are similar, then |A|=0

4 1 2
3 2 5] = (0)LE0s AL ¢y S 9509 3y 995 Ob s 993 995l yaSs 3b
4 1 2

A=

(uw) 4605 gy dS'ay gS09 paiuw 9 paSdy (53 30,0

4 1 2
|Al=|3 2 5|=¢pshneddr pdSds i)

4 1 2.

4 1 2

_ .2 5] _,[3 5 3 2
'Al'i i ;'4+[1 2] 1[4 2]+2[4 1

| A|=4(2%2-1%5)-1(3*2-4*5)+2(3*1-4*2)=4(4-5)-(6-20)+(3-8)
|A|=4(-1)-1(-14)+2(-5)=-4+14-10=0 9503 yiww &ilgeS

099355 0l Olileldus 33 G (poe (S §3 )8y WBL gy pY

19



6- IF A has an inverse, then|A™?| =|A| =—

jA|
a,_[4 7
A l'[z 6]
a1 —(A*E)-(D*7)= .=6—7
|A*|=ad] A |A|=(4*6)-(2*7)=10 ,adj [_2 2]
6 -7
a1 6 —=7]_[10 10|_] 0.6 —0.7
A I'lo[—z 2]'l—_2 27 [-0.2 0.4
10 10

-1_ 4 7 - P _ % - . 6 _7
IAI*=[; 6]-(4 6)-(2*7)=10 ,adj—[_z 2]

6 -7
'1_1 6 -7 - 1_0 1_0 _ 0.6 —-0.7 A1y 1
A= 5 2]'l-_2 2|Tleoz2 o4l IATFIA
10 10

7. If A and B have determinants and in the same order, then |AB| =|A||B].

For example:

1 -2 2] 2 0 1
A=|0 3 2|B=|0 -1 -2

1 0 1l 3 1 -2

1 —2 2]
[Al=[0 3 2[=¢psiiedidn pdSa i)

1 0 1!

_ 3 2] . \]0 2 0 3
A=y i -] gl+zfi 5

=13%1-0%2)+2(0+0—-1%x2)+30%0—1% 2)=7

2 0 1
B=|0 -1 -2

3 1 -2

=(pionids pdSds i)

-1 -2 0 -2 | U *_9) (2% £1).
Bl=2| T To|+0l3 T5|+[3 T|r2ere2rar-2)+000%-2)-(3*-2)+(0%1)
(3*-1)=11

|A]|B|=7*11=77

20



1 -2 2](2 0 1
|AB|=|]0 3 2(|0 -1 -2|=
1 0 1113 1 -2

12+ (-2)*x0+2+x3 1+x0+(-2)(-1)+ 1+x1+(-2)(-2)+2*(-2)
0x2+3x0+2x%3 0x0+3x—1+2=x+1 O0x1+3%x—2*%x+2%—2
1*2+0+x0+1x3 1«x0+0+x—-14+1x1 1«14+0x—-2+1x-2

8 4 1
6 —1 —10[=pphodids pdSa s
5 1 -1

-1 -10 6 —10 6 -1
8| 1 —1]_4[5 —1]+[5 1]
8(-1*-1)-(1*-10)+4(6*-1)+ (5*-10)+1(6*1)-(5*-1)= 8(1+10)+4(-6+50)+(6+5)=77

|Al|B| = |AB|
77=77
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4- Matrix Inverse:

ap;1 Qg A1n

n . - . _ 21 az; Azn
Def” :the inverse of matrix Anx«n= :

asz; Qs asn

Could be found as follows.

A-1=ad1'(a)
|A|
2 2
E le: A=
xample [ 4
Solution: A'EM

A

350 Obailaw jeds( 49 2) oylad 093505 OLiSei(c 59 2)oyk’ 3L
12 215 -2
Ad"[4 5H—4 2]

|A|=[i §]=(2*5)-(4*2)=2

5 -2

A-l=¥=[2.; _i]wﬁoa 999 s2ld OB 0)le) 9geda 3L
Properties matrix inverse:

1- (A=A > 995 G (inverse) ¢pyS09 3

Example:A=[g 2]
(A™)= [g 2]=[_g _?5,] p0395 &)l 32 (inverse)cp,Soes 32

=[—{6} _g]z[g 20343@6}53503431345

22



1 0 5 —24 18 5
Example// Adj(A) =2 1 6|=]| 20 —-15 —4
3 4 0 -5 4 1

Solution// ¢pyiiedias pdSdy Sagele

0 5
x

4 0

(4) =

Ay =(=D =(=D)" 1= 1 My, <[, 0] =(1%0) - (4%6) = 24

Ajj =(—1)"*/=(=1)"*?=-| My, |=[2 g] =-(0*0) - (4*5)=20

5

Ay =(DMI=(=D) = Mys =[] 2

] - - (0%6) - (1¥5) =- 5

OpaSi0addn s0993 (S gale i

1 5
4) =12 6
3 0

A =(—1)"M=(=1)?*1=| My, |= =-(2*0) - (3*6) = 18

Ajj =(=D"=(=1)**2=| My, |= = (1*0) - (3*5) =-15

Ay =D =(=1)*"%=|My3 | = =- (1*6) - (2*5) = -4

NP Wk WK

o own o9

OpTsoaida pddw ($3g0le 0)lxgds

1 0
2 1
3 4

(4) =

Ay =(-D=(=1)* =My =[5 ] =(2*9)-(3*1)= 5

@)

Ay =(=1D)™=(=1)**2=| M3, |=[§ ] =-(1*4) - (3*0)=-4

4
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Ay =(=DFI=(=1)*3= | Msg <[, 0] = (1%1)- (2°0)= 1

—1 —2
Example: —1

l] =(— 1)l+] _( 1)1+1 1|Myq|= [2 _: =(2*3)—-(-1*-1)=5

Ajj =(—1)"=(—1)""?=-| My, |=[_01 é =-(0*3)—(-1*1)=-1

Ay =(=D=(=D"= My =[] 1] = (0%1)-(2*1)= 2

ORxiiedida 00993 (Sogele Lxid

. . '0 _1
Aij =(=D)™=(=1)*"=| M | =] | 3] =-(0%3)-(1*-1)=-1
. . '2 1
Aij :(_1)l+]=(_1)2+2=|M22 |= 1 3] = (2*3) _ (1*1) =5
A =(—1)*= 24+3_ _[2 17._ * *1) =
ij =(=D"=(=1) —|M23|—_0 _1]—'(2 -1)-(0*1) =2
Oiedids pddu (S3gsle 0)lrgds
. . '0
Ay =(-D=(-) =My 1[0 2 ]=(0%1)-(172) = 2
Ay =(-D)M=(-D)%2= My |2 O] =-(271) - (170)= 2
- - - 32 __1 _1 - -
. . '2 0
Ay =(=1)"=(=1)°*3=| M35 = 0 2] =(2*2)-(0*0)=4
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2- (AB)'=B'A*

2 3 4 2

4 5] B's 3

(AB)-1=[2 3 [4 2H2*4+3*5 2*2+3*3H13 13
4 5I'l5 31"l4+x4+5%5 4+x2+5%317[41 23

oS eyg(inverse) s s 3,5 leihle 094So(AB)SHE

Example: A=[

113 13
(m8'=[,7 53
._adj(ab) . [ 23 -—-13 _[13  13]_110%92) (a1 %121- _E223—.
Adj="T ,adj—[_41 13],|AB| [41 23] (13*23)-(41 *13)=529 -533=-4
[23 -137 |28 13
-1_1-41 131_| 4 4
ABF== a0
4 4
24505 OLE 4 (bl s 80309 Slgkers (B)(A)s(inverse) ogs i
i 5 -3
A '[_4 2]
|A|=5*2-12
=-2
5 -3 |23 3
—4—2]= 2 2
-2 f 1
2
4 2 agja _ |5 4
= =(3*4)-(2 *5)= i= = 1=5 4
B1=[; 3|-B*aH2*5)=2 , Adi="] -
[ 3 -2
B'[—s 4]
21
2
=2
2
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3 -5 3 3 -5 4 3 3 —23
sialz TH|Z | fpre Ol gyt EleDby o 13
2 2 2 2 2 2 2 4 4

if K is non zero scalar and A has in inverse then.

a_1 44
(KA) -KA

Example: K=5 ,A=[; g

Solution//: det= (7*2) -(3*5)=1 ,adj= _é _.;) ]
2 57112 _1

T D N | 2 -5 _[—3 7 ]_ 5
(SA) —5A—ﬁ|:_3 7 - 5 _—_3 Z
5 5

5- Orthogonal Matrix

def™ =the square matrix A is an Orthogonal if: A=A . An example of this kind of
matrices is as follows:

0 1° 0 0 0 010
0 0 0 1f|_p,a_,7_|]1 0 0 O
A'1000'A'A'0001
0 0 1 0 01 0 0

transpose ) s(inverse)_4S45(orthogonal)oies o SIS sgccds(square)edees pdSdy (zyde
o Fy OleddesySi09 33 Olof

010 0 0 010
1o o o 1| _.|1 0 0 o
A'1000‘A0001
0 01 0 0100
A_]‘:ﬂj

|A]

26



J9)ls2 S g ) duwysd S35 Ologdis)gs

Example//
:[cos @ — siné
sin @ cos @

Solution//
/ :[ cosf® siné@
—sin@ cosf@

= A'lzﬂj

|A]

Det |A|=(cos @ * cos ) — (sin 6 * —sin O)
Det |A|=cos2 0 + sin26 = 1

. _[ cos@ sinf
Ad _[— sinf cos6

cosf sin@ .
A-lz[—sine COSQ]z[ cos @ Sm@]

1 —sinf@ cos@

.(orthogonal)dxes 451s4Sc09s: OLS w(inverse)pan og(transpose)pan 4ilgdS

If A is an orthogonal matrix then A exists and is orthogonal:
Proof:

ALl = A

Y993)42 3:(INVERSE) 5,509 4

(47 = @y

(A”)eod> Y s9ccunly Y 5945c0 9dixiiesd(A) wascolgsoa(inverse)JaS d(inverse)dslgaS
(A SluS e cdos s34

27



3 doogid pds b

IF A and B are two orthogonal matrix and have the same order, then (A,B)is an
orthogonal.

Proof:

.093:(Order) Oleda 09¢199:(B)pdn(A)pds o9(orthogonal) <l
A'l= (4),B 1= (B)

(AB)™ = (AB)

(AB)"'=B~1 A~1 . A B are orthogonal.
(AB)™=B1 A1

“BTL AT =(B) ()

The determinant of an orthogonal matrix is either (+1)or(-1).

(2003 Sy g0 Ob S CIle sb(orthogonal)lsdS wegd) guwdide

6- Idempotent Matrix
If A square matrix of order n then is called Idempotent matrix if :

G2 1995 ©laos dzids Oledd [)S 635 (lr Saddsaods 333Lb)4§45 a09d) (swdodo
(Idempotent matrix)ces

A = A A=A

Example// A = [ 4/5 _2/5]

~2/5 1/5

SOlution// A* = A.A = A

28



S k| N [ s

25 25 25

)0 ghh (B OlodBedund 09¢cdbode (pdSod ($§5 bl dls Hleda 3L

SL(A’)edb Jhdogids pdy 5,503 0940dS0 S35 bl lr S lgdicaus zyde Loogy4n 0
094455 35 Ubl(AY)ObeogdindS 35 bl Hlrggs

A3 = AA.A

Example/

43 = [4/5 -2/5
-2/5 1/5

A E A I

|45 =2/5][4/5 —2/5 =~ ——-—=1[4/5 -2/5
| ‘[—2/5 1/5“ 2/5 1/5]___;_5 s 125 175

424 = [4/5 —2/5].[4/5 -2/5 _

2/5 1/5 |'1-2/5 1/5
lZ f e l4/5 —2/5
S e

dS dox Seie e (2455 () Bdte Bl Caungiy 09453,S80 d Y. 133500 doxsidd Oloda dilgaS
s3(ldempotent Matrix)cdos Ol duwds yduwd) dJ Luwgalo 4SS gcydoals

29



1

Example// let X =l 2 ] , show that ();,(X
-1

1\ 2
) is an Idempotent matrix.

Solution:

RS0 (Z (5 S daaly 9 Ohlr cdbes Lxus ogdniid(transpose)(X)ssad lx pdSd cabod

1
X=|2|=X'=01 2 -1]
-1
(24500 QLAS A Bl LS
1 1x1 1%2 1x—1 1 2 -1
XX =121 2 -—-1]5] 2*1 2 %2 2x—1|=| 2 4 =2
-1 —1%*1 —-1%2 —-1*x-111-1 -2 1

090193 (345 (35 yduw 4 Lrsd L jos Gledgoydas (34 5y liuls
1
XX =[1 2 —-1].12|=1%*142+24+(—x—-1)=6
-1
(paS0s dSdadls (s s
1 2 -1
) [2 4 —zl

-1 -2 1

_(XX') _
\x'x/) 6

Lo,
0\|HUJ|HO'\ A

|
|
wl wWwliN W]k

Oledd e ood ‘J.SS{-\LA‘LQ 4 09¢ 094idSH G55 Ahle Cdbod 0995 Ol g3 (S0945 Hdod) 0945 (Slgo s
3 G e S Gl 09430, SB0 bl Caungia.o(ldempotent)dSS oo gdidamsjos £y
.(w&foa 09453, L

I |I
o] Lo L

I |I
o] Lo L

|
O\lHUJID—\O'\IP—\
|
leUJINUJIP—\
|l | 1
O\|HUJ|H®|H
|
lewINwlb—\
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6 6 3 3 6 6 6 3 3 3 6 6 6 3 3 6 6
3 6 3 3 3 6 3 3 3 3 3 3 3 6 3 3 3 6|
e U S N S T U N O S S S S SR S O
6 6 3 3 6 6 6 3 3 3 6 6 6 6 3 3 6 6
i 1+1+1 1+2+1 —1+—1+—1‘
36 9 36 18 9 18 36 9 36
1 2 1 1 4 1 -1 -2 -1

Adx S Oloda &lgdS

7-Trace of matrix

If A = (ayj) is a square matrix of order n, then the trace of A is:

Az1 Az QA3 ;tr(A)=Z?:1 a1 + azy + ass

a1 A1z Qg3
A=
az1 QAzp A3z

09.09413,S 05 35 (trace)pYaid,Ses Ohl>( diagonal)can 945 OL3lgke idico(diagonal)lsSey
02 OLaS 4 LB 4380 dud iyt

2 0 0
Example//A=|0 —6 0
0O 0 4

Solution// tr =2+ (—6)+4 =0

Diagonal=2*-6*4=-48
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Example//

o [9 —47_ _
Solution: A—[8 _2] = 9+(-2)=7
3 8 5
Example// A= |6 —2 7|=solution=3+(-2)+1=2
3 4 1
16 0 16 O
_ 120 8 4 0 . _
Example// A = 6 0 6 20 = solution =16 +8+ 6 + 12 =42
10 0 10 12

If A and B are two matrix of order n such that (AB) is defined a square matrix,then

Tr(AB) = tr (BA)

1 -2 5 =2
'Az[z 5]B=[—2 1]
_ - *5 —2%— - —4%
; 52]'[_52 12]= 12*5++(5f(—22)) 1-I_2(4<—22++(5?511) =[é (1)]:Tr(1+1)=2

=l LG =LA G-l Y-ra sy =2

4B = |

If A and B are two matrices of order n and let C; and C, be two Scalar, then:
Tr(C,A +C,B) = C4tr(A)+C,tr(B)

3 2

_ > a1 3] 5_
Example// C1=3 ,c2_2,A_[2 4],3_ -

~[1 3 3 21_. o o
TF(C1A+CzB)—3[2 4 +2[1 1]-@450.)0[349%4.03\)31)[:?

A=[2 192]+B=[6 ;L]opfwﬂa(wéﬁ) oo i

{3+12=15}+{6+2=8}=15+8=23

1 3
2 4

3 2

Citr(A)+C,tr(B)=3A= 11

]+ZB=

=3(1+4)+2 (3+1)=15+8=23 093 OluSd dilgdS
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Let A a square matrix of order n and let C is non-singular matrix (| C|)#0, then
tr (C"1 AC) = tr (A)

Proof//

tr (CTVAC) = tr(AG €) = tr (A) | s(C)U(0) i

And is Cis an Orthogonal matrix then
Tr (C" AC) = tr (AC'C)
=tr (AC™'C)

=tr(Al) = tr (4)

8- Vectors
X1
X=[%] X=[x X X3] @ls Gdw g agle S aSex( vector) gos
X3

Def™"1: let x1,X,,....x, be K¥1 vector and cy,C,....c, be scalars. Then Zi-;l C; X; is

said to be a linear combination of X.
Def" 2= A set of vectors X;,X,,...., Xk is linearly dependent if there exist

a,,as,,....,a; not all zero, such that 2?:1 a; x; = 0 atleast one of a; # 0.the set
linearly independent if the only scalars which satisfy:

k
i=
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Linear dependent :

.s(independent)obee(dependent)«s(vector) 94 194S &b (3laws cawsdes(a) 38455 3L

OLSIS 4y pdS 344 csod dbeg yaw OB (vector) gseds (38 (scalar)edb(dependent)d
4 ggils Ha845 (b, (vector) ik $aSIsSola.db(scalar)d) Oloiwdidoccds yhw b
Linear independent:ogg:05 458 943¢)933(0)0b)l s>

Linear independent :

.070303(0)(vector)4ily «ogg yhw 08(a) 9gedn 99ils j4S45 bos (independent)SuE
Example: X; =[1 1 0 1]'X,=[0 -2 1 1]'X;3=[-2 0 -1 1]
Show that X; , X, and X5 are linear independent.

Solution\\
Let a;, a,, as are three constants.
i a xj=0- Y3.a;x; =0, a;X;+a, Xp+az =0
1 0 —21 [0
a, (1) +a, _12‘ + as I_ﬂ = 8
1 1 1 0

:O8s(vector)igw y4o 3 «cpaSes(vector) sb Ghlx(a; ) Lxis

a1+g260/) —2a; =0->» ay-2a3 =0- a; =2a3 ... eq.1
a; —2a, +ay(0)=0 - a; —2a, =0 - a; =2a, ........eq.2

al;,({) + a,—az;=0-a,=a; e eq.3
a, +a, +a; =0 cereeee.€0.4
From eq.4

a, +a, +a; =0
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0315 OldSgds d) 09eilan3s 45 08 (@) y4o (i 4 lxiss

2a, +/TEL3 +a; =0->4a;=0 - a; =£—O, az; =0

i) o

. a1=2a3=2(0)=0,a2=a3=0

a,=a, =az; =0

a, +a, +a; =0

Y3 a;x=0

~ X;, X5 and Xj are linear independent.

2484 aYaeo(linear independent.) 43s 952503(0) BU3S (5 Az ggedd &ilgaS
(linear dependent.)og¢:05 d38545¢l 345(0)c OLSIS 4

Example // into dependent:

Lal=Ld =L

Solution// Z{-‘zl ax;=0- Zf;l a;x; =0, a;X;+a, X;+a; =0

+ as

4
0
8

a; +4a,+3a; =0 U =To I |
-2a4 +((p£{2 —a3=0->-2a;—az;~> -2a,=a; a;= ;21 as ... eq.2
a}ké) +8a, + 5a; =0—-8a, = —5a3= a, = _—Z Az eq.3
a +a, +ta; =0 eq.4
From eq.4

a, +a, +a; =0

(a3)E 60949330 Saconidild(eq. 1) d(a,)s(a, ) 3845y s b
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a1 +a2 +a3 = 0

__;a3_418a2+3a3=0, a3=0

s a5(dependent)dlsdSge>43y03(0) L3S ds,3(vector)gga(vector)igw 4 dilgdS
. (independent)d 94565 d38945¢HL(0) iy
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Example:

1

V2

Let X = |1 | find (3 X 1)vectors Y and Z such that X,Y and Z are
V2
0

orthogonal?

wtion: X = [1|=x'=[% L o
Soutlon._—\/_i—_—[\/E N ]
0
XX =1
(L]
[i L O]I\/lil—[lx 1+1x 1+0><0]—1+1+0—1
V2 V2 = 2T vz V22 22
7]
0
X'Y=0
= =0 il =05 |y + 5y, +0y5 = 0| x V2
F & o r|=0-[Fn+my /3/‘
3
A 2
N T EY =ty =02y =Y,
Yy=1
Y1
[y1 2 ¥3 1| Y2|=1
Y3

2 2 21 _
2+ v+ vfl=1
—23122 + y32=1
y32=1—2y12
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1
_ 1
yZ \/7
112
2 _ 2 _
Y, 1-2y, —1—(—$>
=1 ZC)—l 1=0
5) = =
1
Y iY’ [1 . 0
r=1-1lr=[5 5 o)
V2
L 0 |
X'Y=0
_1_
R KRR | N
! = |— — d— =———+4 =
L 5 \/E -
V2
L 0 |
Yy=1
_1_
[1 — o] \q L io=1
— — o|.[-1]|=5+5+0=
V2 W2 — 2
V2
[ o |
X'Z=0
L L o] [2] <o
NARCER N o
3
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1 1
—71+—=75+0Z3=0)%+2
NG 1 NG 2 3 ) *

Zl+22:_)21:_22

z'z=1
Zy

[Zl Zz Zg] Zz =1
Z3

le +ZZZ +232 = 1
(=2, + 2" =1

_2222 + Z32 = 1 - 232 = 1 - 2222

X'z=0 2z'z=1

1 1

Let le_ﬁ ZZZE

1
Z5=1-27,"=1-2(—=)>
2

NG
Zf=1—2@f=1—1=0
-1
M

>

1N
I
()
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__1_
[—1 1 . vZ| -1 1 0=1
7w L=z

2

L 0
2'Z=0

1
[L 1 0] \/15 =14+ 240=1isproved
V2o W2 NG 2 2 P

0

il )6 4 plhaw 952 ST ggedd 96 950 Bl 92 b 4o
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Q1// find determinant

i s

solution = (2X5)— (4 x3) =-2

1 100 50
B=|0 -2 2

0O O 5
Solution//

(I1x-2%x5)4+100%x2x0)+(50x0x0)—(0x—-2x50)
—(0x2x1)—(5x0x100) =-14

— 0O O

)l o0 0
0 0

SOlution//paSes Ol Oliwlyosl idico(diagonal ) posle

-2%-2%5=20
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Solution// yauw 43865 4ilgdS 0yau (S99edd pdduw (3 giw (50945 ydud]

3 5 6
1 4 6
0 0 O

=0

0 -2 2
0 2 5

Q2) find the inverse of the following matrix A =

121]

SOLUTION//
A1-24(@
|A|

|A] = |0 -2

=(I1X—-2%X5)+@2x2%x0)+(1x0x2)—(0x—-2x%x1)—
2x2x1)—(5x0x2)=-14

Aij =(_1)i+j =(_1)1+1= 1|M11 |=[_22 g =(_2*5) _ (2*2) =_14
Aij =(_1)i+j=(_1)1+2=-|M12 |=[§ é] = -(2%5)— (2*1) = -12

Aij =(_1)i+j=(_1)1+3=|M13 |= _22 ;] = (2*2) _ (_2*1) =6

Ay =(=D)=(=1)**1=| My =[] £] =-(0%5)-(0%2) =0
Aij =(_1)i+j=(_1)2+2=|M22 |= (1) é] =(1*5)-(0*1)=5
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-Aaj=(“1)i+j=("1)2+3=|n423|=
-Aaj=(“1)i+j=("1)3+1=|n431|=
-Aaj=(“1)i+j=("1)3+2=|n432|=

-Aaj=(“1)i+j=("1)3+3=|n433|=

oL ORrR OO OR

(1*2) - (0*-2

=

)=-2

_22] = (0%2) - (0*-2) = 0

2
2

2 |=r2)- 072

] = - (1*2) - (0%2)=-2

-2

—-14 -12 6
A =] 0 5 —2
0 -2 —4
4
14 -12 6 1 /7
gl
Lo 2 —2lo —
- —14 a /7
o 1/
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Q3/1fX = LZL E]Y = [2 3 1],2 = l(z) i find the following:

4 5 1 1 1

X+Y, Y—-Z', 5Y-57', ZZ', YZ
Solution:
2 3 2 3 1
P PR
X +Y — not applicable

U s ra Hduwd) (509453,S3S (Sl dSS g

Y-Z7'

PR e ER I e

O I T
77’

2 3112 31 [2 3

0 1{0 1 F 1 F 1]
1 111 1 o1

2x2+3%x3 2x04+3x1 2x1+3x1]_113 3 5
0Xx2+1%x3 0x0+1x1 1x1+1x1l 13 1 2

37
iéi[ | R [
not applicable

il s (o ydwd) (bl Slwl 4SGex
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1 0 0
Q4a/letP=|2|,N=|1|, M =1
3 2 2

Find the following: 2P+ M —2 N

o= Ll - 13-

Q5/ show how to write each of the following vectors as a linear combination of

Solution:

2 12|+ +

1
2
3

0
1
2

2
4
6

0
1
2

constant vectors with scalar coefficients

3x + 2y
—Z
x+y+5z

X,Y,0r Z:

Solution:

3x + 2y pdSdy GaiSola 4

x =3, y=2, z=0
—Z 099 S4dSols 4

x =0, y=0 z= -1
X+ Y+ 5z pdSey $4iSyla

x=1, y=1 z=5

3x + 2y 3 2 0
—Z =x|0|+y|0|+2z —1]
x+y+5z 1 1 5
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Chapter three

Multivariable Normal Distribution
Multivariable Statistical analysis and proved (give)and example on it.?

Multivariable analysis consists of a collection of methods that can be used
when several measurements are made on each individual or objects in one
or more samples. we refer to the measurements as variables and to the
individuals or objects as units (research units, sampling units, or
experimental units) or observations. The below table contains some
example of multivariable analysis.

1- Univariate : when we have one variable in a function(p= 1)
P = number of variable, 48 (variable)so)ls
(univariate)dbes d589d5(p=1) KGE 3L

1 1
- _ 2
W eXp( 20_2 (X ll)

2- Bivariate: when we have two variables in a function(p= 2)

Then the p. d.f of X is X~N(u, 62) Is given by: f(x; u,0%) =

Oladi(mean) ggaccdses ceddn Olo(variable) g9a jaSd5.cdsda Olb(variable)ggs SHGE
dJ(covariance)lsdiecdoas Ola(variance)gss yaS 45 og.cdodd Olaiilo(fr) 993 09ecaoda
(variance) duo3c09¢3d 13 yduwds (Jd3- (509d5¢dl god. dodd |L31 36

X=[gl w=l) 2=[" o]

011 0., — covariance

251

llz] ’ [011 Uzz]} is given by:

Then the j.p.d.fof X = [2] ~N{

1 -1 st
Wexp(ﬁ (x — p)? s ()8 Ll dJ (135 0945 (5l9o

46



Ai303(0%) 5195 09¢cials Iyydundy ()N AS Lol hdn Olo(072) 995 4ol So35 Haudl(0'2)

(011 012\ 1

A0 gy peaedooe 3 ySU Ol (x — H)Z)Jjba 09 : Oy 0_22) S (§ydus

-1

. 011 012 " - .
parpaSos(vector)dble 1 (5 o0 ) Aol — X — g eoresin
il So90)l93 (S0 gk

1, X2, H1; U2, 011, 022 ZﬂlZI% 5 1 1 2 2 022 Xy — Uy

ey Ghdiogid pds (xlgios og

F( X1, X2, Uy; Uz, 011, O22) = ! exp(l(x —U x—u}( 1 )_1[1 1]
142, %1, 42,011, 022) — S \A1 1 2 2 —
5 IZI% 2 Py Xy — Up

Fx:p,X)= I12I1 exp(-% (x—pu) 31 (x-p) —0<x;, <400, -0 < x, < +00
- 7 2r|)|2
1 _ (%11 -1
X = ( 0'22)
3) Multivariable

Where we have P-variables in function (p = p)

paecdly ;3L 995 A aw(mean) cabes ogccabda Olo(variable) s9s 4 ,3b) SBE 3L

e 5L 9934 in(p)cdies
X1 uy 011 O1p
X 022 O2p
X = AN ”’2 , Z =
xp u 031 O3 - app
| p_

Where Y’ is square. Non-singular and symmetric matrix and ( p*p ) dimensional.

Then, the j.p.d.f of X ~N(u, ). ) is given by:
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f(xl, Xy, ...,xp; ‘Lll' ‘le, . ,‘Llp; 011,022, ...,O-pp) =

-1
011 Glp\ X1 —
1 1 OG22 ** O2p X2 — U2
D leXp(_E[xl_“l Xp =My v Xp— || : . . Pl
(2m)z|X|2 : : . : ‘. —
031 032 *° O'pp p ~Hp
1 1 O
fpY)=—F—exm(—3( X —uy X7 (X —p)

(2m)2|g[2

Example// Find the j.p.d. f of Bivariate Normal dist (p = 2)

((p=2)cdsan Olo(variable)9gs 150, 4G gz (piiros)8 4 (0) (g 4 Y,

X=[ol. w=lol 2= o)

Solution//
1 1 et
flep,X)=—F7 exp(—z x-—p)YI (-
(2m)z[X|2
.094iu)§es (inverse),l> ‘44543
o
Z = [ " 0-22] ) ,D = COT'T'elation S = p12 , = covariance

0, = variance

. _ o1z _
P12 = 5 = P12010;
102
y = [ 011 P120102]
P120103 022

o9di)3des(determent), > poggd

_ _ 2
|21=011 * 022 — P120610; * P120102,010, = 011 O3 — P12°01107;

_ 2

=011022(1 — p12°)
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a [ 011 ,0120102]
y-1= J 1p12010, 022
011 .0120102|
P12010; 022
022 —P120107 o P12010
ad](Z) - [_p120'10'2 011 ] X1 = plZ;-iO'Z 120'2; = 0110221 = p12°)
g1 = 1 [ 022 _P120102]
’ 011022(1-p12%) L—=P120102 011
>fxz —pP120102 o -1 —P12
Z_lz 1 011032 011022 [ __ 1 11 0105
(1-p12?) | 2P1291%2 o1 (1-p122) | ZP12 0-22_1
011022 /0{10'22 0107
Then the Quadratic from of X is:
Q(X) =(x —p )" X7 (x- W)
-1 —P12
— _ . ; 0'10'2
010>,
~Pi2
010> 1 - W
Q(X )—(1 P [ — 14 xz_#z] —piz ‘[ x, — Mz]
0102
(24503 QLS A Bl Leis
[x1—li1 _ P12(X2—Hz)  p12(X1—H4) + xl_ﬂl] [X1 - Ml]
011 0103 0103 022 X2 — WU
X)=
QiX)= 1-p1 22)
_ [( X _‘ul)(x1—ﬂ1 p12(X2— #2)) + (xz ‘uz)( P12(x1 M1)+x2—ﬂz)]
011 0107 ) 022
Q(X)= [(x1 H1)? _ P12 —p) (X1 —p1)  Pi2(X1—p1)(X2—H2) + (xz—llz)z]
(1-p1 22) 0107 0107 022

Q(X)= 1 ) [(x1—ﬂ1)2 ) p12(X1—p1)(X2— ) 4 (xz—ﬂz)z]

2
(1-p12 011 0103 022
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| 2| =01102,(1 — ,0122)

1
ME \/011022(1 — p12%) =0102+/1 — P12°

Then the j.b.d.f of X is:

1 [(X1—#1)2 _ PG —pp) (K —pa)  paa(—pa) (X2 —Ha) + (xz—llz)z]

f&w) —ZW it p(g o

011 0102 0102 022

Or (X . 2) =5 —— m exp( QX)

Example// write te j.b.d.f of Bivariate Normal distribution when:

Xz[il] s = [10] %= [16 62] = 0.667

Solution// the j.p.d.f of bivariate normal distribution could be written a follows:

=64=8 0, =9=3

1 1 (x1— #1) P12 —p)(xa—p1)  pr2(xa—p1) (2—p2) | (x2—p2)?
Xipy)=———s -
f(— E Z) 210102+ 1—p122 ex 2 1-p12 [ 0102 0103 + 022 ]

(x1—-5)? 0.667(x1—5)(x; —10) . (x,—10)2
[ - ]

1 1
& 1D iy *P(-irwer

—B)2 _ _ _ 2
24 64

1
Xy =
J&w2) 487,/1-(0.667)2 p(( 21-(0. 667)2

-1 [(x;-5)? 0.667(x;—5)(x, —10) (x2—10)2])
X; U, = ex ( [ -2 +
e s 2) 13.23m P 1.11 9 24 64
—1 [(x4-2x,+25) 0.667 (x1%,— 10x;—5x,+50) (x§—2x2+100)])
X)) = ( [ - +
e s 2) 13.23m P 1.11 9 12 64
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Comparison between Univariate and Multivariate Normal
distribution:
(Multivariate)s(Univariate)o!gis 4 sgly
X
1- the variable X has been transferred to vector of variables X: X - X = X:Z
Xp
S3(vector)4ios(Multivariate)auaSies 45 aY¥4(Univariate)4) 4:4»(variable)S4;

08 (X)d

2- The mean of the variable X is u has been transferred to the vector of means:

EX)=pu-pu =|H

3,505 §5 d(u) i (Multivariate)d Y4, (Univariate)d dda(u)S4

3- the variance of the variable X is a2 has been transferred to the Var-Cov. Matrix
its squared non-singular. And symmetric matrix of order ( p * p):

V(x)=02 > Var — Cov(x) = Y,0%2 > Y, o= |Z|§

o9(Multivariate)azos(Multivariate)d pYadds Olb(a?)S4 45(Univariate)d
non-)(Multivariate)ogyda ogco(normal distribution)(Multivariate)wogyd»
QAbeo( symmetric matrix)(Multivariate)og yds ogc yauw L (0sd=e)d9co(singular
290)| 93 (S4B gisn0 (S4L 30w 4 LSy (S090)duw (St 3w

4) the square (ij”)2 has been transferred to the quadratic from (X — E), Yyt (K — E)

ailo3(Multivariate) eYa((=5)?) 46 03(Univariate)4

.cg,foa >4 jw(Univariate)ey (Byveriate)e4s(Multivariate) 3be4d gasne
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5) the p.d.f of X

1 1
fx;u0%) =ﬁexp(—— x—u)z)

202

The j.b.d.f X

f(X:p, )= p )%IZI%exp(—%( X — E)'Z_l (K - E ))

4) Quadratic Form

Def": if we have P variables (X;, X3, ..., Xp) OR (X) and is ( p* p) symmetric matrix

where:
X 011 "t Oqp
x=| %2 |, <l T 02T O
Xp 031 032 - Opyp

Then the Q(X) is called the quadratic from in X which is a function of the following

from:
Q(X) = X' AX
011 o O1p\ [Xy
QX[Ks X, o Xl . 022 O'EZp X,
031 032 *° Opp X.P
QX) =X1-1 Xy Xlaij Xj

X

ey Xf GEea((Q(X))decawoss(Normal Distribution)s(Q(X)) oles 4 &jlak=
Xp

(g — u)(Normal Distribution)«
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Example// If Ais a symmetric matrix by(2*2) dimension. Find Quadratic form.

Sotution// A= G2 x =[] X' =P x]

o) = xax —[n x [20 82 )

a1 Ay
X1
=[a11X1 + Ay1X;  A12X1 + AyX;] [xz]
Q()_()=[a11x12 T ay1X1X; + AgpX1X; + a22x22] =a11x12 + 2a;,x1x, + azzxz2
2 1 X1 ) )
Example// let A = [1 4 and X = [xz] .find Quadratic form Q(X):
.o(symmetric) O di §usccasns doyda

Solution//

0F) = x'ax = x =P x] [* 1] [ =2a4x w+an [}

=2x12 + X1Xy + X1Xy + 4‘X22 = 2x12 + 4x22 + 2x1x2

example// If A'is a symmetric matrix by ( 3X 3) dimension. Find Quadratic form.

Solution//
ai1 Qg2 Qg3

A=|G21 Q2 Qap3 xz X1 Xz X3]
a3y A4z dgzz

a1 Qi di3
Q(X) = X'AX =[x1 X2 X3]|Gz1 Qz2 Q3
asz; Qs dss

Q(X)= a11x1% + appx,% + Ag3x3% + 2a13%1 X5 + 203X X3 + 203X X3
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2 0 O
Example// find Quadratic form of matrix A= |0 —6 O]
0 0 9
2 0 O X1
Solution//A=10 —6 0] ,X=[X2]| ,[*1 X2 X3]
0 0 9 X3

Q(X) = X'AX =2x,% — 63, + 9x3°

Cs(symmetric)(A) cdoos d>yda

5 2 3
Example// find Quadratic form of matrix A= |2 7 1]
3 1 8

Solution//

Q(K) = K,AX - 5x12 + 7X22 + 8X32 + 4‘X1x2 + 6X1X3 + ZXZX3

Example// if the quadratic form X'AX = 2x,? + 4x3% + 2x,x, + 6x,X5

2 1 0
Solution// A=|1 0 3
0 3 4

Q) 2022)// if the quadratic form X'AX=5x,% — 3x,% + 2x32% + 12x1X5 + 6x,X3 — 6x1X3

3 6 -3
Solution// A=| 6 5 3
-3 3 2
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Classification of Quadratic form.
1- positive definite ( p.d)
The quadratic form of Q (X)is called p.d. if X’AX >0 forallX #0

ol Szde 4(0)d 992 450)948 (X' AX) 993l ,aS&5(positive definite)dxbes B8 3L
dy 52 QLS (X)) 9904

X
Example//letp = 2 then X =[x;] VA= [(1) 2] ,prove that the quadratic form X , Q(X)is
p.d.

1 0

Solution// A = [0 1

ER s E

0

QX)=X'ax = L[ |

X1
][xz] =X12 +x22 >0

Not that: for any real vector X # 0 that Q(X) will be positive, because the square
of any number is positive, the coefficient of the squared terms are positive and
the sum of positive numbers is always positive.

A(+)Oliwlyo gl Logydn 090993 Ol g3(x; 2) 459 o(positive definite)

SS9z ddge a0 l9ab (il (o617 + X,%) (s Iy & dzge 4 7 Sdila Han o
0993 Olgs

Example// let A= [_21 _41] prove the Q(X)is?
Solution// A= [_21 _41],X = [i;] X = [x1  X2]

an=gac=e =1 ][

2 -1

X1
_1 4] = [le — Xy —X1 + 4x2] [xz] = 2x12 — X1X3 — X1Xy + 4x22

x|

=2x12 + 4‘x22 - 2x1x2
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Q(X) =X"AX = 22, + 4,7 — 231,

The first and second terms are clearly positive, but with | x; | > | x, |, | 2x,° | >
| 2x,x, |, so that first term is more positive than the third term ,and so the whole

expression is positive. The same thing if | x; | < | x, |
~Q(X)>0=Q(X)is p.d

0993 0l g3(4x,2)09(+) Okl yo 9l 03(2x12) SSg=>(positive definite)

2) positive semi —definite (p.s.d)
The quadratic formis X'AX <0 forallX # 0

x _
Example//p =2 then§=[xﬂ LA = [_1 ﬂ ,prove that the quadratic formX , Q(X)is
p.d.

Solution// A = [_1 _ﬂ X = [;2] X =[X1 X2]

1 -1 X
[X1  X2]. [_1 1] =[x1 —x3 —Xx; + 3] [xl] = [x12 — 2335 — X125 + x,7]

QX) =X'AX = x;% + x,° — 2x;0, 2 0
Where : x,2 + x,% — 2x1x, = (x; — x,)2 >0

Q(X)=is p.s.d
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3) negative and negative semi-definite (n.d& n.s.d)

Negative definite and negative semi-definite quadratic forms are similarly defined
meaning that: the quadratic formis n.d. if X'AX <0 forallX # 0

The quadratic formisn.dif X’AX <0 forallX # 0
Another Method: Eigenvalues to determine classification of the quadratic form

The basic equation is AX = AX

We may find A=2 or % or -1 or 1. Most 2 by 2 matrix have two eigenvector

direction and two eigenvalues and eigenvectors.

Classification of the quadratic form

1. positive definite (p.d.)

The quadratic form of Q(X)is called p.d. if A4, 45,..., 4, >0 forall A #0
2) positive Semi-definite (p.s.d)

The quadratic formis p.s.dif 4, 45,..., 4, =0 forall 1 #0
Example// p = 2 then, A = [(1) 2] ,prove that the quadratic from Q(X)isp.s.d

Solution// |[[A— AIl| =0

|l o= 2l Hl=0

=lp d-lo =g 225=0
:>|1—OA 4_o
S(1— D=1, (4— 1) =4

A|:(1_,1)(4_,1)_0*0= (A2-=51+4)=0
cM=land 1, =4 >0 =~ QX)isp.d
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-1

Example//

-1 -1
-1 -1
-1 -1

Solution// det |[A — AI]| =0

p =3 then, A = ,prove that the quadratic from Q(X)isp.s.d

1 0 O
(3 X 3)a806s (A) c&sy.[o 1 0
0 0 1

G80(1) eyl cdoos ded

2o OluSa OB a3 (A)cdses Waog yda o9

ca(square)(Q(X))caies 548 Sawgiads 3k

1 -1 1 0 0
gy

1 0 0 1

= H§§§l

+(—1*+—-1*x—-1 )+ (-1x—-1x—-1

=0 aSos(I)9t 3hlx()

= ‘ -1 —1
-1 -1

—(—1x —1)—(—1%—1x - *—1*—1

/11:0, - + ( ):lzand13=3 20
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-btVb2—-4ac _ 6%,/ (—6)2—-4(1)(9)
2a - 2(1)

= A, A, = =30r(1-3)2=0

& M=0 and Ayand 13 =3=0 -~ Q(X)isp.s.d

3) Negative definite and Negative Semi-definite( n.s.d) and (n.d)

Negative definite and negative semi-definite quadratic forms are similarly defined
,meaning that:

The quadratic formisn.dif A;, 45,..., A, <0 forall £+ 0

The quadratic formisn.s.dif A;, 4,,..., 4, <0 forall £ # 0

-2 0 0
Example//IFA=[0 -2 0
0 0o -2

Solution//  -cab(OluS ) OLE da 3 (A Jedsos 0 g Olodady

OB w4l ggeanalicds OLS4(Q(X))cies 3aS Sagrad Gb

(A— AI)=0
—2 0 0 1 0 O
0o =2 0|— A]10 1 0|=0
0 0 -2 0 01 952003(Q(X) = 0) yhuw ) 520 Ob yhuw 9gila ja5
-2 0 0 [/1 0 0] (s Ly
0 -2 o[— 0 2 0]=0 . . . .
0 0 —2 0 0 A Negative Semi-definite
—2—- 2 0 0 (QUX) = 0) i ) 30y945 5 yiuw 953ld ya8'5 Py
= 0 -2 0 =0 ngo.) l9<5 99=-y00
0 0 —2-4 Positive semi-definite
(=2— 1)3=0
The eigenvalues A = —2
Q()_() is n.d
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-1

Example// If A = [ 1

_ﬂ prove that Q(X) is n.s.d.

Solution// (A— AI)=0
(g R I

[ e P

=>| 1-4 - /1|=(—1— Dr(=1— ) —1x1

>A2+21=0

=> A(A+2)=0

The eigenvaluesare 44 = =2 and A, =0

Q(K) isn.s.d

H.W//

A) If = [_01 _01] ,show that Q(X)isn.d
(-2 1 0

B)If=| 1 -2 0 [, provethat Q(X)isn.d
. 0 0o -2

Q) If = __2 _22] , prove that Q(X)isn.s.d

A) If = [_01 _01] ,show that Q(X)isn.d

Solution//

” 0 —1] [ ” |[ 0 —1]_[ ”2[—10—/1

=>(-1-1)?%=-1

The eigenvalues 4 = —1
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" Q()_() is n.d

-2 1 0
B) If=l 1 =2 0 ] prove that Q(X)is n.d

0 0o -2
Solution//
(A— AI)=0
-2 1 0 1 0 O
1 -2 0|— 4|0 1 0]=0
0 0 -2 0 1
-2 1 0 A 0 O
1 -2 0o|—10 A 0f|=0
0 0 -2 0O 0 4
-2—-1 1-0 0 —2-2 1 0
=11-0 -2-21 0|= 1 —2—-2 0
0-0 0—-0 -2-21 0 0 —2—-2
(—2-2)3-1

=(2-D2-DH(=2-1-1

(—2=-MD(=2-2D)=(4+61+215)(-2—-1) -1

(8—121—21+41—61% — 13)—1

(7—101 — 612 — 13) > A(-3—-22—-61)=1=0, 1
Positive semi-definite

Q) If = [_22 _22], prove that Q(X)is n.s.d

Solution// (A— AI)=0

2 3120 Al
|
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=>—2—/1 2

2 —-2-2
>A2+41=0
= A(1+4)=0
= —4

Negative Semi-definite
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4) Determine the classification of quadratic form Q()_( )
1) positive definite.
020303 yduwd) 363S ()b aluly Pl
d b fSe> (determine<) cdoos 1945 (99 SU O ddgamds g5iln yaSd5
oo 1945 9999 gz OB ABgaumda JaSd5 09 (1 X 1, 3 X 3, 5 X 5)cyouw
A0 gid pdy (2 X 2,4 X 4,6 X 6),(determine> 0)
-2 0 -1
Example// [ 0 -2 —1]
-1 -1 -3

|-2| = -2 <0

|—2 0
0 -2

5 =2

|=(-2x-2)-(0x0)=4>0

=(—2X-2%X-3)+(0x-1x-1)+(-1x0x-1)—(-1x—-1x%x-2)—
(-1 x—-1x-2)—(—3x0x0)=—-8<0 posative definite

(definite).aos 4319dS 9gsd dSluwbidl Fad (Sdilgdzs(determine) rswydd 4ilgaS

4a5 433 {indefinite) s olaos G (B) b cabdd Lirga (—8) s 4 sbila ,aS
.J.é..wd.j o j53>u S6 LS‘\.'QWAMCA}QDJ ij
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Example//

-4 0 0
A=(0 -1 0
0 0 -3
|—4]=—-4 <0
. O|:(_4X—1)—(OXO):4>O
0 -1
-4 0 0
0 -1 0|=—-4x-1x-3=-12<0
0 0 -3

Positive definite
[(definite).atos d5l9dS 9gudb dSluwbdl ua (Sdilgdmiy(determine) gguydd Llgas

Oledg dass aSG g (indefinite)cy Oloos By (4) b ,lgz wdzge (— 4) (PSob ) 9lola HaSas
wd) (o j.%:u S6 S48 gasodocCaodd

Example//
1 -2

A_[—z 1]

1] =1>0

L =axn-(2x-2=-3<0

65



Q)2022) Determine the classification of the following quadratic from Q(X)
4 2
A= [2 —1]
Solution:
. 4 2| _ _
Order 1 — |4|—4>O,0redr2—>|2 _1| —(4x-1)—-(2x2)=-8<0

oj@gc\f\aoj}l Q@ pawd) (s S8z Cuod SB Gddgasmde <S¢ (indefinite)dives oyl dilgas
28 d0g caplnly (Silgdmty 0538 Olodddy Jre099s o9¢(indefinite) aisos 48 1 > 0 e 4
(indefinite)abes yda 1945 9 Ll (sdilgdzen Olbdils S

09 (1X 1,3 X 3,5 X 5)c,aw 4 b ASyzo (determine) coos 1945 99g0 SB oS ddgisode g9l ydaSas
gk pdy (2 X 2,4 X 4,6 X 6),(determine> 0) cdies 1945 G992 g OB Adgasmda BELLL

(1x1),3x3),(5x5)....<0

(2%x2),4%x4),(6%x6)...>0

Example//

Az[_ol —01]
|-1]=-1<0
|_()1 _01|=(—1><—1)—(0><0)=1>0

Positive definite
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Example//

A= [—11 _11]
| 1]=1>0

|—11 _11| =(Ax1D)-(-1x-1)=0

indefinite

Example// Determine the classification of quadratic form .

-2 0 0
QX)ifA=|0 -2 2] Using eigenvalue method.
0 2 0

Solution// Det(A—AI) =0

—2 0 O 1 0 O
0 -2 2|— A0 1 0|=0
0 2 0 0 0 1
—2 0 O A 0 O
0 -2 21— 10 4 0f=0
0 2 0 0O 0 24
—2—A 0 0

0 —-2—-1 21=0

0 2 -1

(2 -MD[E2-D(-2-21) — 4]
—2-1=0, OR(-2-1)-4=0

—2-A o> A=-2
[(=2=2) (=) — 4] = (21 + 12— 4) = 0

—b +Vb? — 4ac
A==2 0R/12,/13 = 2a

A=—=2 ORApAy =220 = 1445

2
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Q(X) = IS indefinite

Example// A = [(1) (1)]
Solution//
1]1=1>0, |$ (1) —(1x1)—(0x0)=1>0 positive definite

099203 43945 ¢yhuw ds b OLuS 4 b dbigzos doged pr 1 > 0 lile HaS e
positive semi definite

Negative definite

Example:
-2 1 0
A=|1 =2 0
0 0 -2

Solution:

order1— |-2|=-2<0, order2—>|_§ _g|=(—2><—2)—(1><1)=3>0

order 3 - | 1

(—2x-2%x-2)+(1x0x0)+(0x1x0)—(0x—-2%x0)—(0x0x-=2)
—(—2%x1x1)=-6<0

Negative definite
nagative semi difinte 29903 455945 yauwds dbgs DS 4 olils —6 < 0 HaSas

posative semi difinte cgges 4645 2 > 0 bbg=yes dogii pdy —2 < 0 )545 09
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Example:

a=[y ]
Solution:

Order 1 - |-1|=-1<0

0

_1|=(—1><—1)—(0><0)=1>0

oredr 2 — |_01

Negative semi definite

.o(negative semi definite) o(matrix) 545 194S dSo ($Hba (19300 03l guis ps

099 OluSa 9 #Ssz0 (1 X 1, 3 X 3,5 X 5) 3L 054SE ddgamde ggila jaSas
@ 099 OluSd 9 50)9a5 (2 X 2 ,4 X 4,6 X 6) 3L OS g ddgasode 09 ¢ yauwdy
(negative semi definite).dcbos 438945 ¢ you

O asts 4.'93.6.,04.03 0
OE dig> d39ipde> 0

-2 2]

Example// A = [ 5 9

Solution// |-2| = =2 <0 « order1

-2 2 . . . ..
Order 2 — | ) _2| =(—2Xx—-2)—(2x%x2)=0, isnegative semi definite
A3 0945,5 saSluly 00993 SAls pdn 0545,S (saSluuly pdSdy sl pda 130,

s negative semi definite4isos
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Example//

-1 0 O
A=l 0 -2 0
0 0 O
Solution // order 1- |-1| = -1 <0
-1 0] _ .
Order2—>|0 _2|—(—1><—2)—(0><0)—2>0
Order 3— | 0
(—1x-2x O0xX0x0)+(0X0x0)—(0%x—-2%x0)—-(0x0x-1)—(0x0x0)=0

s negative semi definite

P RTUN ﬁ‘Ubwj‘U)f SaSLub #0993 RLUN pa 40343; SaSLub f»ctfc\:g RLUN pa la0,4
is negative semi definitediies 43 «0943,S SaSluby

09903 436945 1 > 0 wbgzyes dogik pds —1 < 0 yaSas
s posative semi definite
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Positive semi definite

Example//
2 -1 -1
A=|-1 2 —1]
-1 -1 2
Solution//

Order 1-|2|=2>0

Order 25 _21 _; —(2x2)—(=1x-1)=3>0

Order 3-

=2x2x2)+(-1x—-1x-1)+(-1x-1-1)—(-1%x2x-1)
—(-1x-1%x2)—-2x-1x-1)=0

is posative semi definite

is negative semi definite 099> 45895 —2 > 0 cdabigyod duogud pdy 2 > 0 )4545

Example//

1 -1
Az[—1 1]
Solution//

Order 1-|1|=1>0
1 -1y _ B
Order 2—>|_1 1|_(1><1)—(—1><—1)_0

is posative semi definite
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=

is negative semi definite 09305 4895 —1 > 0 dbg=y00 4o gai p01>0 )8

positive definite 094105 436545 yau 4) dsbgyos 130y945 (Order 2) yaSS o9
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Chapter four

Partition of vectors and matrix

Dif": let X be p-random vector with X ~ (u ,Z) then X has been partitioned into

sum- vectors, as follows.

. 5 Sag20 S(vector) ydw aogl,S Luduls (x)s(vector)dily

X1 !
X U2
x' o X x; +1 ,u o Uy U +1
X: T = |:K :|' X(l) = x.z 'X(Z) = xljl_z U= r = E 'H(l) = ‘u.z JH(2)= #1+2
4 x, +1 X(Z) - L= : = L+ 1 E(2) [ad N Rt :
X, +2 Xr Xp Uy + 2 Kr Hp
%, | Ly
Add 0933 &y Ddnlics(p)e(x@) 9 (x W) SIS H4n (b
011 012 o O1r : O1r+1 Otr+2 °°  O1p ]
021 022 vt O2r : 027r+1 O2r+2 " O2p
Or1 Oy 2 Orr : Orr+1 Orr42 Orp Z Z
11 12
Or+11 Or+12 " Ors1r 1 Orgir+1 Orgird2 " Oriip 21 L2z
Ort21 Or422 t Org2r : Ort2r+1 Or42r+2 0 Ory2p
L Op1 Op2 . Opr : Opr+1 Opr+2 *°°  Opp |
011 012 = O1ir Or+11 O1r+2 *° Oriar
021 022 *° O2r Or+21 O2r42 7 Ory2r
Y= : S Uar(K(l)) s 021 = : : : = COV(K(D:K(Z))
Or1 Orz2 *° Orr 1 Op2 " Opr
[O1r+1 O1r+2 *° O1p
O2r+1 O2r42 *° O2p
— — 1 2
Y, = : : = cov(XW, X@),
[Orr+1 Orr+2 °° Opp
[0 r+1r+1  Or+1r+2 °°° Oriip
Ory2r+41 Or+42r+1 " Ory2p
— — 2
222 = : : : = COV(K( ))
| Opr+1 Opr+ 2 Opp
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var(g(l)) COU(K(D, X
COU(K(l), K(Z)) COU(X(Z))

Var - cov(X)=%

SSEX —w(X —w)

Sa1 = var - cov(XD) = BE® - ) (A — )
522 = var — con(X®) = EX® — y®)(X® = u)
S = cov(XD,X@) = F(xD — ,0)(x@ — E(Z)),
X~N(,2)

XO~NGY,3,)

K(Z)NNQ(Z); 2.22)

Example// (x1x;]x3) =(xP]x®)

X1 1] [011 012 013 X1 (1) (1)
¥ = X2 Hz| (021 022 i 023 X — X2 X ad
4 =1... ] ... : 2 = x(z) (2)

K

X3 M3] Lozy 032 -+ 033 X3

011 012 ¢+ 013
Y = 021 022 & 0p3
031 03 ** 033
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011 Oq2 013
211 = [021 0'22] - var(K(l)) 2z = [0'23] - COU(K(D'K(Z))’ '221 = [031 032] -

COV(KG)’X(Z)) =222 = [033] = COV(K(Z))

var(g(l)) COU(K(l), K(Z))
cov(x®, x®)  cov(x?)

Var-cov(X)=3

2=E(X — (X — )

Si = var — con(X®) = EE® — ) (x® — E(n)'
Y., = var — cov(g(”) — E(K(Z) — E(Z))(K(D — E(Z))’
Sy = cov(XD,X@) = F(X(D — ) (x?) — E@)'
X~N,Y)

XD~NGEY, 3, )

K(Z)NN(E(Z); 2.22)

Functions of Multivariate Normal Distribution

I- Marginal Distribution function

Let the j.p.d.f of two r.v.s Xand Y is given by f(x, y)then the m.p.d.f of X

f) =1 f(xy)dy

Ry

And the marginal p.d.f of Y is denoted by g(y)and is define as
g = [, flx,y)dx
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Is X and Y are independent, then f(x,y) = f(x).f(y)

In general case of(xq, xo, ... ,xp)with j.p.d.fis f(xl,xz, ...,xp)orf(g)

X1
X2
5 X1 x,+1
x @
x=| |2 ], xo=|%| x@=|7?
STy 4] k@) = e =
x, + 2 Xr Xp
-

Then the j.p.d.f of x®is

j (+0) = j £ (0, x)dy®
1 Rx®

j (xl,xz, ...,xr) = f f(xl,xz, ...,xp)pr dxr+1
1 RXr+1 R xp

And the j.p.d.f of x®

f GO) = GO, x)dxo
2 Rx®

j (xr+1,xr+2, ...,xp) = j f(xl,xz, ...,xp)dX1 . dxr
2 RXR Rx1

If x®Wand X® are independet f()_((l),)_((z)) =f(XD).FX®)
Il. The moment of Multivariable

A. The Expected value of random vector X is the vector of expectation of its elements
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ECe,)
E(x,)

RACH

x,f(x,)dx,

j x,f(x)dx,

j X, f (xp)dxp

B. the Expected value of random vector (2) is the vector of

expectation of in elements.

X11  X12
X21 X2
Z = LY
xnl an

X13 E(xll)
X E(x

N ELOE
xn3 E(an)

E(x12)
E(x32)

E(x,,)

E(x,,)
E(x,,)

E(an)

C.E(xIxh-xb) = [ o [0 xIad -+ f(xy,%g, e, Xp ) dxy =+ d2ty

D. if A&B are two constant matrix, then E(AZB) = AE(Z)B

E.if X =TY where X and Y are two random vectors, and T is constant, then.

E(X) =TEQ)

F- the correlation coefficient between X; and X;

cov(X;, X;)

EX; —EX)X; — E(X))

O'ij

Yi'= — = e
TOJFGOIE) JEX - EX)A X —EX)DE  Joufo;  0i)

And the matrix of population correlation.
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L pyy Py3 Pip

P24 L pys P2y

P =1P31 Pz 1 P2y
Py Ppy P,z 1 L.

(symmetric matrix)lgepluS 4 olo8 di3Kw(correlation matrix)poseyds

lll. The Statistical Independence

Let X & Y are two r.v.s with j.p.d.f f(x, y) and they are said to be
independent if:

fe,y) = fl)*f(y)

Where f(x)&f (y) are the marginal distribution function of (x, y)
respectively,

Ten the j.p.d.f of (xl, Xo, e, xp)isf(xl, Xo, e, xp)

Then the set of r.v'.s are said to be independent if :

f(xpxz» "'rxp) = f1(x1) * fo(xg) * ..o x fp(xp) = nilfi(xi)

Where f;(x;) is the m.p.d.f of x; wherei =1,2,...,p
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XM

Theorem : let X~N(y, Y )where X = [— ],Z = [

Y11 212]
)_((2)

Y21 D22
1- show that X and X@ are independent if ¥};, = 0

2-if XM and X@ are independent if ¥;, = 0

Proof:

1- the joint p.d.f. of )—(NN(E’ »

)t e (=t — ey i x —
f(%n3) pac exp (-3 - S - p)

QX) = X -wW'E X —u)
-1 1 _,,@
vy _ D y@ _ y [211 X1z X K
Q(K) - (K 1 E 1 )_( 2 E(Z)) [221 222] <)_((2) —E(2)>
-1 _ Yi 0 l
2 [ 0 Y
QX)) =X -w'E X —p)

-1[x@® — @
_Jry@ _ v (v@ _ ,@y][Z1 212] £ L
Q) = @@ - @y @@ —p )][221 v §<2>—u<2>]
XM — @
Q(X) = X —pOYIH &P =) E2 | _ ;(2)]

Q(X) = @D — gDy EHX® — p® + XD - p @)y x® - pu®

Q(X) =(x™W) + Q™)
Thej.p.d.fof X and XPis a follows

1

1
rewp (-5 Q™) + @)

f(5(1)'5(2)‘E(l)'ﬁ(z)'21l'222) NN = T
(2m)z(2m) 2 |X11121X22]2
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(20,510,431, 5) = ———— pr(—%(o(&“)))—lr exp (50 ®))
@m)2(% 12 (2m) 2 152212

f (K(l)’)—(@);E(l)’E(Z)’le:Zzz) —f ()_((1)) . F(X®)

proved

-1
- [Bn zlzl _ lz;% 0 ]
221 z:22 1z
let B = [Bél Bzz] It the inverse of the ), matrix then %; %Z] [Bll Bzz]

[211 212] [311 0 ] _ Y11 *Bip +212% 0 Yy # 0+ Y, * Bzz] _ [211311 0 ]
221 222 By, 221 % Big + By 0  Ypq x 0+ Xos * By Y22B22

_ [111 0 ]
L0 I

By = 111111 =By = Zﬁl , By = 2521122:322 = 2521

2-if XM and X@ are independent if ¥;, = 0
i = EEW - p®) X - @y
Let X; be a variable from the first subset K(l) wherei =1,2,...,1r

And Xj be a variable from the secont subset K(Z) wherej=r+1,r +
2,...,D

Now , we wont to prove that cov(Xl, § ) =0

a;j = cov( X;, X; ) = E(X; — ) (X; — 1)

E(x) = [ xf(x)dx
EX; —uw)(X; —pj) = f p f X — ) (X — 1) f (1, %2, 0, 2 )dxyy . dxy

=+ XM and XPare independent by assumption
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f()_((l)’K(Z)) — f(K(l)) *f(K(Z))

f(x1»x2» ""xp) = f(xlleI ""xr) * f(xr+1rxr+zr "'»xp)

0jj = j p j X; — Hi)(Xj - .Uj)f(xl'XZ» e Xp) * f (Xpg1) Xrg '"rxp)

0j = joor joo (X; — w) f (g, X9, e, X )dxy o dxy

* j_o:op e j_o:o(Xj — 1) (Xrt1, Xpp2s oees X )X oo dXpyq
E(X; — m)E(X; — u;)
a; = (EX) — ) (EX) — 1)

o = (i =)y —p;)) =0%0=0

2
.
I

#=0= Y,, =0 PROVED
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H.W// for the following data that are normally distributed X~N (4, ) find mean

vector , var-covar matrix, correlation matrix, and prove or disprove that

X® and X@ are independent ,if:

1 =[] 2@ =[]

X1 35 35 40 10 6 20 35 35 35 30

Xy 3.5 4.5 30 2.8 2.7 2.8 4.6 10.9 8 1.6

X3 2.8 27 | 438 | 3.21 | 273 | 2.81 | 288 | 29 | 3.28 | 3.2

X4 1 2 2 4 3 2 1 0 0 2
Solution//
35 3.5 2.8 17
35 45 2.7 2
40 30 4.38 2
10 028 3.21 4
X = 6 2.7 273 3
20 28 281 2
35 46 288 1
35 109 29 0
35 8 3.28 0
130 1.6 3.2 2
X1] 1281
v _[X2|_]7.18
L= )_(3 "~ 13.08
_)—(4_ 1.7
_ mox; (35+35+40+10+6+20+35+35+35+30) 281
n 10 10
— ?zlxl- (354+45+30+28+274+28+4+46+109+8+16) 718
n 10 10
- ¥r.x, (28+27+438+321+273+281+288+29+3.28+3.2) 308
X, = = = =3.08

n 10 10
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noxg (1+2+2+44+434+24+1+0+0+2) 17

Xe=—0 10 T
S11 S12 S13 S14 140.54 49.7 1.94 —-11.08

g = S21 S22 S23 S24 _ 49.7 75.25 3.68 —1.78
S31 S32 S33 S34 1.94 3.68 0.25 0.04
Sa1 S42  S43  Syg -11.08 -1.78 0.04 1.57
211'1=1(xi1 - }1)

S11 =

n—1

10
z (35 — 28.1)* + (35 — 28.1)* + (40 — 28.1)* + (10 — 28.1)* + - + (30 — 28.1)*
S11 =

9
i=1

1264.86=140'54

Z?=1(xi2 - Xz)z
n—1

Sa2 =

10
z (3.5 — 7.18)* + (4.5 — 7.18)° + (30 — 7.18)° + (2.8 — 7.18)* + - + (1.6 — 7.18)>  677.25

10-1 9
i=1

= 75.25

n 2
Zi=1(xi3 —X3)

S =
33 n—1
10
(2.8 —3.08)° + ( 2.7 — 3.08)° + ( 438 — 3.08)° + ( 3.21 — 3.08)* + - + ( 3.2 — 3.08)°
B 10 — 1
i=1
2.25
=—— =025
9
_ Zlnzl(xm - }4)2
S44 = T a—1
Q=172+ Q2-17D)*+ 217+ (4 - 172+ B =172+ (2 - 17)% + -+ (2= 1.7)?
- 10 -1
1413 L5
=——=1.
_ Zln=1(xi1 - }1)("]'2 - )_(2)
S12 =

n—1
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_ (35-281)(3.5 — 7.18) + (35 — 28.1)( 4.5 — 7.18) + (40 — 28.1)(30 — 7.18) + (10 — 28.1)

10 -1
(2.8 —7.18) + (6 — 28.1)(2.7 — 7.18) + (20 — 28.1)(2.8 — 7.18) + (35 — 28.1)(4.6 — 7.18) + (35 — 28.1)
9
(10 — 7.18) + (35 — 28.1)(8.~7.18) + (30 — 28.1)(1.6 — 7.18)  444.274 197
9 9
P Z?=1(xil - }1)("/3 -X;)
13 —
n—1
_ (35-28.1)(2.8 —3.08) + (35 — 28.1)(2.7 — 3.08) + (40 — 28.1)(4.38 — 3.08) + (10 — 28.1)(3.21 — 3.08)
- 10 -1
+(6.28 — 28.1)(2.73 — 3.08) + (20 — 28.1)(2.81 — 3.08) + (35 — 28.1)(2.88 — 3.08) + (35 — 28.1)(2.9 — 3.08)
9
N 35-281)(328—303) + (30 -28.1)(32-2-308) 17471 __
9 9 7
S, = Z?=1(xi1 _}1)(’6‘4_}4)
14 —
n—1
~ (35-281)(1 - 1.7) + (35 - 28.1)(2 — 1.7) + (40 — 28.1)(2 = 1.7) + - + (30 — 28.1)(2 — 1.7)
- 10 -1
—106.2
=—5 =118
R Z?=1(xi1 - }1)(’6‘2 - }2)
21 —
n—1
_ (35-7.18)(35~281) + (4.5 -7.18)(35 - 7.18) + (30 — 7.18)(40 — 28.1) + -+ (1.6 — 7.18)(30 — 28.1)
B 10 -1
447.3
=—5— =497
s _Zln=1(xi2_}2)(xj 3= X 3)
23 —
n—1
_ (35-7.18)( 2.8 -3.08) + (4.5 —7.18)( 2.7 —3.08) + (30 — 7.18)( 4.38 —3.08) + - + (1.6 — 7.18)( 3.2 — 3.08)
B 10 -1
33.12
=—5— =368
P Z?=1(xi2 _}z)(xm_}zt)
24 —
n—1
_(35-718)( 1-1.7) + (45-7.18)( 2-17) + (30 = 7.18)( 4.38 = 1.7) + -+ (1.6 — 7.18)( 2 — 1.7)
B 10 —1
—16.02
=—5 =178
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Z?:l(xm - }2)(’6‘ 4 )_(4)

S34 =
n—1

_(28-3.08)( 1-17)+(27-308)( 2—17) +( 438—-3.08)( 1—17) + -+ (32-3.08)( 2—17)

10-1
0.36
=—=0.04
9
Correlation

Olg6 4 (correlation ) 459 o ASemm Sy Ll & & Coniil 09 o 1301948 Sy &) O dolaids s g

85

WS g S CIlw
s11 = v(x1), S22 =V(X2), S33 =v(x3), Sasa = V(xy)
Tz T2 T3 Tia 1 7r, n3 Tg
R = o1 Tz Toz3 Toa| |rr 1 T3 7oy
a1 T3z2 T33 T34 T3y T3z 1 T3y
Ta1 Taz T3 Tyg Ta1 Tz Taz 1
cov(xq,X5) cov(xq,Xx5) 49.7 49.7
T‘12 = = = = = 04‘9
Jo(e)v(xy). V11 * S22 V140.54 x 75.25  100.75
cov(xq,X3) cov(xqy, X 3) S13 1.94 1.94 0.82
r = = = = = = .
13 \/v(xl)v(x 3)_ \/Sll * S 33 \/511 * 533 '\/14‘054‘ * 004‘ 2 371
COV(Xl,X 4) COV(xl,x 4,) 513 _118 —1108 0 75
r = = = = = = —(.
e \/v(xl)v(x 2. VS11*%S 44 VS11%¥Saa  V140.5 % 1.57 14.85
COV(Xz,X 4) Cov(xz,x 4,) 524 _178 _178
a4 = = = = = = —0.017
\/v(xz)v(x W). VS22%S 44 VS22 *S 44 7525%157 10.87
cov(x3, X 4) cov(x 3,X 4) S3g4 0.04 0.04 0.07
T = = = = = = .
e Vo )v(x o). /S33*S 4s  fS33*S 44 V025%157 0.627
cov(x,,x3) cov(xq,Xx 3) Sy3 3.68 3.68 0.85
T = = = — — J— .
23 v )v(x3). JS22%S33  \fSaa*S33 V7525%025 4.34
S11 S12 S13 S14 1 0.49 081 —-0.75
g = S21 S22 S23 S24 0.49 1 0.85 —0.017
S31  S32 S33  S34 0.81 0.85 1 0.07
Sa1 Sa2  S43  Saa —-0.75 —-0.017 0.07 1



[><

B B e

—

)

S

—1)

S13
S23

X11 =(2
[&]'K

S14

S33
S43

X3
=[x

1 049 | 081 —0.75
0.49 1 ‘ 0.85 —0.017
081  0.85 1 0.07
—0.75 —0.017‘ 0.07 1
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Q//for the following data that are normally distributed X~N (g, ) find mean

vector , var-covar matrix, correlation matrix, and prove or disprove that

XM and X® are independent ,if:

x, | 1] 2 ]3]4]s

x, | 1] 4 |0]1]10

x3 | 2| 3]0 |2]-2

Solution
[1 1 2]
X1 |2 4 3|
X = Xz] ,it is possible to write it as amatix:X =|3 0 0 |
X3 4 1 zJ
5 10 -2
— Lixi (1+42+3+4+5) 15
X1= = = =3
n 5 5
<. - ?=1xi:(1+4+0+1+10):E:32
’ n 5 5
—  Yrixi (24340424 (-2) 5
X3= = =—:1
n 5 5
RS
£-[x, (- 32|
X5 1

S21 S22 S23 3.75 16.7 -5

S11 S12 S13 2.5 3.75 =2.25
S — —
S31 S32 S33 —2.25 =5 4
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- (1-3°+(2-3)2+(3-3°+(4-3)7"+(5-3)° 10
=y

5-1 4

i=1

n - 2
Zi=1(xi2 - X,)

S22 =

n—1
5
Z(l— 32 +(4-32°+(0-32°4+(1-32%+ (10-32)° 668
= = = 16.7
5-1 4
i=1
s _ Z?=1(xi3_}3)2
33 n—1
25:(2—1)2+( 3-1D*+(0-1D*+(2-1D*+ (-2-1°" 16
= =— =4
5-1 4
i=1
_ Z?:l(xil - }1)(7‘]'2 - }2)
S12 =

n—1

C(1-3)(1-32)+(2-3)(4-32)+(3-3)(0-3.2) + (4—3)(1 —3.2) + (5 — 3)(10 — 3.2)

5—-1
—1—5—375
=5 =3
_Zln=1(xi1_}1)(xj3_}3)
513 n—1
(1-3)2-D+(2-3)(3-D+(3-3)(0-1)+(4-3)(2-D+G-3)(-2-1) -9
- 5—-1 T4
= —-2.25
_Z?=1(xi2_)_(2)(xj3_)_(3)
S23 = n—1
_(1—3.2)(2—1)+(4——3.2)(3—1)+(0—3.2)( 0-1)+ (1-32)(2-1)+(10-32)(-2-1)
20 5—-1
=—=-5
4
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[ 25 |[3.75 —2.25
s=[375 [167 -5
—225 | -5 4

16.7 -5 i 3.75
S S -5 4 i —=2.25
(1) y(2)) = =[1l 12]_
COU()_( ’)_( ) S Sa S B :
3.75 —2.25 : 2.5

Since s,, # 0, thenK(l)and K(Z)are not independent

Correlation

Olgid dJ (correlation ) 4592 ¢y ASgom Sd Ll & & Coninl o9 03)30)34@643 A O delxids el 09

Al g S CIlw
s11 = v(x1), S22 = V(X2), S33 =v(x3),
a2 T2 T3 1 nr, n3
R=|T21 Ta2 Taz|=|ry;; 1 1y
31 T32 T33 T3y T3p 1
- cov(xq,Xx5) _ cov(xq,X5) _ 3.75 _ 3.75 — 0.580
e Jr(x)v(xy). VS *S22 V25x1675 647
cov(xq,Xx3) cov(xqy, X 3) S13 —2.25 —2.25
3= = = = = = 0.712
\/v(xl)v(x 3). \/511 * S 33 \/511 *S33 V25%4 3.163
cov(x,,x cov(x,,x s -5 -5
o (X2,x3) (X2,x3) 23 — 0618

T JoG)v(xa). S22 *Sss  JSsatSss V1674 8173
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R =|T21 T22 T33 0.580 1 —0.618

2 Ti2 7'13] I 1 0.580 —-0.712
31 T3z T33 —-0.712 -0.618 1

Q//for the following data that are normally distributed X~N(y, })) find mean

vector , var-covar matrix, correlation matrix, and prove or disprove that

X
XD = [x,] and X@ = [x;] are independent ,if:

x; | 1] 2]0]-2

x, | 3] 001

x3 | 1] 2 ]2]a

Solution

X -1 3 1
_ . . L : -2 0 2
X = [X2|,it is possible to write it as a matix: X = 0 0 2

X

’ —2 1 4

5 _ B _(-1+-2+40+-2) -5

= = = —1.25
1 n 4 4
— mox; 340+0+1 4
7, = D=t ) _ 4,
n 4 4
_ nox; 1+2+2+4 9
7. o it )_9_ .
n 4 4
. 21 —1.25
X=I|x,1=] 1
X, 2.25
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S21 S22 S23 0 2 —0.667

S11 S12 S13 0.917 0 —0.583
S = =
S31 S32 S33 —-0.583 -0667 1.583

n - 2
i=1(xq — Xy)

S11 =

n—1
- (-1 —(-125)% 4+ (=2 — (-1.25)> + (0 — (-=1.25)* + (-2 — (-1.25)>  2.7501
S11 = = 0.917
4-1 3
i=1
S = Z?=1(xi2 - )_(2)2
22 n— 1
24:(3— D°+(0-1D°+(0-D*+(1-D*+ 6
= =-=2
4-1 3
i=1
San = Z?=1(xi3 - X 3)2
33 n—1
- (1-225%4( 2—- 225%4(2- 225°+( 4— 225° 475
— Z = = 1.583
4-1 3
i=1
Z?=1(xi1 - }1)(’6‘2 - }z)
S12 = n—1
(1= (=125)(3 =D+ (=2- (-125)( 0- 1) + (0~ (-125)(0 - 1) + (=2~ (-1.25)(1 = 1) 0
= — =
_ Zln=l(xi1 - }1)(";3 -X,)
S13 = n—1
_ (-1-(-125)(1-225)+( -2-(-125)(2—2.25) + ( 0-(-1.25)( 2 —2.25) + (-2 - (-1.25)( 4 — 2.25)
- 4—-1
= —0.583
_ Z?=1(xiz - }2)(‘7(1' s =X 3)
S23 = n—1
C(3-1)(1-225)+(0-1)(2-225)+(0-1)(2-225)+ (1-1)(4-225) -2
- 4-1 T3

= —0.667
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Xg Xl XZ

X3 [ 0917 0 -0583] [ 2 | -0667 0
S= x,| 0 2 —0.667 =l—0.667 1583 - 0.583
~0.583 —0.667 1.583 0 | —0583 0917
)

‘ —0.667 0
1.583 —0.583‘
0583 0917

511 ]
—0. 667
521 {

Cov(g(l), K(Z)) =95 =

Since s,, # 0, thenx(l)and X(Z)are not independent

Correlation

Olg6 4 (correlation ) 459 o ASsmm Sdy Ll & db ol 09 o 138)9d8 S ) O dolzeids il o9

AlS D g Sd Il

s11 = v(xq), S22 = V(x3), S33 =v(x3),

12 T2 T13 7”12 T13
R=|T21 T22 T23|= 7'21 7‘23

31 T3z T33 T39

cov(xy,x3)  cov(xy, xz)
T'lz = =

\/v(xl)v(xz). Vs11 %55z 0917 * 2

cov(xq,Xx3) cov(xq,Xx 3) S13 —0.583

JvOe)v(xs). fsi1*S3s  yfsii*sszz V0917 1.583

cov(x,,Xx3) cov(x,,x 3) Sy3 —-0.667
rz 3 = == == == == _0375
\/v(xz)v(x 3)- \/522*533 \/522*533 vV 2+1.583
Ttz T2 T3 1 0 —0.484
R=|T21 T22 T23|= 0 1 —0.375
31 T32 T33 0.484 —-0.375 1
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Chapter five

Transformations

Transformation of variables.

Let the j.p.d.f of x4, X5, ..., x;, be f(xq, x5, ..., xp), consider the real- valued
function:

Yi=yi(ye ¥z ¥p), i=12,...p

Then, the transformation from the X —space to the Y —(one to one ) is the
inverse transformation, which it X; = Xl-( Vi, V2, we) yp)

Let the random variables, y4, ¥ 5, ..., yp are defined an:

Y; =yi(y1, ¥2, .., ¥p) thenthej.p.dfof y1, ¥, ..., ¥p
g(y)=r(w)isl

288 4S5 5(p.d.f) 32 (035K 039348 Ole(P.d.f) 953l HaSd5 pidos )8
(¥;) 9509 S4aaiSola jauw 03,5 Olallogixl 9gila

Transformation of Quadratic form:

Theorem: let p-dimensional random vector X~N(y, ))) and let y = cx

Where c is non- singular matrix (|c| # 0), find the distribution function
of y
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Proof: the j.p.d.fof y

g (z) = f(W(z)) 1]

y=cx Yy n(c) 3u5L 4
C_lz = léx
cly=x-ox=cly
dx

iy =, i, e. We took absolute of the Jacobian.

1J 1=

.O:\;D.)ij (x = c_ly) IRANK

x=c"
_ 1 1 1
cl Ve Ve
1
oS3 Ghlr 2
112
1
1P
Ved gk
1
= 112
Jedc

Since the j.p.d.f of X~N (1, %)

(-3 (x-) 57 (x-))

(2m)2|3|2

S| -

f&nY) =

eX) =X-wyt(x-p)

X=x=c"y
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QX) = (cly — w3y (c Ty —p)

ng4203 Ghdgla (1) olgi o9 2 Y 994 Ba(cc T3S0k 4
Q(X) = 'y —cc s Ty - )

e~ Lopamonyes (hdgla 4

Q(x)=(c@y —c g))’ > (i —cp)

09434580 (transpose )xus

Q(X) = (X —c E), (c-1)'y-1 ¢t (X —c E)

s eyt = ()T

>Q(X)=(y —c g)' (cxc) ™ (y —cp)

e®)=0(¥) = (y —cp) x) (y - cp)

ods 13dS s ) (X) dilgas

g(y)=r(wm)lJl

W(X)=(y—cﬂ)(020) "y —ch), 1I=

|2

(Znﬂl%ﬁxl’(—- —Cu) (cxc) (_ —cg)).m

g(z)=—exp< (o —en) ()" (y =)

@m)Z|cye2

~ Y~N(cp cx ¢)
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Example: let X~N [g] ' [—63 4

] where y = cx find the distribution

YV1=X1— X
Solution:
y=cx, Vi=X1— X3, lety, = x,

Xp =X 2 x=Lx, = —leSsdaiSsbd y, =3, > 2 =0 cxp =1 poggd sdiiSyla &

il=lo 1l

[y be=l4 1l

Y~N(cpcy c)

E()=cu=[y illol=lol=2

var(y) =cy¢ =| [ I | IR
| 1% =0 e 05? C R A=
[9 —7”1 0]_[9><1+—7><—1 9x0+(-7x%x1)
-3 41/l 117 1-3x14+4x-1 —3x0+4x1
=[16 —7] [ v(y1) cov(yl,yz)]
-7 4 1lcov(yy,y2) v(y2)
¥1~N(0,16), y,~N(0,4)
: I IR AR N1 (v _
P2 <2n)§|c2cr|%exp< g (X E) xe) <Z E)> (16)7! :%
g(yl) B (Zn)glchcll% exp <_% (X - 0), ( 16)_1 (X - 0)>
v (o ) 1 V12
g1) (zn)ngcrl% exp< 32 9(y,) = {—l 32n|% exp <—3—12 ) —o00 <y, < ©
0 0.w
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Example:

X1 3 0 -1
let X = | x2|~N(w,)) wherep' =| ],Z=l0 5 2 ]
X3 B -1 2 1

Find:1. The p.d.fofy, =2x;, —4x,+5x3

2.thejp.dfof y =5x;—4x,+ x3
Solution:1

094i0) iy GBIy deds (2 4 cbod
Y~N(cp,cYc)

A0 gids pdy 09di) I (C) (S gy

Y2=2x1—4x,+5x3 , Yi1= X1, Y3= X3

(24505 31 AL, Olags 4 0945 0314 Ibeuyy A (€Y 3) SASHa So95 Hodl

(00 Ao gl pdy <(5(C) B 45 (So94i)30

L0001 pdSh Jgiw A JBAs S lbws .y = xy Dx;=1,x,=0, x3=0

2050010 pog9d Jgiw A BAS P luby, =2 X —4X,+5Xx3=2 Xy =2¢ x;=—4¢ x3=5

.woaloe%‘;@dg)s&jw y3 = x3 = X, =0 x, =0 x;=1

W30 S gid pds 3L
1 0 O
c=|2 -4 5
0 0 1

Lol 3Ly L

(X) Pod U Gb.Cdodn 13aS4agSela A (X)edhl dogds OlaS dyduw (25
L0365 () e o
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|

y=cx
Y1 1 0 O X1
=>|Y21=12 —4 5|.|X2
Y3 0O O 1 X3
1 0 0 1 2 0
c’=lz —4 5]: 0 -4 0]
0 0 1 L0 5 1
1 0 0 1 1X44+40X24+0X 4
Ecﬁ::cgz 2 —4 4[ =[2x +(—4x73)+5x =[—9]
. 0O 0 1 ] OX44+0x2+1X% -1
1 0 O 3 0 —-1]1r1 2 O
var—cov(y)=c2c=2 —4 5]. 0 5 2 [0 —4 0]
a o o 11l-1 2 11to 5 1
1 0 0][3 0 -1
F —4 5.%) 5 2]
o o 1ll-1 2 1

[ 1X34+0Xx0+0x%x—1

1X0+0xXx54+0x%x2

=12X34+-4X0+4+5%x-1 2xX04+(—4%Xx5+5x2)

| O0Xx34+0x0+1x-1

[ 3 0o -1
=11 -10 -5

-1 2 1

3 o 1111 2
[1 -10 —5.[0 —4
-1 2 1 0 5

3X140x0+(—1x0)

—1x14+2x04+1x%x0

3 1 -1
[ 1 17 —5‘
-1 -5 1

y1~N(4-, 3)

yZNN(_gr 17)
y3~N(_1r 1 )

~j.p.d.fofyis

O0X0+0xXx5+1x%x2

0
0| =
1

3X240X—-4+-1X%X5

1xX1+(-10x0+(-5%x0) 1x2+(—10%x -4+ (-5x%5)

—1X2+2X-4+1X5

98

2X—-1+(—4x2+5x1)

1x—1+0x2+0x1]
O0x—-14+0x2+1x1

1x0+(—10%x 0+ (-5x1)

3X0+0x0+4+(—-1x1) ]
—1x04+2x0+1x1



FfE ) =%exp(‘§ (v - #) €xer (v - E))

(2m)2|cycr|2
1 1 / B
9(y2) =—3 1P| —3 (X +9) (17) (X +9)
(2m)2|cyc'|2
1 1
gy2) =Texp(——2 (y2 +9)°2 )
(2m)2z| 172
1 1 )
B —lexp(——z (y2 +9) ) —0 <y, <
g(}’z) - | 34-7T|7
0 0.w

£0993 S)Slgls

2. the j p.d.f of Yy =5x1—4x,+ x3

s(vector)s(y )1sed a9 0943 (v 1)9(y 3)BL gy 1504

y=5<l1—4§+ X3
y=c=5, —4, 1
y=cx

X3
4
E(y)zcﬂz[s —4 1] 3|=5%x4—-(-4x3)-1x-1)=7
-1

3 0 -1 5
AndVar—cov(y):cZ.c’:[S —4 1].[0 5 2].[_4]:130

-1 2 1 1
3 0 -1 5(3)= 15 —4x0=0 1«-5=-5
[5 —4 1].[0 5 2]= —4x0=0 —-4%(5)=-20 —-4x2=-8
-1 2 1 1x—1=-1 1x2=2 1+(1)=1
15 0 -5 5
=[0 —20 —8].[—4—
-1 2 1 1
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15 0 -5
0 -20 -8].

5
_4]
-1 2 1

1

15*5+0*(—4)+(-5*1)+(0+*5+(—20*—4+(—8+x1)+(—1*5+2+x—4+1x1)
=130

y ~N(7,130)

(v - ) €zer (3 - &))

N | =

L XY ——exp <_

@m)2lcxerz

9(y) = ——exp(-3 (1 +7) (130 (3 +7))
(2m)z|cyc |2
1 1 2
a(v)= (211')g|—130|%exp(_2 (v +7) )

Example:
X1 3
Let X = | X2 ~N(u,2.),where wW=[3 2 1, u= 2]
X3 _ o o 1

Q(X) = X'AX = 2x? + 3x% + 4x% — 4xyx, + 6x 5% 5

Find the p.d.fof y; = x; — 2x, + x5

Solution:

2xF + 3x% + 4x% — 4x1X5 + 6X 5 5094053 4diSol pd (F) Cabod
2x2=ay, =2, —4X,X; = Qy,03; = —2, 6XyX3=0a53,03,=23
3x2=a33=3 4x3=a,,=4

Q13,31 Qs 1aadSela dJ dSSg2> yauw & diluS 4

2 =2 0
2=1-2 4 3
0 3 3
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Since y; = x4 — 2x, + x5

Y2 = X2 Y3= X3

k200 daSol o pdl(C) 5 cdos Lxis

LY, =X1—2X2+X3,Y,= X2, Y= X3

(S0 dadgids pd (S5(C) I8 A4Sy (Sodin3d

B0 pdSdy g A OB AP i .y = Xy Dx;=1,x, = -2, x3=1
{03 pog9d Jgiw Al OB iy, = X3 = X1 =0, x, =1, x3=0

A0S pdsius Jgiuw A OB i Y 3= X3 = Xy = ¢ Xy = X3 =
[1 -2 1 [ 1 0
c=|l0 1 0|l=c=|-2 1
1 0
Y1 1T =2 1711 *1]
Yol=0 1 0]]|*:2
Y3 X 3]

1 =2 193] [Ix3+(-2x2)+1x1] [0
E(y)=cu=|0 1 o0 H= 0x2+1x2+0x1 [=|2
1

X34+0X24+1X%X1

1 =2 11 2 -2 0 1 0 '
Var(z)=c20’=[0 1 oH—z 4 3].“—2 1 ]
o 3 3l|l1 o 1

1 -2 1 2 =2 0

= [O 1 O] J—=2 4 3]

_ 0 3 3

[(1X2+(—2X-2)+1%X0 1X-2+(—2%x4)+1x32) 1xX0+(—2%x3)+1x3)
=] O0x24+1x-2+4+0x%x0 O0X—-2+1X%X44+0xX 0X0+1x3+0x

X24+0X—-2+1X X—-2+4+0x4+1xX X0+0Xx3+1x3

[ 6 —7 -3
=|-2 4 3‘

. 0 3 3
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R

6
2
0
[6><1+( 7 X 2)+( 3x1) 6X0+(-7x1+(-3x0) 6xX0+(-7x0)+ —3x1)

—2X14+4%x-2+3x%x1 —2X04+1x4+3x%x0 —2X04+4x04+3xX
0xXx1+3x—-24+3x1 0xX0+3x1+3x%x0 O0xX0+3x0+3X%

i

S fX YY) =— lexp(——(y — 1) (€3¢) (v - g))

@m2lcyerZ

9(y,) = %exv <—% (v + 0)'< 17)7 Yy + 0))
(2m)z|cxc|2

9( )_(2712—\/_ p<— 3142 )

1
9(r,) = {(Zn)g\/ﬁ

y. 2
exp(— 314 > —o <y, <®©

0 0.w

Theorem: if X~N (u, Z,) and let X in partitioned X and X which they

are independent, and let

YOO = x4 px(2)
e B

y(® = x(2 Y=CX

Where B is a matrix that most statisfy the eqution.
Find:

1. Bwhen Y and Y(? are uncorrelated
(independent)(i.e.cov( YV, ¥(?)) = 0 and what is the value of C in this
transformation?

2.prove that cov( YV , Y(P) =0
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Solution:

1. cov(YW, y(2)

(E) 55509 4
@ _ g(y® _g(y @)Y
E(y® —E(y®))( E(¥®)) N1z = cov(X®,XP) = EX® — u)(x@ — 4@y
X(l) - , X( 2 =x(2 23y Sl 15 poylgr (st
09434505 Olane 95 Loxiu
=k ~ E( ) (x» - E(x2)) =0
RS0 d39aS 9b L1y (E) i

=E(x"+ 5x( ) B+ 5X)) (X - E(XP)) =0

SE(X'"Y — EXW +

~BE(: V) (x® —E(x)) =0

xS03)09 Ldgle 4

=E(x'"V —EX'""+B
E ) = E(l) , E(
SE(C Y —u™ + B(

- ECCY) (2 —B(x®)) =0

)= ”(2)

e (5(2) _ E(z))' —0

45D dilgaS oL 3Dl (X( 2 — pl 2)) ) lxis

=E(X" - p®) (;_(m _ E(Z))’“LB( — u) @(2) _ Em)’ —0

SE(C - p®) (

_Em)' + BE( _E(Z))( _E(Z))' —0

= Cov(X'X?) + BVar(X(?)

= +BY 5, =0>B=-Y1,50 "

YU = x4 px(2)
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Yo =x®»_ y_ ¥y, 1x(2

YO =x® _ 3y o5, X2 oS 03)09 9l &bls
And X(z) = X(? XO=1,-%:,% 22_15( D =—Y) 22_1
~Y=CX=>C= [1 — 2122 22_1] RICSSERTE

- - 0

y(2) = x(2)

<1>l [1 _212222_1] [ (1)l

y(2) x(2) Y@ =0 XxP=1p

2.prove that cov( YV , Y(P) =0
since Cov( YW , y(») = E( — ) ( ),
X® +Bx(2), =X
!
>E (5(1) + BX(» — E(X(l) + BX(Z))) (X(Z) — E( K(Z))) =0
= Cov(YWV , Y?) = cov( XD, X(P) + BVar(X(?)

= Cov(YD ,¥YD)=%1,+BY 2 > B=-Y1;) 22

= Cov(YW | y(2) =;}1/2 —;{ZZ/{“ 22 =0
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ﬂ()

XM
Example:if X =. [— l ~N
p(®

Y11 21 2])
Y21 X2 [, _212222-1].
0 1

1 = y@ _ -1
LetX B l 2122 22 I * #(1) + (— Y122 22_1 i ”(2)

0*_”(1) +I_”(2)

Y(2) = x(2)

Find j.p.d.fof YU and Y(? - @ 212222‘1l
(2)
u

Solution: since ¥ = CX~N(Cp, CYc)

CE =7

u® pu (2) -1
_ 1 =313 - ¢ 212222
SE(y)=cu= [ 12 22 .
(_) = 1o ”(2)] [ o

Var — cov( ) cYc?

e e e IS

var—eov(y) =exe =[g 2L s

[1 — 212X 22_1] ) [211 21 2] - [1211 + (212822 Vo1 IZ12+ (-Z12822 2 22)
0 I

221 ZZZ 0*211+1221 0*212+1222
— [211 —2q22 22_12 21/24 _/Zé{vglz 22] — [211 —2y22 22_12 21 0 ]
22 22 P Y22

— [211 — X2 22_1221 ][ . O] —
221 222 _Zl 2222 [

1 21
[1211 Y12y Xy 10 11~ %O_"O*I

B2 Ba a0

— [le Z1 2Z 22_12 21 0 ]
0 Z 22
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Y = CX~N(Cp, CYc))
X(l)"’N(E(l) - E( 2OXTH 22_1; 211~ 2,0 22_12 21)

X(l)NN(E( 2)’222)

x
Example: let X = x; ~N(p,Y)wherep' =[4 3 — 1)) = [
X3
Letl(l) - [i;]'l(z) = [x2], X(l) = 1(1) — Y122 22—11(2)
y (2) =£(2)
Solution:
sinceX = [1(1)] = i;] = U= ﬁ(l) = [[—41]
LS N 171 Rl Ol O WY

£0993 (Fuw 09 ¢(WO0I(X1 ) 4 pAS Ay (S3g0le 0 gl Olodddye(yi0313(x1 ) pdS ey (Jdun) s Lmis
£ 1o G 09(x30901 ) A oo X (V) aSigarecntiosls(x03)4s pogss Sagsle (o9 Oledddscniiosla(xs)4
(202) 4 axtn( X (P)) aSSgze(x,) oo o So90le (rogid Oleddrdy ccntioals((2c;) )4

X1 X2 X2
K 3 0 -1 ’ B (2) 211 212
and) = |0 5 2|= = ]
2= Y2 Yo
’ 0 5

«(3) 45803 x, JS A x,
L0013 08993 (S3gele &l luii(-1) 6B eox JaSd) xy yduw 4o L

L0315 pdy tow (S3950le A(0) BBx5 JASW xy Hdaw 4l e
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x,J8d x; Ll pdS dy Caod dSS 9 ioaly (2) po99s Saggale deopil Clbil iy Jguvdunds 4y Cod
dods.(pi3001d pdy 1o (S3990le AJ(0)45E s a5 x5 JaSa X odww Ads b ((idosld p099S ($399ele o) caﬁ.voa
00995 dw yduo Al Libeggn 91945 pdS ey (§ew

(-1)e0803(x 1 JeE4 x )4 9 (-1) 8 03(azq) 0603433 Ola(ay3 90 129011) Sb
(1) 5803(x a8 x )9 1) 03(a 5, JWogs4n 09

(2 )4803(x LS x 5)dSS g2 (2)45803(a 55 ) s

(0) 56 23(x 1 Ja8 ) x3)eSis> (0)43803(@ 51 Jepdy (s Febuw yebaw digh L
(2) 458 03(x ,J4E x3)4Si52 (2)45603(a 5, Jos

(5)4803(x 3d‘*§‘u x3)‘&3}? (5)4803(a 33 ) 09

(00 (58 bl pd) 3 L

sinceY = cX~N (CE, CZC’)

(D _ (2)
~e(p)-en- "L
(v = [_41], u® = 3] _ [g] s :%
.034.2.34503 O 94 ulﬁ"‘éﬁ"’" a RAR L‘?LA:G

(n _ ,@ 0
=E (X) L= - ”u(Z) ] [ ] ]

B PR REN
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E(z)=%=l é”J%L :;))]

311 13|
var — cov (X) =c)c = [211 — Y122 22_1221 0

0 222
3 -1 0
2
0 5

Y11 = [_31 _11];212 = [g];ZZZ_l =5= %:221 =[0 2],)2,=5

[ Bl = o
i 0 5

1 1

—'0] [0 z]l_[O*O 0*2]1_[0 o1_|"s5 °5|_[" 4

L2l ‘5 [2x0 2«2I's57 0 4’5~ 0*1 *1 1o =
5 5

var — cov (X) =cYc =

[—31 _11]_[g H O‘

5

0 0 3-0 -1-0 3 -1
[—31 _11]_[0 i=[—1—0 -2 =[—1 1]
5 5 5
3 -1
var—cov(z):ch': [_1 31] O‘
0 5

108



X1 4 3 0 -1
Q) 2022// X = |X2|~N(u,Y)where E’ =13 ],Z = [ 0 5 2 ]
X3 -1

X
Let X = [xi],z(z) =[x1], YO = XD - 51,557 X

Yy (2 = x(2)
Find the j.p.d.f of Y Wandy (»
Solution:
x ) (1) -1
) [ 2 ()]
sinceXz[_(z)lz X2l = pu= ool = 3
X [l — L Pl )

Geew 09 ¢(i0013(x 3) 4 paS ) Sogale o gids GloddiriB0IS(X 5 )4 Sy Fduo) i o
) duop( X (M) aSSgzecntiosls(x ; ) #0995 S39ale Ghogids Olodddenidosla(x ;)4 po993

dS92¢(X 1) pe (s S3g0le Jrogids Olodddy ¢(ySoald((X 1) )4 peo tow Geuo 09(x 09 3)
(1) & 4ei( X (2)

X3 X2

X3 -1 o
s [ 2 7]- BRI
i3
1 2

Y11 = [2 5];2 12 = [ 01];221 = [—1 0], 22 = [3]

X1
(1,409 (1)a805 x 4 JaSa X4
(11,4509 (2)480 x, JaSa X4

1y lg (-1)45800 x 5 JaSd x;

.49 (2)4350.) X4 ddfd) X5
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(5, 4l (5)45865 x , JEA x,
(5345 (0)5603 x5 JSU x,
0 514019 (-1)45600 x | JaSd x 5
(1 5,49 (0)45800 x, JaSd x4

U354619 (3) 458063 x5 JaSd x 5

Onkp0d (584 bl pdd (ps beids

sinceY = cX~N (CE, ch’)

=>E(y) =cu=

l‘l( D M(Z) 2112 2:22]
E(Z)

R b PO o P

.09d50dS 03 22948 Ol gl A oo s

o) [0

-1 f: 1 —1E(2)5—D —17 [ =2 1-=]_[3
3]‘@01'3:[3]_[8}/&, 31- [ ] [ ] [33]

oo} 1.

4]

var—cov() cyc' —[211 Z:12222_1221 Z‘ZZ
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1 1
_[—1 -1 0]1 [1*—1 —1 0]1 [ 1*3 0*3 _ L
“lol 37 lox -1 5003 1 1|73
0x— 0x*x— 0
3 3
1
1 2 — 0
— 3 0
var — cov( )—ch = 5] [0 0] ‘
0 3
1 1 2
12]_—0_1——2—0_—2
0O 0 2-0 5-0 2 5
2
var cov(y)=02c= [§ 2] 0
= 2 5
0 3
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