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ABSTRACT

This project is concerned with a recently introduced graph invariant, namely the

Sombor index, which is defined by SO(I") = Yy err v/ dr(w)? + dr (v)2, where
dr(u) is the degree of vertex u in the graph I'. We determine the Sombor index of the

conjugacy class graph of some finite groups such as D,,,, SDg,, and T4,,.
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INTRODUCTION

Given a finite group G, let I'(G) be the simple undirected graph whose vertices are the
distinct sizes of noncentral conjugacy classes of G, two of them being adjacent if and
only if they are not coprime numbers. The interplay between certain properties of this
graph and the group structure of G has been widely studied in the past decades, and it
is nowadays a classical topic in finite group theory. The present note is a contribution

in this direction.

The study of the mathematical aspects of the degree-based graph invariants (also
known as topological indices) is considered to be one of the very active research areas
within the field of chemical graph theory. Recently, the mathematical chemist Ivan
Gutman, one of the pioneers of chemical graph theory, proposed a geometric approach
to interpret degree-based graph invariants and based on this approach, he devised three
new graph invariants; namely the Sombor index, the reduced Sombor index and the
average Sombor index. The Sombor index, being the simplest one among the
aforementioned three invariants, has attracted a significant attention from researchers
within a very short time (e.g[2,7,8,9,15]) (Igor Milovanovic 2021). The Sombor index
has received a lot of attention within mathematics and chemistry. For example, the
chemical applicability of the Sombor index, especially the predictive and

discriminative potentials.

This project consists of four chapters. In the first chapter, we give some necessary
backgrounds about groups and graphs. In the second chapter, we find the Sombor index
of the conjugacy class graph of the dihedral group D,,,.In the third chapter, we find the
Sombor index of the conjugacy class graph of the generalized quaternion group SDg,,
in the fourth chapter, we find the Sombor index of the conjugacy class graph of the

generalized quaternion group Ty,,.
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CHAPTER ONE

Background

Definition 1.1 (Foote, 2003): A group is a set G paired with a binary
operation (*), that satisfies:

I: closure: Ifa,be G = a+b € G.
II: Associativity: a,b,c € G = (a*b) *c = a* (b * ¢).
III: Identity: 3 e € G suchthatex g = g xe,Vg € G.

IV: Inverse: 3g"' € Gsuchthatg*x gl =g lxg=eVg €G.

Definition 1.2 (LIEBECK, 2001) : Let x, y € G.We say that x is conjugate
toyin Gify = g~ lxg for some g € G.

Definition 1.3 (LIEBECK, 2001): Let G = D,,, the dihedral group of
order 2n. Then G = (r,s:r® = s2 = 1,5 lrs = r71).

Definition 1.4 (Ashrafi, 2020): Let G =SDs,, the semi-dihedral group of order 8n.
Then G = (r,s:r*" = s2 = 1,srs = r*7 1),

Definition 1.5 (LIEBECK, 2001): Let G = T4, the dicyclic group of order 4n. Then

1

G=(rsrm=1r"=s2slrs =r71).

Definition 1.6 (GOSSETT, 2009): Let a and b integers that are not both 0. The

greatest common divisor (gcd) of a and b is positive integer d such that
.djaandd|b.

. If ¢ divides both a and b, then ¢ | d.



The greatest common divisor of a and b is denoted by gcd(a,b). An alternative
notation is (a,b).

Definition 1.7 (Nuwairan, 2023): The center of a group (G,*), denoted by cent(G)
or Z(G) isthesetcent(G) ={a€G:axg= g=*aforall g € G}.

Definition 1.8 (Deo, 1974): A Graph I' = (V, E) consists of a set of objects V' = {v1,
v2, ...} called vertices, and another set E = {el, e2, ...}, whose elements are called
edges, such that each edge ey, is identified with an unordered pair (v; , v}) of vertices.

Definition 1.9 (Ray, 2013): A complete graph is a simple graph in which each pair
of distinct vertices is joined by an edge. In other words, a simple graph in which there
exists an edge between every pair of vertices is called a complete graph.

Definition 1.10 (Foote, 2003): A group (G, *) is said to be finite if G is a
finite set.

Definition 1.11 (Gutman, 2021): Let T be a graph. Then the sombor
index of T, denoted by SO ('), is defined by

SO(I') = Yuvee) \/dr (w)? +dr (v)?.

Theorem 1.12 (LIEBECK, 2001): The dihedral group D,,, (n odd) has precisely
% (n + 3) conjugacy

(n-1) -(n-1)
classes: {1}; {r, r—l.}’ ...,{T " /2,1" " /Z};{S; T'S;-..;rn_lb}.

Theorem 1.13 (LIEBECK, 2001): The dihedral group D,,, (n even, n=2m) has
precisely (m + 3) conjugacy classes:{1}, {r™}, {r, v~ 1}, ..., {r™ 1, r-m*1},



CHAPTHER TWO

The sombor index of the conjugacy class graph of the dihedral group
D2n

In this chapter we compute the sombor index graph of conjugacy class graph of
dihedral group Do,,.

Recall that the dihedral group D,,, of order 2n is defined by the presentation
Dy, =(r,sr®=s2=1,srs=r"1)and

1 if nisodd
—_ n
Z(D2n) = {{1, rf} if niseven

Theorem 2.1: Let I' = I'(D,,, )be a conjugacy class of D,,, Ifnis odd. Then

r = K%(n—l)UKl'

Proof: By Theorem 1.12, D,,, has nTH noncentral conjugacy classes such that nT_l

conjugacy classes have size 2 and only one conjugacy class is of size n, then

I=Kuy U K;.
2

Theorem 2.2: LetT' = I'(D,,,) be a conjugacy class graph of D,, If n is odd. Then,
S0 (I =+ (n—1)(n—3)2V2.

Proof: By Theorem2.1,I' = K»-1 U K.

2

(n-1) (n-1)_, v
There are —2 (22 ) _ 1)2(n 3) edges each has both end—vertices of degree
n-1 n-3
T —-1= T . Thus,

~1)(n-3 -3 -3
50 (1) = S [ty (32

_ (n-1)(n—-3)?
- 16 V2



Example 2.3: [f n = 7, then the vertex set is
c; = {b,ab,a’b,a*b,a’b,a’b} ¢, = {a, a®}
c3 = {a? a®} c; = {a3,a*}
Solution: SO (D.7)==- (7 — 1)(7 — 3)*V2.
=6V2 .

&

&

Figure 1: conjugacy class graph D, ,



Theorem 2.4: Let I' = I'(D,,,) be a conjugacy class graph of D,,. If n = 2m, then

K, UK, if2tm

Proof: There are two cases for m to consider.

Casel: If n = 2m, m is even has (m + 1) noncentral conjugacy classes such that
(m — 1) conjugacy classes have size and only two conjugacy class has size m. Then
=K1

Case2: If n = 2m, m is odd, there are (m + 1) noncentral conjugacy classes of D,
for which m — 1 classes size 2 and two classes have size m.therefore,

I'= Km_1 U Kz.

Theorem 2.5: Let I' = I'(D,,,,) be a conjugacy class graph of Dy,. If n = 2m, then

mim+l) if 2/m
_ 2
S0 (I') = (m—1)(m—-2)> )
1+ 5 W2 if 2tm

Proof: There are two cases for m to consider.

(m+1)(m+1-1) m(m+1)
2

Casel: If 2|m, then there are edges each has both

end—vertices of degree m. Thus,

SO (r)zw V2 + m2

2
_m (12n+1)ﬁ .

(m-1)(m-1-1)  (m-1)(m-2)

Case2: If 2} m, then there are . 5

edges each

has both end — vertices of degree m — 2 and one edge with both end— vertices

of degree one. Thus,

s0 (r) = "2 [ =2)2+ (m - 2)Z +V1Z + 12
—V2 + 20 - 2)V2

_ —2)2
(1 + D2 7



5

Example 2.6: If n = 6, then D,. = {1, 7,72, 13,14, 13, s, sr, sr?, sr3, sr*, sr®
26

ci={r,r’} =’ 1} c3={s sr? sr} c4={sr,sr3,s1r°}

_ —_2\2
Solution: SO (D;¢) = (1 + w) V2

2
=1+V2

Figure 2: conjugacy class graph D, ¢



Example 2.7: If n = 8, then.

D,g={1,7, 73,13 1415 5

78,77, s, 51,512, 573, 514, 57°, 576, 577 }

c;={rr} =01 c3={r}1r%} cy={s sr? srt sr}
c5 = {sr,s13,s15, 517}

2
Solution: SO(D,.g) = (m;ﬂ) V2

= 40V2

Figure 3:conjugacy class graph D.40



CHAPTER THREE

The Sombor index of the conjugacy class graph of quasi dihedral
group SDg,

In this chapter we compute the Sombor index of conjugacy class graph of quasi
dihedral group SDg,, .

Recall that the quasi dihedral group $Dg,, of order 8n is defined by the presentation

SDg, = (r,s:r* = 52 = 1,srs = r?" 1) and

{1,r*"} if nis even
{1, 7™, r*",r3"} if nis odd

Z(SDg,) = {
Theorem 3.1: Let I' = I'($§Dg,,) be a conjugacy class graph of $Dg,,. Then

r— { Koni1 if niseven
Ky UK, if nisodd

Proof: By (Ashrafi, 2020), there are two cases to consider.

Casel: When n is even. There are (2n — 1) noncentral conjugacy
classes of size 2 and two noncentral conjugacy classes of size 2n. It
is clear that size of any two conjugacy Classes are not coprime.
Thus, I' = K9, 41.

Case2: When n is odd. There are (2n — 2) noncentral conjugacy
Classes of size 2 and four noncentral conjugacy classes of size n.

ThU.S, r= Kzn_z U K4_ .



Theorem 3.2: Let I' = I'(§Dg,,) be a conjugacy class graph of $Dg,,. Then

n(i2n+1) if mniseven
EDI,; P
2n“—-5n+9 if nisodd

Proof: By Theorem 3.1, there are two cases to consider.

Casel: When n is even. There are (2n — 1) noncentral conjugacy
classes of size 2 and two noncentral conjugacy classes of size 2n. It
is clear that size of any two conjugacy Classes are not coprime.
Thus, I' = K9,,41.

Case2: When n is odd. There are (n — 1) noncentral conjugacy
Classes of size 2 and four noncentral conjugacy classes of size n.

Thus, r= KZn—l U K4 .

Theorem 3.3: Let I' = I'($§Dyg,,) be a conjugacy class graph of $Dg,,. Then

2n%(2n + 1)V2 if n is even
[(n—1)(2n—-3)2+18]V2 if nis odd

SO (T) = {
Proof: There are two cases to consider.

Casel: When n is even, then by Theorem 3.1, if n(2n + 1) edges with end-vertices
order 2n. Then

SO(I') = n(2n + 1)/ (2n)? + (2n)?2
=n2n+1)-(2n)V2
=2n’2(2n+ 1V2

Case2: When n is odd. There are (n — 1) (2n — 3) edges with end-vertex of degree
2n — 3 and 6 edges with end-vertex of degree 3. Then

SO =Mm—-1)(2n—3)-/(2n—3)2 + (2n — 3)2 +6- V32 + 32
=m-1)2n-3)-2n-3)V2 +18vV2
= [(n—1)(2n — 3)% + 18]V2



Example 3.4: If n=3, then $Dg; =

5 11 5

{1, 7, 72,7374, r5,v8, 77, v8 19 10, vl 5, 51, 572, 513, 514, 5775, 576, 517, 578, 5719, 5710, 57711},
ci ={r, '} ¢, = {r}r1} c3={r*r8} ¢y ={r’17}
cs = {s, 512, srt} ce = {sr,sr3,s1°} c7 =
{sr®, sr8, s110}
cg = {sr’,sr?, srll}

Solution: SO (I') = [(n — 1)(2n — 3)% + 18]V2
=[(3-1)(2-3 —3)2 + 18]V2
=12+/2

Figure 4: conjugacy class graph SDg. 3
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Example 3.5: If n=4, then. SDg.4_

(4,7, 7373, r4, 5 v, r7, v8 19 10,11 12 13 314 15 ¢ or, sr?, s13, s1t, 515, 51, s17,
sr8, 512, sr10, sr1l, sr12 sr13 srl4, sr15).

_ 15 _ 2 ..14 — 3 .,.13 _
¢ ={r %} ¢ ={r?r14} c3 = {r3,r13} €L =

4 .12 _ 5 .,.11 — 6 ,.10 _
{r*,r'4} 05—{r,r } ce = {r°,r'} c; =
{r’,r%}
cg = {s,sr?, sr*, sr srd, srl0 sr1? r14}

,ST>,8sr’, 81, sr't, sr

Cy = {ST, ST3 5 7 9 11 13’1.15}

Solution: SO (I') = 2n%(2n + 1)V2
=2(4)%(2-4+ 1)V2
=288v2

Figure 5: conjugacy class graph SDg.4
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CHAPTER FOUR

The sombor index of the conjugacy class graph of the dicyclic group of
T4n

In this chapter we compute the Sombor index of conjugacy class graph of dicyclic
group Ty, .

Recall that the dicyclic group Ty, of order 4n is defined by the presentation

Tan=(r,s 72" = 1,7" = s%,57r s =711 and Z(T,,) = {1,7"}.

Theorem 4.1: Let I' = I'(T,,, ) be a conjugacy class graph of Ty,,. Then

r— {Kn+1 if mniseven
~ |K,_41UK, if nisodd

Proof: By (LIEBECK, 2001), there are two cases to consider.
Casel: When n is even. There are (n — 1) noncentral conjugacy
classes of size 2 and two noncentral conjugacy classes of size n. Then
the cardinality of any pair of these Classes are not coprime.

Thus, I' = K, 4.

Case2: When n is odd. There are (n — 1) noncentral conjugacy
Classes of size 2 and two noncentral conjugacy classes of size n.

Thus, r= Kn—l U K2 .

12



Theorem 4.2: LetI' = I'(T4,, ) be a conjugacy class graph of Ty,,. Then

2
z (n+1)\/7 if n is even
SOM) =1 eiyneay
—=—+1V2 if nisodd

Proof: By Theorem 4.1, there are two cases to consider.

Casel: Whenniseven, I' = K,,, ;. There are +DHm+1-1)

= —n(n;l) edges each has both end-vertices of degree n. Then

SO (1) = 20 iz 2

_nz(n+1)
RN

(n-1)(n-1-1)

Case2: Whennisodd, I' = k,,_; U K, . There are .

_ (n-1)(n-2)

. edges each has both end-vertices of degree n — 2 and one

edge with both end-vertices of degree 1. Thus,

so () =22 [m =27+ (n-2)2 127+ 12
_ —_2\2
_ (n 1);11 2) \/E+\/E

_ —_2\2
=== vz,

13



Example 4.3: If n=5,then. T45=

(1,7, 72,73, v, r°, 18,77, v8, 19, s, s1, 572, 513, 514, 575, 5776, 5777, 578, 57}
1 = {r, ,’,.9} Cr = {1,.2, r8} C3 = {r3,1"7} Cy = {7"4, r6}
cs = {s,sr?,sr4, s1%, 518} ce = {s1,s13,515, 577, 57°)}

_ —_2\2
Solution: SO(r) = "2 V7 42
_ _2\2
:\/E ((n 1)§n 2) +1)
_ —_2\2
_VZ ((5 1);5 2) 1)

=19v2

Figure 6: conjugacy class graph T4 5
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Example 4.4: If n=8, then. T,g=

(1,7, 72,73, 7475, 70,77, r8,r%, r10, 11 12 13 14 415 g sr, 12, s13, s1*, 515, 510, 517,
sr8,s1r2, s110, sr1l, 5112 5113, sr14 sr15),
— 15 — 2 ..14 - 3 ,.13 —
¢, ={rr® ¢ ={r?r%} c3 = {r3,r13} Cq =
4 .12 — 5 .,.11 - 6 ,.10 —
{r*, r12} cs = {r5,r11} ce = {re,r1%} €7 =

{r’,r%}
cg = {s,s1?%, s1*, 51°, 518 5110, 512 114}

cg = {sr, 513,515,517, 5719, 5711, 5713, 115}

2
Solution: SO(I') = 222

_ 8%(8+1)
)

=288v2

Figure 7: conjugacy class graph T4.g
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